ON A RIEMANNIAN MANIFOLD M2n
WITH AN ALMOST TANGENT STRUCTURE

C.S. Houh
(received March 21, 1969)
Professor Eliopoulous studied almost tangent structures on mani-
folds M2n in [1; 2]. An almost tangent structure F 1is a field of class

0 .
C  of linear operations on MZn such that at each point x in M_ ,

2n

F maps the complexified tangent space TxC into itself and that FX
X

is of rank n everywhere and satisfies that F2 = 0. In this note, we
consider a (1,1) tensor field FiJ on a Riemannian MZn which

) .
satisfies FiJFj = 0 everywhere and is such that the rank of F is n

everywhere. Such FiJ gives an almost tangent structure F on M2n

We are able to connect such a structure F to an almost product and

almost complex structure on M2n (Theorem 1). Furthermore, we

study the integrability of F and obtain two results (Theorems 2 and 3).
The basic materials used to prove the theorems are stated in §1 and §2,
which were developed in Yano [5].

1. Let MZn be a Riemannian manifold of class Coo- We assume that

a field of class Coo of linear operations FX is defined on M2n such

that at each point x ¢ M__, FX maps the tangent space TX of M

2n 2n
at x into itself; moreover, F is of rank n everywhere in M2 )
x n

and it satisfies the relation

for every x ¢ M_ . Let the image F (T ) be B ; then B isa
2n X X X X
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distribution of dimension n on M_ . Let C be the orthogonal
n X

distribution to Bx with respect to the Riemann metric. Thus

T =B ® C . Since F? = 0, we have F (B ) = 0 and
b'd X X X x

B
b4

1

F(T)=F (B @ C)=F (C). Inany local coordinate neigh-
X x X X X X X
borhood at the point x, one can write the operator FX and distributions

B , C in the tensorial notations:
X X

FiJ (i,j = 1,2,...,2n);

i

Boz (i =1, ,2n; o = 1,2, , n);
i

CE (i =1,...,2n; @ = a + n)

One can always arrange that

(0) F(Q) = B or ricd =l

a j « a

where here and in the following Greek indices «, B, v, ... run over the
range 1,2,..., n; @ = a + n, and Latin indices i, j, k,... run
over the range 1,2,..., 2n.

B¢
The matrix (B 1, C_l) has an inverse, say < %_ > then
a a c?
i

(1) Baij‘3 -sP 8P -0, BIicY -0, cici‘5 = 5P

@ i g i @ o’
and
(2) B'B® + ctc” =57,
a 1 (o3 1 1
. n . . 2n —
Here and in the following B'B® = = B'B?% c/c® = = cJc?.
o 1 a 1 o 1 — o 1
a=1 o=n-+1
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Put

B) = B%’, ¢’ - c,
1 o 1 1 a
then
3) B +c) =53 BiBP-8P cich:-ch
i i i i7j i i7j i

N .
pPpi-ph, BPc! - o,
1 a o 1 (3
(4) <
chplic-o | cPct - by
1 [0 1 a a
—
g h_ o a h_. &
B, B," = BS, B,'C* = 0,
(5) <
h_ « h_ .o o
-0 -
LciBh , c.’c, c,

Let F, B, C be the operators on Tx by the tensors Fi‘], BiJ,

then it is easy to see that FB = 0, BF = F, CF = 0 and FC =

That is:
i ] i i J
B = F =0,
“ f Fh Fh , ; Bh
i j o iLJ i
LCj Fh o , FJ Ch = Fh .
2. Let
—_ = n 2n - =
Mm A, =BB +c’c®= z BB '+ = cic’
7 ) J 3 =1 @t ) !
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then A is symmetric and

ji
o 1 j.i ji
A. BB =& _ , A CC- = —, A.B'C~ = 0;
(_]la/ﬁ ap jia B 671/[3 Jjia P
(8)
AB’ =B% a.c' =c?
Jia J na J
i i
These identities show that (A'i) is non-singular and that (Bal, CcT)
J
form an orthonormal frame with respect to Ai. .
Let
h h
B. =B,A., C.=C A
©) ji J hi ji j hi
Then
(10) B, =B™B% c.=c%%% B, +C, =A_,
Ji J 1 Ji J 1 J1 J Ji
B.., C.. are both symmetric and
J1 Ji
t
1) B'B°A =B, B'c®A =0, c'c®r_ - c..
J i ts ji j 1 ts j 1 ts Ji
Consider now the tensor G., defined by:
. t_ s
G. = YA, +F.F.A_+B.).
Ji J1 J 1 ts J1
.. t. «a o ] t. « a ]
Noticing that (F. B, - C.)B = 0, (F.B, - C.)C— = 0 and
g it i’ ( it i) B
J iy . t,«a a
(B‘3 s CE) is a basis for TX, we have that F'Bt = C.”. Then by
J
(0), (6) and (8) one has
(12) G.B'=8B% G.c =c? ¢B'=8,
ji e j jia j ti ji
762
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The first two relations of (12) show that (Gij) is non-singular. Let

(GIJ) be the inverse matrix of (Gj‘) , then
i

(12" c’lB?=8", GYc% = c’ .

Originally Bia, C.a were defined in (1) from the matrix (B 1, C_l) , now
i a a

we have found a Riemannian metric Gij so that they are related by (12)
and (12').

From (7), (10), (11) and (12) we have

t
13) & B°B"' =B, o B°c'=0 G cc'=c..
st 1 1] st 1 ) st 1 ) 1]
. — . n in
Finally, we consider the operations F.? and c.'s ] = C.V B
i i _ i v
v=1
on T , these two coincide because
x
rig?t - 0, }3‘.Jc_1 - B (c.YB J)B1 0, (C.'YB J)C_1 = B,
i o i@ i o i v a a

Thus we have

k Y. k
(14) F.o=c¢"B “.
i iy
. - J .
If we defined Fik = ijFi then by (12):
_ n +
(15) F. =c¢'B” = =2 c¥™ 7.
ik ik i k
v=1
763
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3. Let

ik i Px Kk Pi T Yk ki
Yo v Yo ¥
- . B = F. - F
00 T G By “ B ik ki
then
def., ~
o F Gy = c's® 4Bk,
1 1J 1 'y 1 'y
def ~
e
i ij iy iy
and
k] Y. k Y.k 6. ] 5 .
= _ ’ B =
b Y (C; B, + B, Gy) (C B + B Ce)
=clcd +8¥83 =l +pd =5,
1 "Y 1 "Y 1 1 1
K ] Y. ok Yk 5 5 . j
- - B B
4 ¢k (Cl ny i Cs) (Ck 5 Bk CF)
- ¢’ - BB = So.
1 "Y 1 '\/ 1

Thus ¢ is an almost product structure and ¢ is an almost complex
structure on M2 . Furthermore,
n

that is,

(16) 0 0t = -4,
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Conversely, if on M2 there are almost product structure { and
n

almost complex structure ¢ which satisfy (16), then if we define
k k
- 1
F. 2(¢i o, )
k . . . P 2
Fi is a tensor field on MZn which satisfies F“ = 0. Thus we have

proved the following theorem.

THEOREM 1. On MZn there is a (1.1) tensor field F satisfying

F? = 0 if and only if there are almost product structure ¢ and almost

complex structure ¢ which satisfy oy = -Jo.

Let

i
Hi Hk =0
(17)
k_ & k. @ a
H B ° =0, H = B
ik i Ck i’
and
F+H=y¢, F - H=oeo,
(18)
J ko J J
H =
i Fk * Fi Hk 61
Thus H is again a tensor field on MZn which satisfies H? = 0.

For the structure (§, ¢) satisfying (16), Hsu [3, page 441,
Corollary 2.4] showed that there is an affine connection I' so that

kaﬂi‘] = 0, quJiJ = 0 where V is the covariant differentiation with

765

https://doi.org/10.4153/CMB-1969-098-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1969-098-1

Q
respect to I'. Infact, let V be the covariant differentiation with
respect to any given affine connection ", then one of such affine
connection is the following:

—
H
He
1
o
<
<
<
)
+
NI
<
-
S
'
NI

b_ o d
¢, [(ijbb Vo 1oy

Such a connection, satisfying V¢ = 0, Vy = 0, is calleda (¢, )
connection.

Hence we have the following corollary:

COROLLARY 1. There is an affine connection for which VkFiJ = 0,

Furthermore, by Hsu [3, page 415, Theorem 3.1] with respect to
the (¢, ¢) connection I', the holonomy group canbe represented as
A 0D
the form & referred to a suitable basis where An is any

0 A

n
n X n matrix., Thus we have the following corollary:

COROLLARY 2. On MZn with a (1, 1) tensor field F such that

F? = 0, with respect to the connection given in Corollary 1, the
A 0\
\

holonomy group can be represented as the form ( 0 ) referred
0 A
n

\

to a suitable basis.

. . k
4. The Nijenhuis tensor formed with Fi is defined by:

i i i i g i i
= F, (0 F - - A - .
(F) = F. (8 ,F ) - F, (aJFl 9F )

Definition. The tensor field ¥ is called integrable if

i
tjk (F) = 0.

Now we shall calculate tjkl(F) by use of F,k = c¥B K and (1).
1 1 0%
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' i 2 v .
- - c'-scB - c’s aB. .
Fo@F, - 9F ) = FrC6 -8C) G Bs Cr 9By
~ . . . . .
i Y i i Yy i i
= - . F'-aF,
L B) = FUF," - gF ) - FUGF - T
(19) - cPrtac’-0c B c’slec s cs
PP G T M P, T M T Gt T Yy
5.0 Y. _ i 5.0 Y
_ B C. 9 B
C By C, 8B + G B C o,
i 6 i 4 v Y. i
= - - . B
) C, BB, (6,C, - 3C B
t 'BIBPc = BBYecP . -8 cC)
kK a1l Ty a v j1 2
def. - Q B
= ay

For Q v there was the following consideration according to Yano [4].
o

. i
An arbitrary contravariant vector dx in the tangent space TX(MZn) at

X can be written in
(20) dx' = B ay® + C ay®
a @

where

def. . _ def. —

¥ = BJ.“de, dy? =— Cj"de.

(20" dy

Thus the distribution B is defined by

(21) dy” = Clax' = 0.
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The condition for the distribution B to be completely integrable is that

o o . k j
- A =
(akcj Z)J.Ck )dx d 0
be satisfied by any dx’ satisfying (21), that is
o P-slBtecP-ach) -o.
ay a Y J ! L]
Using this fact and the relation between t, ! and (yﬁ given above, one
a
has proved Theorem 2.

THEOREM 2.

If F is integrable, then the distribution B is
completely integrable; if H is integrable, then the distribution C is
completely integrable.

part.

The last part of this theorem is a parallel conclusion of the first

and hence

Conversely, if both distributions B and C are completely
integrable, then there are functions ya(xl), ya(xl) satisfying (20), (20")

a _ o . i i
B = &L cF o gt ot X
J ox’ J ox’ “ @ gy
L. Y o £ i i i
= Fo) = B =
Noticing that akcl akly and B6 8!ZB 86 W/ 868 x , by (19)
we have
i [ i
t = -
i (F) B, ¢ Yo B

i
B
X e}

5. 4 ..
+ C By Cly,

5 .Y, o i 5 Y, i
-C. B + C C. 9B = 0.
j Cx 86 Y k j o
Thus F is integrable.
integrable.

Similarly, it is easy to show that H is also
Hence we have Theorem 3.
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THEOREM 3. I B and C are both completely integrable, then
F and H are both integrable.
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