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NEARRINGS OF CONTINUOUS FUNCTIONS
FROM TOPOLOGICAL SPACES INTO
TOPOLOGICAL NEARRINGS

K. D. MAGILL, JR.

ABSTRACT.  Let A be a map from the additive Euclidean n-group R” into the space
R of real numbers and define a multiplication * on R" by v x w = (/\(w)>v. Then
(R", +, %) is a topological nearring if and only if X is continuous and A(av) = a\(v)
for every v € R" and every a in the range of A. For any such map X and any topological
space X we denote by N, (X, R") the nearring of all continuous functions from X into
(R", +, x) where the operations are pointwise. The ideals of N, (X, R") are investigated
in some detail for certain A and the results obtained are used to prove that two compact
Hausdorff spaces X and Y are homeomorphic if and only if the nearrings N, (X, R") and
N,\(Y, R") are isomorphic.

1. Introduction. For information about nearrings, particularly for any terms not
defined here, one should consult [1], [3] or [5]. The symbol R will denote the additive
topological group of real numbers and R” will denote the additive topological Euclidean
n-group. In [2], we studied a class of multiplications * on R” such that (R", +,*)is a
topological nearring. We need to recall a definition in order to be more specific. A map
A from R" to R was defined in [2] to be semilinear if it is continuous and A(av) = aAi(v)
for all v € R" and all a € Ran()\) where Ran(\) denotes the range of A. It was shown in
[2] that if one chooses a map A from R” to R and defines a binary operation * on R” by
viw = A(w)v, then (R", +, *) is a topological nearring if and only if ) is a semilinear map.
We will refer to * as the multiplication which is induced by the semilinear map A and we
will also refer to (R", +, x) as the topological nearring which is induced by A. When we
wish to emphasize the map A we will use the notation N, (R") in place of (R", +, ). All
this permits us to associate, in a natural way, many nearrings with each topological space.
We denote by N, (X, R") the nearring of all continuous functions from X into N,(R")
where the operations are pointwise. That is (f+g)(x) = f(x)+g(x) and (fg)(x) = f(x)*g(x)
for all f, g € NA(X, R") where, of course f(x) x g(x) = A(g(x))/(x). Throughout the
paper, multiplication in nearrings of continuous functions will always be denoted by
Juxtaposition of the functions. People are well aware of the beautiful theory which has
been developed for rings of continuous realvalued functions and the question is, “Might
there be an analogue for nearrings of continuous functions?” It turns out that the answer
appears to be yes, at least for those topological nearrings induced by certain semilinear
maps. One hopes, first of all, for the algebraic structure of the nearring N, (X, R") to
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determine the topological structure of the space X (the converse is always there). That
is, one would hope that N, (X, R") and N, (Y, R") are isomorphic if and only if X and ¥
are homeomorphic. Because then, the topological structure of X would be reflected in
the algebraic structure of N, (X, R") and similarly, the algebraic structure of N, (X, R")
would be reflected in the topological structure of X. Our purpose here is to verify just
such a theorem for compact Hausdorff spaces. In Section 2, we go over some preliminary
considerations and we exhibit various examples of semilinear maps. In Section 3, we
examine the ideals of N, (X, R") in some detail and the results obtained there are used to
prove the isomorphism theorems in Section 4.

2. Preliminaries. We will denote by (x) the constant map which maps everything
into the point x. The domain of the function will be evident from context. We verified
in [2] that for any semilinear map X from R" to R, either (1) A = (0), (2) A = (1), 3)
A(0) = 0 and Ran(\) = R or (4) A(0) = 0 and Ran(\) = R* where R* denotes the
nonnegative real numbers. In this paper, we will be concerned only with nonconstant
semilinear maps. For any map from a space X into R", we let Z(f) = f~'(0) and refer to
Z(f) as a zero set of X. The set X\ Z(f) is referred to as a cozero set of X and is denoted
by CZ(f). For any semilinear map A from R" to R, the set

{weR": Mv+aw)= A(v)foralla € Randv € R"}

was referred to in [2] as the core of A and was denoted by C()\). It was shown there in
Theorem (3.7) that C(\) C Z(\). In addition, it was shown that C(}\) is a linear sub-
space of R" and that the ideals of N,(R") coincide with the linear subspaces of C(\).
Consequently, the nearring N, (R") is simple if and only if C(\) = {0}. Throughout this
paper, we will use the symbol 0 to denote the zero of each R” as we expect no confusion
to result. Finally, the i-th coordinate of a vector v € R” will be denoted by v;. That is
v=(V|,V2,...,Vp).
The remainder of this section will consist of various examples of semilinear maps.

EXAMPLE 2.1. Let L be any nonzero linear map from R” to R and define a map A
from R" to R by either A(v) = L(v) or by A(v) = |L(v)| for all v € R". In the former
case Ran(\) = R and N, (R") is actually a ring while in the latter case, Ran(\) = R* and
N\(R") is a nearring which is not a ring. Certainly, A is a semilinear map in the first case
and one easily shows that it is a semilinear map in the second case as well. It follows
from the previous theorem that C(A\) = Z()\) = Ker L, the kernel of L, in both cases.

EXAMPLE 2.2. Recall that a polynomial P(w;, wy, ..., wy,) of degree » in m indeter-
minates is homogeneous if

P(twy, twa, ..., twy) = CP(w, wa, ..., W)

forallw € R"andt € R. Let 1 <m < n,choosea homogeneous polynomial P of degree
r such that Z(P) = {0} and define a map A from R" to R by

AW1, Way ooy W Wil -y W) = [P(w1, wa, .. w7
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Then ) is semilinear and Ran(\) = R*. Furthermore,
ZN)={weR" :w;=0forl <i<m}

since Z(P) = {0}. Foranyv € R",a € Rand w € Z()\), we have

Av+aw) = A((vl,vz,...,vm, Vitls - Ve) +a(0,0,...,0, w,,,+|,...,w,,))
= AV, Vs oo Vi, Vbl F QWit 1, . ..,V FaW,)
= |P(vy, va,. .. ,v,,,)l'/"
= A(v).

Consequently, C(\) = Z()\). To get specific examples, define a map A from R to R by
Alwy, wo, w3) = (wf + w%)'/2 or by A(wy, wy, w3) = (wf +wiwp + w%)'/z. In the former
case, the induced multiplication * is given by v w = (w? +w3)'/?v and in the latter case,
it is given by v x w = (W} +wiwy +w3)!/2v.

EXAMPLE 2.3. In each of the previous examples C()) is a nonzero linear subspace
of R” which means N, (R") is not simple. This time, define

Then ) is a semilinear map where C(\) = Z()\) = {0} and, consequently, N,(R") is
simple. The multiplication x is, of course, given by v x w = ||w]|v.

EXAMPLE 2.4.  For this example, define a semilinear map \ from R? into R by A\(v) =
\/IV} — V3| Evidently, Z(\) = {v € R? : v = v, }. Let us determine C()). Recall that
w € C(\) if and only if \(v +aw) = A(v) forallv € R>and alla € R.Sow € C())
implies that either

(2.4.1) (1 +aw)? — (v +awy)? = —3.
or
(2.4.2) (1 +aw))? — (v +aw,)? = Vi — 2.

Suppose (2.4.2) holds. Since C(\) C Z(\), we have w} = w% and wetakea = 11in(2.4.2)
and get viw; — vow; = v3 — V2 forall v € R%. Then take v, = 0 and get viw; = —?
for all v; which is impossible. Consequently, (2.4.2) cannot hold and thus, (2.4.1) must
hold. Take @ = 1in (2.4.1) and get viw| = vow,. By alternately taking vi = 1, v, = 0
and vi = 0, v, = 1 we see that w; = w, = 0. Therefore, C(\) = {0} and N,(R") is
simple. Moreover, C()\) is a proper subset of Z()\).

EXAMPLE 2.5. Theorem (3.7) of [2] tells us that Z()\) is an ideal of N,(R") if and
only if C(A) = Z()). In the previous example, Z()\) isn’t even a subgroup of N,(R"). In
this example, Z()) is an additive subgroup but not an ideal. Define a map A from R to

Rby A(v) = \/v% +|v;v2|. One easily verifies that \ is semilinear and it is evident that
Z(\) = {v € R? : v; = 0}. We determine C(\). Suppose w € C(\). Then w; = 0 since
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C(\) C Z(\)and forany v € R? andany a € R, we have \(v+aw) = A\(v). Since w; = 0,
this implies that [v;v, + aviwy| = |viv,|. Take a = v; = 1 and v, = 0 and conclude that
wy = 0. Thus, C(\) = {0} and Z()\) is not an ideal of Ny(R?) since C(\) # Z(\)

In the next section, we get some results about the ideals of NV, (X, R") and we use these
results to verify the isomorphism theorems.

3. Theldealsof N,(X, R"). Throughout this paper, the term ideal will always mean
two-sided ideal. Let us recall that a subsetJ of a nearring N is an ideal if it satisfies the
following three conditions:

(A) J is a normal subgroup of the additive group of N,

(B) JNCJ,

(C) x(y+a)—xyeJforallx,y € Nanda € J.

For any subset 4 of Ny(X, R") we let Z(4) = N{Z(f) : f € A}. Anideal J of Ny(X, R") is
said to be fixed if Z(J) # (. An ideal which is not fixed is said to be free. As is customary,
we will refer to an ideal of a nearring which is a proper subset of that nearring as a proper
ideal and a maximal ideal will be any proper ideal which is not a proper subset of any
other proper ideal. Throughout the remainder of this paper, it will be assumed that X is a
nonconstant semilinear map from R" to R. The first result of this section shows that for
such maps, the nearrings N, (X, R") all share a familiar property.

THEOREM 3.1.  Every proper ideal of Nx(X, R") is contained in a maximal ideal.

PROOF. It is not true, in general that NJ C J for an ideal J of a nearring N but it
is true for zero symmetric nearrings, that is, nearrings N in which Ox = x0 = 0 for all
x € N.To see this, simply take y = 0 in (C). It happens that N (X, R") is a zero symmetric
nearring. Because N, (X, R") is a right nearring, we immediately have (0)f = (0) for all
f € N\(X, R"). But since A is nonconstant, Theorem (3.3) of [2] tells us that A(0) = 0 so
we also have

(FO)E) = (f(x) *0 = (M0)) (f(x)) =0
for all x € X. That is, f(0) = (0) for all f € N,(X, R"). Now let J be a proper ideal
of Ny (X, R™), let J denote the partially ordered family of all ideals of N, (X, R") which
containJ and let C be any chain in J. One verifies, in the usual manner that U(C is an ideal
so the only remaining task is to show that it is proper. Since A is nonconstant, it follows
from Theorem (3.3) of [2] that either Ran(\) = R or Ran(\) = R* the nonnegative real
numbers. Choose any v € R" such that A(v) = 1 and note that for any /' € N, (X, R")
and any x € X, we have (f(v))(x) = f(x) * (v)(x) = (A(v))f(x) = f(x) which implies
f{v) = f.If (v) € UC, then (v) € K for some K € C which implies K is not proper
since N)(X, R")K C K. Consequently, (v) ¢ UC which means U( is a proper ideal and
Zorn’s Lemma assures us that J is contained in a maximal ideal.

We next introduce a particular ideal of N, (X, R") and derive some of its properties.

DEFINITION 3.2.  We denote by Jthe collection of all functions f € N, (X, R") with
the property that there exists a compact subset K, of X such that f(x) = 0 for each
x € X\K; and we refer to J¢ as the nucleus of Ny(X, R").
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THEOREM 3.3.  Jc is an ideal of Ny(X, R") and it is a proper ideal if and only if X is
not compact.

PROOF. It is immediate that J is a subgroup of the additive subgroup of N, (X, R")
which is, of course, abelian. For any f° € Jc, there exists a compact subset K, of X
such that f(x) = 0 for x € X\K; and for any g € N,(X, R") and x € X\K/, we have

fe(x) = f(x) * g(x) = <)\(g(x)))(f(x)) = 0 which means fg € Jc. For any additional
h € N,(X, R") and any x € X\K}, we have

(g(h+1) — gh)(x) = (g(x)) * (h(x) +/(x)) — (g(x)) * (h(x))
= (g0) * (h(x)) = (g)) * (h(x))
=0
which means g(# + /) — gh € J¢ and we have verified that J¢ is an ideal of N, (X, R").
If X is compact, it is immediate that Jo = N, (X, R") and if X is not compact, the only
constant function which belongs to J¢ is (0).

LEMMA 3.4. Suppose X is a completely regular Hausdorff space. Then x € Z(Jc) if
and only if x has no compact neighborhood.

PROOF.  Suppose x is contained in a compact neighborhood. Then x € G C K for
some open subset G of X and some compact subset K of X. Choose any point v # 0 in
R”". Then there exists a continuous map f from X to R” such that f(x) = vand f(y) = 0 for
vy € X\G. Evidently, f(y) = 0 for y € X\K and we conclude that / € Jc. Since x ¢ Z(/),
we have x ¢ Z(J¢).

Suppose, conversely, that x ¢ Z(J¢). Then x ¢ Z(f) for some / € Je. This means
f(x) # 0 and there exists a compact subset K of X such that /() = 0 fory € X\K.
Then there is an open subset G of X containing x such that f(v) # 0 for all v € G. Since
x € G C K, the proof is complete.

The next result is an immediate consequence of the previous Lemma.

THEOREM 3.5.  Let X be a completely regular Hausdorff space. Then the ideal J¢ is
fixed if and only if X is not locally compact. Furthermore,

Z(Jc) = {x € X : x has no compact neighborhood}.

It follows from the previous Theorem, for example, that if X is the space of rational
numbers, then the nucleus of N, (X, R") is the zero ideal.

THEOREM 3.6. Let X be a completely regular Hausdorff space. Then J¢ is a nonzero
ideal if and only if X contains a point with a compact neighborhood.

PROOF. Suppose J¢ is a nonzero ideal. Then there exists an f € J-and a pointx € X
such that f(x) # 0. Thenx ¢ Z(J¢) and it follows from Theorem 3.5 that x has a compact
neighborhood. Suppose conversely, that x has a compact neighborhood. Then x ¢ Z(J¢)
by Theorem 3.5 which means f(x) # 0 for some " € J.. Evidently, /" # (0).

Our next result is an immediate consequence of Theorems 3.3 and 3.5.
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THEOREM 3.7. Let X be a completely regular Hausdorff space. Then J¢ is a proper
free ideal of N\(X, R") if and only if X is locally compact but not compact.

THEOREM 3.8. Let X be a locally compact Hausdorff space and suppose C(\) =
Z(X). Then every proper ideal of N\(X, R") is fixed if and only if X is compact and the
nearring N\(R") is simple.

PROOF.  Suppose first that every proper ideal of N, (X, R") is fixed. It follows imme-
diately from Theorem 3.7 that X is compact. Assume N, (R") is not simple. According
to Theorem 3.7 of [2] C()\) is the unique maximal ideal of N,(R") and is a linear sub-
space of R". So to say that N,(R") is not simple is equivalent to saying that C()) is a
nonzero linear subspace of R". LetJ = {f € N,\(X, R") : Ran(f) C C(\)}. J is evidently
a subgroup of the additive group of N, (X, R"). Suppose # € J and f € N,(X, R"). Then
MMzhmxmm:OWMMM»GGMMNMEXmMmemmeﬁ
g € N\(X,R"), h € Jand x € X, we have

(g + 1) —f) () = 1) * (gx) + hx)) = /()  g()
= (M(g0)+h0)=A(g0)) )f)
=0€eC(\)

since )\( gx)+ h(x)) = A(g(x)). Thus (C) is satisfied and we conclude that J is a proper
ideal. To see that J is free, simply choose any nonzero vector v € C()\) and note that
(v) € J but Z((v)) = (. We have now shown that if every proper ideal of N, (X, R") is
fixed, then X is compact and N, (R") is simple.

Suppose, conversely, that X is compact and N, (R") is simple. Let.J be a proper ideal of
N, (X, R") and suppose J is free. Then for each x € X, there exists an element f, € J such
that £,(x) # 0. Then {CZ(f;) : x € X} is an open cover of X and since X is compact, there
exists a finite subcollection {CZ(f,,)}7; which also covers X. We previously observed
that N, (X, R")}J C J since N,(X, R") is zero symmetric. Let v = (1, 1,..., 1) and note
that g = (V)fify, € J. For1 < i < m, define continuous maps ¢, from X into R by

2
L) = (/\ (fx,(y))) and observe that for each y € X and each i, we have

&) = (VL))
= v f0) *f0)
= (L0 1) - 1))

Define g(y) = XL, g (v) and it is immediate that g € J. Since N,(R") is simple,
C(X) = {0} which means Z()\) = {0}. Consequently, Z(f;,) = Z(g,,) for each i. For each
¥ € X, we have y € CZ(f,,) for some . It then follows that #,(y) > 0 and since £,,(y) > 0
for 1 < i < n, it readily follows that g(y) # 0 for all y € X. Then )\(g(y)) # 0 for all
¥ € X since Z()\) = {0} and this enables us to define a continuous function /4 from X to
R" by

1 1 1
"= (A(g(w)’ A(g(y))""’x(g@)))'
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For any y € X, we then have (hg)(y) = h(y) * g(v) = v = (v)(y) which means hg = (v)
and therefore, (v) € Jsince g € J. Letany k € N, (X, R") be given. Since A(v) # 0, we
can define #(y) = (1/A(v))k(y) for all y € ¥ and it follows that ¢(v) € J since (v) € J.
But #(v) = k and we have arrived at the contradiction that J/ = N, (X, R"). We conclude,
therefore, that every proper ideal of Ny (X, R") is fixed.

DEFINITION 3.9.  Forx € X, we let M, = {f € N\(X, R") : f(x) = 0}.

THEOREM 3.10.  Suppose Ny(R") is simple, C(\) = Z(\), and X is a compact Haus-
dorff space. Then the maximal ideals of the nearring N (X, R") are precisely the sets of
the form M.

PROOF. Choose any x € X and define a map ¢ from N, (X, R") to Ny (R") by ¢(f) =
f(x). One easily verifies that ¢ is a surjective homomorphism with Ker(y) = M, which
means M, is an ideal of N, (X, R"). But it is more. Since the nearring N, (R") is simple,
M, is a maximal ideal. We now show that all maximal ideals are of this form. Let M
be any maximal ideal of N, (X, R"). According to Theorem 3.8, M is fixed. Choose any
x € Z(M). Then M C M, and since M is maximal, we must have M = M,.

Our next task is to get information about the ideals of N, (X, R") without the assump-
tion that N, (R") is simple. To do this, we need some Lemmas. Recall that C()) is the
unique maximal ideal of N)\(R") by Theorem (3.7) of [2]. Then Q) = N,(R")/C(\)is a
topological nearring where the topology on Q) is the quotient topology and we denote
by N(X, Q,) the nearring of all continuous functions from X into Q) where the operations
on N(X, Q) are pointwise.

LEMMA 3.11. Let X be any paracompact Hausdorff space. Then the map 1 from
Ny(X, R") to N(X, Q,) defined by (n(/))(x) = ((f(x))) is an epimorphism from N, (X, R")
onto N(X, Q,) where ((f(x))) is the equivalence class to which f(x) belongs.

PROOF. Let 7 be the projection map from N, (R") onto Q) which is defined by 7(x) =
{(x). Since (1](f))(x) = (f(x))) = 7 o f(x) and = is continuous, it follows that 5() €
N(X, 0,) and one readily verifies that 77 is a homomorphism. It only remains for us to
show that 7 is surjective so let g be any function in N(X, Q) ) and let G be any open subset
of R". Let H = {v € R" : (v)) NG # (0} and let v € H. Then ((v)) NG # () which
means v+ w € G for some w € C()\) and it follows that G — w is a neighborhood of v.
Furthermore, for any u € G — w, we have u + w € G which implies {(u)) NG # 0 and
this means « € H. Consequently, A is an open subset of R". Since Q) has the quotient
topology and H = 7 '{(v)) € O\ : (W) G # 0}, it follows that {{(v)) € Q, :
{(v)YN G # (0} is open in Q. Therefore,

g e (MING#B} = {xeX:g0)NG # 0}

is open in X since g is a continuous map from X to Q). This means that g is a lower semi-
continuous function when regarded as a map from X into 2%, the space of all nonempty
closed subsets of R”. Furthermore, it is immediate that ((v)) is convex for each v € R" so
that g is, in fact, a lower semicontinuous map from X into the subspace of 2% consisting
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of all nonempty closed convex subsets of R”. It now follows follows from Theorem (2.1)
of [4] that g admits a selection. That is, there exists a continuous function f from X to R"
such that f(x) € g(x) for eachx € X. It follows from this that (n(f))(x) = ((f(x)) = gx)
for all x € X. That is, 1(f) = g and we conclude that 1 is an epimorphism.

LEMMA 3.12. Suppose C(\) = Z(\) and define a map M. from Q) into R by

A({(v) = A(v). Then M, is a well defined continuous map from Q) into R which has the
Jfollowing properties:

3.12.1) A(@{(v) = a . ({v) for all {v)) € Q) and a € Ran()\,),

(3-12.2) () (wh = (WD) (W) for all (v), (w)) € O»,
(3.12.3) Z0w) = {(o)}-

PROOF. Recall first that
(3.12.4) C)={weR": Av+taw)= A(v)foralla € Randv € R"}

and suppose {(u)) = {(v)). Thenu = v+w for some w € C(\) and it follows immediately
from (3.12.4) that AM(u) = A(v). Consequently, A, is well defined and it is continuous
since Q) has the quotient topology. Note that Ran(A\.) = Ran()). For any @ € Ran(\,)
and ((v)) € Q,, we have

A(@{(v) = A((av)) = Mav) = ar(v) = a A ((v)
and (3.12.1) has been verified. For {(v)), {(w)) € Q,, we have

() * (W) = (v w) = (L QAm)v) = Am(v) = (A((w) <(V>>
which means (3.12.2) is valid. Finally, suppose {(v)) € Z(\.). Then A(v) = A.({v))) =

which means v € Z()\). But C(X\) = Z()\) so that v € C(\) which means ((v)) = ((0)) and
we have verified (3.12.3).

LEMMA 3.13. Let m = dim C()\) and let a be any linear isomorphism from R"™™™
onto Qy. Define a map u from R"™™ into R by ;1 = A« o o. Then i is a semilinear map
with the property that Z(1) = {0} and « is a topological isomorphism from N, (R"™™)
onto Q).

PROOF. It is immediate from Lemma (3.12) that p is a semilinear map and that
Z(w) = {0}. Moreover, it is also immediate that « is a homeomorphism and an addi-
tive group isomorphism. We need only verify that it is a multiplicative homomorphism.
With this in mind, let v, w € R"™™_ It follows from (3.12.2) that

a(vxw) = a((,u(w))v) = (u(w))a(v) = (A*(a(w)))a(v) = (a(v)) * (a(w))

and the proof is complete.

We recall from [1], Definition (3.13), p. 23 that the right annihilator, Ann(x), of an
element x of a nearring N is defined by Ann(x) = {n € N : xn = 0} and the right
annihilator, Ann(X), of a nonempty subset X of N is defined by Ann(X) = N{Ann(x) :
x € X}.
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LEMMA 3.14.  Let X be a paracompact Hausdorff space. Then Ann(NA(R”)) =Z(\)
and

Ann(Ny(X, R")) = {f € N\(X. R") : Ran(/) C Z(\)}.

Moreover, the following statements are equivalent:

(3.14.1) Ann(Ny(X, R")) is an ideal of N\(X, R"),
(3.14.2) Ann(N\(R")) is an ideal of N\(R"),
(3.14.3) C) = Z(\).

PROOF. It is immediate that Ann(N,\(R")) = Z()\). Denote {f € N\(X,R") :
Ran(f) C Z()\)} by J and suppose /' ¢ J. Then f(x) ¢ Z(\) for some x € X. Choose any

nonzero v € R" and we have ((v)/)(x) = v * f(x) = (A(f(x)))v # 0. Thus, (v)f # (0)
which means / ¢ Ann((v)) and hence /" ¢ Ann(N,\(X, R")). On the other hand, if /" € J,
then Ran(f) C Z()\) and we have (gf)(x) = g(x) * f(x) = </\(f(x))) % g(x) = 0 which
means gf = (0) for all g € N, (X, R"). Consequently, /" € Ann(NA(X, R”)) and we have
verified that Ann(NA(X, R”)) = {f € N\(X, R") : Ran(f) C Z(M\)}.

Suppose (3.14.1) holds, choose any point x € X and define a map ¢, from N, (X, R")
into Ny (R") by ¢, (f) = f(x). Itis a simple matter to verify that o, is an epimorphism from
N,\(X, R") onto N, (R") and since <px(Ann(NA(X, R"))) = Ann(N\(R")) we conclude
that Ann(N,(R")) is an ideal of Ny(R"). Thus, (3.14.1) implies (3.14.2). Theorem (3.7)
of [2] tells us that the proper ideals of N)(R") coincide with the linear subspaces of C()\)
so that (3.14.2) implies that Z(\) C C()). Since we always have C(A) C Z(\) we see
that (3.14.2) implies (3.14.3). To see that (3.14.3) implies (3.14.1), simply observe that
Kery = {f € N\(X, R") : Ran(f) C C(\)} where 5 is the homomorphism defined
in Lemma 3.11. Consequently, when C(\) = Z()), we have Kery) = Ann(N, (X, R"))
which means Ann(N,\(X, R")) is an ideal of N, (X, R").

J.R. Clay shows in Proposition (3.15), p. 23 of [1] that the right annihilator of a near-
ring is a normal subgroup of its additive group. But his nearrings are left nearrings while
ours are right nearrings. For instance, in Example 2.4,

ZN)={veER vy =w}U{veER v, = -}

whereas C(\) = {0}. Consequently, Z()\) is not a subgroup of R? and Ann(N (X, R”)) is
not a subgroup of N, (X, R"). To see the latter, simply observe that ((1, 1)), {((1, —1)) €
Ann(N,(X, R")) while ((1, 1)) + ((I, =1)) = ((2, 0)) ¢ Ann(N,(X, R")). Of course,
Z(X\) can be an additive subgroup of N,(R") even when C(\) # Z()). This is the case
in Example 2.5 where C(\) = {0} while Z(\) = {v € R?> : v; = 0}. In this case
Ann(NA(X, R")) is also an additive subgroup of N, (X, R"). Actually, it is not difficult
to verify that Ann(N VX, R”)) is an additive subgroup of N, (X, R") if and only if Z(\)
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is a subgroup of N, (R"). It is immediate that Ann(N (X, R")) is an additive subgroup
of N)\(X, R") whenever Z()\) is an additive subgroup of N,(R"). To see that Z(\) is a
subgroup whenever Ann(NA(X, R”)) is, choose any x € X and define p,(f) = f(x). Then

¢ is an epimorphism from N, (X, R") onto N,(R") for which gpx(Ann(NA(X, R"))) =
ZO).

THEOREM 3.15. Let X be a paracompact Hausdorff space, let C(\) = Z(\) and
let m = dim C(\). Then there exists a topological isomorphism (3 from N(X, Q) onto
N,(X, R"™™). Let 1 be the epimorphism from Ny(X, R") onto N(X,Q,) defined by
(n(f))(x) = ((f(x))). Then 3 o 1 is an epimorphism from N,(X, R") onto N,(X, R"™™)
with the property that Ker(3 o ) = Ann(N X R”)).

PROOF. Lemma 3.13 assures that there exists a topological isomorphism « from
N,(R"~™) onto Q). Define amap 3 from N(X, Q) into N,,(X, R""™) by 3(f) = o 'of . Itis
immediate that 3 is a bijection and that it is an additive isomorphism. Letf, g € N(X, O0,),
let x € X and recall from Lemma 3.13 that u = A\, o «. We then appeal to (3.12.2) once
again and get

(802)(x) = & ((fR)x) = ' (f(x) ¥ gx)) = ' (A*(g(x))f(x))
= (M(ew) o™ (@) = . o a(a " 0 g)) (@ 0 /)
= 1((8@)) ((80)®) = (800)x) * (B@) @)
= (B(B(e)) @)

which implies that 3(fg) = B(f)3(g) and we have verified that 3 is an isomorphism
from N(X, 0,) onto N,(X, R"™™). Then § o 7 is an epimorphism from N,(X, R") onto
N, (X, R"™™). Moreover, Ker(3 o 1)) = Ann(N,(X, R")) since Ker(1)) = Ann(N, (X, R"))
and (3 is an isomorphism.

For any f € N\(X, R"), let P(f) = ! (C()\)) and for any subset 4 C X, let P(4) =
N{P():f € A4}.

DEFINITION 3.16. An ideal J of the nearring N,(X, R") is said to be stable if
Ann(N,(X, R")) C J and unstable otherwise. It is said to be C())-fixed if P(J) # (
and C()\)-free otherwise.

THEOREM 3.17.  Let X be a locally compact paracompact Hausdorff space and sup-
pose C(\) = Z(\). Then every proper stable ideal of Ny(X, R") is C(\)-fixed if and only
if X is compact.

PROOF. Theorem 3.15 tells us that 3 o 1) is an epimorphism from N, (X, R") onto
N, (X, R"™™™). Suppose first that X is compact and let J be a proper stable ideal of
N,(X, R™). Then (3 o 5(J) is a proper ideal of N, (X, R"~™). It follows from (3.12.3) and
the definition of the semilinear map p in Lemma 3.13 that Z(u) = {0} which means
C(p) = Z(p) = {0} since C(n) C Z(u). Consequently, N, (X, R"™™) is simple and it
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follows from Theorem 3.8 that the ideal 3 o 5(J) is fixed. This means that there exists an
x € X such that ([3 o n(f))(x) = 0 forall / € J. But (B o 7](/))()() = /3(((f(x)))) which
means ((f(x))) = ((0)) since 3 is an isomorphism. This means f(x) € C()\) for all f € J
and we conclude that J is C()\)-fixed.

Now suppose that every proper stable ideal of N, (X, R") is C(\)-fixed and this time,
let J be any proper ideal of N, (X, R"~™). Then (3 o 1))"'(J) is a proper stable ideal of
NA(X, R™) which is C()\)-fixed and consequently, there exists a point x € X such that
f(x) € C(\) for each f € (B o n)~'(J). Let g be any element of J and let 3 o () = g.
Then, since f(x) € C()\), we have

g) = (BomN)x) = B({f))) = BOY) =0

and this means that J is fixed. Again, we use the fact that C(y) = Z(u) = {0} (which
implies that N, (X, R"~™) is simple) to conclude from Theorem 3.8 that X is compact.

DEFINITION 3.18.  Let M} = {f € N\(X, R") : f(x) € C(\)}.

THEOREM 3.19.  Suppose C(\) = Z()\) and X is a compact Hausdorf{f space. Then
the stable maximal ideals of N\(X, R") are precisely the sets of the form M.

PROOF. LetBonbeasin Theorem 3.15 and for x € X define amap ¢, from N, (X, R")
to N, (R"™™) by px(f) = (Bon(f))(x). Since $o1 is an epimorphism from N, (X, R") onto
Nu(X, R"™™), it readily follows that ¢, is an epimorphism from N, (X, R") onto N, (R"™"™)
and since N,(R"™™) is simple, it follows that Ker(,) is a maximal ideal of N, (X, R").
One readily verifies that Ker(yp,) = M; which means M; is a stable maximal ideal for
each x € X. Now let M be any stable maximal ideal. By Theorem 3.17, M is C(\)-fixed.
Choose any x € P(M). Then M C M} which means M = M since M is maximal.

4. The Isomorphism Theorems. In this section, we prove the isomorphism the-
orems. This section is relatively short since we fashioned all the tools we need for the
proof'in the previous section. Justas in Lemma 3.11, we let Q) = N,(R")/C()\) with the
quotient topology and, similarly, we let O, = N,(R™)/C(p) with the quotient topology.

THEOREM 4.1. Let A and p be nonconstant semilinear maps from R" and R", re-
spectively, into R such that C(\) = Z()\) and C(p) = Z(p) and let X and Y be compact
Hausdorff spaces. If the nearrings N\(X, R") and N,(Y, R™) are isomorphic, then

“4.1.1) the spaces X and Y are homeomorphic,
and
4.1.2) the nearrings Oy and Q, are topologically isomorphic.

PROOF. Let ¢ be any isomorphism from Ny (X, R") onto N,(Y, R™). Then ¢[M] is a
stable maximal ideal of N,(Y, R™) for each stable maximal ideal M of N, (X, R"). Con-
sequently, according to Theorem 3.19, there exists, for each x € X, a pointy € Y
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such that p[M{] = M;. Define a bijection & from X onto Y by h(x) = y and note that
o[M] = Mj,,. For any f € N\(X, R"), we have

xEPP) = fx) EC\) = fEM,
= o(f) € p[M;] <= ¢(f) € My,
< h(x) € P((p(f))

which readily implies that A[P(f)] = P(cp(f)). In a similar manner, #~'[P(g)] =
P((p”(g)) for each g € N,(Y, R™). Since {P(f) : f € N\(X,R")} and {P(g) : g €
N,(Y, R™)} form bases for the closed subsets of X and Y respectively, it follows that 4 is
a homeomorphism and (4.1.1) has been verified.

Now choose any x € X and let p[M}] = M. Theorem 3.19 tells us that O, is topo-
logically isomorphic to N,(R"~") where r = dim C()) and we observed in the proof of
Theorem 3.19 that there exists an epimorphism o from N)(X, R") onto N,(R"™") whose
kernel is M. Consequently, N, (X, R")/C()) is topologically isomorphic to N,(R""). In
a similar manner, there exists an epimorphism 3 from N,(Y, R™) whose kemel is M; so
that N,(Y, R™)/ C(p) is topologically isomorphic to N,(R"*) where s = dim C(p) and &
is the semilinear map induced by p just as y is induced by A in Lemma 3.13. Moreover,
0, is topologically isomorphic to N,(R"~*). We now wish to define an isomorphism
from N,(R"™") onto N,(R™*) which is suggested by the following diagram.

N\X,R") - N,(Y,R™
4.1.3) 1a jﬂ

NJR™) =5 Ny(R™™)
Accordingly, for any v € N,(R"™"), we choose any /' € N,(X, R") such that a(f) = v
and we define ¥(v) = 3 o ¢(f). Our first task is to show that ¢ is well defined. Suppose
a(f) = a(g). Then f — g € M; which implies ¢(f) — ¢(g) € M;. Consequently, 3 o
e(f) = B o ¢(g). It is easily verified that ¢ is a homomorphism. It is immediate that
Diagram (4.1.3) commutes and since ¢, o and [ are all surjective, 1 must be surjective
as well. Finally, suppose ¥(v) = 0 and let (f) = v. Then ,B(cp(f)) = 0 which means
¢(f) € M. This implies that /' € M} and it follows that v = a(f) = 0. Therefore
Y is an isomorphism from N,(R"~") onto N,(R™~*) and since any isomorphism is also a
homeomorphism, we conclude that N,(R"™") and N,(R"™ ") are topologically isomorphic.
Since Q) is topologically isomorphic to N,(R"™") and Q, is topologically isomorphic to
Ny(R™%), (4.1.2) has been verified and the proof is complete.

Our next result follows easily from the previous one.

THEOREM 4.2. Let A\ be any nonconstant semilinear map from R" to R such that
C(X) = Z()\) and let X and Y be compact Hausdorff spaces. Then the nearrings N\(X, R")
and N,(Y, R") are isomorphic if and only if X and Y are homeomorphic.

PROOF. It follows from the previous theorem that X and Y are homeomorphic if
N,(X, R") and N,(Y, R") are isomorphic. Suppose, conversely, that /4 is a homeomor-

https://doi.org/10.4153/CMB-1996-039-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1996-039-8

328 K. D. MAGILL, JR.

phism from Y onto X. The map ¢ defined by ¢(f) = f o & is easily shown to be an
isomorphism from N, (X, R") onto N, (Y, R").

THEOREM 4.3.  Let A and p be nonconstant semilinear maps from R" and R", respec-
tively, into R such that C(\) = Z(\) and C(p) = Z(p). Let X and Y be compact Hausdorff
spaces and suppose both N\(R") and N,(R™) are simple (which, here, is equivalent to re-
quiring that Z(\) = {0} and Z(p) = {0}). Then the following statements are equivalent:
(4.3.1) The nearrings N\(X, R") and N,(Y, R™) are isomorphic,

(4.3.2) The spaces X and Y are homeomorphic and the nearrings N\(R") and N,(R™) are
topologically isomorphic,

(4.3.3) The spaces X and Y are homeomorphic, n = m and there exists a linear isomor-
phism ¢ from R" onto R™ such that A = p o ¢.

PROOF. Since N,(R") and N,(R™) are both simple, it follows that N,(R") coincides
with Q) and N,(R") coincides with Q,. Therefore, it is an immediate consequence of
Theorem (4.1) that (4.3.1) implies (4.3.2). Now suppose (4.3.2) holds. It is immediate that
n = m and it follows from Theorem (3.14) of [2] that there exists a linear isomorphism
@ from R" onto R” such that A\ = p o . Finally, suppose (4.3.3) holds. Let # be any
homeomorphism from Y onto X and let  be any linear isomorphism from R" onto R™.
Define a map ¢ from N)(X, R") to N,(Y, R™) by (v())(») = ¢(f o h®»)). It follows
casily that 1/ is an additive isomorphism from N, (X, R") onto N,(¥, R™). To show that
(fg) = v(HY(g), letany y € Y be given and observe that

(W) = (1) 0 he)) = i (1(h) * g(h)) )
= (A (s(h00) J109) ) = A(eh0) ) (1(309))

= o e (£00) ) o (10h02)) = (1 (h) ) = o (g(h0))

YIN)) * (V@) = (VINVE@)B).
Consequently, ¥(fg) = ()Y (g) and we conclude that ¢ is an isomorphism from the
nearring N, (X, R") onto the nearring N,(Y, R™). Thus (4.3.3) implies (4.3.1) and the
proof is complete.

SOME CONCLUDING REMARKS. Theorem 4.1 tells us that if the nearrings N, (X, R")
and N,(Y, R™) are isomorphic, then Q, and Q, are topologically isomorphic. However,
we cannot conclude from this that N, (R") and N,(R™) are topologically isomorphic. For
example, define a map A from R* into R by A\(v) = |v| and define a map p from R? into
R by p(w) = |wy|. Then

CA)=Z\)={veR :v,=0}and C(p) = Z(p) = {w € R* : w; = 0}
One can verify that O, = N, (R?) /C(X) is isomorphic to O, = N,,(R3) / C(p) are isomor-
phic but N, (R?) and N,(R?) are certainly not isomorphic. Nevertheless, we conjecture

that Theorem 4.3 holds without the requirement that the nearrings N, (R") and N,(R™) be
simple.
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