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P r o f e s s o r Eliopoulous studied a l m o s t tangent s t r u c t u r e s on m a n i ­
folds M in [1; 2 ] . An a l m o s t tangent s t r u c t u r e F is a field of c l a s s 

2n 
oo 

C of l inear ope ra t ions on M^ such that at each point x in M^ , 
2n 2n 

c 
F m a p s the complexif ied tangent space T into i tself and that F 

is of r ank n e v e r y w h e r e and sa t i s f i e s that F 2 = 0 . In this note, we 

cons ide r a ( 1 , 1 ) t en so r field F . on a R iemann ian M^ which 
l 2n 

i k 
s a t i s f i e s F . F . = 0 e v e r y w h e r e and is such that the r ank of F is n 

i J 

e v e r y w h e r e . Such F . g ives an a l m o s t tangent s t r u c t u r e F on M . 
l Zn 

We a r e able to connect such a s t r u c t u r e F to an a l m o s t p roduc t and 
a l m o s t complex s t r u c t u r e on M ( T h e o r e m 1) . F u r t h e r m o r e , we 

2n 
study the in tegrab i l i ty of F and obtain two r e s u l t s ( T h e o r e m s 2 and 3) . 
The b a s i c m a t e r i a l s used to p rove the t h e o r e m s a r e stated in §1 and §2, 
which w e r e developed in Yano [5] . 

1. Let M„ be a R iemann ian manifold of c l a s s C . We a s s u m e that 
2n 

00 

a field of c l a s s C of l inear ope ra t ions F is defined on M^ such 
x 2n 

that at each point x £ M , F m a p s the tangent space T of M 
Ldi\ X X LdxV 

at x into itself; m o r e o v e r , F is of r ank n e v e r y w h e r e in M^ , 
x 2n 

and it s a t i s f i e s the r e l a t i o n 

F à 

x 

for e v e r y x e M^ . Let the image F (T ) be B ; then B is a 
2n x x x x 

Canad. Math . Bu l l . vo l . 12, no . 6, 1969 

759 

https://doi.org/10.4153/CMB-1969-098-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-098-1


distribution of dimension n on M . Let C be the orthogonal 
2n x 

distribution to B with respect to the Riemann met r i c . Thus 
-v x 

^2 T = B 0 C . Since F 2 = 0 , we have F (B ) = 0 and 
X X X X X 

B = F (T ) = F (B 6 C ) = F (C ) . In any local coordinate neigh-
X X X X X X X X 

borhood at the point x , one can write the operator F and distributions 
x 

B , C in the tensorial notations: 
x x 

F. J ( i , j = 1 , 2 , . . . , 2n) ; 

B 1 ( i = 1, . . . , 2 n ; a = 1,2 n) ; 
a 

C_ ( i = 1 , . . . , 2n; ~â - a + n) . 
a 

One can always arrange that 

(0) F (CJ = B or F / G J = B \ 
a a j a a 

where here and in the following Greek indices a, (3 , y , . . . run over the 
range 1 , 2 , . . . , n; â~ - a + n , and Latin indices i , j , k , . . . run 
over the range 1 , 2 , . . . , 2n . 

i i ( Bi \ 
The mat r ix (B , C_ ) has an inverse, say _ J then 

a a ^ c a J 

and 

(1) B j B.P = Ô P , QJB.P = 0, B i C a = 0, c J c . P = 6 P 

a j a a i P 1 a i a 

(2) B JB a + C_JC t t = ô J 

a i a. i i 

n . _ 2n . 
Here and in the following B JB a = 2 B J B ^ , C_J C a = 2 C_JC.^ 

a i . a i a i _ , . a i 
a-\ a=n+l 
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P u t 

B J = B °B J, C J = C aoJ , 
i i a i i a 

t h e n 

(3) B . j + C . j = 6 . j , B . j B . h = B . h , C . J C . h = C.Y 

l l l l j l l j l 

T h e f o l l o w i n g e q u a l i t i e s a r e e a s y t o v e r i f y : 

(4) < 

^ h ^ 1 ^ n ^ h i 
B . B = B , B . C_ = 0 , 

i a a i a 

^ h „ i ^ ^ « h ^ i ^. h 
C. B = 0 , C. C _ = C_ 

l a i a a 

(5) < 

B . V " = B°, B . h
C " = 0, 

i h i i h 

C h B « = ° • C V = C.a 

i h i h i 

L e t F , B , C b e t h e o p e r a t o r s on T b y t h e t e n s o r s F . J , B . J , C . J ; 
X 1 1 1 

t h e n i t i s e a s y t o s e e t h a t F B = 0 , B F = F , C F = 0 and F C = F . 
T h a t i s : 

(6) <> 

B.V^ = F , \ F . V 3 = 0, 
J h h j h 

c.V J = o , F / C J = F * 
J h j h h 

2 . L e t 

(7) A . . = B . ° B . " + C " C " = S B * B . " + Ï C . " c " 

7 6 1 
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t h e n A i s s y m m e t r i c a n d 
j i 

(8) < r A . . B J B o
1 = 6 0 , A . . C J C - 1 = $ _ - , A . . B J C - 1 = 0 ; 

j i or (3 a(3 j i a p a(3 j i a p 

A . . B * = B . * , A . . C 1 = C . " . 
Ji Oi J Ji IF J 

T h e s e i d e n t i t i e s s h o w t h a t ( A . . ) i s n o n - s i n g u l a r and t h a t (B , C _ ) 
j i a a 

f o r m a n o r t h o n o r m a l f r a m e w i t h r e s p e c t to A . . . 
i j 

L e t 

(9) B . . = B . h A . , C . = C h A . . 
J i J h i j i j h i 

T h e n 

(10) B . . = B . ^ B . " C . = C . ^ C " , B . . + C . = A . . , 
J i J i J i J i j i j i j i 

B , C . . a r e b o t h s y m m e t r i c a n d 
j i J i 

(11) B . V S A = B . . , B . V A = 0 , C ^ C S A = C . . 
j l t s j i j l t s j i t s j i 

C o n s i d e r n o w t h e t e n s o r G . . d e f i n e d b y : 

G . . = | ( A . . + F . V . S A + B . . ) 
J i J i j l t s j i 

N o t i c i n g t h a t ( F ^ B * - C . ^ B J = 0 , ( F ^ B * - C.Ûf)C_J = 0 and 
J t j ' p v j t j ' p 

( B ^ J , C_ J) i s a b a s i s f o r T , w e h a v e t h a t F . B a = C®. T h e n b y 
P (3 x j t j 

(0 ) , (6) and (8) o n e h a s 

(12) G . . B * = B . ° \ G . .CL 1 = C . " , G .B.1" = B . . . 
J i a J J i a J t i j j i 

7 6 2 
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The f i r s t two r e l a t i ons of (12) show that (G..) is non- s i n g u l a r . Let 

(G ) be the i n v e r s e m a t r i x of (G..) , then 

(12«) G 1 J B * = B 1 , G 1 JC." = C _ \ 
J a j a 

a a 1 1 
Orig ina l ly B . , C. w e r e defined in (1) f rom the m a t r i x (B , C__) , now 

i l a a 
we have found a R iemann ian m e t r i c G.. so that they a r e r e l a t ed by (12) 
and (12 ' ) . 

F r o m (7), (10), (11) and (12) we have 

(13) G B.^B.* - B . . , G B ^ C * = 0, G C ^ C * = C.. 
St 1 j 1J St 1 J S t 1 J 1J 

Fina l ly , we cons ide r the ope ra t ions F . and C. B = 2 C. B 
1 y y=i * y 

on T , t he se two coincide b e c a u s e 
x 

F . J B * = 0 , F^CL 1 = B J ; (C .^B ^ B 1 = 0 , (C .^B^CL. 1 = B K 
i a i a a i y a i y a a 

Thus we have 

(14) F k = C.^B k 

i i y 

If we defined F . , = G, .F . J then by (12): 
lk kj l 

(15) F . , - C . ^ B , 7 = 2 C . ^ B , J 

l k l k l k 
7=1 
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3. Let 

then 

d»., = C . ^ , 7 + CyBy = F M + F1 . 
lk l k k l lk k i 

<P., = c V 7 - C / B 7 = F - F . 
ik l k k l lk k i 

^ k = G % = C Y B k
 + B 7 C _ k 

i IJ î y * J 

k d e f * kj Y k Y k 
o. G (p.. - C. B - B. C _ j 
r i r i j î y î y 

and 

•iV = <C,V + B,V» <s*V + \V> 
C C_J + B 7 B J = C.J + B . J = ô J 

i y i y i i i 

<p. <p = (C. B - B . C_ ) (C B - B C _ ) 
î k 1 Y x Y k o k o 

Y i Y i i 
•C. CL - B B J = - ô . 

i Y i Y
 1 

Thus \\j is an a l m o s t p roduc t s t r u c t u r e and 9 is an a l m o s t c o m p l e x 
s t r u c t u r e on M^ . F u r t h e r m o r e , 

2n 

* . V = C.j - B.j, + . V = -C.j + B.J\ 
i k i î ^ i k i i 

that i s , 

(16) , . \ j = - * . \ j 
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Converse ly , if on M t h e r e a r e a l m o s t p roduc t s t r u c t u r e di and 
y 2n ^ y 

a l m o s t complex s t r u c t u r e ^ which sat isfy (16), then if we define 

2 
/ k K 
(?. + ^ ): 

F . is a t enso r field on JVL which sa t i s f i e s F = 0 . Thus we have 
l 2n 

proved the following t h e o r e m . 

THEOREM 1. On M t h e r e i s a, (1 . 1) t enso r field F sat isfying 

F = 0 if and only if t he r e a r e a l m o s t p roduc t s t r u c t u r e I]J and a l m o s t 
complex s t r u c t u r e <p which sat isfy <p \\t = -\\i<p . 

Let 

H.k = B Y C _ k or H.k = i(4,.k - <pS 
1 1 y 1 * 1 1 

then H sa t i s f i e s the following 

(17) < 

k j H. H J = 0 
l k 

H k B 5 = 0 , H . k C a = B a , 
i k l k i 

and 

(18 ) J 

F + H = + , F - H = <P , 

k j k j j 
H. F, J + F . H J = 6. 

l k l k l 

Thus H is again a t ensor field on M which sa t i s f i e s H2 = 0 . 

F o r the s t r u c t u r e (ijj, <p) sat isfying (16), Hsu [3, page 441 , 
Coro l l a ry 2 . 4 ] showed that t he re is an affine connect ion F so that 

V. <p. = 0 , V. ib. = 0 whe re V is the cova r i an t d i f ferent ia t ion with 
k i k ^ i 
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r e s p e c t to T . In fact , let V be the c o v a r i a n t d i f fe ren t ia t ion with 
r e s p e c t to any given affine connect ion r , then one of such affine 
connect ion is the following: 

h o h , o a, h , , * , av h , b r / ^ d an h 

r =• r.. - l (v . , . ) , a + i ( v . + . )+a - * , . [ (v .^ ,+d ] , a . 

Such a connect ion, sat isfying V cp = 0, VI|J = 0 , is cal led a (<p , I|J ) 
connec t ion . 

Hence we have the following c o r o l l a r y : 

COROLLARY 1. T h e r e is an affine connect ion for which V, F . J = 0 , 
k l 

V H J = 0 . 
k l 

F u r t h e r m o r e , by Hsu [3, page 415, T h e o r e m 3 .1 ] with r e s p e c t to 
the {cp , L|J) connect ion r , the holonomy group can be r e p r e s e n t e d as 

/An ° \ 
the f o r m I \ r e f e r r e d to a su i t ab le b a s i s w h e r e A is any 

n X n m a t r i x . Thus we have the following c o r o l l a r y : 

COROLLARY 2. On M with a (1 ,1 ) t enso r field F such that 
2n 

F = 0 , with r e s p e c t to the connec t ion given in C o r o l l a r y 1 , the 
/ A 0 \ 
/ n \ 

holonomy group can be r e p r e s e n t e d as the fo rm / \ r e f e r r e d 

v v 
to a su i t ab le b a s i s . 4 . The Nijenhuis t e n s o r fo rmed with F . is defined by: 

t . / ( F ) = F . ^ â F / - 8 .F , 1 ) - F / ( 9 . F / - dV1). 

Defini t ion. The t enso r field F is cal led i n t e g r a b l e if 

V 1 ( F ) = ° 

Now we sha l l ca l cu la t e t 1 (F) by use of F . = C.^B and (1) 
jk i l y 

7 6 6 
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i i i i y y i 6 i y 
F . ( a F - 9 F , ) = F (3, C - a C, )B - C. Bc C. 

j k i i k ' J k i i k y j 6 k 

t , V ) = F . ^ Ô F 1 - 3 F , 1 ) - F i ( 3 . F / - 9 F . 1 ) 
jk V J k i l k k j i i j 

(19) < = c.5B/(a c 7 - a C Y ) B x - c ÔB/O. c T - 8 c. 
^ j 5 v k i i k y k ô j i i j 

6« i ^ T , y 
C. B c C 8 B + C B c C. a B 

j ô k i Y k ô j i y 

i j ô i i 7 T i 
t., B J = - C B J B c (a.C - a C. )B 
j k a k or ô j i i j y 

t., *B j B. P CL. = - B j B i O . C P < - 9 C. 
j k a i y a y j i i J 

or y 

F o r fi t he re was the following cons ide ra t ion accord ing to Yano [4] . 

An a r b i t r a r y c o n t r a v a r i a n t vec to r dx in the tangent space T (M ) at 
x 2n 

x can be wr i t t en in 

(20) dx1 = B V + C_ldya 

a a 

w h e r e 

def. • - def. _ . 
(20») dy* = B . "dx \ dy" = C."dxJ 

J J 

Thus the d i s t r i bu t ion B is defined by 

(21) dy = c " d x ' = o 

767 

https://doi.org/10.4153/CMB-1969-098-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1969-098-1


The condition for the distribution B to be completely integrable is that 

(a ca - a.c^dx A dxJ' = o 
k J J k 

be satisfied by any dx satisfying (21), that is 

Q P = B ^BJ (d.C P - 3 C P ) = 0 . 
ay a 7 j I I j 

Using this fact and the relation between t., and Q given above, one 
6 jk ay B 

has proved Theorem 2. 

THEOREM 2. If F is integrable, then the distribution B is 
completely integrable; if H is integrable, then the distribution C is 
completely integrable. 

The last part of this theorem is a parallel conclusion of the first 
part. 

Conversely, if both distributions B and C are completely 
a i . a i-

integrable, then there are functions y (x ), y (x ) satisfying (20), (201) 
and hence 

en a i i 
T3 a fo ~ (x 9y -D i 9x i 8x 

J 3x J J 8xJ a dya a dy" 

Noticing that â C T = â 3 y û and B / S B 1 = 8C B
 1 = O x 1 , by (19) 

we have 

0(F) = -c.Vc/V i + Q V C . \ B i 

j k v / j ô k i y k 5 j i y 

- C 5 C \ B ' + c 6 c Y a c B 1 = o 
j k 6 Y k j ô y 

Thus F is integrable. Similarly, it is easy to show that H is also 
integrable. Hence we have Theorem 3. 
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THEOREM 3. If B and C a r e both comple te ly in tegrab le , then 
F and H a r e both i n t e g r a b l e . 
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