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SELECTING THE LAST CONSECUTIVE
RECORD IN A RECORD PROCESS

SHOOU-REN HSIAU,* National Changhua University of Education

Abstract

Suppose that I, I, ... is a sequence of independent Bernoulli random variables with
E(I,) = A/(A+n—1),n = 1,2,.... If A is a positive integer k, {I,},>1 can be
interpreted as a k-record process of a sequence of independent and identically distributed
random variables with a common continuous distribution. When 1,,_1 I, = 1, we say that
a consecutive k-record occurs at time . It is known that the total number of consecutive
k-records is Poisson distributed with mean k. In fact, for general A > 0, 22‘;2 In_11, is
Poisson distributed with mean A. In this paper, we want to find an optimal stopping time
7, which maximizes the probability of stopping at the last n such that I, 11, = 1. We
prove that 7, is of threshold type, i.e. there exists a #, € N such that 7, = min{n | n >
tr, In—11, = 1}. We show that 7, is increasing in A and derive an explicit expression
for t,. We also compute the maximum probability Q) of stopping at the last consecutive
record and study the asymptotic behavior of Q; as A — oo.
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1. Introduction

Let X1, X5, ... be a sequence of independent and identically distributed (i.i.d.) random
variables with common continuous distribution function F. Observing X1, X», ... sequen-
tially, we say that a record occurs at time n if X, > maxj<j<,—1 X;. Set I1 = 1 and
Iy = 1i{x,>max|<j<,_  x;) for n > 1. Then I, = 1 if a record occurs at time n, and I, = 0
otherwise. We call {In}n>1 the record process of {X,},>1. For the sequence I, I2, ...,
it is well known that they are independent Bernoulli random variables with E(I,,) = 1/n.
Moreover, since 2211 P(l,=1) = 2211 (1/n) = oo, we have, by the Borel-Cantelli lemma,
P(I, = 1 infinitely often) = 1 and, therefore, Z?zozl I, = oo almost surely (a.s.). This means
that, with probability 1, there are infinitely many records in the sequence Iy, I, . . .. However,
the number of consecutive records in I, I», . .. can be shown to be finite and Poisson distributed
with mean 1. More precisely, we say that a consecutive record occurs at time n if I,_11, = 1.
Since > 02 E(LiLup1) =Y poy 1/ In(n+ D=1, 302 I I,+1 < 0o as. In fact, Hahlin
(1995) first proved that Zzil I, 1,41 is Poisson distributed with mean 1. Around 1996, Persi
Diaconis also gave an unpublished proof, and later a number of generalizations have been
studied in the literature; see Csorgd and Wu (2000), Chern et al. (2000), Jofte er al. (2004),
Mori (2001), Sethuraman and Sethuraman (2004), and Holst (2007).
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Besides the generalizations mentioned above, Arratia et al. (1992) applied the Ewens sam-
pling formula to the permutations of {1, 2, ..., n} to obtain some Poisson process approx-
imation theorems, which imply the following interesting result. If Iy, I», ... is a sequence
of independent Bernoulli random variables with E(l,) = A/(A +n — 1), n = 1,2,...
(A > 0), then fo:] I, 1,41 is Poisson distributed with mean A. For A = 1, this result
reduces to the previous result. Here we note that when A is a positive integer k, {I;},>1
can be interpreted as the k-record process of {X,},>1 mentioned previously. In fact, if we let
A, denote the event that at most k — 1 of X1, X5, ..., X,—1 are greater than X,,, i.e. X, is a
k-recordin Xy, X, ..., X,,, then I4,, I4,,,, ... form an independent Bernoulli sequence with
E(1a4,,_1) = k/(k+n—1), n > 1, and so {I,},>1 has the same distribution as {/a,,,_,}u>1.

Inspired by the above result, in this paper we study the following problem. Find an optimal
strategy to maximize the probability of selecting the last consecutiverecordin I1, I, .. ., i.e. the
last n with I,,_1 I, = 1. Essentially, this is a kind of optimal stopping problem that we can state
formally as follows. For a fixed > > 0, let I, I5, ... be a sequence of independent Bernoulli
random variables with E(l;,) = A/(A+n—1),n > 1. Let S, = 1 L + Lblz + -+ I,_11,
and S = Soo = > ;o Iili41. Foreachn = 1,2, ..., let F, = o (I}, I, ..., I,) be the o -field
generated by I, Db, ..., I,,let Foo = o (I, I, ...), and let C be the class of all stopping times
adapted to {F,}7=5°. We want to find an optimal stopping time 75 € C such that

P(I;, -1l =1and S;; = §) =supP(._1I; =1and §; = ).
teC
Note that, since P(S = 0) = 1 > 0, a stopping time t with P(r = co) > 0 is allowed. But,
we define Ioo = 0sothatP(l;_1I; =1and S; =S |t =00)=0fort € C.

Problems of selecting the last event in a stochastic process have been studied by many
authors; see, for example, Bruss (2000), Bruss and Paindaveine (2000), Hsiau and Yang (2002),
Bruss and Louchard (2003), and Hsiau (2007). While infinite-horizon problems are typically
much more involved than finite-horizon problems, fortunately the infinite-horizon problem
addressed in this paper can be explicitly solved using the optimal stopping theory developed in
Chow et al. (1971). In particular, the notion of the monotone case due to Chow and Robbins
(1961) is very useful for solving our problem. In fact, by adopting a technique used in Dynkin
(1963) to treat the secretary problem, we reformulated the problem in such a way that it is in
the monotone case and so the optimal stopping time is of threshold type (see Section 2). We
now present our main result.

Theorem 1. The optimal stopping time t,, is of threshold type, that is, there exists a t, € N
such that
T, =min{n |n>1t, I,_11, = 1}.
Moreover, the threshold t,, can be described as follows:
1) ifr<1thent, =2;

(i) ifA > Lthent, =22 —A+2when A2 —x €N, and 1 € {|\> — 1] +2, [A2 — 1] + 3}
when A2 — A & N, where |x | denotes the greatest integer not exceeding x.

It seems quite surprising that the optimal threshold #, takes such a simple form. In Section 3
we first present several key lemmas and then use them to prove Theorem 1. The key lemmas
are proved in Section 4. In Section 5 we prove that the threshold #, is increasing in A. Finally,
in Section 6 we compute the probability Q, of selecting the last consecutive record using the
optimal stopping rule 7,. Moreover, as . — oo, the asymptotic behavior of Q) is described
analytically and numerically.
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2. Monotone stopping rules

Because our goal is to select the last consecutive record, it is natural to focus our attention
on the times at which consecutive records occur. Let 77 denote the time at which the first
consecutive record occurs, that is,

Ty =min{n | n>1, 11, = 1}.

Here we use the convention that min @ = oo, which means that 7; = oo if no consecutive
record occurs. Similarly, we can define 7>, T3, ... sequentially by

Ty =min{n | n > Ty, 1,11, = 1}.

Note that T, = oo if T;_; = o0 or no consecutive record occurs after time T;_;. Moreover,
let T denote the time at which the last consecutive record occurs, that is,

T = max{Ty | T < o0},

with the convention that max @ = 0, which means that 7 = 0 if 71 = oo or, equivalently, no
consecutive record occurs.

Since Iy, I, ... are independent, it is not difficult to see that 77, T3, ... form a Markov
chain with state space {2, 3, ..., oco}. Hence, if we observed Ty, T, ..., T,—1, T, = t then the
conditional probability that 7 = ¢ is

o0
P 1,1 =0\|1I=1 ift < 00,
P(T=t|T,=1)= (Z"”“ ‘ ’ ) (1)

n=t

0 if t = oo.

LetY, =P(T =T, | T, forn = 1,2,.... Then our original optimal stopping problem is
reduced to that for the process {Y,, 7,},>1. More precisely, letting C’ denote the class of all
finite stopping times adapted to {¥7,},>1, we want to find an optimal stopping time o, € C’
such that

E(Ys,) = sup E(Y5).

oeC’

The idea of the above new version for our original problem comes from a technique used in
Dynkin (1963) to reformulate the classical secretary problem so that it is monotone. In fact, an
optimal stopping problem for {X,,, #,,},>1 is said to be monotone if the events A, = {X,, >
E(Xp41 | Fu)}, n=1,2,..., satisfy the following conditions:

o
AlC A C ..., P(UAn)zl.
n=1

If the optimal stopping problem for {X,,, #,,},>1 is monotone then the stopping rule
6 =min{n | X, = E(Xp41 | Fa)} @)

is important owing to the following result.
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Theorem 2. (Chow and Robbins (1961).) Suppose that the optimal stopping problem for
(X, Fuln>1 is monotone. If the stopping rule & defined as in (2) satisfies

liminf/ X: dP=0
{6 >n}

n

then E(X3) > E(Xy) holds for all finite stopping times o for which

n

liminf/ X, dP=0.
{o>n}

For the new version of our original problem, i.e. the optimal stopping problem for
{Yu, 7, }n>=1, we will show that it is monotone. To this end, we first introduce the following

notation:
o0
nPo = P(Z Il =0 | Iy = 1)
k=n

L=1)

For , Py and , P1, the following important property holds, which will be proved in Section 3.

and

o0
nP1 = P(Z il =1

k=n

Lemmal. (i) ,Py — land, P — 0asn — oo; hence, , P1/n, Py — 0 asn — oo.
(i1) n P1/n P is decreasing in n.

(iii) There exists a positive integer 1), such that

nPI < 1}
nPo

hH = min{n
Consequently, , Py > , Py if and only if n > f,.

Now recall that ¥, = P(T = T, | T,), determined as in (1). Hence, E(Y,,41 | ¥7,) =
EYy+1 | T,) =P(T = T,41 | T,)). Moreover,

o0
P Ll =1 ‘I =1> if t < o0,
P(T =Ty | Ty=1) = (; ’ (3)

0 if t = o0.

In view of (1), (3), and the definitions of , Py and , P;, we see that, on {T,, = t},
Py ift <oo

Yo=1' ’ 4

" {0 if 1 = oo, @

and
P oift < o0,

E(Y, Fr) = 5
Ynt1 | F1,) {0 1= oo, )
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On the other hand, by the definition of 7, ; Py > , Py if and only if > ;. Hence, if T, = ¢ and
Yy > E(Yyq1 | F1,), thenoo >t > 7, ort = 00, and s0 Ty, =t > 1; or T,41 = 00, either
of which implies that Y, 1 > E(Y,,42 | #7,,,). It turns out that

{Yn = Ent1 | F1,)} € (Yo = EQlpa | F1,40))- (6)
Moreover, since Zi’;l I, 1,11 < oo with probability 1, we have P(7,, < oo foralln) = 0
and, hence, P(7,, = oo forsomen) = 1. This implies that P(Y, = E(Y,41 | ¥1,) = 0
for some n) = 1 and so
o0
P(U{Yn > E(Yps1 | SL'T,I)}) = 1. (7)

n=1

By combining (6) and (7), it follows that the optimal stopping problem for {Y,, 7, },>1 is
monotone. Hence, the following stopping rule is a candidate of the optimal stopping rules:

o) =min{n | ¥, = EYyq1 | F7,)} ®)

Note that 0 < ¥, < 1 and ¥, — O a.s., since P(7,, = oo for some n) = 1. By the bounded
convergence theorem we have

lim /|Yn|dP=0.
n—>0oo

This implies that

n

lim inf f Y,FdP = 0.
{oy>n}
Moreover, since 0 < Y,, < 1, itis true that ¥, = 0 and, hence,

lim inf / Y dP =0
{o>n}

n

holds for all finite stopping times . Now we can apply Theorem 2 to {Y,,, ¥7, },>1 to conclude
that E(Y,, ) > E(Y,) holds for all finite stopping times o, i.e.

E(Yo,) = sup E(Y,).

oeC’

Note that, in view of (4), (5), (8), and Lemma 1, our original optimal stopping problem has the
optimal stopping rule
no=min{n | n > &, I,_11, = 1},

where t;, = max(f;, 2). We call ;, the threshold of t;. So far, we have proved the first half of
Theorem 1, that is, the optimal stopping rule 7, is of threshold type. In Section 3 we investigate
n Po and ,, Py, and then express 7, in terms of A explicitly.

3. The threshold ¢, : proof of Theorem 1

In this section we first prove Lemma 1 and then describe the threshold 7, in terms of 1. To
this end, we need the exact expressions for , Py and ,, P;.
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Lemma 2. Foreachn =1,2,..., we have
A ()\.+ 1)[]]
2 Po = /- " 9
0 = Z( Y oo ©)
and
MG+ Dijan
Z(— y U (10)
JI 4+ n)j4

where xjo) = land xjjj=x(x+1)---(x+j—Dforj=12,....

Using the above expressions for , Py and ,, P;, we can establish recurrence relations for , Py
and , Py, as well as for r,, =, P1/,, Po.

Lemma 3. Foreachn =1,2, ..., we have
(A+n)uPy= A+ n)ut1Po— ny1P1, (IT)
A+n), Pt =AA 4+ Dps1Po — Apy1 P1. (12)
Moreover, if we set r, = ,, P1/, Py then, forn = 2,3, ..., we have r, % A and
An—1)
Tptel =A+n+ ——. (13)
n— A

Here we have to note that, from (9) and (10), 1Py = e * and 1P} = e *, and so | = A,
which explains why relation (13) does not hold for n = 1. The proofs of Lemmas 2 and 3 need
tedious computations, and so are deferred to Section 4. In the following, we use recurrence
relation (13) to prove that r, is decreasing in n and converges to 0. This work is much involved
and we need to investigate the following sequence of functions:

An—1)
fn(x)=A+n s X # A,
forn = 2,3, .... Note that the sequence 3, r3, . .. satisfies the relation r,+1 = f,, (7).
Lemma 4. Foreachn =2,3, ..., f,(x) satisfies the following properties.

(1) x < 0 implies that f,(x) > A and x > X\ implies that f,(x) > A + n.
(i) x <y < Aimplies that f,(x) > f,(y).
(i) fr(x) =x < Mifand only if x = %(2)» +n— \/M).
@iv) Let x, = %(2% +n— \/M) Then fn(x,) = xp, X \ 0, X — xp41 >

Xnt1 — Xn42, and fny1(xn) < Xpy2 forn > 1.
V) O0<x <Aand0 <y < Aimply that | f,(x) — fu()| > (n — D]x — y|/A.
Proof. If x < 0Othen A/(x —A) > —1 and so

An—=1)
A+n+—)\2k+n—(n—1)>)»,
X

https://doi.org/10.1239/aap/1282924061 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1282924061

Selecting the last consecutive record 745

which implies that f;,(x) > A. Moreover, if x > A then x — A > 0 and so

An—1)
Adn+ —> A +n,
X —A
which implies that f,(x) > A 4 n. Hence, (i) follows.
Ifx<y<Athenx —A <y—A <0andso

rn—1) A(n—1)
Ad+n+————>A+n+——.
X —A y—A
Hence, (ii) follows.
If f,(x) = x then
An—=1)
r+n+—==x,
X —A

which yields the quadratic equation
X — QA +mx +a(+ 1) =0.

It is easy to verify that this equation has just one root less than A, that is,

X =5Qh+n—+/n?+4n— D).

Conversely, if x = 24 +n — /n% +4(n — 1)A)/2 then f,(x) = x < A. Hence, (iii) follows.

Now let x, = QA +n—/n?2+4(n —1DA)/2, n=2,3,.... By (iiD), fu(x)) = xu.
Observe that

1 200+ 1
—Q2r+n—+vn2+4n—Dir) = ¢+D )
2 20 4+n+/n?2+40n— DHr

It is clear that, as n — o0,

20k + 1)

N O,
26 +n++/n2+4n — DHr

which implies that x,, N\ 0.
Consider the function

g =1 +1—Vi2+4e—Dr), =1

It is not difficult to verify that

v 20 (A + 1)
g (t)_[t2+4(t—1)k]3/2’ t>1

It is clear that g” () > O for all > 1, and so g(¢) is a convex function in ¢ > 1. Therefore,

gt +2)—gt+1) - gt +1)—g()
t+2) -+ 1) t+1)—1

holds for all # > 1. This implies that, forn = 1,2, ..., gn)—grn+1) > gn+1)—grn+2),
and SO xp — Xp41 > Xnt+1 — Xn42
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To verify that fy,1(x,) < Xx,+42, observe that

ni
Jor1Gn) =A+n+1+
Xp— A
A+n+1+ n +< n n )
= n —_
Xn+1 — A Xp— A Xppl — A

RA(Xp+1 — Xn)
(xp — )\)(xn-ﬁ—l —A)
ni
(xXn — M) (X1 —A)

Jnr1(xpg1) +

Xn+1 — (xp — xn+1)~

From this we see that

na
Jur1(xn) — Xpg2 = (Xpg1 — Xng2) — (Xn — Xpy1).

(Xn = A)(xpt1 — A)
Since x;, — Xp4+1 > Xp41 — Xng2 > 0, itis clear that nd/(x,, — A)(xp+1 — A) > 1 implies that
Jn+1(xn) — xp42 < 0. In the following, we prove that nx/(x, — A)(x,4+1 — A) > 1. In fact, it
is not difficult to show that 0 < A — x, < /(n — DA and 0 < A — x,4+1 < ~/nX, which imply
that

na

> 1
(Xn — A (X1 — A)
Hence, the above assertion is proved, and (iv) follows.
Finally, observe that

_An—D(y —x)
Fa) = InO) = 50 ) o
and so
@ — fl = —0" Dy
! " (x =M -2 '
If0<x <Aand 0 < y < A, then
Aln—1) An—1) n-—1
> = ,
[(x — ) — M) e A

from which (v) follows.
We are now in a position to prove Lemma 1.

Proof of Lemma 1. Because (iii) is an easy consequence of (i) and (ii), we just prove (i)
and (ii). We first prove that , P1/, Py converges to 0 as n — oo. By the definitions of , Py
and ,, Py, it is clear that 0 < , Py + , P1 < 1, from which we see that , Py — 1 implies that
»P1 — 0. Therefore, it suffices to prove that , Py — 1. Since I1, I», ... are independent with

E(lx) = A/(A 4+ k — 1), we have
o0
I, = 1) =1 —P<Zlk1k+1 >1|1,= 1)
k=n

o
P(Z Iilyy1 =0
o0
=1- P<In+1 + Z Iiliy1 > 1)

k=n
k=n+1

oo
1- E(1n+1 + ) Ik1k+1>

k=n+1

v
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o0

A A A

il Dl s &y

+n k=n+1 +r- +
AMA+1)

A+n

=1

Since A(L +1)/(A +n) — 0asn — oo, we see that , Py — 1 asn — oo. Hence, (i) follows.

Next, we want to prove that , P1/, Py is decreasing in n. In fact, we have a more delicate
result (see Lemma 5 below): x, < ,P1/,Po < x,—1. Since, by Lemma 4(iv), {x,},>2 is a
decreasing sequence, we see that ,, P1/,, Py is a decreasing sequence in n.

As before, we write r, = ,P1/nPo forn = 1,2,.... We know, from (9) and (10), that
r1 = A. The following lemma describes the location of r,, forn > 2.

Lemma 5. Foreachn =2,3,..., we have x, < r, < Xj_1.

Proof. Recallthat f,,(x,) = xp and 41 = fu(ry) forn > 2. We first claim that0 < r,, < A
foralln > 2. If not, there exists some r¢ such that ry > X (note that r; # X by Lemma 3). Then,
by Lemmad4(i) wehave rp+1 = fi(ry) > A+k,andinturnriio = fig1 (re+1) > A+k+1, .. ..
This yields the fact that r, — oo, which contradicts the fact that r, — 0 (see Lemma 1(1)).
Hence,0 < r, < Aforalln > 2.

Next, we prove that x,, < r, < x,_1 for all n > 2. Suppose that, for some ry, ry < x; < A.
Then, by Lemma 4(ii), rx+1 = fir(rr) > fr(xx) = xr. This states that if there is some r, not
satisfying x, < r, < x,—1 thenr, > x,_1 or r,41 > x,. We now proceed to prove the claim
by contradiction. Suppose that A > ry > x4_1 for some k& > 2. By Lemma 4(iv), ry4+1 =
Jere) < fe(xk—1) < Xgy1, and 80 g2 = fr1(rk+1) > fr+1(k+1) = Xg+1. Furthermore,
Fiy3 = fer2(ee2) < fipa(ks1) < Xkq3, and s0 1y = fi3ree3) > firs (frea2 (k1)) >
Ji+3(xk43) = xx4+3. In general, if we set s1 = xx11, 52 = fit2(51), 83 = fig3(s2), etc., then
applying Lemma 4(iv) successively yields rryo > S1, k43 < $2 < Xk43, Fk4d > 83 > Xk43,
Tkt5 < S4 < Xk45, Tk+6 > S5 > X435, etc. Because 0 <r, <A and0 < x, < Aforalln > 2,
the above inequalities imply that 0 < s, < X for all n > 1. Now applying Lemma 4(v) to the
case x = ryyp and y = 51 yields

+1
Irk3 = s2| = [ fi2(rig2) — fr2(sD)| = [rk42 — s1l.
Similarly, in general, we obtain
k+¢—1
Firerr = sel = Uiere (i) = fierese-D1 2 ———— ke = se-1l-

Combining these inequalities, it is not difficult to see that

(k+1Dk+2)---(k+£—1)
A1

[Teqe+1 — sel = P2 — s1l.

Since rgyp —s1 > Oand (k+ D(k+2)---(k+ € — /a1 - 0o as £ — o0, we have
[Fkte4+1 — S¢| — 00 as £ — 00, in contradiction to the facts that 0 < r, <A and 0 < s, < A.
Hence, x, < r, < x,—1 foralln > 2.

Now we can use Lemma 5 to derive the threshold ¢, of the optimal stopping rule 7. Recall
thatf, = min{n | r, < 1} and f;, = max{f;,2}. fO <A < 1thenr;j =X <1,andsof, =1
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and#), = 2. If A > 1thenr; = A > 1, and so 7, > 2 and t, = ;. In this case if, for some
k>2,xr—1 =1,then,by Lemma 5, ry < x)_1 =1 <r_1andsot, =k. Ifx <1 < x3_1
thenrpy1 < xp <rg <1 < xp—1 <rg—10rrpe) < xp <1 <rp <xg—1,and sot, = k or
k + 1. By the definition of x,,, the statement x;_; = 1 is just

Tor+k—1—Vk—D2+4(k—20) =1,

which can be simplified to the form k = 22— A +2. Similarly, the statement x; < 1 < x3_1
is just

T +k—VE2+4(k— D) <1 < J@r+k =1 —/(k— D2+ 4(k — 2)n),

which can be simplified to the form k < A2 — A +2 < k + 1. To summarize,
(i) if A < 1thent, =2;
(i) if A > 1thent, = A2 —A+2whenA?> — 1 e N,and 1, € {|A>2 —A] +2, [A2 —A] + 3}
when 2> — 1 ¢ N.

This completes the proof of Theorem 1.

4. Proofs of Lemmas 2 and 3

In this section we compute , Py and ,, P; and then derive the recurrence relations (11) and (12).
We first need a generalized version of the inclusion—exclusion formula.

Theorem 3. (Generalized inclusion—exclusion formula.) Ler Ay, Az, ... be a sequence of
events. For each positive integer k, set Sy = Zi1<i2<-~-<ik P(A; Ai, -+ Aj). Let £ be a fixed
positive integer, and let qo denote the probability that exactly £ of A1, Aa, ... occur. Then

o
qe=y (=D Cis
k=t

provided that Y32 , Ck Sy is finite. Here C¥ = k!/[¢! (k — O)!].
Similarly, let gy denote the probability that at least £ of Ay, Aa, ... occur. Then

oo
o=y (=D''Cis;
i={

provided that Y2, Ci=1S; is finite.

Proof. For any positive integers n and k&, set , Sy = Zi1<i2<”_<ik§n P(A; A, -+ Aj). Let
nqe denote the probability that exactly £ of Ay, A, ..., A, occur. Then, by the inclusive—
exclusive formula we have

n
nge =Y (=D ECE Sk
k=t
If Z;fie Céf Sy is finite then each Sy is finite. This implies that , Sy — Sk as n — oo for each k
andso Y 7_,(— k¢ Cé‘nSk — Y (=1t Cé‘ Sy asn — 00, by the dominated convergence
theorem. On the other hand, it is clear that ,q;, — ¢g; as n — oo, by the definitions of , g,
and g¢. Hence, ¢, = Z,fil(—l)k_KCéfSk.
The proof of the second part of the theorem is similar and is thus omitted.
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We can now prove Lemma 2.

Proof of Lemma 2. We first compute ,, P1. By definition,

oo 9]
n P =P<Zlk1k+1 =1 1n=1) =P(1n+1+ > Ikt =1).

k=n k=n+1

Define Ay = {I,41 =1} and A; = ([ j11,4j = 1} for j > 2. Then

o0
P(I,,_H + Z Iyl = 1) = P(exactly one of Ay, A», ...occurs).
k=n+1

For each positive integer k, set

St= Y P(Ay A, Ay).

i1<ip<---<ig

We claim that S = A¥(A + 1)x1/(k! (& + n)&)). Then

oo
> ocis =
k=1

]

MO+ Dy
kYA 4+ 1)

M+ Dy

k= D!'(A+n)
)kal

(k — 1)!

Me 1

~
Il

1

A

M

> o=
o |
> =

A
8

Therefore, by Theorem 3 we have

o0
P(exactly one of Ay, As, ... occurs) = Z(—l)k_IC{‘Sk
k=1

_ Z( 1k=1g MO A+ D
k' A+ )

_ Z( 1 2O+ Dy
JV A+ n) 4

as required.
As for the computation of , Py, we observe that

o0
,,P0=P<21k1k+1 =01, :1)
k=n
o0
=P(1n+1+ > Ik1k+1=0>

k=n+1

= P(none of Ay, Ay, ... occur)
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=1 — P(at least one of Ay, Ay, ... occurs)
o

=1-> (D'
k=1

1 i(_l)k—l MO+ Dy
P k'L 4+ n) g

_i _ ),X’(“rl)m
- JI+n)

as required. Here we have used the fact that Z,fil Sy is finite, which follows from

oo
> CEsi < oo
k=1

It remains to prove that Sy = Ao+ Dxy/ (k' (A 4 n)x1). This result can be proved by
mathematical induction on both n and k. We write it down as the following lemma. Note that

the S here is just the S} ™) in the following lemma.

Lemma 6. Let B; = {I;l;+1 = 1} and 1;'1 = {li+1 = 1} fori > 1. Set, for any positive integers
nandk,

s = Y P(B.By,By--Bi)+ Y. P(B;Bi,By).
n<ipg<iz<--<ig n<iy<ip<--<ig
Then S = 1K (. + Dy / (k! O + m)pe)-
Proof. For k = 1 and each n,

~ A A A AMA+1)
(n) (1]
S =P(B,) + E P(B;) = + E )
1 (Bn) (Bi) = )»+ )»+l—l)»+l 1!(A+n)[1]

i>n

Suppose that the assertion is true for k < m and each n. Then, for k = m + 1 and each n,
Sr(:—z-l = Z P(BnBiz Biy--- Bj,.,) + Z P(Bi; Bi, - - - Bi,,. 1)
n<ip<iz<--<ipm41 n<i]<ip<-<im41
=P(B,) Y. P(ByBi-Bi,., | B
n<ip<iz<--<im41
+Y P(B)) > P(Bi,Bi - Bi,., | B)).
j>n J<iz<iz<-<im41
It is not difficult to verify that
S P(ByBi-- By, | By = SutD

n<ip<iz<--<ipy4l

and -
Z P(Bi,Biy -+ Bi,,y, | Bj)=S,(,,]+).

J<iz<iz<-<im4i
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By induction we have

= i+1
S =P(BySy D + 3 Py s T
j>n
o MO+ D Z A2 A A+ 1)
A+nm! 4 n—+ D A+j—DA+Hm A+ j+ Dy

j>n
AT O+ Dy 3 2004 D
m!()¥+n)[m+l] ml(A+j — 1)[m+2]

j>n
AL+ Dy
m! (A + 1) m+1]

A2+ 1 1 1 1
+ ( )[m] Z( : _ : )
m! m+ 1 A+Jj =Dy A+ Dimty

j>n
T O Dy | AP0+ Dy 1
m! (A + 1) m+1] m! (m 4+ D+ n) 1

O Dy
(m+ DA+ g1y

Hence, the assertion is true for k = m + 1 and each n. By the induction principle, the assertion
is true for all k£ and n.

Finally, we prove Lemma 3.
Proof of Lemma 3. To verify (11), we use (9) and (10) to deduce that

A +m)pr1Po— ny1P1

o0

)\.j()\, + Dij _ Z(—l)j )\j'H()L + Dyj+n
Jt+n+ Dy = JPO+n+ Dij

=(0+n) (-1
j=0

SN MO+ Dy
= (2 +n>{1 +) =/t ’ }
j=0

G+D!'A+n+ 1)[j+l]

- i(—l)j MO A Dy
s 'O+ n+ Dijgn

MO Dy

- A+n+j+1)
G+ DO+ n+ Dijgny /

o0
=(G+nm+ ) (-1
j=0
MO+ D
G+D!'A+n+ Dy

= +m+ ) (=1
j=0

as (4 Dy

=0+ -1y ——=L

( n)jg( )j!()\+n)m

=AX+n),P.
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For (12), using (9) and (10), we have
AMA+ Dpr1 Po— Ay Py

> ' . 00 j+1 .
— A0+ 1)2(_1)1M N Y MG+ Dy
Jj=0 j=0

J'+n+ Dy J'+n+ Dijn

> . ML+ Dyjgn
=20+ D1+ (=1 — / }
( ){ ;)( TR TR Dij+1

o0 i
AT+ )
S (A + Dij+1
o, J'o+n+ Dijt

M2+ Dijgn
G+D'A+n+ Dyjy

=AA+ 1D+ ) (=) (A+Jj+2)
j=0

MT200+ Dj12)
G+ DI +n+ Dijy

o
=r+ D+ ) (=DM
j=0
_ i(—l)j““(A + Dijtu
i j!()»—l—n—l—l)[j]

o .

I+ Dy
Z()L_i_n)Z(_])JM
— J'O A )41

=(A+n),P.
It remains to verify (13). From (11) and (12), we have

A +maPt A+ D g Po—Anp1 Pt A+ 1) — Arpg
A+n)aPo A +n)ut+1Po —n+1P1 Adn =1

'n
form which (13) follows.

5. Monotonicity of #
We are also interested in the property of #,. In fact, we can prove that #, is increasing in A.
Theorem 4. The threshold t,, is increasing in A.

Intuitively, this result is quite natural. Because E(1,,) = A/(A + n — 1) is increasing in A,
for larger A, it is more likely that the last consecutive record occurs after time n. To prove
Theorem 4, we need to analyze r,, viewed as a function of A. From now on, , Py(1) = , Po,
nP1(A) =, Pr,and (M) =, P1 /s Po.

Lemma 7. For each positive integer n and each A > 0, r) (1) exists andr, (L) — Oasn — oo.

Lemma 8. For each positive integer n, r), (L) > 0 for all . > 0. Hence, ry(}) is increasing
in .. Moreover, for each n, r,(A) — 00 as A — 00.

We will prove Lemmas 7 and 8 later. Now we use Lemma 8 to prove Theorem 4.
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Proof of Theorem 4. First note that, by Theorem 1, #, = 2 when 0 < A < 1. Therefore, it
suffices to argue only for A > 1. Suppose that A > 1. Then #;, = 7, and so

t, = min{n | ra(2) < 11.

Let Ay > Ay > 1. If r,(A1) < 1 for some n then r,(A2) < 1 since, by Lemma 8, r,(}) is
increasing in A. This argument implies that #,, > t,,. Hence, #; is increasing in A.

Proof of Lemma 7. To prove that r], (1) exists, it suffices to prove that , Py and , P; are
differentiable with respect to A. From (9), we have

)\.‘j()\. + 1)[j]

2P = Z(—l)ij(A), where H;(A) = om0

j=0

For H; (1), we see that Hj(1) = 0 and, for j > 1,
.-l
j 1 1
H.A)=H;M= -
i) = Hj( ){A+];(A+l+k )\+n+k)}

!
_mmld n-|
_HJ(M{A +I§(A+1+k)(k+n+k)}'

This equation yields H j/ (A) > 0and

o
Hi() < H,-(A)H + u}

ni
2j

< THJ-(?»)

2 M+ Dy
A j!()»-l—n)[j]

_20+D a1
A+n (-1

It follows that

k j—1
2(0+1) A - 2(A+1)ek

k
OHJ'(’\)SJX:; itn Gl aga o1

k
Y IED Hj)) <
J=0 J

This just says that Z?io(_l)j H ]’ (1) converges uniformly on any bounded interval (0, a).

Therefore, we have
o0

WPy =Y (=1 Hj(3).
j=0
Furthermore, by (14),

20 +1
@a+Do

/ _ j {
PO = 1D Hj )] = =——

j=0

’

which implies that , P; — 0 as n — oo.

https://doi.org/10.1239/aap/1282924061 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1282924061

754 S.-R. HSIAU

In a similar way, we can use (10) or (11) to prove that nPl’ (1) exists for all A > 0. Hence,
r; () exists for each positive integer n and each A > 0.
Next we want to prove that r}, (1) — 0 as n — oo. For this, we first note that

nP{nPO_nP(;nPI
nPg

(A =

)

where we abbreviate the variable A for brevity. In view of (11), , P; and ,, Pl/ can be expressed
in terms of , Py, , Py, n—1Po, and ,_1 P;:

Pr=G+n—1GP—n-1P),
npl/ =uPy—n1P)+A+n— 1)(nP6 _n—lPO/)-

Therefore, the above r;, (1) can be expressed in terms of ,, Py, nP(;, 1—1Pp, and ;1 P(;, that is,

{(Po—n-1P0) + (A +n— 1)(nP6 _nflpé)}nPO

() =

Py
nPoA+n — 1) Py — n—1Po)
nP§
_ Gtn- D Pyn—1Po — nPon—1Fp) N anPo—n-1Po
P nPo
e+ n =D Pyu—1Po— 1) = n_1 Py Po — 1) + i Py — n—1P)}
- e

nPo—n-1Po

+
nPo

Now it is very easy to verify that r, (A) — 0asn — 00, using the fact that , Pp — lasn — oo
(Lemma 1(i)) and the following claims:

() A +n—1,Py(n—1Po—1) = 0asn — ooc;
(i) (41— 1)1 PuPo— 1) — Oasn — oo;
(i) A +n— 1) Py —n-1P)) = 0asn — oo.

Since |, Pyl < 2(x + 1e* /(A +n)and , Py — 1 as n — o0, (i) and (ii) follow. To prove
(iii), using (9) yields

]

M+ Dy S MO+ Dy
oA T UL —1)/
nPo = n— IPO—Z( Do ,2:;( STy

Z ),+1 MO+ Dij
- D' +n— Dy’

and so

e ¢]

. MO+ Dy j 1 1
Py—n_1 Py =) (=) : 4+ PIre—
0Tt ;( D 0 n = Do | ];A+k Zg tn—1+k
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Because it is clear that, for j > 1,

j J
j 1 1 2j
O = — 9’
<A+Zk+k Zx+n—1+k</\
k=1 k=0
we have
~ , .
M+ Dy 2
WPy =1 PYl <Y —— e T
S G = DG+ = Dyjiy
o) 1 j—1
5 | ZZ'])L
(+n=DG+n) = (= D!
200+ D%
C (tn—DMA+n)’
It follows that
200 + 1)%e* 2(h 4 1)%e*
Atn—=1GPy— 1Pl < (b +n—1 = '
(A +n—=DGPy— n-1P)I =X +n )(A+n—1)()»+n) A+n

Since 2(A 4+ 1)e* /(A +n) — 0 asn — oo, we see that (A +n — D(wPy— n—1Py) = 0 as
n — oo and (iii) follows.

Finally, we proceed to prove Lemma 8.

Proof of Lemma 8. From Lemma 7 we know that r;, () exists and r,(A) — 0 as n — 0.
In view of (13), we have
(n—1)(ry — Ar))
(rn — )\)2

=14

)

where r,’1 = r; 11 (A) and r;, = r} (1). For each fixed A, consider the sequence of functions
(n—1)(r, —Ax)
F, =1+ —, € R,
n(x) + (rn _ )\.)2 X
forn =2,3,.... Note that the sequence {r; },>2 satisfies the relation r, . | = F(r,).

Let x < 0. Then we can prove that F,,(x) > 1 and Fy+1(F,(x)) < 0. For this, we observe
that, since x < 0, it follows that
-1 —A -1
Fooy =14 0 D0 =40 = D
(rn _)\)2 (rn _)\)2
which implies that F, (x) > 1. Furthermore, the above inequality implies that

Fup1(Fu(x)) =1+ n(rps1 — AFp(x))

(g1 — A)2
1+ n{ras1 — A1+ (n = Dy /(g — 1))
(rn+1 - )L)z

_ Ot = D20 = 12 = nhrn = )% + g1 (ra — 12 — n(n — Diry
(rn41 — M2 (ry — 1)?

<0,
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using the inequalities
(Fng1 — M) — 22 —na(r, —1)* <0

and
nrpy1(rn — A)2 —nn—DAir, <O0.
Note that the above two inequalities can be verified easily from the observation that, forn > 2,
Tntl < Xp < 1y < A, by Lemma 5, and so
2(n — DA
n2+4ntn —Dr+n

2
(rn—x>2<(xn—x>2=< ) < (n— 1,

and similarly (r,41 — A)? < ni.
Now suppose that r;, < 0 for some n. Then r,/1+1 = F,(r;) > 1 and r,’1+2 = Fn+1(r,’l+1) =
Fut1(F,(r)) < 0. Arguing in the same way, we have r”1+3 > 1 and rr’l+4 < 0, and, in general,

nioker > land ry o » < 0fork > 1. This contradicts the fact that r;, — 0 as n — oo,
Thus, r,, > 0 for all n.

6. Probability of selecting the last consecutive record

We have proved that the optimal stopping rule is of threshold type, i.e.
T, =min{n | n>1t, I,_11, = 1}.

It is natural to ask about the probability of selecting the last consecutive record using the
optimal stopping rule 7). Fortunately, this probability is not difficult to figure out and has the
following neat form.

Theorem 5. The probability of selecting the last consecutive record using the optimal stopping
rule Ty is

)\2

Oy = PR

1 Po.

In particular, if \> — A € N then Q) = n—1Po.

Proof. For each positive integer n, let p,, denote the probability of selecting the last consec-
utive record using the stopping rule with threshold n: stop at the first k > n with Ir_1I; = 1.

It is not difficult to see that
o0
Dn = P(Z Ii—1 1 = 1)-

k=n
In the following we want to prove that

)»2

= Ii2 n-1Fo,

pn

from which the first assertion follows and then the last assertion follows from Theorem 1(ii).
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Recalling the definitions of ,, Py and ,, P1, we have, forn > 2,

n—1P1 = P<In + ZIkaJrl = 1>

k>n

= P(In X e =1 I = s) Py = 5)
s=0,1 k>n
= P( > il = 1) P(I, = 0) +P<1n+1 + Y il = 0) P(I, = 1)
k>n+1 k=n+1
.
= pup2———— +uP

Atn—1 i tn—1
It follows that
n—1 _ p P
Pn+2}k+n_1—n71 1—n 0A+n—1'

On the other hand, forn > 2,

Dn = P(Z I—1 I = 1>

k>n

15)

=) P(Z Tt =1|Iicy =5, Iy = 1) PUp-1 =5, Iy = 1)
5s=0,1 k>n
+ P(Z Liolk=1|1,= 0) P(I, = 0)
k>n
=) P(1n+1 + ) k=1 —s) Pyt =5, Iy =1)
5s=0,1 k>n+2
+P< Z LIy = 1) P(I, = 0)
k>n+2

_p 22 Lo (n—2)A N n—1
T =)0+ —1) " A=+ —1) P T

Now substituting (15) into the above equation, we have a further expression for pj,:

A2 (n—2)x
N 1 L T SR oy R I
+n71P1—ﬁn1’0
_ (n—2)A (Pl — 1 Py) -1 (P
Atn—2htn—1 " Ot
(n — 2)A 1
= ()»+n—2)()»+n—l)(npl _nPO)+m{)‘()¥+l)nP0_knP1}

)\,2
T Otn—20+n-1

{A+n—DnPo—nPri}
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AZ
Gtn—Do+n_pttrT Dk
)\‘2
=" P,
)\_i_n_zn 110

where the third and fifth equations follow from (12) and (11), respectively. This completes the
proof.

Because the optimal stopping rule 7, is of threshold type, the probability O, can also be
expressed in terms of py,:

QA, = max pn()")v
n>2
where p,(A) = pp = A%,_1Po/ (A + n — 2). Moreover, for each A, we have, by Theorem 4,
max pp(X) = py, (A).
n>2

Since 1, is increasing in A, by Theorem 35, it follows that, for any ¢ > 0 and any A € (0, a),

Q0 = max_p,(d). (16)
ta>n>2
Because p, (1) is a continuous function of A (we have proved, in Section 5, that ,, P(;(X) exists),
(16) implies that Q, is a continuous function of A in (0, a). Leta — oo. Then @} is continuous
at every positive value of A.
Plots of p2(X), p3(X), ... are shown in Figure 1. Applying (16) to the data of Figure 1 yields
the plot of O, given in Figure 2. Figure 2 suggests two conjectures for Q.

Conjecture 1. The probability Q, attains a maximum at A = 1.
Conjecture 2. The probability Q; approaches some value c as A goes to oo.

While we are unable to prove Conjecture 1, it can be shown that Q) has a local maximum at
A =1, as argued below. If 0 < A < 1 then, by Theorem 1, #, =2 andso Q) = A1 Py = re
which states that Q) is increasing in A when A € (0, 1]. Furthermore, because r; (1) = A and

FIGURE 1.
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A

FIGURE 2.

rn (A) is strictly decreasing in n and strictly increasing in A, we see that r1 (1) = 1, r2(1) < 1,
and then r2(a) = 1, ri(a) > 1 for some a > 1, by Lemma 8. Now it follows that #, = 2 and
0, = e~ for A € [1, a], which implies that O, is decreasing in A when A € [1, a]. Hence,
0, has a local maximum at A = 1 and Q; = e~ L.

For Conjecture 2, we have an affirmative answer as follows.

Theorem 6. As A — o0, O, — e~ L,

Proof. By Theorem 5,
22

QA:I)L—i-)L—Z

-1 PO»
where 1, = [A2 — A] +2o0r (A2 — A] + 3, by Theorem 1. Therefore,

A2 - A2 - A2
WZ=Al+A+1 "t +A—=2" [A2—=A]+ A

andso A2/(ty + A —2) — 1 as A — oo.
In the following, we prove that;, , Py — e las A — o0o. By (9),

e¢]

; MO+ Dy
haPo=) (=1 !
pard JV A+ A2 = A+ Dy

or

N .
Ao+

paPo= (= — T

= JTOA A2 = 3] + 2

In the first case (the second case is similar), we have, for large A and each j > 0,

A A+ Dij

_ )»j()»-l- Dy - 2]
j!()»-i-L)»z—)»J +1)[j]

AN T R )

’(—1)1'
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and .
M+ D 1
- — — as A — oQ.
]!()\+L)»2—)»J+l)[j] J!

But ZC;OZO 27 /j! = e?; hence, we see that

oo o0

. A (4 1y 1
S S T~ S e wh e
= J1O A+ A2 = Al + Dyj — Jj!
J J

Similarly, we can prove that
0 :
; MO+ Dy
Y (=1yi- (2+ U] Se ! ash— 0.
i=0 ]'()»"i‘l_)» _)‘*.]+2)[j]

Hence, O, — e lasx — oo.
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