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Abstract. A multivariate, formal power series over a field K is a Bézivin series if all of its coefficients
can be expressed as a sum of at most r elements from a finitely generated subgroup G < K*; itisa
Pélya series if one can take r = 1. We give explicit structural descriptions of D-finite Bézivin series
and D-finite Polya series over fields of characteristic 0, thus extending classical results of Polya and
Bézivin to the multivariate setting.

1 Introduction

A fundamental result in the theory of linear recurrences due to Pélya [P621] asserts
thatif { f(n)} is a sequence satisfying a linear recurrence and taking all of its values in
the set G U {0} for some finitely generated multiplicative subgroup G of Q*, then the
generating series of f(n) isa finite sum of series of the form gx’/(1 - g’x™) with g, g’ €
G and i, n natural numbers along with a finite set of monomials with coefficients in G;
moreover, these series can be chosen to have disjoint supports. In particular, Polya’s
theorem gives a complete characterization of sequences {f(n)} ¢ Q* that have the
property that both {f(n)} and {1/f(n)} satisfy a nontrivial linear recurrence.

Pélya’s result was later extended to number fields by Benzaghou [Ben70] and
then by Bézivin [Bé87] to all fields (even those of positive characteristic). A non-
commutative multivariate version was recently proved by the authors [BS21]; the
noncommutative variant can be interpreted as structural description of unambiguous
weighted finite automata over a field.

The generating function of a sequence satisfying a linear recurrence is the power
series in some variable x of a rational function about x = 0. When one adopts this
point of view, it is natural to ask whether such results can be extended to D-finite (or
differentiably finite) power series. We recall that if K is a field of characteristic zero,
then a univariate power series F(x) = Y. f(n)x" € K[[x]] is D-finite if F(x) satisfies
a nontrivial homogeneous linear differential equation with polynomial coefficients:

Z:mx)z:(“(x) ~0,

with po(x),..., pa(x) € K[x].
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1746 J. Bell and D. Smertnig

Univariate D-finite series were introduced by Stanley [Sta80], and the class of
D-finite power series is closed under many operations, such as taking K-linear
combinations, products, sections, diagonals, Hadamard products, and derivatives, and
it contains a multitude of classical generating functions arising from enumerative
combinatorics [Sta99, Chapter 6]. In particular, algebraic series and their diagonals
are D-finite, and a power series F is D-finite if and only if its sequence of coefficients
satisfies certain recursions with polynomial coefficients [Lip89, Theorem 3.7].

Bézivin gave a sweeping extension of Pélya’s result, showing that a univariate D-
finite Bézivin series over a field K of characteristic 0 with the property that there is a
fixed r > 1 and a fixed finitely generated subgroup G of K* such that every coefficient
of F(x) can be written as a sum of at most r elements of G is in fact a rational power
series and has only simple poles [Bé86].

A natural, and thus far unexplored, direction in which to extend the results of Pdlya
and Bézivin is to consider multivariate analogues. A multivariate variant of D-finite
series was given by Lipshitz [Lip89]. Here, one has a field K of characteristic zero and
declares that a formal multivariate series

F= Y f(n)x" e K[x] = K[x1,...,x4]
neNd
is D-finite if all the partial derivatives (9/0x;)®---(9/0x;)%‘F for ey, ..., 5 >0
are contained in a finite-dimensional vector space over the rational function field
K(x). Equivalently, for each i € [1, d], the series F satisfies a linear partial differential
equation of the form

Pi,,,, . (a/axl)"F + Pi,n—l . (8/8xi)”71F + e+ Pi,l . (a/ax,)F + P,‘)O -F = 0,

with polynomials P; o, P; 1, ..., P; , € K[x], at least one of which is nonzero.

In fact, many interesting classical Diophantine questions can be expressed in terms
of questions about coefficients of multivariate rational power series and multivariate
D-finite series. To give one example, Catalan’s conjecture (now a theorem due to
Mihdilescu [Mih04]) states that the only solutions to the equation 3” = 2" +1 are
givenby (n, m) = (1,1) and (2, 3). This is equivalent to the statement that the bivariate
rational power series

1/((1=3x1)(1-x2)) = 1/((1 = x1) (1= 2x2)) = 1/((1 = x1) (1 - x2))

has nonzero coefficients except for the coefficients of xfx3 and x;x;. On the other
hand, it is typically much more difficult to obtain results about multivariate rational
functions and multivariate D-finite series for several reasons. In the case of univariate
rational series, the coeflicients have a nice closed form and there is a strong structural
description of the set of zero coefficients due to Skolem, Mahler, and Lech (see
[EvdPSWO03, Chapter 2.1]). Similarly, for D-finite series, there are many strong results
concerning the asymptotics of their coefficients (see [FS09], in particular Chapters
VIL.9 and VIIL.7) and one can often make use of these results when considering prob-
lems in the univariate case. Straightforward attempts at extending these approaches to
higher dimensions typically fail or become too unwieldy. For this reason, new ideas
are often important in obtaining multivariate extensions.
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It is therefore of considerable interest to understand multivariate D-finite series,
although doing so often presents additional technical difficulties. In this paper, we
consider structural results for multivariate series that are implied by the additional
restrictions on the coefficients of a D-finite series that were imposed by Bézivin and
Pélya in the univariate case. For a field K of characteristic zero and a multiplicative
subgroup G < K*, we set Gy == G U {0} and write

rGO ::{g1+...+gr:g1,...,gr€G0}

for the r-fold sumset of Gy.
In view of Bézivin's and Pélya’s results, we give the following definitions.

Definition 1.1 A power series F = Y, .na f(n)x" € K[x] is:

o a Bézivin series if there exists a finitely generated subgroup G < K* and r € N such
that f(n) € rG, for all n € N%;

o a Pélya series if there exists a finitely generated subgroup G < K* such that f(n) €
G, for all n € N4,

The terminology of Pélya series is standard; we have chosen to name Bézivin series
based on Bézivin's results characterizing this type of series in the univariate case [Bé86,
Bé87].

In this paper, we completely characterize multivariate D-finite Bézivin and Pdlya
series. As an immediate consequence, we obtain a characterization of D-finite series
whose Hadamard (sub)inverse is also D-finite. The proofs make repeated use of unit
equations and results from the theory of semilinear sets.

To state our main result, we recall the notion of semilinear subsets of N%. A subset
Sc N is simple linear if it is of the form 8 = ay + a;N + --- + a,N with (Z-)linearly
independent ay, ..., a; € N%. The terminology comes from the theory of semilinear
sets (see Section 2.1). The following is our main result.

Theorem 1.2 Let K be a field of characteristic zero, let d > 0, and let

F= > f(n)x" € K[x] = K[x1,...,x4]
neNd4

be a Bézivin series, with all coefficients of F contained in rGy for some finitely generated
subgroup G < K* and r € N. Then the following statements are equivalent.

(a) Fis D-finite.

(b) F is rational.

(c) Fis a (finite) sum of skew-geometric series with coefficients in G, that is, rational

functions of the form

Sollo
bl
(1= g)(1 - grup)
where ug, uy, ..., u; are monomials in x, ..., xq such that uy, ..., u; are

algebraically independent, and go, g1, ..., g1 € G.

(d) As in (c), but in addition, the sum may be taken in such a way that for any two
summands, the support is either identical or disjoint. Moreover, every n € N% is
contained in the support of at most r summands.
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(e) There exists a partition of N% into finitely many simple linear sets so that on each
suchset8 = ag + N+ -+ a;N with ay, .. ., a; linearly independent,

!
flag + myay + -+ + msa,) = Zgi,og:f'll'o-g;'f; for (my,...,m;) e N°,
in1

where0 <l <randg;jeG forie(l,l]and je[0,s].

The description of D-finite Pdlya series, that is, the case r =1 of the previous
theorem, deserves separate mention, although it follows readily from the more general
result on Bézivin series. Following terminology from formal language theory, a sum of
power series Fi, ..., F, is unambiguous if the support of F; is disjoint from the support
of F; for i # j (see Definition 3.16).

Theorem 1.3  Let K be a field of characteristic zero, let d > 0, and let

F= ) f(n)x" € K[x] = K[x,...,x4]
neN?
be a Pélya series with coefficients contained in Gq for some finitely generated subgroup
G < K*. Then the following statements are equivalent.
(a) Fis D-finite.
(b) Fis rational.
(c) Fis a (finite) unambiguous sum of skew-geometric series with coefficients in G.
(d) The support of F can be partitioned into finitely many simple linear sets so that on
each such set 8 = ag + aiN + --- + a;N with ay, .. ., a; linearly independent,

flag +myay + -+ msas) = gog"--gv" for (my, ..., my) € NY,
with g; € G for j € [0,s].
For a power series F = Y, .na f(n)x™ € K[x], let

Fr= 3 f(m)'s",

neN4
where f(n)" = f(n)™'if f(n) is nonzero and f(n)" is zero otherwise. The series F'
is the Hadamard subinverse of F.

We call a power series finitary if its coefficients are contained in a finitely generated
Z-subalgebra of K. The set of finitary power series is trivially closed under K-linear
combinations, products, sections, diagonals, Hadamard products, and derivatives.
Therefore, the set of finitary D-finite series is closed under the same operations. Alge-
braic series as well as their diagonals and sections are finitary D-finite (see Lemma 7.1).

Corollary 1.4 Let F € K[x] be finitary D-finite. Then F' is finitary if and only if F
satisfies the equivalent conditions of Theorem 1.3 for some finitely generated subgroup
G < K*. In particular, if F and F' are both finitary D-finite, then they are in fact
unambiguous sums of skew-geometric series.

1.1 Notation

Throughout the paper, we fix a field K of characteristic 0. When considering a Bézivin
series F € K[x], we will always tacitly assume that G < K* denotes a finitely generated
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subgroup, and r >1 denotes a positive integer, such that every coeflicient of F is
contained in rG,.

2 Preliminaries

Fora,beZ,let[a,b]={xe€Z:a<x<b}.LetN={0,1,2,...} and Ny = {x e N:
x>k} forkeN.

2.1 Semilinear sets

We summarize a few results from the theory of semilinear sets, and refer to [Sak09,
Chapter 11.7.3] and [DIV12] for more details.

Definition 2.1 Letd > 1. A subset A ¢ N9 is:

o linear if there exist a, by, ..., b; € N? such that A = a + b)N + - + b)N;

o semilinear if A is a finite union of linear sets;

o simple linear if there exist a, by, ..., b; € N? such that A = @ + ;N + --- + b;N and
by, ..., b; are linearly independent over Z.

Whenever we consider a representation of a simple linear set of the form a + b;N +
-+ b;N, we shall tacitly assume that the vectors by, ..., b; are taken to be linearly
independent.

We make some observations on the uniqueness of the presentation of a linear set A.
Suppose A = a + b;N +--- + b)Nwith a, by, . .., b as above. The element a is uniquely
determined by A, as it is the minimum of A in the coordinatewise partial order on N¢,
Therefore, also the associated monoid A — a € N is uniquely determined by .A. The
set {by,...,b;} must contain every atom of A — a, that is, every element that cannot
be written as a sum of two nonzero elements of A — a. If [ is taken minimal, then
{b1,...,b;}isequal to the set of atoms of A — a, and is therefore unique. In particular,
if A is simple linear and by, ..., b; are linearly independent, then the representation
is unique (up to order of by, ..., b;).

If A and A’ are two linear sets with the same associated monoid, then there exist
a,a,by,....bjeN'withA=a+bN+-+bNand A’ = a’ +bN+--+bN. By
choosing I minimal, the choice of by, . .., b; is again unique (up to order).

The semilinear subsets of N¢ are precisely the sets definable in the Presburger
arithmetic of N, by a theorem of Ginsburg and Spanier [GS66]. We shall make use
of the following fundamental (but nontrivial) facts.

Proposition 2.2 The semilinear subsets of N% form a Boolean algebra under set-
theoretic intersection and union. In particular, finite unions and finite intersections of
semilinear sets, as well as complements of semilinear sets, are again semilinear.

Proof By [Sak09, Proposition I1.7.15], a subset of N4 is semilinear if and only if it is
rational. By [Sak09, Theorem I1.7.3], the rational subsets of N form a Boolean algebra.
]

One can show that every semilinear set is a finite union of simple linear sets. A
stronger and much deeper result, which has been shown by Eilenberg and Schiitzen-
berger [ES69] and independently by Ito [Ito69], is the following.
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Proposition 2.3  Every semilinear set is a finite disjoint union of simple linear sets.

Proof For the proof of Ito, see [Ito69, Theorem 2]. Alternatively, one may apply the
more general [ES69, Unambiguity Theorem] of Eilenberg and Schiitzenberger to the
monoid N¥. This second proof is also contained in the book of Sakarovitch, and one
obtains the claim as follows: let S € N be semilinear. Then S is a rational subset of N
(see [Sak09, Proposition I1.7.5] and the discussion preceding it). By [Sak09, Theorem
11.7.4] or [ES69, Unambiguity Theorem], every rational subset of N is unambiguous.
Again by [Sak09, Proposition I1.715], every unambiguous rational subset of N is a
finite disjoint union of simple linear sets. |

2.2 Unit equations

Unit equations play a central role in our proofs. We recall the fundamental finiteness
result. For number fields, it was proved independently by Evertse [Eve84] and van
der Poorten and Schlickewei [vdPS82]; the extension to arbitrary fields appears in
[vdPS91]. We refer to [EGI15, Chapter 6] or [BG06, Theorem 7.4.1] for more details.

Let G be a finitely generated subgroup of the multiplicative subgroup K* of the field
K. It is important here that char K = 0. Let m > 1. A solution (x;, ..., %) € K™ to an
equation of the form

(2.1) Xi+++X,=0

is nondegenerate if ¥ ;; x; # 0 for every @ ¢ I ¢ [1, m]. In particular, if m > 2, then all
x; of a nondegenerate solution are nonzero.

Proposition 2.4 (Evertse; van der Poorten and Schlickewei) There exist only finitely
many projective points (x1:-: Xy ) with coordinates xi, ..., X, € G such that
(x1,...,%m) is a nondegenerate solution to the unit equation (2.1).

It is easily seen that there can be infinitely many degenerate solutions (even
when considered as projective points), but one can recursively apply the theorem to
subequations. In particular, we will commonly use an argument of the following type.

Let O be some index set, and let gi, ..., gm: Q = Gy be maps such that

gi(w)++gm(w)=0 for w € Q.

For every partition P = {Iy,...,1;} of the set [1,m], let Qp C Q consist of all w such
that for all j € [1,¢], the tuple (gi(w))ics, is a nondegenerate solution of the unit
equation Y ;¢;, X; = 0. Since every solution of a unit equation can be partitioned into
nondegenerate solutions in at least one way, we obtain Q = Uy Q, where the union
runs over all partitions of [1, m].

Since there are only finitely many partitions of [1, #], one can often deal with each
Qo separately, or reduce to one Q5 having some desirable property by an application
of the pigeonhole principle. For example, if Q) is infinite, then at least one Q.+ is infinite.
Similarly, if Q = N, then not all Q5 can be contained in semilinear sets of rank at most
d — 1, because N cannot be covered by finitely many semilinear sets of rank < d — 1.
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2.3 Habhn series

We recall that an abelian group G is totally ordered as a group if G is equipped with
a total order < with the property that a + ¢ < b + ¢ whenever a, b, c € G are such that
a < b. For the group H = Q?, we will give H a total ordering that is compatible with
the group structure by first picking positive linearly independent real numbers ¢;,. . .,
&4 and then declaring that (a3, ...,a4) < (by,..., b,) if and only if

d d
Z a;g; < Z b,‘S,’.
i=1 i=1

Lemma 2.5 The following hold for the above order:

o N% is a well-ordered subset of Q.
e If(as,...,aq) < (by,...,bg) andif (ci,...,cq) € QY then there is some N > 0 such
that n(by,...,by) >n(ai,...,aq) + (c1,...,cq) whenever n > N.

Proof LetSbeanonempty subset of N, Pick (ay,...,a4) € S,andletu = Y% a;e;.
Then, if (b,...,by) € Sislessthan (a;,...,a,), we must have b; < u/e; fori € [1,d].
Thus, there are only finitely many elements in S that are less than # and so S has a
smallest element. Next, if (ay,...,aq) < (b, ..., bg), then 8= ¥4 (b; — a;)e; > 0.
Then n6 > Y%, ¢;¢; for all n sufficiently large. [ ]

The second property is equivalent to Q¢ with the given order being archimedean.
If G is a totally ordered abelian group, we can define the ring of Hahn power series

K((x%)) = {Z agxé:iag e Kfor ge G, {giag+0} is well ordered}.
geG

Then K((x)), together with the obvious operations, is a ring. For

F=) agmfe K((x%)),
geG

one defines supp(F) = { x8: g € G, az # 0 } to be the support of F. We define [x$]F :=
ag. Then there is a valuation v: K((x%)) > G U {oo}, defined as follows: one sets
v(F) = g where x% is the minimal monomial in the support of F if F# 0, and
v(0) = oo.

For Fi =Yg agx® and Fp = Yocq bgx? € K((x9)), the Hadamard product is
defined as

FLoF= Z ﬂgngg.
geG

If K is algebraically closed and G is divisible, then K((x)) is an algebraically
closed field. In particular, if we use the order given above for H = Q%, we see that
if K is algebraically closed, then K((x*)) is algebraically closed. After making the
identification x; = x¢, where e; = (0,...,1,...,0) and where there is a 1 in the ith
coordinate and zeros in all other coordinates, we have that the formal power series
ring K[[xy, . .., x,4] is a subalgebra of K((x')).
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We will find it convenient to write x(91++@4) = x® --x4* and write K((x;@, ey xiiQ )
for K((x¥)). In the other direction, we will find it convenient to abbreviate the
power series ring as K[x] = K[x1,...,x4]. These conventions are consistent with
usual multi-index notation, and so for a = (ay,...,a4) and b= (by,...,by) € Q4,
we write @ + b = (a; + by,...,aq + bg) and ab = (ayby,...,a4by). ffa e Z? and A =
(A ..., Ag) with A; € K((x™)), we also write A* = [T, A%/, although we will usually
only use this for A; € K* or A; a monomial.

The set of [rational] Bézivin series is not closed under products or differentiation.
However, it is closed under Hadamard products and it forms a K[x]-submodule of
K[x], as the following easy lemma shows.

Lemma 2.6 Let F € K[[x] be a Bézivin series with coefficients in rGo. If P € K[x] isa
polynomial with s terms in its support, then there exists a set B € K of cardinality rs such
that

[x"]FP € BGy = Y . bG,  forneN".
beB

In particular, the series PF is a Bézivin series with coefficients in rsGy for a suitable
finitely generated subgroup G’ < K*.

We will need to understand the factorization of polynomials of the form 1 - cx*®

with e € N?,
Lemma 2.7 Let K be algebraically closed, and let e = (ey, ..., eq) € Z\{0}. In the
factorial domain K[x*'] = K[x{, ..., x3"], the Laurent polynomial

Q=1-cx° with c e K*
factors into irreducibles as

t .
Q= H(l — (bee/t)’
j=1
where t=gcd(ey,...,eq), (€ K* is a primitive t-th root of unity, and b' =c. In
particular, the Laurent polynomial Q is irreducible if and only if gcd(ey, ..., eq) = 1.

Proof The proof follows an argument of Ostrowski [Ost76, Theorem IX]. Since
(e1/t,...,eq/t) isaunimodular row, there exists a matrix A = (a;,j);,je(1,4] € GLa(Z)
whose first row is (e;/t, ..., e;/t). This matrix A induces a ring automorphism ¢ of
the Laurent polynomial ring K[x*'] with ¢(x;) = ]'[7:1 x;i’j. Then ¢71(Q) =1 - cxj.
Since K[xj'] is divisor-closed in K[x*'], the problem reduces to that of factoring the
univariate Laurent polynomial 1 — cx! in K[x{!]. Since K[x}!] is obtained from the
factorial domain K[x; ] by inverting the prime element x;, and clearly x; is not a factor
of 1 — cx{ in K[x; ], it suffices to consider the factorization of 1 - cx{ in K[x; ]. However,
here the result is clear. u

3 Rational series with polynomial-exponential coefficients

In this section, we consider rational series whose denominator is a product of elements
of the form 1 — cu with ¢ € K* and u € K[x] a nonconstant monomial. This will come
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in handy in the later sections, as it will turn out that rational Bézivin series are always
of such a form. For the class of rational series under investigation here, it is possible to
give a fairly explicit structural description of their coefficient sequences, namely they
are piecewise polynomial-exponential on simple linear subsets of N¥.

Definition 3.1 Let f:N? — K be a sequence.

« The sequence f is piecewise polynomial-exponential on simple linear subsets of N°
if there exists a partition of N4 into simple linear sets 8y, ..., S,, so that for each
i € [1, m], thereexistk; € N, polynomials A; 1,...,A; k, € K[x],and &;1,...,&;, €
(K*) such that

ki
f(n) =3 Aij(n)a}; fornes,;.
im

« The sequence f is piecewise polynomial on simple linear subsets of N if one can
moreover take a; j = (1,...,1) forall i € [1,m] and j € [1, k;].

« The sequence f is piecewise exponential on simple linear subsets of N if one can take
the polynomials A; ; to be constant for all i € [1,m] and j € [1, k;].

Note that in the piecewise exponential case, sums of exponentials (k; >1) are
allowed. There is no restriction on the ranks of the simple linear sets; the rank of §;
may be smaller than d, and also need not be the same for 8y, ..., 8,,. Each of these
three types of representation is trivially preserved under refinements of the partition.
In particular, representations of the above types are not unique. It is not hard to see
that every series F € K[x], whose coefficient sequence is polynomial-exponential on
simple subsets of N9, is rational (see Corollary 3.12). We give an easy example to
illustrate the definition.

Example 3.2 Consider the sequence f:N* — Q defined by

s 1 1 y x
,n)xMy" = + + +
D e e T v (B 3V T CI39 Nl ey T By
_ Z(2k+3k)xkyk+ Z (k+1)3k51xkyk+l+1+ z xk+l+1yl.
k=0 k,1=0 k,1=0
Then
2m 4 3m, ifm=n,
f(m,n) = t(m+1)(2)"5", ifm<n,
1, if m > n.
Since

{(n,n)eN*:neN}= (1N,
{(m,n)eN*:m<n}=(0,1)+(L1)N+(0,1)N, and
{(m,n)eN*:m>n}=(1,0)+(L1)N+(1,0)N

are simple linear sets, the sequence f is piecewise polynomial-exponential on simple
linear subsets of N*. However, f is neither piecewise polynomial nor piecewise
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1 1
1-2xy 1-3xy
is piecewise exponential on simple linear subsets of N2, and the coefficient sequence
of W‘W is piecewise polynomial on simple linear subsets of N2

exponential on simple linear subsets of N2, The coefficient sequence of

The following basic properties hold.

Lemma3.3 LetPE, P, € C K[x] denote, respectively, the power series whose coefficient

sequences are piecewise polynomial-exponential [polynomial, exponential] on simple

linear subsets of N%.

(1) Each of PE, P, and & is a K[x]-submodule of K[x] and is closed under Hadamard
products.

(2) The sets PE and P are also closed under products and partial derivatives. In
particular, PE and P form subalgebras of K[x].

Proof (1) Let F and G be series that are [polynomial-exponential, polynomial,
exponential] on simple linear subsets. It is clear that for every monomial # and every
scalar A € K, also AuF is of the same form. Thus, it suffices to show that the same
is true for F+ G. If 8§ and T < N are simple linear subsets, then the intersection
8 n T is semilinear. By Proposition 2.3, the intersection & N J can be represented as
a finite disjoint union of simple linear sets. Thus, in representations of the coefficient
sequences of F and G as in Definition 3.1, we may assume that the simple linear sets
coincide for the two series, by passing to a common refinement. Then the claim about
F + G is immediate.

(2) This can again be computed on each simple linear set. Alternatively, it will follow
from Theorem 3.10 and Corollary 3.13. ]

The set & is not closed under products or derivatives, since (1-x)! € &, but
(1-x)7¢ € K[x] for e > 2 is polynomial-exponential but not exponential on simple
linear subsets of N. We recall some easy facts about the algebraic independence of

monomials.

Lemma 3.4 Letey, ..., e, eN% letcy, ..., c, € K*, andlet my, ..., m, € Nsy. The

following statements are equivalent.

(a) The vectors ey, ..., e, are linearly independent over Z.

(b) The monomials x°', ..., x°" generate a free abelian subgroup of the unit group of
K[x*'].

(c) The monomials x°, ..., x" are algebraically independent over K.

(d) The polynomials
(I=cx®)™, ., (1= cyx®)™
are algebraically independent over K.

Proof (a)<> (b) Clear.

(a) < (c) Consider the family (x c1r..cneN Of monomials. The mono-
mials in this family are pairwise distinct, and hence linearly independent over K, if
and only if ey, ..., e, are linearly independent. However, the linear independence of
(xcrartrrtencn)  c.eN is equivalent to the algebraic independence of x°', ..., x°".

()<= (d)If0+PeK[y,...,yn] then P vanishes on (1 - ¢;x,...,1- c,x°") if
and only if P(1-¢;y1,...,1— ¢, yn) vanishes on (x,...,x°"). Hence, x, ..., x*

ejc1+ t+ency )
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are algebraically independent if and only if the polynomials 1 — ¢;x®, ..., 1 - ¢, x*"
are algebraically independent.

Now, for any choice of polynomials fi, . . ., f,, the field K(f;, . .., f,) is an algebraic
extension of K(f{™,..., fi*), and therefore the two fields have the same transcen-
dence degree over K. Thus, 1 - c;x°, ...,1 - ¢,x°" is algebraically independent if and
onlyif (1-c¢x®)™, ..., (1 - c,x°")™" is algebraically independent. ]

Looking once more at Definition 3.1, in a sequence with piecewise polynomial-
exponential coefficients on simple linear sets, for each simple linear set §;, we
have f(n) = ij;'lAi,j(n)(xl’.')]. for ne8;. We can represent 8; as S; =a+bN+
-+ b,N with suitable a, by, ..., b; € N, where by, ..., b, are linearly indepen-
dent. On §;, we can therefore also consider representations of the form f(n) =

Z;le,-,j(m)ﬁZ’j where m = (my, ..., m,) with n =a + mb; + - + msb,, and B; 1,
coos Bir €Ky, .., ¥s] Bigs -5 By € (K)°. One easily sees how the two notions
relate.

Lemma 3.5 LetF =Y,y f(n)x" € K[x], andlet 8 = a + bjN + - + b;N be simple
linear. Consider the following statements.

(a) There exist polynomials Ay, ..., Aje K[x] and ay, ..., &) € (K*)? such that
I
f(n) =% Aj(n)ai  fornes.
=1

(b) There exist polynomials By, ..., By € K[y1,...,ys] and B, ..., B, € (K*)* such
that

I
fla+bimy+-+bgmg) = Bi(m)BT  form=(my,...,mg) e N
=t

Then (a) = (b). If K is algebraically closed, then also (b) = (a).

Proof (a)=(b). By straightforward substitution.

(b)=(a). Let n=(ny,...,ny) €8. Since by, ..., b, are linearly independent,
there exist unique my, ..., m; € N¢ with n = a + bym; + - + bym. Solving this linear
system over Q, there exists N € N and, for every i € [1,s] and j € [1,d] integers p;,
gi,j such that

d
m; = pi/ N+ njqi,;/N
i1

for all m=(ny,...,ny5) €8 and m=(my,...,m;) eN° with n=a+bym; +-+
b,m;.
Let v € [1,1]. Suppose B, = (By,1- .., PBv,s) and pick y,; € K* with y), = B, ; for
€[1,s]. Setay, = (ay 1. .. &y q) with

S
ayj=[1yei for je[1,d]
i=1
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and

d d s
Ay(x1,...,%4) =B, (PI/N+ 2. %iqui/Ns -y ps/N + ij‘Js,j/N) H)’[v,,ii'

j=1 =1 i=1
Ifn=a+bym +- -+ bgms, then

d

s d s
Ay(n)ay B(m)qy Ty = Bo(m) [Tyl TTTTH”

j=1 i=1 j=1i=1

s d s
= By( lj(yMHW‘f”’)=Bv<m>gyZ?;N

j=1

The algebraic closure of K was only used to guarantee the existence of Nth roots
of the f8,,; in the proof of (b) = (a). Hence, the condition can clearly be weakened
to the existence of suitable roots. For instance, if K = R and all 3, ; are positive, the
implication (b) = (a) holds. However, the condition cannot be entirely removed, as
the following example shows.

Example 3.6 Let

on 2n
T1- 2x2 ,;) € Q]
Then f(1+2m) =0 and f(2m) = 2" for all m € N. On 2N, we thus have a represen-
tation of the form (b).
However, suppose that for all n € 2N, there is a representation V2= YiAi(n)al

w1th polynomlals Ay, ..., A; € Q[x] and pairwise distinct ay, ..., a; € Q. Then

=y i Ai(2m)az™ for all m e N. Since such a representation by an exponentlal
polynom1a1 is unique (see, e.g., [BRI1, Corollary 6.2.2]), we must have a? = 2, and
hence without restriction I = 2 and a1 = /2, a, = —\/2. Therefore, a; ¢ Q. Of course,

over Q(/2), one has f(n) = 2 2"+ %(—\/E)" forall n € N,

In a representation as in (a) of Lemma 3.5, it is easily seen that the polynomials
are not uniquely determined: for instance, to represent the coefficient sequence f of
l—lxy on 8 = (L,1)N as f(n,n) = A(n,n), we can take any polynomial A €1+ (x -
¥)K[x, y]. However, we now show that the situation is better in a representation as
in (b). The proof is essentially the same as the standard one in the univariate case (see,

e.g., [BRI1], Chapter 6.2]).

Proposition 3.7 Let F =3 e f(n)x" € K[x], and let S = a + byN + --- + b;N be a
simple linear set. Let By, ..., By € K[y1,..., ys[\{0} and B,, ..., B, € (K*)* where the
vectors B are pairwise distinct such that

I
fla+bimy+-+bemg) = Bi(m)]  form=(my,...,m;)eN".
i1
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Then the polynomials B; and the coefficient vectors B; are uniquely determined (up to
order).

Proof It suffices to consider 8 = N?. Let A € K* be a finite set and e € N. Let A, C
K[x] be the K-vector space of rational series spanned by rational functions of the form

1
(1 - Alxl)kl"'(l - /\dXd)kd

with Ay, ..., Ay € Aand ki, ..., kg € [1,e]. Then dim A, = |A|? ¢4,
Now, in the group algebra K[x][(A)¢], let V, be the K-vector space consisting of
elements of the form

Cj(x)Yj’

1
Py

.,

with y; € A% and polynomials C; € K[x] with deg, (Cj) <e-1forallie[l,d]and
je[L1]. Thendim V, < |Ad| e?.
Forie[l,d]letA; € Aandk; €[1,e]. Since

d 2 (ky+n -1\ (kgt+ng—1
H(l—)t,-xi)’ki: > (1 n"ll )(d n’;d )Afl...)t;"xfl...x;’”’,

the vector space V, maps surjectively onto A,. Since dim V, < dim A,, this is a
bijection. This implies the claim. [ ]

We also record the following consequence.

Corollary 3.8 Let ug, uy, ..., us € K[x] be monomials with u = (uy,...,us) alge-
braically independent, and let C € K* be a finite set. For « = (a1, ..., a5) € C* and
e=(ep,...,e5) € Ny, let

Qa,e = (1_ ‘xlul)el"'(l_ asus)es € K[u]

Then, for F € K[x], the following statements are equivalent.

(1) Foreacha € C*ande = (ey,...,es) € N, thereexist Ao . € K, all but finitely many
of which are zero, such that

Atxe
F:qu z .

acCs eeNy) le,e ’
(2) Foreach a € C°, there exists a polynomial A, € K[u] such that

F=ug Y > As(n)a"u".

neNs aeCs

Moreover, the polynomials A, are uniquely determined by F. If « € C* and
m; =max{e;:e=(e},....€;,....,e) N withdy,+0}

(taking m; = —oo if the set is empty), then deg, (Aq) = m; -1 In particular, Ay is
constant if and only if Ay . = 0 whenever e; > 1 for some i € [1,s].
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For the next step, we use a multivariate partial fraction decomposition. The result
is due to Leinartas [Lei78], an easy to read exposition of the (short) proof in English
is given by Raichev in [Rail2].

Proposition 3.9 (Leinartas’s decomposition) Let F = P/Q € K(x) with P, Q € K[x]
and Q #0, and let Q = Q"---Qf* with Qy, ..., Q; € K[x] irreducible and pairwise
nonassociated and ey, ..., e; > 1. Then
P

F= by : b’
b=(br,b)es Qe Qy
for a finite set S € N and polynomials Py, € K[x], and foreveryb = (by,...,b;) € S, the
polynomials { Q; : b; > 0 } appearing in the denominator are algebraically independent
and have a common root in K.

Unlike the univariate case, in this representation, unfortunately the exponents b;
can exceed e; (see Example 3.11).

We can now characterize power series whose coefficient sequences are polynomial-
exponential on simple linear subsets of N,

Theorem 3.10  Let K be algebraically closed. The following statements are equivalent for
a power series F = Y, ,ona f(n)x™ € K[x].

(a) One has
Fo p
(1= cyuy)--(1=cjuy)
with ¢, ..., ¢; € K¥, with nonconstant monomials uy, ..., u; € K[x], and
PeK[x].

(b) The sequence fis piecewise polynomial-exponential on simple linear subsets of N%.

Proof (a)= (b) Lemma 2.7 allows us to assume that the polynomials 1 — c;u; for i e
[1,1] are all irreducible. Gathering associated polynomials, and resetting the notation,
we may write

p
(1= cuuy)a(1-cpup)a’

with irreducible polynomials 1 - ¢;u; that are pairwise coprime and ey, ..., e; > L.
By Proposition 3.9, we may now express

F=

P

F= ,
Ic[1,1] Qr

with P; € K[x]and Q; = [T;;(1 - c;u; )P where by ; > 1forall I ¢ [1,1]and i € I, and
the different irreducible factors of Q; are algebraically independent. By Lemma 3.4, the
monomials { u; : i € I } are algebraically independent for I ¢ [1,]. We can therefore
apply Corollary 3.8 followed by (b) = (a) of Lemma 3.5, to deduce that every 1/Q; is
piecewise polynomial-exponential on simple linear subsets of N“. By (1) of Lemma
3.3, the same is true for F.

(b) =(a) By assumption, there exists a partition of N 4 jnto simple linear sets such
that on each simple linear set 8, the coefficients of F can be represented as in (a) of
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Lemma 3.5. Applying (a) = (b) of Lemma 3.5, followed by Corollary 3.8, we see that
F is a K-linear combination of rational functions of the form
Ug

(1= crug)(1 = csus)

with ¢y, ..., ¢; € K* and monomials g, us, .. ., us € K[x]. []

Example 3.11 The exponents in the multivariate partial fraction decomposition can
increase. For instance,

1 x 1
F = = + .
(1-x)1-y)A-xy) (A-x)1-xy)* (1-y)(1-xy)?
So, despite the fact that the denominator of F has no repeated factors, the coefficient

polynomials in a polynomial-exponential decomposition may be nonconstant. In the
example, we get [x"y"]F = (n+1) for n e N.

The following is a corollary of the trivial direction of Theorem 3.10 (and hence could
have been observed before).

Corollary 3.12 If the coefficient sequence of F € K[x] is piecewise polynomial-
exponential on simple linear subsets of N%, then F is rational.

Looking at the proof of Theorem 3.10 again, we see that the special case in which
every constant in the denominator is a root of unity corresponds to the coefficient
sequence being piecewise polynomial on simple linear subsets of N¢. Hence, we
recover the following (well-known) result.

Corollary 3.13 Let K be algebraically closed. The following statements are equivalent
for a power series F = Y., .na f(n)x" € K[x].
(a) One has

P

F= (1-wm)(1-wyuy)

with wy, ..., w; € K* roots of unity and with nonconstant monomials uy, ..., uj €
K[x], and P € K[x].
(b) The sequence fis piecewise polynomial on simple linear subsets of N¢,

Remark 3.14 Generating series of the form
1
(1 - 1/[1)(1 - Ml)
with monomials uy, . .., u; play a role in several areas of mathematics. They count the
number of solutions to a Diophantine linear system over the natural numbers [DM88],
and appear in combinatorics [Stal2, Chapter 4.6], representation theory [Hec82], and
commutative algebra (as Hilbert series) [MS05, Sta96].

The coefficient sequences of such series are called vector partition functions. After
some earlier work by Blakley [Bla64] and Dahmen and Micchelli [DM88], Sturmfels
[Stu95] gave a description of their structure in terms of the chamber complex of the
matrix whose columns are the exponents of the monomials u;, ..., u;.
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From a structural point of view, the set N¢ is partitioned into finitely many
polyhedral cones with apex at the origin, and on each such cone the vector partition
function f is given by a multivariate quasi-polynomial (however, the results in
[Stu95] are much more specific than this description). This type of decomposition is
equivalent to f being polynomial on simple linear subsets of N—a good overview of
the connection with the theory of semilinear sets is given by D’Alessandro, Intrigila,
and Varricchio [DIV12]," and the specific result can be found in [DIV12, Proposition
2 and Corollary 1].

Proofs of this decomposition (e.g., in [Stu95]) typically involve results on counting
lattice points in polytopes. While we only derived the structural form of the decom-
position here, we only needed purely algebraic methods. Neither the generalization to
the polynomial-exponential case nor the use of purely algebraic methods appears to
be entirely new: positive real coefficients where also permitted, for instance, by Brion
and Vergne [BV97]. A purely algebraic derivation of the polynomial case is given by
Fields in [Fie00, Fie02], which we have discovered through O’Neill [O’N17, Theorem
2.10]. The result on the partial fraction decomposition is not used by Fields, but
similar reductions are used for the denominators. The partial fraction decomposition
in connection with multivariate rational generating series is used by Mishna in
[Mis20, Chapter 92]. However, no structural decomposition result is derived there.

Since we could not locate a reference that derives the structural result for the
polynomial-exponential case over an arbitrary field, we have chosen to include a
proof, although we assume that this is at least “essentially known”

3.1 The exponential case

We now look at the other extremal case, where the coefficients are piecewise exponen-
tial on simple linear subsets of N,
Definition 3.15 Let F € K[x].

(1) The series F is skew-geometric if there exist ¢y € K, ¢y, ..., ¢; € K* and monomials
Ug, Uy, . .., Uy such that uy, ..., u; are algebraically independent and

_ ColUg
(1= cr)~(1=couy)”

(2) The series F is geometric if moreover {uy,...,u;} € {x1,...,x4}.

F

For a skew-geometric series F as above, the exponents of the monomials in the
support of F form a simple linear set. The coefficient of uou;"---u;" in F is coc;+-c}'.
Every skew-geometric series is rational by definition. Moreover, its coeflicient series

is exponential on simple linear subsets of N¥.

Definition 3.16 LetF,, ... F, € K[x].

(1) The sum F, + -~ + F,, is unambiguous if the sets supp(F,), ..., supp(F,) are
pairwise disjoint.

U'The definition of a simple linear set in the paper contains a typo; only by, ..., b, are supposed to
be linearly independent.
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(2) The sum F, + - + F,, is trivially ambiguous if for all i, j € [1, n],

supp(F;) nsupp(F;) = @ or supp(F;) = supp(F;).
Example 3.17 For a set § ¢ N, let

Is =y x" e K[x].

nes

If§S = a+bN+---b;Nisasimple linear set, then

xa

Is = (1-xbr)(1-xbr)

is skew-geometric. If § is semilinear, then it is a finite disjoint union of simple linear
sets, and therefore 1g is an unambiguous sum of skew-geometric series.

Lemma 3.18 (1) IfF € K[x] is skew-geometric, and 8§ € N is a simple linear set with
{x" :n €8} csupp(F), then F ® Ig is skew-geometric.

(2) Ifaseries F € K[x] has a coefficient sequence that is piecewise exponential on simple
linear subsets of N, then F is a sum of skew-geometric series. If K is algebraically
closed, the converse holds.

(3) Every sum of skew-geometric series can be expressed as a trivially ambiguous sum
of skew-geometric series.

Proof (1) Suppose

cox?

F = R
(1= cpabr)-+(1 - c;xbr)

with (by, ..., b;) € N’ linearly independent, @ € N, and ¢y, cy, ..., ¢; € K* (if co = 0
there is nothing to show). Let 8¢ = @ + b)N + --- + b;Nand suppose 8 = p + ;N + --- +
q.Nwith 8§ ¢ 8.

Let p=a+ by +-+ p;b; with py, ..., gy € N. Since p + g, € 8y forall i € [1,s],
we have q; = t;1b; + - + t; ;b; with t; ; € Z. Since also p + nq; € 8, for all n € N, we
must have ¢; ; > 0 for all i € [1,s] and j € [1,]]. Now, if n = p + myq, + --- + m,q, €8,
then

I I s [ 1 i
[x"]F = co [ ] C?ﬁZLI "= e [ i’ 11 (H C;i’j) ,
I

j=1 i=1 \ j=1
and so
doxp
(1-dyxt)--(1-dx9)’

for suitable dy, ds, . .., ds € K*. (The crucial observation in this straightforward proof
was q; € biN + -+ b;N.)

(2) Suppose F has a coeflicient sequence that is piecewise exponential on simple
linear subsets. We apply the direction (a) = (b) of Lemma 3.5, and observe that since
the polynomials A; are constant, so are the B;. Then it is immediate that F is a sum
of skew-geometric series. For the converse direction, we analogously use (b) = (a) of
Lemma 3.5.

Folg =
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(3) The semilinear sets form a Boolean algebra, and every semilinear set is a finite
disjoint union of simple linear sets. Given any sum of skew-geometric series, we can
use (1) to refine their support in such a way that the sum can be represented as a
trivially ambiguous one. ]

4 Rationality of D-finite Bézivin series

In this section, we prove the following theorem.
Theorem 4.1 If F € K[x] is D-finite and Bézivin, then F is rational.

To do so, we first recall the notion of a P-recursive sequence, introduced by Lipshitz
[Lip89], and prove a lemma that encapsulates, and extends to a multivariate setting,
the crucial part of Bézivin's argument. This lemma and its consequences will prove
useful on several occasions.

Let f:N? - K be a d-dimensional sequence. A k-section of f is a sequence (of
dimension < d) obtained by fixing some of the coordinates of f at values < k, where
k € N. Formally, a k-section is a sequence g: N/ — K with J ¢ [I,d] and ¢; € [0, k —1]
for every i € [1,d]\J such that

g((nj)jey) = f(n1,...,ng) with n;=¢; for ie[l,d]\J.

Definition 4.2 A sequence f:N? — K is P-recursive of size k > 0 if the following two
conditions are satisfied.

(i) For every je[1,d] and every a € [0, k]?, there exist polynomials Q; 4 € K[y]
such that

(41) z Qj,a(nj)f(n—a) =0 for all n= (nl,...,nd) ENgk,
ac[0,k]4

and for every j € [1,d], there exists at least one a € [0, k]¢ with Q; 4 # 0.
(i) If d > 1, then all k-sections of f(n) are P-recursive.

The sequence f is P-recursive if it is P-recursive of size k for some k > 0.

We remark that the sum in the recursion runs over a d-dimensional hypercube, but
the coefficient polynomials are univariate.

By a theorem of Lipshitz, a power series is D-finite if and only if its sequence of
coeflicients is P-recursive [Lip89, Theorem 3.7]. While this is not completely obvious,
it is possible to use these recursions and finitely many initial values to compute
arbitrary values of f [Lip89, Section 3.10]. In particular, if f is P-recursive, then there
exists a finitely generated subfield K, € K such that f(n) € K, for all n € N9,

Every section of a P-recursive sequence, that is, a subsequence obtained by fixing
some of the arguments, is again P-recursive [Lip89, Theorem 3.8(iv)].

We need the following easy observation.

Lemma 4.3 Let f:N? — K be P-recursive of size k, let j € [1,d], and let Q; 4 € K[y]
be polynomials, not all zero, such that

Z Qja(nj)f(n-a)=0 for all n:(nl,...,nd)eNgk.

ae[0,k]4
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Furthermore, let ¢ € N be sufficiently large so that Q;j 4(c") # 0 whenever ¢ > ¢ and
Qja # 0. If there exist I, ..., lg > c such that f(n) vanishes on

d )
UNS [ L+ k= 1] x NECE
i=1

then f(n) vanishes on Ny, x -+ x Ny,

Proof Fix a well-order on N? for which (N9, +) is an ordered semigroup (for
instance, a lexicographical order). We proceed by contradiction and assume that
m=(my,...,mg) € Ny x - x Ny, is minimal with f(m) # 0. Then m; > I; + k for
all i e [1,d]. Let b € [0,k]? be the minimum, with respect to the well-order, with
Qjp # 0. Taking n = m + b, we see that equation (4.1) allows us to express f(m) as a
linear combination of certain f(m’) with m’ < m and m’ € Ny, x --- x Ny, showing
f(m) =0, a contradiction. ]

The following proof is a straightforward, if somewhat technical, adaption of
Bézivin's argument [Bé86] to cover multidimensional sequences. The restriction to
a finitely generated field ensures the applicability of the following lemma.

Lemma 4.4 If K is a finitely generated as a field, then
VG i={xeK":x" €G for somen >1}
is a finitely generated group.

Proof Byassumption, Gisa finitely generated group. Therefore, there exists a finitely
generated Z-subalgebra A € K containing G. By a theorem of Nagata, the integral
closure A of A is a finitely generated A-module (see [Mat80, Theorem 31.H in Chapter
12]). Therefore, A is a finitely generated Z-algebra as well. A theorem of Roquette (see
[Lan83, Corollary 7.5 of Chapter 2]) implies that the group of units (A)* is finitely
generated. Since VG ¢ (A)*, the claim follows. ]

A subgroup G < K* is root-closed (in K*) if /G = G. Note that always /G ¢ K*.
We can even find [ € (N5;\\/G) ¢ K*, say, by choosing for [ a suitable prime number.

Lemma 4.5 Suppose that the field K is finitely generated. Let G < K* be a finitely
generated subgroup and Gy = G U {0}.

Let Q beaset, letn >0,andlet fi, ..., fn: Q = Go and m: Q — K be maps such that
there exist polynomials Qy, ..., Q, € K[y] with

in(”(w))ﬁ(w) =0 forallweQ.
j=1

Then, for all finite subsets B C K, there exists a finitely generated root-closed group G’ 2
G, such that the following holds: for all | € K*\G’, there exists eq € N such that

(42) > Q,(0)f(w) =0
j=1

forall w € Q with n(w) € C, where
C={I°+b:eeN,, andbeB}cK.
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Proof Let G’ be a finitely generated group containing G and all coefficients of the
polynomials Q;(y + b) where b € B. We may moreover assume /G’ = G'. Enlarging
G if necessary, we even assume G’ = G = \/G for notational simplicity.

If I € K*\G, then in particular [ is not a root of unity, and thus for every b € K, the
set {1° + b: e € N} is infinite. Moreover, if [ and b are fixed, then the exponent e is
uniquely determined by 1° + b.

We proceed by induction on |B|. For B = &, there is nothing to show because then
C =@. So fix b € B such that B=B"w {b} with |B| < |B|. Applying the induction
hypothesis, there exists ey € N such that (4.2) holds for all w € Q with n(w) € C/,
where

C’::{le+b':e€NZe(),b'EB'}.

Let
Qp={weQ:n(w)=1°+bwitheeN}.

For w € Q}, with 7(w) = 1° + b, define e(w) = e. For j € [1, n], let
m

Qi(y+b)=>4q;s° with gjs € K.
s=0

Then
0= Q(m(@))fi(@) = 3 3" 411 ()
j=1

j=1s=0

may be considered as a solution to the unit equation Xj + -+ + X, (u41) = 0 over the
group (G, I). Let I = [1, n] x [0, m]. For every partition P = {I,,...,I,} of I let Qp
Qy, be the set satisfying: for all v € [1, p],

© X(js)el, qj,sls(“’)sfj(w) =0, and

o X(js)el qj,sla(“’)sfj(w) +#0forall #1¢I,.

Since the sets Qp, with P ranging over all partitions, cover Qy, it is sufficient to
establish the claim of the lemma for each Q. separately. So fix P. If e(Qs ) is finite, the
claim is trivially true by choosing ey > e sufficiently large. We may therefore assume
that e(Q) is infinite.

The crucial step lies in showing that in the subsum indexed by I,, all the monomials
that occur must be equal. Thus, explicitly, we show: if (ji,s1), (j2,$2) € I, for some
v € [1, p], then s; = s5. Clearly, we only have to consider the case where |I,| > 2. Then
Qi 5% f; (w) # 0and qj,,,15(“)%2 f;, (w) # 0 for all w € Qp. By construction,

> 4.l fi(w) =0

(j,s)el,

is a nondegenerate solution to the unit equation X; +-- + X|;,| = 0 over (G, [). Thus,
there is a finite set Y with

ls(w)(sl—sz) qjl»Slq;zl,szfjl (w)sz(w)—l €Y.

G

for all w € Q. Then [6(@)(172) ¢ Uyey yG forall w € Q.
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Since e(w) takes infinitely many values, there exist y € Y and w, o’ € Qp with
&(w) # e(w’), and
je@)aims2) | pe(@(sim92) ¢ .

But then, [((@)=e(@))(51-52) ¢ G, By choice of I, this implies s; = s.

Taking the union over all I, containing a fixed s € [0, m] in the second coordinate,
we conclude

le(w)s Z Qj,sfj(w) -0,
=1
and therefore Y7, g, fj(w) = 0 for all s € [0, m]. But then,

0= 35 400 fi(0) = 2. Qi(y + b)fi(w)
j=1

j=15=0

“

for all w € Q. Substituting y = b into this polynomial, we obtain

Zn:Qj(O)fj(w) =0 forall weQyp. .
st

Remark 4.6 Since K has characteristic 0, the group K* is never finitely generated. In
particular, one can always find [ as required in the previous theorem.

As a first easy consequence, we obtain the following.

Lemma 4.7 Let P € K[y] be a polynomial, and suppose there exists r € N such that
P(n) € rGy for all sufficiently large n € N. Then P is constant.

Proof Working in a subfield, we may assume that K is a finitely generated field. Let
P=Y!_,ciy withteNandcy,..., c; € K. Fix ng € N such that P(n) € rGy for n >
ne, and let gy, ..., g, N - G be such that

P(n)-g(n)--—g(n)=0 for n > ny.
We will apply a simple special case of Lemma 4.5 to this equation. To do so, we choose
Q =Nwith mN - K givenby 7(n) =n,Q =P, fi=1,and f; = gj-;, Qj = —1for j €
[2,7 +1]. For the set B, we choose B = {0}. By Lemma 4.5, there exists [ € N5;\v/G
and ey € N such that, for all e > e,

P(0) = &i(I°) + -+ g (I°).

This implies P(0) = P(1°) for e > e¢. Since a nonconstant polynomial can take a fixed
value at most deg(P) — 1 times, it follows that P is constant. ]

This immediately applies to series with polynomial-exponential coeflicients as
follows.

Lemma4.8 LetQ, ... Q e K[x], letAy, ..., A € (K*) be pairwise distinct, and let

I
F=> ( le(n)A;')x”.

neNd \ j=

If F is a Bézivin series, then Qy, ..., Q; are constant.
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Proof By Corollary 3.8, we have F = P/Q with Q = (1- a1y1)--(1— a5 ys) where
o, ..., ag € K* and y1, ..., ys € {x1,..., x4} (repetition is allowed). We proceed
by contradiction. Suppose that one of the polynomials Q; is not constant. Then a
factor in Q occurs with multiplicity e > 2, again by Corollary 3.8. Multiplying F by
some polynomial, the Bézivin property is preserved, and hence we may assume F =
P/(1- ax;)* where P is not divisible by 1 — ax; (reindexing the variables if necessary).

Through successive polynomial division, write P = By(1— ax;)* + By(1 - ax;) +
Bo with B, € K[x] and By, B € K[x2,...,x4]- Since (1 — ax;) does not divide P, we
have By # 0. Then

p By By -
— =B, + + =By+ » Bia"x{'+(n+1)Boa”x;.
Q 1-ax;) (1-ax)? ,,Z:;) ' !
Letu € K[x2,...,x4] be a monomial in the support of By. For all sufficiently large #,

a "[x{u]P = (n+1)[u]By + [u]B.

Let A= (y +1)[u]Bo + [u]B; € K[y]. By choice of u, the polynomial A has degree 1.
However, enlarging G to ensure « € G, there exists r > 0 such that A(n) € rGy for all
sufficiently large n. This contradicts Lemma 4.7. [ ]

We are now ready to prove the main theorem of this section.

Proof of Theorem 4.1 We may assume that K is finitely generated. Let F =
Y pena f(n)x™ be a D-finite power series all of whose coefficients are in rGy for
some r > 0 and a finitely generated subgroup G < K*. Since the sequence f:N? — K
is P-recursive, there exist Qj,4 as in equation (4.1). For every j € [1,d], there exists
a € [0,k]? with Q;,4(0) # 0. Let

B B Q0o

Then H = PF with a nonzero polynomial P, and it suffices to show that H is rational.
Since H is D-finite as well, the sequence of coefficients of H, denoted by h, is P-
recursive of some size k’; without restriction, k’ > k.

For each j € [1, d], we will now apply Lemma 4.5 in the following way. We choose
Q =N? and m:N? - N c K to be the projection on the jth coordinate. We set B =
[0, k’d] and consider the equation

0= > Quan)f(n-a)= 3 Qja(n(n))fa(n),

ac[0,k]4 ac[0,k]4

where f,:N? — rG is defined by f,(n) = f(n — a). By assumption on f, this equation
holds for n € N¢,,. Enlarging G = G’ if necessary, Lemma 4.5 (after expanding f, (7i) =
Za1(7) + -+ ga (i), analogously to the proof of Lemma 4.7) implies that, for any
choice of I € N;;\G, there exists g € N such that

S Qa0 f(n-a)= Y Qja(0)fa(n)=0 for

ac[0,k]4 ae[0,k]4
i1 _ /reotN d-j
neNJ, = (17 + B) x NJ, /.
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Further enlarging G = G’ if necessary, we may assume that the same finitely
generated group G works for all j € [1, d]. Then we can also take the same I € N,;\G for
all j € [1, d], and finally, taking e, large enough, we can also assume the same e works
forall j € [1,d]. As a further convenience, we may enlarge e, to ensure [° > k'd.

For j € [1,d], define C; = [°"N + [k/(d — 1), k'd]. Then, for all je [I,d] and n e

j-1 d-j
NSwa X Ci x Ngigs

d
A= Y ([1Qua(0) f(n=ai=-—ay)

ai,...,ag€[0,k]4 ~ i=1

d d
- ¥ (11(3,,,,,.(0)) » Qj,aj(o)f((n—;a,-)—a,-):o.

ixj aje[0.k] irj
Because h is P-recursive of size k', Lemma 4.3 implies that & vanishes on Ngm with
m=1%+k'(d-1).

For a subset @ # I C [1,d] and a tuple (j;)ies € [0, m]7, let

ur Gy =[50 [g]\ x

iel I

We may write

H= ) >, ”L(j,»),«dHI,(j,-)iez((xﬂ)ﬂe[l’d]\f)’
@#I<[1,d] (ji)ier
ji[0,m]

with suitable power series Hy(j,y,., in d — |I| variables. Note that in each summand of
the form

u[,(ji)idHI,(j,-);sI((-xy )Me[l,d]\l)’

the exponents of x;, for i € I, are fixed at some j; € [0, m], whereas the exponents
of x; are greater than m for i € [1,d]\I. It follows that these summands have pair-
wise disjoint support, and hence the Hj (;,).., have their coefficients in rG,. These
coefficient sequences being shifted sections of i, moreover the H (j,),.,» are D-finite.
Because I # @, and by induction on d, we may assume that the H 1L,(ji)ier aT€ rational,
and therefore so is H. ]

5 The denominator of rational Bézivin series

Having shown that D-finite Bézivin series are rational, we now show that the denom-
inator takes a particularly simple form. In this section, we work with the Hahn series
ring K((x")) and its additive valuation v: K((x#)) - Hu {oo} (see Section 2.3). At
first, the group H will be an arbitrary totally ordered abelian group, but we restrict to
H = Q after Proposition 5.2.

We make use of the following easy fact.
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Lemma 5.1 The polynomials

{(9;):x(x—1)~;fx—l+l) : 120}

form a basis of the polynomial ring K[x].

The following is a crucial reduction step, used later in describing the denominators
of rational Bézivin series.

Proposition 5.2 Let H be a totally ordered abelian group, and let L = K((x™)) be its
Hahn power series ring. Let s > 1, and, for i € [1,s], let a;, B; € L* with the «; pairwise
distinct. For n > 0, let

s
Fy=) Bial € L.
i=1

If there exist a finitely generated subgroup G < K* and r > 0 such that for all n > 0 every
coefficient of F,, is an element of rGy, then there exists an i € [1, 5] such that the support
of a; is a monomial, that is,

a; = cixMi with cie K and h; € H.

Proof Let m = min{v(a;),...,v(as)} and m’ = min{v(fB),...,v(Bs)}. We may

without restriction replace F, by x~m'=nmE and may thus assume m = m’ = 0. After
reindexing,
0=v(ay) =" =v(ag) <v(agy) < <v(a) for some k € [1,s].

For i €[1,k], we have a; = ¢; + 8; with ¢; € K* and 6; € L where v(6;) >0. We
proceed with a proof by contradiction, and may therefore assume 8; # 0 for all i €
(L k].

Reindexing the ay, ..., o again if necessary, we may partition
[1, k] = [k], k2 - 1] W] [kz, k3 - 1] (VRG] [kp, kp+1 - 1],

with1=k; < ky < < kp < kpyq = k +1,suchthatc; = ¢jifand onlyifi, j € [ky, kys1 —
1] for some v.
Let

Then v(T,) > 0 for all n, because the constant terms cancel.
Step 1. There exists m € H with m > 0 such that v(T,) < m for infinitely many n > 0.
Let

n n
al “k Ckl Ckp

+k—1+ +k-1+ +k-1+ +k-1+
an P PERY ‘xn p Cn p EERY Cn p
1 k k1 kp
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Extracting scalars, these are Vandermonde matrices with

det(An):ocln-uoc,'('chn-ch [T (aj—ai) TT Cex;—cx) TT ek, —ai).

1<i<j<k 1<i<j<p 1<i<k
1<j<p
By construction, det(A,) # 0. Since v(a;) = 0 for i € [1, k], moreover v(det(A,)) is
in fact independent of n. Let m; := v(det(A,)) and w = (w1, ..., wis,) T with

{/3,, if1<i<k,
w; =

- By, ifi=k+vwithi<v<p.

Since fB; # 0, we have wy # 0. Let m, = v(w;). The ith entry of A,w is Tpy;-1.
Hence, using the subscript 1 to denote the first coordinate of a vector,

k+p-1
det(An)wr = (adj(An)Anw)1 = (adi(An)(Tus o Tuskep-1)"), = D0 ¥iTusj
j=0

for some y; with v(y;)>0. Since v(det(A,)w;)=m;+m;, we must have
V(Tyi5(n)) < My + my for some 8(n) € [0,k + p —1].
Step 2. There exist Ny > 0 such that for all n > N,

V(T ‘i%(”) 'C'?_l@l-)>m
n ] iC; i .

i=1]=1

Substituting «; = ¢; + 0; into the definition of T, and expanding, for 0 < Ny < n,

k Ny n k n n
L= ())perteie s > (])pere
i=11=1 i=1 1=No+1
There exists Ny such that v(B;0!) = Iv(8;) +v(B;) > m for all I > Ny, and choosing
such Ny establishes the claim of Step 2.
Enlarging Ny if necessary, we may also assume v(a}°) > m for i € [k +1,5] by
Lemma 2.5. Let

Q (1 Il
P, = ZZ(Z)[;IC?_ 6i'
i=1 11

Fix h e H with 0 < h <m such that [x"]P, # 0 for some n > N,. The—crucial—

existence of such an h is guaranteed by Steps 1 and 2. Substituting Hahn series
expressions for 3; and 6;, we can express [x"]P, as

[x"1Pu = 3" pui(n)e,
iel

where I € [1, k] is such that the ¢; are pairwise distinct, and py, ; € K[x] are polynomi-
als. Since [ is always at least 1 in the expression for P,, the polynomials pj ; are either
zero or nonconstant as a consequence of Lemma 5.1. By choice of h, there must be at
least one i with pj ; # 0.
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For n > Ny,

[xh]Pn = [xh]Tn = [xh] Z[ ﬁzC - Z Bio}

i=1 i=k+1

=0

Enlarging G, we may assume c;, —[x"]B; € G, and hence [x"]P, € (r + k)Gy. Now,
the univariate case of Lemma 4.8 implies that the pj; are constant, and by our
construction therefore pj ; = 0 for all i € I. This is a contradiction to [x"]P, # 0 for
some n > Nj. [ ]

Lemma 5.3 Let K be algebraically closed, and let
P=(1-cx™)(1-cx™) e K(x2,... , X 2,

withc; e K* and ay, ..., a; e Q%\{0}.
o IfP e K[x*'], then there exist by, ..., by € Z\{0} and c|, ..., ¢} € K* such that

P=(1-cx")(1-cjx").
« IfP e K[x] with P(0) =1, one can even take by, ..., b, e N¥\{0}.

Proof Leta;=(ai,,...,a;4)forie[l,s]. Let N € Nbe such that Na; ; € Z for all
i€[l,s]and je€[1,d]. Since
N-1 |
1-cNaNa = (1-¢;x™) > clal®,
=0

there exists F € K((x2,...,x p ©Y), having finite support, such that PF = Q with Q =
(1- cNaNar)...(1- NxN). Since Pand Q are Laurent polynomials, the quotient F =
Q/P is a rational funct1on in x. Therefore, Q/P has a Laurent series expansion at the
origin, which coincides with the Hahn series F. Thus, F is in fact a Laurent series in x.
Since F has finite support, it is even a Laurent polynomial. We conclude that P divides
Q in the Laurent polynomial ring K[x*'].

The Laurent polynomial ring is a factorial domain, arising from K[x] by inverting

the prime elements xj, ..., x5. By Lemma 2.7, we know that all factors of Q in
K[x*!] are—up to units of K[x*!]—of the form 1 — ¢’x? with ¢’ € K* and b € Z¢\{0}.
Therefore,

P=(1-cfx")(1- clx™)

with by, ..., b; € Z%\ {0}, and this factorization is unique up to order and associativity
in K[x*'].

Suppose now that P is a polynomial and P(0) =1. Then P = Q;---Q, with irre-
ducible polynomials Q; € K[x]. Since P(0) =1, we have Q;(0)---Q,(0) = 1. Replacing
each Q; by Q;/Q;(0), we can therefore assume Q;(0) =1 for each i€ [Lr]. In
particular, no Q; is a monomial. Therefore, Qy, ..., Q, remain prime elements in
the localization K[x*']. Since K[x*!] is factorial, this implies r = ¢ and that, after
reindexing the polynomials Q; if necessary, we may assume that Q; is associated with
1 - cixbi for each i € [1,7]. Explicitly, this means Q; = q;x¢ (1 - c}x¥) with e; € Z¢
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and g; € K*. Then Q; € K[x] forces e; € N, and so there are two possibilities: either
e; =0 and g; = 1, in which case necessarily b; € N, or g;c/x¢*% = 1. In either case,
Q; is of the desired form. u

Lemma5.4 LetQ € K[xy,...,xq_1,%q] beirreducible with deg, (Q)>LandletL =
K((xZ,... ,x({%l)). Let

Q= Mﬁ(l—lixd)

i=1
withueL* and Ay, ..., As € L. If some A; is a monomial in L, then all of them are.

Proof Let R:=K[x,...,x4-1] and Lo := K(x1,...,%4-1). Since Q is irreducible in
K[x1,...,x4] and is not contained in R, it is also irreducible as a univariate polynomial
in R[x4]. By Gauss’s lemma, then Q is irreducible in Ly[x;]. Since L is algebraically
closed, Q can be expressed as a product of linear factors as above.

Suppose now without restriction that A;! = ax® witha € K* and e € Q%" Let N €
Zs; with Ne € Z%. Then A{' is a root of P = x§ — aNx*N € Ly[x,4]. However, P =
Hj-\]:f)l(xd —a{/x®) in L[x], where { € L* is a primitive Nth root of unity. Since all
roots of P are monomials, and Q divides P by irreducibility, all roots of Q € L[x4] are
monomials. [ ]

Theorem 5.5 Let K be algebraically closed, and let F € K[x] be rational, with F = P/Q,
where P, Q € K[x] are coprime polynomials and Q(0) = 1. If F is a Bézivin series, then
there exist s > 0, nonconstant monomials uy, ..., us € K[x], and cy, ..., ¢s € K* such
that

Q= (1-cuy)-(1- cuy).

Proof We proceed by induction on d. If d = 0, then the claim holds trivially with
s = 0. Suppose d > 1 and that the claim holds for d - 1.

Let Q = Q;--Q, where Q, ..., Q, € K[x] are irreducible (n > 0). For each je
[1,n], the series P/Q;j = FQ;-Qj-1Qjs1--Q, is also a rational Bézivin series. It
therefore suffices to show: if F = P/Q with an irreducible polynomial Q € K[x], not
dividing P, and Q(0) =1 and F is a Bézivin series, then Q is of the form 1 - cu with
¢ € K* and a monomial u € K[x].

By reindexing, we may assume that Q has degree at least one in the variable x,.
Then, since Q is irreducible and does not divide P, there are polynomials A and B in
K[x]suchthat C:= AP+ BQ € K[x1,...,%4-1]\{0}. Since FA and B are both rational
Bézivin series, the same is true for C/Q = FA + B. Now, since Q has degree at least one
in x; and since it has distinct roots as a polynomial in x4, we may use the fact that
L=K((x2,... ,x?_l)) is algebraically closed to factor Q and write

C/Q=CQy (1-Aixg)™ (1= Aexg) ™,

where Qo € K[x1,...,x4-1] and Ay, ..., A; € L* are pairwise distinct. Using partial
fractions, we may write this as

C/Q:a+zsj Bi

i=1 1- /\,‘Xd
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where «, 8; € L and the f3; are nonzero. Then, if we expand, we have that for n > 1, the
coeflicient of x}] in C/Q is

N
Fy=Y BiM] €L.
i=1

Applying Proposition 5.2 to this family of Hahn series, one of the A; is of the form
Ai = ciu; with ¢; € K* and u; € L a monomial, that is, of the form u; = x;*"- 22”’1"
with e; ; € Q. By Lemma 5.4, then all A; are of the form A; = ¢;u; with ¢; € K* and
u; € L a monomial.

Since CQy' = CQ ' (1 - cyuyxg)-++(1— csusx,), it follows that the rational series
CQy' is a Bézivin series. The induction hypothesis implies Qo = (1 — csy1u41)-+(1 -
ceuy) with ¢j € K* and monomials wy, ..., t; € K[x1,...,%4-1]. Replacing u; by
u;x4 for i € [1,s], we have

Q=(1-cup)(1-ceue) € K[x].

By Lemma 5.3, we can rewrite this product in such a way that the Hahn monomials
u; are monomials with nonnegative integer exponents, that is, monomials in the
polynomial ring K[x]. Then ¢ = 1 by irreducibility of Q and the claim is shown. ®

6 Structural decomposition of rational Bézivin series

Proposition 6.1 Let K be algebraically closed. Every rational Bézivin series over K is
expressible as a (trivially ambiguous) sum of skew-geometric rational series.

Proof By Theorems 3.10 and 5.5, the coefficient sequence of F is piecewise
polynomial-exponential on simple linear subsets of N%. Let 8 = a + b)N + --- + b,N
be such a simple linear set on which F is polynomial-exponential and set u; := x% for
i€[l,s] and u = (uy,...,us). By Lemma 3.5, there exist Q;, ..., Q; € K[y1,..., ¥s]
and Ay, ..., A € (K*)* such that

!
Fols=x" ) > Qj(m)ATu™.
meNs j=1

We consider H(u) = x™%(F ® 1s) as a power series in u. Clearly, H is a Bézivin series.
By Lemma 4.8, the series H(u) is a sum of geometric series in u, and thus F ® 1g is
a sum of skew-geometric series in x. Since we can partition N into finitely many
disjoint such simple linear sets S, the series F is also a sum of skew-geometric series.

|

Remark 6.2 Instead of using Theorem 3.10, the main reduction in the proof of the
previous theorem can also be derived from the fact that the coeflicient sequence of a
generating series

1
(I=v1)-(1-w)

with monomials v, ..., v; is piecewise polynomial on simple linear subsets of N,
Therefore, one may substitute results on vector partitions [Stu95] for Theorem 3.10.
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(In contrast to Theorem 3.10, here the coefficients in front of the monomials are all
equal to 1.)

We sketch the main part of the argument. Consider an expression of the form 1/Q
with

Q:=(1-ciuy)(1-cjup),

wherecy,...,c; € K*and uy, . . ., u; are nonconstant monomials. First, we may assume
that the monomials uy, ..., u; have a common zero (aj,..., ;) in the algebraic
closure K—otherwise, we may use Hilbert’s Nullstellensatz to reduce the expression
1/Q into a sum of expressions with fewer factors in the denominator. (This is actually
also the first step of the partial fraction decomposition [Rail2] used in the proof of
Theorem 3.10.)

Now, let v be a monomial. The coefficient of v in 1/Q is

! !
> Hc;j oo JTujlan,. . saq)™

e1,...,e;20 j=1 e1,...,e;20 j=1
e el el ]
ugtu =y uguy =y
-1 -1
= > va..oaq) = pu(v)v(an.. . ag)
e1;...,e;20
ulel...u;lzv
Here, pu(v) € N is the number of ways of writing v as a product of u, ..., u;. Thus,
1/Q decomposes as a Hadamard product
1 1
1/Q =

A w)-(-u) & (- agtm) (- azxg)

The coefficients of the left factor are therefore polynomial on simple linear subsets of
N, and one proceeds from there.

6.1 The constants can be taken in the group

Let @ = (ap,...,as),=(B1...,Bs) € (K*)* with s € N. We say that a and B are
relatively nontorsion if none of the quotients «;/f3; for i € [1,s] is a nontrivial root
of unity. Let uy, ..., u; € K[x] be algebraically independent monomials. Consider an
expression of the form

P . Q
(1-aquy)(1—asus) (1= Byug)-(1— Bsug)

with polynomials P, Q € K[x]. If, say, a1/ is a root of unity of order n, then we may
use the identity

n-1
(I-afu)=(01- oclul)( > (xfu{).
=0

to replace 1 — a1 in the denominator by 1 - «] 4]’ and analogously for 1 — f3;u;. We
may thus assume that in any representation, the coefficient vectors in the denominator
are relatively nontorsion (also for more than two summands). In regard to the
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coeflicient sequence, and its description in terms of simple linear sets, this amounts
to a refinement

a+bN+-+bN= | J (a+jb)+nbN+b,N-+bN.
je[0,n-1]4

Lemma 6.3 LetA=(A,...,Ag) € (K*).

(1) If some A; is not a root of unity, then { A" : n e N} ¢ K* is infinite.
(2) For every c € K*, the set L :={neN?: A" = ¢} is a semilinear set. If moreover
{A" :n e N} is infinite, then L has rank at most d — 1.

Proof (1) Clear.

(2) We may assume £ # @. First, observe that U := {n € Z9 : 1" =1} is a subgroup
of Z4 and therefore free abelian. If the set { 1" : n € N¢ } is infinite, then Z¢/U must
be infinite, and therefore U has rank at most d — 1. Now, £ = U n N¥ is a linear set.

By Dickson’s lemma (see [Sak09, Lemma II.71]), the set £ has finitely many
minimal elements ay, ..., a; with respect to the partial order on N9, and it follows
that £ = U¥_, a; + L. [ ]

Proposition 6.4 Let F be a trivially ambiguous sum of skew-geometric series that is
Bézivin and, more specifically, has coefficients in rGqy for some r > 0. Then F can be
written as an unambiguous sum of series of the form

1

gi,olo
FS = 5
; a- gi,lul)"'(1 - gi,S”S)

where ug, uy, ..., us € K[x] are monomials with u,, ..., u, algebraically independent,
and where g; , € G foralli € [1,1] and v € [1,s]. Moreover, one can take Il < r.

Proof We may partition N into simple linear sets so that on each such simple linear

set S,
_ _ : Ci,oUo
(6.1) Folg=Fg = ; ) (1 —cron)’
with ¢;, € K*, with algebraically independent monomials u, ..., us, and with an

arbitrary monomial uy. We first show that the coeflicients in the denominators can
be taken in G. After that, we will deal with the numerators and show that we can also
achieve I <r.

First, by combining summands with the same denominator, we may assume that
no denominator occurs twice in (6.1). Then the uniqueness statement of Corollary 3.8,
applied over the polynomial ring K[u, ..., u;], implies that the representation of Fs
in this form is unique. In particular, each 1 - ¢; ,u, indeed occurs as a factor of the
reduced denominator of Fg, considered as a rational function in K(uy, ..., us).

To deal with the denominators, it suffices to show that for every i € [1,1] and v €
[1,5], there exists N > 1 such that ¢, € G. Then we can use the remarks preceding
this proposition to replace the denominators in such a way that the coefficients are in
G. By symmetry, it suffices to show this for i = v = 1. Multiplying u,'Fs by a suitable
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polynomial in K[uy, ..., u,] to clear all denominators other than 1 — ¢; ;4; and setting
¢ := ¢1,1, we obtain a rational series

P(uy,. .. uy)
1-cuy

H =

with 1- cu; not dividing P(uy,...,us) € K[uy,...,us] (note that the elements 1—
ci,yuy are irreducible in K[uy, .. ., us]). By Lemma 2.6, there is a finite set B such that
all coefficients of H are contained in BGy.

Working now in the polynomial ring K[z, ..., us][u1], we can use polynomial
division to write

P=Q(1-cu)+R
with Q € K[uy, uz,...,us]and 0 # R € K[uy, ..., u,]. Fixany monomial v € supp(R),
and let its coefficient in R be a. Then, for large #,
[vui']H = ac" € BG,.
For b € B, let g;,: N — G be such that

ac" =) bgy(n) for large n.
beB
Fix a subset B’ € B such that, for infinitely many n,
ac" - > bgy(n) =0
beB’

yields a nondegenerate solution to the unit equation Xy + Y45 Xp = 0 over the group
G' generated by G, B, and —1. Let b € B’. Then there exists a constant 5 € K* such that

ac”

bgy(n) =F

for infinitely many n. Let n; < n, be two such values. Then

ac™  ac™
bgy(m)  bgp(n2)

implies ¢">~™ € G. This finishes the claim about the denominators.

Going back to the representation of Fg in (6.1), and refining the set 8 if necessary,
we can therefore assume c; ,, € G forall i € [1,1] and v € [1, s]. Using the same type of
reduction, we may assume that whenever i, j € [1,1] and v € [1, 5] are such that ¢; , #
¢jv> then¢; , /c;, is not a root of unity.

Now, we deal with the numerators ¢, for v € [1,s] and simultaneously with the
number of summands. Let ¢; = (¢;1,...,¢; ) fori € [1,1],and u = (uy, ..., us). Then

1
[uou"]F = ZQ’,OC? =gi(n) +-+g(n),

i=1

for some functions g, ..., g,:Nd — Gy. Consider this as a unit equation over the
group generated by G, -1, and ¢; , with i € [1,]] and v € [0, s].
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Consider a partition P = {(I;, J1), ..., (It, J:)} of the disjoint union [1,1]w [1, 7],
that is, I, € [1,1], J; € [L, 7], at least one of I, and J; is nonempty, and I, NI, = @ =
J. 0 ] for T # 7', Let Qp € N° denote the set of all n € N* such that

Z Ci0€; — Z gj(n) =0

iel, je€l+
yields a nondegenerate solution to the unit equation 7, Xi + X j¢j, X;j = 0. Then the
sets Qp cover N* as P ranges through all partitions.

We claim that there exists a partition P such that for all i # j € [1, 1] the quotient
(ci/c;j)" takes infinitely many values as n ranges through Q.. Suppose € K*. The set
of all n € N¥ such that (¢;/c;j)" = f8 is a semilinear set of rank at most s — 1 by Lemma
6.3. Hence, if (¢;/c;)" takes finitely many values on Qz, then Qs is contained in a
semilinear set of rank at most s — 1. However, since the Q5 cover N°, there must be at
least one P such that (¢;/c;)" takes infinitely many values for n € Q.

Now, fix such a partition P. Then necessarily |I,| < 1forall 7 € [1, ¢] by the theorem
on unit equations. If I, = {i}, it follows that

cio= . gin)/c} for n € Q.
jelx
Thus, ¢;,0 is a sum of at most |/,| elements of G. Substituting into (6.1) and splitting
the sums accordingly (now we allow the same denominator to appear multiple times),
we achieve ¢; o € G and I <|Jj| + -+ +|J;| < r in this representation. ]

7 Proofs of main theorems

At this point, Theorems 1.2 and 1.3 can easily be proved as follows.

Proof of Theorem 1.2 (a)= (b) By Theorem 4.1, every D-finite Bézivin series is
rational.

(b) = (d) Let F € K[x] be a rational Bézivin series. By Proposition 6.1, the series is
a trivially ambiguous sum of skew-geometric series. That the constants in the skew-
geometric summands can be taken in G, and that the sum can be taken in such a way
that no n € N is contained in the support of more than r summands, follows from
Proposition 6.4.

(d) = (¢) Clear.

(c) = (a) Trivial, because every rational series is D-finite.

(d) < (e) This equivalence is immediate from the definition of a skew-geometric
series, Definition 3.15, together with Lemma 3.4. [ ]

Proof of Theorem 1.3 We apply Theorem 1.2 with r = 1. Then (a) < (b) of Theorem
1.3 follows from (a) <> (b) of Theorem 1.2. The implication (b) = (c) of Theorem 1.3
follows from (b) = (d) of Theorem 1.2, taking into account r = 1.

To obtain (c) = (d) of Theorem 1.3, apply (d) = (e) of Theorem 1.2, noting again
r=1. This gives a partition of N® into simple linear sets, so that on each such
setS =ag+ a;N+ -+ a,N, one has f(ag + ma; + -+ msa,) = 0or f(ag + mpa; +
et Msds) = gogy gl # 0 with go, g1, .. ., & € G. Taking only these simple linear
sets of the partition on which f does not vanish, we obtain a partition of the support
of F, as claimed.
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Finally, the implication (d) = (a) of Theorem 1.3 follows from the implication (e) =
(a) of Theorem 1.2. ]

Before proving Corollary 1.4, we show that algebraic series and their diagonals and
sections are finitary D-finite. Recall that the operator I ,: K[x]] - K[x] assigns to

F= Z f(m,nz,ns,...,nd)x{“xgzxgs...x;d

its primitive diagonal

L,F = Z f(nl,nl,n3,...,nd)xl"lx;3~~~xs".
ny,n3,...ng€N
For 1< i< j<d, the primitive diagonal operators I; ; are defined analogously. A
diagonal of F is any composition of diagonal operators applied to F. For instance, the
complete diagonal of Fis I pIp 3--Ig-1,4F = Y yen f (1,11, ..., n)x]". A series F € K[x]
is algebraic if it is algebraic over the field K(x).

Lemma 7.1 IfF € K[x] is:

« algebraic, or
« a diagonal of an algebraic series, or
« a section of an algebraic series,

then F is finitary D-finite.

Proof Algebraic series are D-finite, and diagonals and sections of D-finite series are
D-finite [Lip89, Proposition 2.5 and Theorem 2.7]. Moreover, diagonals and sections
of finitary series are trivially finitary. It therefore suffices to show that algebraic series
are finitary.

Let F € K[[x] be algebraic. Replacing F by F — F(0), we may assume F(0) = 0. Since
F is algebraic, there exist py, ..., pm, g € K[x] with g # 0 such that F = %Fz oot

‘%’"F ™. Setting G = F/q and multiplying the previous equation by 1/g, we obtain an
equation

G = p2G* + p3qG® + -+ pruq™ 2G™.
Keeping in mind G(0) = 0, this yields a recursion for the coefficients of G. It follows
from this recursion that G is finitary. Since F = qG, also F is finitary. [ ]

Lemma 7.2 If F € K[x] is a finitary series and F' is also finitary, then F is a Pélya
series.

Proof Since F is finitary, there is a finitely generated Z-algebra A ¢ K containing
all coefficients of K. Since FT is finitary as well, we may also assume that A contains
f(n)™" whenever f(n) # 0. Therefore, all nonzero coefficients of F are contained in
the unit group G of A. By a theorem of Roquette (see [Lan83, Corollary 7.5 of Chapter
2]), the group G is finitely generated. [ ]

Proof of Corollary 1.4  Since F and F' are finitary, F is a Pélya series by Lemma 7.2.
Being also D-finite, F satisfies condition (a) of Theorem 1.3. Conversely, if F satisfies
condition (d) of Theorem 1.3, then clearly the same is true for F'. Thus, the series F'
is D-finite.
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The “in particular” statement of the corollary follows from Theorem 1.3 applied to
F, respectively, F T, ]
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