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1. The ten th p r o b l e m on H i l b e r t ' s wel l known l i s t [1] i s 
the fol lowing. 

(H 10) F o r an a r b i t r a r y po lynomia l P = P (x , *^->y * • * J x n) 
wi th i n t e g e r coeff ic ients to d e t e r m i n e whe the r or not the e q u a ­
t ion P = 0 ha s a so lu t ion in in t ege r s» 

By ' i n t e g e r s 1 we a lways m e a n ' r a t i o n a l i n t e g e r s ' . The 
p r o b l e m (H 10) i s s t i l l unsolved but it a p p e a r s l ike ly that no 
d e c i s i o n p r o c e d u r e e x i s t s ; in th i s connec t ion see [2], It will 
be shown h e r e tha t (H 10) i s equiva lent to deciding whe the r or 
not e v e r y m e m b e r of a c e r t a i n given countable sec of r a t i ona l 
funct ions of a s ingle v a r i a b l e x i s abso lu te ly m o n o t o n i e . We 
r e c a l l tha t f(x) i s abso lu t e ly monoton ie in I if f(x) p o s s e s s e s 
non-nega t ive d e r i v a t i v e s of a l l o r d e r s at e v e r y x c l . 

2 . We show f i r s t tha t in (H 10) it suff ices to be able to 
d e t e r m i n e the e x i s t e n c e (or non -ex i s t ence ) of so lu t ions in 
pos i t ive i n t e g e r s . F i r s t , following Davis [2l , th i s i s shown 
for n o n - n e g a t i v e i n t e g e r s . The r educ t i on to non-nega t ive 
i n t e g e r s i s a d i r e c t consequence of two o b s e r v a t i o n s . 

1) P(xi , X£} . . . »x
n) - 0 has a solut ion in i n t e g e r s if and 

only if one of the 2 n equa t ions P(±x^,±X2, . . . ,±x n ) = 0 ha s a 
so lu t ion in non-nega t ive i n t e g e r s ; 

2) P ( x j , X 2 , . . . , x n ) = 0 has a so lu t ion in non-nega t ive 
i n t e g e r s if and only if 

p ( P ? + q? + r ? + s ? , p | + q 2 + r 2 + s 2 , . . . , p 2 + q 2 + r 2 + s 2 ) = 0 ^ 1 ^ 1 1 1 2 ^2 2 2 n ^n n n 

has a so lu t ion in i n t e g e r s . F i n a l l y , P ( x ^ , X 2 , . . . , x n ) = 0 has a 
so lu t ion in pos i t i ve i n t e g e r s if and only if 

P ( x x + 1, x 2 + 1, . . . , x n + 1) = 0 

has a so lu t ion in non -nega t i ve i n t e g e r s . 
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3. In this section we collect a few necessary lemmas * 

LEMMA 1. Let k^, k ^ , . . . , k^ be any n non-negative 
in tegers . Then there exist positive integers N,a^ , a 2 , . . . , a n , 
such that the only solution of 

< x > £ £ aJ XJ =N 

in non-negative integers is x; = k j , (j = 1 ,2 , . . . , n ) . 

Proof. Let K = max ( k ^ , k 2 , . . . , k^) and let P^ , p 2 »•••» P n 

be n p r imes , such that K < p^ < p 2 c • • • < Pn* Let 

(2) p = r T j = i PJ- p j = p / p j -

Take aj = P j , (j = 1 , 2 , . . ,n) in (1) and let N = ^T . ^ Pj k j . 

Now consider the equation 

(3) Z ^ *>j<xj " kj) = 0. 

Suppose, if possible, that x; = b^ (j = 1, 2, . . . ,n) is a solution 
of (3) in non-negative integers and with bj ^ kj for some index j . 
Then bj < k^ for some i . By (2) we have 

Pi = g . c . d . ( P l f P 2 , . . . . P i - i »P i+ l f . . . »Pn) 

and therefore p^ I jbĵ  - k j j . Since 0 ^ b^ <. k^ <. p^, we have a 
contradiction and the lemma is proved. 

LEMMA 2. Let 

(4) Y °° (m + l ) n x m = An(x)/(1 - x ) n + 1 . £—'m=o " 

Then AQ(x) = 1, 

(5) An + 1(x) = x(l - x) A^(x) + ( n x + l)An(x) , 

and,for n ^ 1, An(x) is a polynomial of degree n - 1 with positive 
integer coefficients. 

Proof. A0(x) = 1 by direct verification. Multiplying both 
sides of (4) by x, differentiating and simplifying yields {5). The 
res t follows by an easy induction on n in (5), 

Let P(u^ , u 2 , . . . ,un) be a polynomial. In the next lemma 
it is assumed that every variable u; occurs in every t e r m of P , 
For instance, a, - a l u 2 u 3 + ^ a 2 a 3 w o a ^ D e wri t ten as 
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2 0 0 L ~ 0 3 
a l u 2 a 3 " a l a 2 a 3 a l a 2 a 3 * 

LEMMA 3. Let 

P(uL, u 2 , . . . , u n ) = Z_i i i n
a i i i 2 U ^ u2* • • • ^ 

be any polynomial and pat 

F p (x i ,x 2 , • . . ,xn) 

= S i i . i * . . . . - . i K a i t l l . . . U T T r = l A i r ( * r ) / < 1 - r ) i * f 1 } -

Then Fp is a rational function of x^ , x2, . . . , xn with the power 
series expansion 

( 6 )X m J°o I m 2 = o • • • X m n ^ o p ( m l + 1 - m 2 + 1 - - - - * m n + 1 ) 

x x m i x m * . . .xgL a » 

valid for |x^| < 1, |x2 | < ! , . . . , |xn | < 1. 

Proof. This follows at once from Lemma 2 by simple 
summation. 

4. Given a polynomial Q = Q(upu2, . . . un) we shall say 
that the set of rational functions 

{FQ( t a i , t a * , . . . , t a * )} 

is associated with Q. Here the exponents a^,a2, . . . , an range 
independently over positive integers. 

THEOREM 1. Let P ^ , u2, . . . , un) be a polynomial with 
integer coefficients. The equation 

(7) P (u 1 , u 2 , . . . , u n ) = 0 

has no solution in positive integers if and only if every function 
in the set 

(8) {Fp2 . ^ t ^ . t * * . . . . , ^ * ' ) } , 

associated with the polynomial P^ - 1, is absolutely monotonie 
over some interval (0, £.),€..=> 0. 

Proof. It must be emphasized that the intervals of absolute 
monotonëity are not required to coincide. Suppose now that (7) 
does have a solution in positive integers: 
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P(k1 + l ,k2 + l , . . . , k n + 1) --; 0, kj > 0, j = 1 ,2 , . . . ,n . 

Then the power series of the form (6) with P replaced by P ' - 1 
has at least one coefficient equal to - 1 . Let a^ , a£, . . . , an be a 
set of n positive integers. Then 

F p 2 . x(t
a* ,ta* , . . . , t a « ) 

= Z m i = o L z * o - Z m j o { P 2 ( m i + l , m i + l > . . . ) m a + l ) - l } 

X t a L m t +a a m t +. . •+ar.ma, 

where 

S(N) = I ] { p 2 ( m l + l>m2 + 1 " " »mn + 1) - l} 

and the summation extends over all non-negative values 
mi , m^ > • • • t mn

 s u c n that y. i= 1 a i ^ i ~ N. From lemma 1 
we conclude that for some set a^,a2> • • • » an the rational function 
Fp2 . ^(tai 5 t a z , . . . , ta,a) has a negative coefficient in its power 
series. In fact, putting N = V%?i a-i k •, we see that the coef­
ficient of t^ is - 1 . Therefore this function cannot be absolutely 
monotonie over any interval (0, e), £>0. 

Suppose now that (7) has no solutions in positive integers. 
Then in the power series (6) for P^ - 1 in place of P every coef­
ficient is non-negative. The same is clearly true for the power 
series of any function F(t) of the set associated with P^ - 1. 
However, any rational function F(t) regular at t = 0 and with 
non-negative power series coefficients, is absolutely monotonie 
over some interval (0,£,), L>0. We can simply take e. to be the 
radius of convergence of the Taylor series of F(t) at t = 0, 
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