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THE BERGMAN PROJECTION ON WEIGHTED 
NORM SPACES 

JACOB BURBEA 

1. I n t r o d u c t i o n . Quite recently Bekollé and Bonami [1] have charac­
terized the weighted measures X on the unit disk A for which the Bergman 
projection is bounded on LP(A : X), 1 < p < oo. Our methods in [4] can 
be applied to even extend their result by replacing the unit disk with 
multiply connected domains. This is done via a rather interesting identi ty 
between the Bergman kernel and its "adjo in t" [2]. As a corollary of our 
result we obtain a generalization of a result due to Shikhvatov [7]. 

Let D be a bounded plane domain and let X be a positive locally inte­
g r a t e function in D. X is said to belong to MP(D) (1 < p < oo ) if it 
satisfies the Muckenhoupt condition: 

s^p [m L Hz)Mz)] iw\ L W^MZ) 
- i 

< oo, 

where the supremum is taken over all sectors V C A da is the area 
Lebesgue measure and \V\ = a(V). 

We denote by LP(D : X) the space of all measurable functions / in D for 
which 

||/I|LP(Z>:X) = { JD \f(z)\PMz)da(z)f < *>, 0 < p < œ , 

and we write LP(D) for LP(D : 1). We also write | | / | | p for \\f\\Lp(D). We 
shall always assume tha t 1 < p < oo and tha t q = p/(p — 1). From the 
MP(D)-definition follows tha t if X G MP(D) then X £ LA(D) and 
X-1 G Lg/p(D). Moreover, in this case 

| |X | | i | |X- ' |U £ C,\D\>, 

where CP(D) is a positive constant which can be taken as the supremum 

in the definition of X G MP(D). 

We consider the Hilbert transform 

( r„ ( / ) ( f ) = - f 7=À-T2f(z)da(z) 
T J D [Z — Ç) 

and the Riesz transform 
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where the integrals are taken in the principal value sense. It is well known 
that these operators are bounded on LP(D) 1 < p < oo. Moreover, if 
fz € LP(D) then/ z = — RD

2fj s.nd therefore 

I I M I P ^ ^ P I I M I P . 

H e r e / , = df/dz and/2- = df/dz. 
We shall be using the following proposition (cf. [5]): 

PROPOSITION 1. TD is bounded on LP(D : X) if and only if X £ MV{D). 

Let G = GD(z, f) be the Green's function of D. Here 

G{zA) = H(z}{) — log |s — f|, 

where H = H(z, f ) is symmetric and harmonic in (z, f ) G D X D. The 
Bergman kernel is given by 

(1.1) KD(z,i) = 2 
TT 

a2G 

and i ts "adjoint' ' [2] is 

(1.2) Ln(z, f) = 
2 
7T 

a2G 

Consequently, 

\ATr\f*rf 

LDiz, f) = 
1 
T (Z 

l 
- f ) 2 

W 11C1 v 

lD{z, t) = 
2 a2/j 

s - ' 

- /z>(*,r), 

is symmetric and holomorphic in (z, Ç) £ D X D. We note that 
lD(z, f) == 0 when D is a disk and that /z>(z, f) is holomorphic in 
(z, Ç) £ D X D when dZ) is analytic (cf. [2, p. 211]). If </> is a conformai 
mapping of Z) onto 12 then 

GD(z,t) = Ga(*(z),*(f)) 

and therefore 

(1.3) KD{z, f) = tfafoOs), * t t ) ) * ' ( z ) 0 m 

and 

LD(z,f) = Lil(<t,(z),4>(t))<P'(z)<t>'(t). 

We consider the "Bergman-Schiffer transforms" 

= f £/>(*, : 
J D 

(1-4) (&>/)(f) = LD(z,t)f(z)da(z) 
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and 

(•W)G0 = } h&T)f(z)M*) 
J D 

where the first integral is taken in the principal value sense. I t follows 
tha t 

(1.5) TD = QD + SD. 

The (formal) adjoint of QD is given by 

(&>/)(*•) = \ L(Z, ?)f(z)M') 
J D 

and the "Bergman projection" is 

(1.6) (Pfl/)(f) = f KÏ&ï)f(z)M*). 
J D 

2. Iden t i t i e s a m o n g s t operators . In this section we shall assume tha t 
D is a bounded domain with 3D being analytic. I t will be clear from the 
sequel t ha t this assumption could be weakened considerably. For ex­
ample, it will be sufficient, after some modification of the argument , to 
assume tha t 3D is of class Cl with a Dini continuous normal (cf. [4]). 

Since 3D is analytic it follows tha t lD(z, f) is holomorphic for 
(z, f) G D X D and therefore SD is a bounded operator on LP(D)} 

1 <; p ^ GO . Consequently, in view of (1.5), QD is a bounded operator on 
LP(D), 1 < p < oo. 

Let Cc
œ(D) be the class of Cœ(D) functions with compact support 

inside D and let H(D) designate the class of holomorphic functions in D. 
The following theorem is crucial to our work. I t holds also for domains 
which are not so smooth (cf. [4]). For the special case tha t p = 2 and 3D 
is analytic it was also proved by Block [3] by using different methods. 

T H E O R E M 1. I — PD = QDQD on LP(D), 1 < p < oo. Here I is the 

identity operator on LP(D). 

Proof. L e t / G LV(D) and write 

= 2*-1 f 
J 1 

(2.1) f ( f ) = 2 1 r - 1 l G,-(*,f)/(2)<k(2). 
^ D 

From classical results of potential theory it is well known tha t g$ and gf 
exist a.e. in D, and they are given by 

J D 
(2.2) gf(f) = / ( f ) + 2,r-i I i7sr(s,f)/(s)<M2) 

J D 

and 

(2.3) gf(f) = 2T-1 f Gz,(zA)f(z)da(z). 
d D 
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Using (1.2) and (1.4), we can express (2.3) as 

(2.4) gf(r) = -«2z>/)(f). 

Further, Hjç = G^ and so, using (1.1), (1.6) and (2.2), 

(2.5) gf(f) = ( / - P z A / G - ) . 

From (2.4) it follows that gj Ç LP(D) and therefore gf = — RD
2gf- This 

together with (2.4) and (2.5) shows that 

(2.6) I-PD = RD
2QD 

and therefore / — PD is continuous on LP(D). Because of the continuity 
of the operators I — PD and QDQD, and the density of Cc

œ(D) in LP(D), 
it suffices to prove the theorem for Cc

œ(D). Let now/ be in Cc
œ(D). Since 

Pz>/ Ç #(£>) we have from (2.5) that gfi = fy. By Green's formula 

(2.7) ( Gjfda(z) = - i Ghdv(z) = - I GgzIda(z) = I G5g,d*(*). 

We have used the fact that g-z = —QDJ, in accordance with (2.4), is in 
CC°°(D) because/ G Cc

œ(D). The above integrals are, of course, taken in 
the principal value sense. Therefore, using (2.1), (2.5) and (2.7), 

(/ - PD)f = gz = -QD(gr) = -QD(-QOJ) = QDQDJ 

and the assertion follows. 

We have actually shown the following operators identities on LP(D) 
(1 < p < oo ), as (2.6) above shows; 

I - PD = RD*QD = QDQD. 

3. The Bergman projection. We again assume that 3D is analytic 
and as before we note the possibility of weakening this assumption. We 
fix 1 < p < oo and q = p/(p — 1). Our main theorem is: 

THEOREM 2. ( i ) / /X G MP(D), then QD is abounded operator on LP(D : X). 
(ii) If QD is bounded on LP(D : X) and\, \~q/p £ LX{D), thenX Ç MP(D). 

(iii) / / D is a disk and QD is bounded on LP(D : X), then X Ç MP(JD). 

Proof, (i) Since X G MP(D) we have 11X||x||X~x||,,,„ g £;|£>|*\ Therefore 

- / . .wiiw*) = i(5B/)a)rx(f)d<r(f) 

- / I / lD(z,-ç)f(z)d<r(z) 
V 

x(r)^(f) 

i [ / c 1/(2)1̂ (2)]* ^^iixiuf/^ ^ ' l l x , . „ . . . 
L t/ D 

~\P/Q 

\f(z)\'\(z)Mz) 

[/, X \(z)-q/pda(z) v\\\\\J\\-1\\ II /IIP = i l À À' \Q/p\\J\\Lp(D:\) 

\f\\L (D:X)-
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Consequently, SD is bounded on LP(D : X). According to (1.5), QD = 
TD — SD and therefore, by Proposition 1, QD is bounded on LP(D : X). 

(ii) Since X, \~qlp £ L\(D) it follows, as in (i), that SD is bounded on 
LP(D : X). Also, since QD is bounded on LP(D : X) it follows that TD = 
QD + SD has this property too. Proposition 1 shows, therefore, that 
x e MP(D). 

(iii) If D is a disk, then lD(z, f) = 0. Consequently, QD = TD and so 
again, by Proposition 1, X Ç MP(D). 

This leads to the following result about the Bergman projection PD: 

THEOREM 3. (i) //X £ MP(D), then PD is bounded operator on Lp(D : X). 
(ii) PD is bounded on Lp (D) if and only if QD is. 

Proof. This follows from Theorems 1 and 2, (1.5) and the fact that 
£>D

 == J- DPD' 

This theorem complements the result of [1]. 

4. Applications. We now derive some consequences from Theorem 3. 
We shall allow the domain D not to be smooth. However, we shall assume 
that D is bounded by n non-degenerate boundary components Ci, . . . , Cn 

where, say, C\ is the outer boundary. Then D can be conformally mapped 
onto a domain 12 which is bounded by n closed analytic curves. Let 
<j> : D —> 9, be such a mapping. Then 0 = <f>n o <£n_i o . . . o #i, where each 
factor <j}j is a conformai mapping of a simply connected domain Dj. For 
example, coi = #i(z) is conformai on the simply connected domain Di 
which is bounded by d and contains D, and <t>i(Di) is the unit disk. 
œj = <t>j(ù)j-i) (2 ^ j S n) is conformai on the simply connected domain 
Dj which is bounded by 0;_i o <^_2 o . . . o 4>i(Cf) and contains 0;_i o 
0^-2 o . . . o 0i(D); 4>j{Dj) is the exterior of the unit disk. See [4] for 
additional details. We write \p = (j>~1. 

We define 

t{D) = Sup{r 6 R U { o o | : H^IU < °o}. 

This definition is clearly independent of the particular choice of the 
analytic domain 12 = <j>(D) and it is also obvious that tD = t(D) ^ 2. It 
can be shown [4] that in fact tD > 2. We can, therefore, define the interval 

1(D) 
1*11 in < ° ° > 

0 ' | | = 00. 
^ H lD 

We also write 

J(D) = 1(D) - { l , o o } . 
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For a fixed p e J(D) we let q = p/(p - 1) (and thus q 6 /(£>)). D is 
said to belong to class Wv if <t>r satisfies 

(4.1) S u p (7777712- • \\4>r\\v:u\\<i>f\\q:u) < 00 , 
C7 \ | | 9 \\2:U I 

where the supremum is taken over all sectors U C D and 

-[/. II/IU= [ J p |/(Z)|*^(2) 

Obviously, this definition is independent of the particular choice of the 
analytic domain 12 = <t>(D). Further, always D £ W2 and D £ T P̂ if and 
only if D 6 W7,. 

The following result was also obtained in [4]. 

THEOREM 4. Let p f J(D). Then PD is a bounded operator on LP(D) if 
and only if D Ç Wv. 

Proof. For z, f G D we write co = <£(z), r = 0(f) with 00, r £ 12. Also, 
for/ G A,(£>) we let g = ( / o ^) • ^ . Using (1.3) and (1.6), we have 

(Pz>/)(f) = *'G0 f Xn(coff)g(co)^(co) = * r ( f ) ( P ^ ) ( r ) . 

Therefore, 

P W = f \<P'(t)\V\(Png)(r)\Vd«(Ç) 

• / . • 

Hence the LP(D) boundedness of PD is equivalent to the inequality 

/ , i(p0g)(<o)n*'(«)r*d<r(«) ^-4,11/1!/. 
12 

However, 

11/11/ = f |g(«)n*'(«)|*-*Ar(«). 
12 

Therefore, the above inequality is equivalent to the boundedness of Pu 
on Lp(Sl\\) withX + |^'|2-p. By Theorems 2 and 3, since £ £ / ( D ) , this is 
equivalent to X G MV(ÇÏ) which exactly means D Ç Wp. This concludes 
the proof. 

If D is simply connected and 3D is of class C1 with a Dini continuous 
normal then it follows from a theorem of Warschawski (see [6, p. 298]) 
that there exist positive constants a and b so that 0 < a < |$'(s)l < 
b < CQ , z £ D. This is also true in the more general case when D is 
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multiply connected by appealing to the above mentioned factorization of 
<t>. Therefore, for Dini smooth domain D, tD = oo, 1(D) = [1, oo] and 
J(D) = (1, oo ). Further , D (E Wp for any p G J(D) = (1, oo ). 

Assume now tha t dZ) is Dini smooth except a t one point c £ dZX At the 
point c the boundary makes an angle with aperture w/a, 1/2 ^ a < co. 
We denote the class of such domains by Ma. 

Let D G M«. We may assume tha t c Ç d . I t is then well-known that 

ai|z - c\«~l S \<t>i(z)\ ^ a2|z ~ cl*-1 for all 2 G D L 

Since C2, . . . , Cn are Dini smooth it follows from the above factorization 
of 0 t ha t 

(4.2) a\z - c\«~l g |0 ' (z) | g % - c\«~l\ a, 6 ê (0, 00 ) ,z G D. 

In this case, condition (4.1) is equivalent to the condition tha t 

YÂJW \\(t)'\\p--U\\<t>'\\q:U è C 
11$ \\2:U 

for the sector 

U= D(p:P) = {z£D\z-c = reie, 0 ^ r g p, —/3/2 g 0 ^ j3/2), 

and, tha t the constant C is independent of p and 0. Now, 

/
I | ( a - l ) p j / \ o I ( a - l j p + l , ^ (a-l)p+2 

only when (a — 1)£ + 2 > 0. This of course is true for all p > 1 if 
a > 1. When 1/2 ^ a < 1 we must have p < 2 / (1 — a). Therefore, 
J(D) = ( l , o o ) if Z> G M a with a è 1, and / ( D ) = (2/(1 + a), 2 / (1 - «)) 
if D G M« with 1/2 ^ a < 1. Also, using (4.1) and (4.2) we obtain 

I a I a ^ - ^ I! j.r\\ l i / i i ^ I ^ I a 

with g (a, £, g) = [(a - l)p + 2]1/J)[(a - l)q + 2] 1 / ç . For domains £> of 
class Ma therefore, we have tha t D £ Wp whenever p £ J(D). Conse­
quently using Theorem 4, we obtain: 

T H E O R E M 5. Let D Ç Ma. If a è 1 ^<?^ Z ^ w bounded on LV(D) for all 

p G ( l , o o ) . If 1/2 S oc < 1 / t o P D w bounded on LP(D) for all 
P e (2/(1 + a ) , 2 / (1 -a)). 

A special case of this theorem was also obtained by Shikhvatov [7] by 
using different methods. 
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