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Gamma Factors, Root Numbers, and
Distinction

Nadir Matringe and Omer Offen

Abstract. 'We study a relation between distinction and special values of local invariants for represen-
tations of the general linear group over a quadratic extension of p-adic fields. We show that the local
Rankin-Selberg root number of any pair of distinguished representation is trivial, and as a corollary
we obtain an analogue for the global root number of any pair of distinguished cuspidal represen-
tations. We further study the extent to which the gamma factor at 1/2 is trivial for distinguished
representations as well as the converse problem.

1 Introduction

This work continues to study the relations between distinguished representations and
triviality at 1/2 of the local gamma and epsilon factors in the context of GL, over a
quadratic extension.

Let E/F be a quadratic extension of p-adic fields and fix a non-trivial character
y of E that is trivial on F. A (smooth, complex valued) representation of GL,(E) is
called distinguished if it admits a non-zero GL, (F)-invariant linear form.

In his dissertation [Ok97], Y. Ok showed that for #n > 1 and an irreducible, cuspidal
representation 7 of GL,, (E) with a central character that is trivial on F*, we have the
following. The representation 7 is distinguished if and only if for every irreducible,
unitary, generic, and distinguished representation 7’ of GL,,_;(E) the local Rankin-
Selberg gamma factor y(s, 7, ', y) satisfies

y(1/2,m, 7' w) =1.

Ok suggests that relations of this nature, may hold more generally. This was further
explored by the second author in [Oftll], a paper that, unfortunately, contains some
mistakes. The errors occur in the very last part of the paper [Offll, §7.2], where local
L-values are cancelled out at points where there may be poles. The upshot is that the
main result, [Offll, Theorem 0.1], is partially wrong and even the proof of the parts
that are correct is invalid. The mistake was recently noted by the first author, which
led to the current collaboration, aiming to correct the mistakes and explore further
the relation between distinction and special values of local factors. We remark that
in addition, the proof of [Offll, Corollary 7.2] is not valid, although the statement
is correct, and a proof can be found in the recent work of Anandavardhanan and
Matringe [AM17].
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We now summarize our main results. The first one says that the local Rankin-
Selberg root number attached to a pair of distinguished representations is trivial. This
was conjectured in [Ana08, Conjecture 5.1]. More explicitly (see Theorem 3.6), we
have the following theorem.

Theorem 1.1 Let m; be an irreducible and distinguished representation of GLy, (E),
i=1,2. Thene(1/2, m, m, ¥) = L.

Together with an archimedean analogue carried out in § 6.1, this gives triviality
of the global Rankin-Selberg root number of a pair of distinguished automorphic
cuspidal representations. This is Theorem 6.6.

For the local gamma factors, we have the following (see Theorem 3.7 for a slightly
more general statement).

Theorem 1.2 Let 7; be an irreducible and distinguished representation of GL,, (E),
i =1,2. If my is unitary and generic and 7, is tempered, then y(1/2, m, 72, %) = 1.

In Example 3.8 we provide many pairs of distinguished representations for which
gamma at 1/2 is not trivial. (In fact, y(1/2, my, 72, ) = —1if 7; is the trivial represen-
tation of GL;(E), i = 1,2.)

Conversely, for essentially square-integrable representations, we show that the triv-
iality of gamma at 1/2 for enough twists by distinguished representations character-
izes distinction. More explicitly, if § is an irreducible, essentially square integrable
representation of GL,(E) and y(1/2, 8,7, ¥) = 1 for any distinguished, irreducible
representation 7 of GL,, (E) for all m < n, then § is distinguished.

In fact, only tempered twists are necessary, and in many cases only for m < n — 2.
Theorem 5.5 is a generalization of the following.

Theorem 1.3  Let § be an essentially square integrable representation of GL,(E). If
y(1/2, 8, m,y) = 1 for every m < n and every irreducible, tempered, and distinguished
representation 1 of GL,, (E), then § is distinguished. If & is not of the form St,(p), then
taking m < n — 2 is enough.

Here, p is cuspidal and the generalized Steinberg representation St;(p) is the
unique irreducible quotient of the parabolically induced representation |det|™/2p x
| et [V/2p.

Example 5.6 shows that we cannot expect such a converse theorem for more gen-
eral distinguished representations. For essentially square integrable representations
of the form St,(p), we do expect twists up to n — 2 to characterize distinction, but a
proof will require different methods.

We remark that the above relative converse theorem is an analogue of the local
converse theorem of Henniart [Hen93] or, rather, the improvement by Chen [Che06]
(see [HOI15, §2]). We do not explore the extent to which it can be improved in the
direction of [JL15].

Let us now outline the structure of the paper and give the ideas behind some proofs.
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Theorem 3.6, which is the triviality of the non-archimedean Rankin-Selberg root
number of a pair of irreducible distinguished representations, is proved in Section 3,
using the cuspidal case due to Ok [Ok97] and the classification of distinguished stan-
dard modules due to Gurevich [Gurl5].

Section 4 is devoted to the proof of Proposition 4.5, which is the relative analogue
of the well known fact that the gamma factors of twists by characters of an irreducible
representation determine its central character [JNS15, Corollary 2.7]. Our result says
that if the gamma factors of the twists of an irreducible representation 7 by distin-
guished characters are trivial at 1/2, then the central character of 7 is itself distin-
guished. Our proof is an adaptation of that in [JNSI15].

In Section 5, we prove Theorem 5.5, our relative converse theorem for discrete
series representations. Once again the idea is to reduce to OK’s cuspidal converse the-
orem, or rather its refinement due to Hakim and the second author [HO15], using
good twists and analytic methods. More precisely, twisting a generalised Steinberg
representation Stx(p) by representations of the form |det|™p¥ x |det|*p? (see Sec-
tion 2 for undefined notation) allows us to reduce to conjugate self-dual discrete series
representations, and then use [HO15], where this case was taken care of. Then we ob-
serve that it is in fact enough to twist by such representations with s € iR, thanks to
extension of meromorphic identities, and this allows us to twist only by distinguished
tempered representations.

Finally, Theorem 6.3, which is the archimedean analogue of Theorem 3.6 is a conse-
quence of Kemarsky’s classification of distinguished standard modules [Kem15]. The
triviality of the global root numer of a pair of distinguished cuspidal automorphic
representations then follows and is Theorem 6.6.

2 Notation and Preliminaries

Let E be a p-adic field (a finite extension of Q) and let y be a non-trivial character of
E. We denote by pg = @gog the maximal ideal of the ring of integers o of E. Here, @g
is a uniformizer of E. Let G, = GL,(E), and consider the involution g + g* := g™}
on G,.

By arepresentation of G, we mean a complex valued, smooth representation. Fora
representation 7 of G, let 71 be the representation on the space of 7 given by 7' (g) =
n(g") and let 7V be the smooth dual of 7. For representations 7; of G,,, i =1,...,k,
we denote by 7 x - - - x 7y the representation of G, ..., obtained from m ® --- ® my
by normalized parabolic induction. For a representation 7 and a character y of G,
let y7 be the representation on the space of 7 given by (y7)(g) = x(g)n(g). Letv
denote the character |det| of G,,.

Let IT(n) be the collection of all irreducible representations of G,,. By convention,
we also let II(0) be the set containing only the trivial representation of the trivial
group Gy and let IT = |72, [1(#n).

If w € I1, then 7¥ ~ 7' [GK75]. More generally, if 7; € IT,i = 1,..., k, then

X X ) 2y X xomy
k 1

Let U, be the group of upper triangular unipotent matrices in G, and, by abuse of
notation, let y also denote the character on U, defined by w(u) = w(uya+ - +uy_1,4)-
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Definition 2.1 A representation 7 of G, is of Whittaker type if it is of finite length
and dim Homy, (71, ) = 1. An irreducible representation of Whittaker type is called
generic.

We use a lower index to denote special classes of representations in IT as follows:
* Il uep-cuspidal representations in IT;
* II,q-essentially square integrable representations in IT;
* Iliemp-tempered representations in IT;
* Ilgen-generic representations in II;
* II,_.-unitary representations in the class Il,.

We have ITy_cusp € Tu-sqr € Hiemp S Mu-gen and Teysp S Mgqr € Mgen. Recall that
eqr = {Stk(p) : p € Heysp, k € N}

where Sty (p) is the unique irreducible quotient of v(I=K)/2p x y3=K)/2 p ...y (k=112
(see [Zel80, Theorem 9.3]) and St (p)" ~ Stx(p") (see [Zel80, Proposition 9.4]).

For § € Il let e = e(&) € R be the unique real number such that v™°4 € ITy_sq;.
A representation of the form

A:(Sl><~--X8kWheI'e61,...,(SkEqur, 6(61)2"'26(5]()

is called a standard module. 1t is of Whittaker type and admits a unique irreducible
quotient 7, the Langlands quotient of A. The Langlands classification, is the bijection
A~ 7 from the set of all standard modules to II (see [Sil78]). We denote by A(7) the
standard module with unique irreducible quotient 7 € IT. Note that

AMnrY)=AMn)', mell

For 8, §; € Il we say that §; precedes §, and write §; < &, if §; =
Stk,(pi), where p; € Ilcysp, i = 1,2 are such that p, =~ v(k‘”‘Z)/Z“’ipl for some
i € {l,...,min(ky, kz)}. By [Zel80, Theorem 9.7], for &i,..., 8k € Ilyq we have
01 x -+ x Ok e ITifand only if §; £ §; forall i # jand

ngn = {61 X+ X0k 1 01,...,0k equ,, 0; f 5]', ISI.#]'Sk}.
More generally, if §;,..., 8k is ordered so that §; # §; foralll < i < j < k, then
A = 8y x - -+ x 8} is a standard module, independent of any such order. We will say that
such a realization &; x - -+ x 0k of A is in standard form.

For representations 7 of G, and 7 of G, of Whittaker type let L(s,7,7) and
(s, 7, T, ¥) be the local Rankin-Selberg L and e-factors defined by [JPSS83] and let
L(1-s,7',17")

L(s,m,7)

For any 7, 7 € II the local L, € and y-factors for the pair (7, 7) are defined as the
corresponding factors for the pair (A(7), A(7)). In particular, we have

L(l-s,mv, 7"
(21) y(S, T, 'l//) = €(S, n,T, W)(L(_:r[‘[))

We list below some basic properties of the local Rankin-Selberg L and € factors.
They are immediate from the definitions and will be used freely in the sequel. Let 7w
and 7 be either in IT or of Whittaker type. Then

y(s.m . y) = e(s, m T y)
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(@) L(s,m,1)=L(s,7,m)ande(s, 7, 7,¢) = €(s, 7,1, ¥);

(b) L(s,v'm, 1) =L(s+t,m1)ande(s,v'm, 1,¢) =e(s +t, 7, 7, ¥);

© ysmny)y(Q-s,a, v,y ) =1=¢e(s,m,r,9)e(1-s, 7', ', y).
The following is a consequence of [JPSS83, Proposition 8.1].

Lemma 2.2 Let py, p; € Hcysp. Then L(s, p1,py ) = 1, unless p; = v¥py for some
u € C. More generally, the meromorphic function L(s, p1, p5 ) has at most simple poles.
It has a pole at s = u if and only if p; ~ v¥py. In particular, if py, ps € Ty cusp, then
L(s, p1, py ) is holomorphic whenever Re(s) # 0.

Lemma 2.3 Let 6y, 6, € Ilgq,. Then L(s, 81, 85 ) has at most simple poles. It has a pole
at s = u if and only if §; < V' ™48,. In particular, if ; € My-sqrs i = 1,2, then L(s, 81, 85)
is holomorphic whenever Re(s) > 0.

Proof Write §; = St,(p;) for p; € Ileysp and k; € N, i = 1,2. It follows from
[JPSS83, Proposition 8.2] (and Lemma 2.2) that

min(ky,k,) k

L(s,81,05) =[] L(s+

i=1

& ~ipipy).

It follows from Lemma 2.2 that at most one factor on the right-hand side can have at
most a simple pole at s = u and that this is the case, if and only if

kithy .
2

+ 1

p2 = v p1

for some i = 1,...,min(ky, k;). Equivalently, if and only if

kq+k: .
1-u 1222 41—
Vi ppv 2 P1

for some i =1,...,min(ky, ky).
Since V'St (p2) =~ Stx, (v'"“p,), this is equivalent to the condition &; < v'*§,.
|

Lemma 2.4  We have the following multiplicative properties.
(i) [JPSS83, Theorem 3.1] Let w = my x - -+ x 7y and let T be of Whittaker type. Then

k
y(s.mny) = M y(s.m ).

(ii) [JPSS83, Proposition 9.4] Let A = &§; x -+ x 8 and & = 8] x --- x &) be standard
modules in standard form. Then

ko1
L(s,A, &) = I"[1 HIL(S, 8i, 5;)
i=1j=
and consequently,

k

I
e(s, L, &) =TI 116(5,8,-,5;-,1//).

i=1 j=
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Lemma 2.5 Form, v € I1, the y-factor y(s,m, 7,y) depends only on the cuspidal
support of m and 7. More explicitly, if 1, ..., Tx € Hcysp are such that T € 1 x -+ x 14,
then

k
v, mny) = Iy(sm ).

Proof Passing to the standard modules A(7r) and A(7) and applying Lemma 2.4(i),
we can assume that 7 € ITsq,. In that case, write 7 = St (p) for p € ITysp. Then the
Whittaker space for 7 is contained in that for v(K™D/2p x ... x y(17K)/2 " Since the
gamma factor is a quotient of Rankin-Selberg integrals for any choice of Whittaker
functions that provide non-zero integrals,

y(s, 7,7, 9) = p(s, m, v D2 p sy (702 4,
The lemma now follows by applying Lemma 2.4(i) to the right-hand side. ]

2.1 Distinguished Representations

Assume from now on that F is a p-adic field, E/F a quadratic extension and y|r = L
Let ¢ denote the associated Galois action. In particular, we have y* = 1. It is
furthermore obvious from the definitions of the local factors that for 7 and 7 either
in IT or of Whittaker type we have

(2.2) L(s,m,7)=L(s,n% 7°) and e(s,m,1,¢) =€(s,n%, 7%, ¢7).

Let 17g/r be the order two character of F* that is trivial on norms from E* to F*
and fix a character 1 of E* extending #g/r. Let H, = GL,(F).

Definition 2.6 A representation 7 of G, is distinguished if Homp (7,1) # 0 and
N, p-distinguished if Homp, (7, g p o det) # 0.

Clearly, 7 is distinguished if and only if #7 is g/ -distinguished. Flicker showed
the following lemma.

Lemma 2.7 ([Fli91, Propositions 11 and 12])  For 7 € I1(n) we have

(i) dimHomp,(m,1) <
(ii) if m is distinguished, then n° ~ 7",

We record here some results regarding distinguished representations.

Proposition 2.8 (i) ([AKT04, Corollary 1.6] and [Kab04]) Let § € Ilyq, be such
that 8% ~ 8. Then § is either distinguished or 1y p-distinguished but not both.
(ii) ([Ana08, Theorem 1.3]; see [ARO05, §4.4] or [Mat09a, Corollary 4.2]) Let § =
Sti(p) € Isqr. Then 8 is distinguished if and only if one of the following two
conditions hold:
* p is distinguished and k is odd;
* pis ngp-distinguished and k is even.
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Proposition 2.9  Let A be a standard module. Then A is distinguished if and only
if there exist §; € Isqr, i = 1,...,t with e(8;) > -+ > e(8;) > 0 and distinguished
7j € sqr, j = 1,..., 5 such that

(2.3) A 8] x oo x 87 x Ty x o x T x 8 x - x 8.

Proof If A is distinguished, then it follows from [Gurl5, Proposition 3.4] that A can
be realized as A = 8] x -+ x 6; in standard form, so that there exists an involution
w € Sy such that (67)7 = (8], ;)" foralli =1,..., k,and 6} is distinguished whenever
w(i) =i. Let k = s + 2t, where s = |[{i : w(i) = i}|, {i1,...,is} = {i : w(i) = i}, and
(t150.0575) = (87,..., 07 ). Let

{ji>--»jey = {i:w(i) # i and either e(5}) > 0 or e(8}) = 0 and i < w(i)}

be ordered in such a way that e(87 ) > --- > (] ) and set

(61,...,0) = ((8;1)", s (6;()”).
Then (2.3) holds by the independence of the standard module on a standard form
realization.
Assume now that A is of the form (2.3). By a standard, closed orbit contribution,
argument 7y X --- X T is distinguished (see e.g., [Offl]l, Lemma 6.4]), and it therefore
follows from [Gurl5, Proposition 2.3] that A is distinguished. [ |

3 The Local Root Number of a Distinguished Representation

We first record straightforward consequences of the basic properties of L and € factors
for representations that are isomorphic to the Galois twist of their smooth dual.

Lemma 3.1 Letn, 7 € Il satisfy n° ~ " and 1° ~ 1¥. Then we have

(i) L(s,m71)=L(s,n",7");

(i) if L(s, 7, 7) is holomorphic at s = 1/2, then y(1/2, 7, 7,v) = €(1/2, m, T, ).
(iii) y(s,m 1 v)y(1-s,m1,y)=1=¢e(s,m1,9)e(l-s,7,1,¥);

(iv) in particular, (1/2,m, 7, 9)* = L.
We recall the following result from OK’s thesis [Ok97].

Lemma 3.2 (Ok) If py, p2 € Ilcusp are both distinguished, then y(1/2, p1, p2,y) = 1.
We therefore also have the following corollary.

Corollary 3.3  If p1, ps € Icysp are both distinguished, then €(1/2, p1, p2,v) = 1.

Proof It follows from Lemma 2.7(ii) that p{ =~ p} and in particular that p; € ITy_cysp»
i = 1,2. It therefore follows from Lemma 2.2 that L(s, p;, p2) is holomorphic at s =
1/2 and therefore from Lemma 3.1(ii) that €(1/2, p1, p2, ¥) = y(1/2, p1, p2, ¥). The
corollary now follows from Lemma 3.2. |

Lemma 3.4 Let i be either in I or of Whittaker type and satisfy n° ~ n' and let
0 € Isqr be such that e(8) > 0. Then €(1/2,m,8° x 6Y,y) = L.
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Proof It follows from Lemma 2.4 that

€(1/2,m,8% x 8%, v) =e(1/2,m,6°, v)e(1/2,m, 8", y).
Applying (2.2), we have

e(1/2,m,8% v) =e(1/2, 7', 8, ") = (1/2, m, 8", w) ",

and the lemma follows. |

Lemma 3.5 Let 81,0, € g, be such that 8] ~ &7, i =1,2. Then

(1) )/(1/27 61) 62; l//) = 6(1/2: 61) 62; 1//))
(i) if 8) and &, are distinguished, then y(1/2, 61, 82, v) = 1.

Proof Note that by the given symmetry 6}, &, € Iy sqr. The first equality therefore
follows from Lemma 3.1(ii) and Lemma 2.3. Write 8; = Sti,(p;), i = 1,2, where
pi € y_cysp and k; € N. Tt follows from Lemma 2.5 that

ki ks ki +k
(3.1) y(s,01, 05, v) =TI TI y(s+ 12 2

i1=1i=1

+1—i1—i2,P1>P2,1{/).

By Lemma 2.2 for u € R the function y(s, p1, p2, ¥) is holomorphic and non-zero at
s = u unless p, ~ py and u € {0,1}. By Lemma 3.1(iii) we therefore have that

k1+k2
2

+1—i1—i2,P1,P2,1//)X
k1+k2

y(1/2+

y(1/2+ +1—(k1+1—i1)—(k2+1—i2),p1,p2,1//):1

whenever either p, # py or (ky + ky +3)/2 — iy — iy ¢ {0,1}.

If §; and §; are distinguished, then it follows from Proposition 2.8 that k; = k;
mod 2 and that p; is distinguished if and only if k; =1 mod 2, i = 1,2. Therefore,
all the terms on the right-hand side of (3.1) cancel out in pairs except for the term
y(1/2, p1, p2, V) that occurs only if k; = k; =1 mod 2. In addition, if this is the case,
then y(1/2, p1, p2, ¥) = 1by Lemma 3.2. The lemma follows. |

We are now ready to prove [Ana08, Conjecture 5.1].
Theorem 3.6  Let m, T € II both be distinguished. Then e(%, T, Y) =L

Proof If 7 € II is distinguished, then A(7) is also distinguished and by definition
(3,77, y) = €(3,A(m), A(7), ¥). By Lemma 2.4 and Proposition 2.9 it is enough to
show that:

* €(1/2, 81, 82, ¥) = 1 for every distinguished &y, 85 € TTsqr;

* ¢(1/2,6,,09 x 83, y) = 1for every &, 8, € Ilq, with &; distinguished and e(§,) > 0;
* €(1/2,87 x &Y, 89 x 85, y) = 1for every &, &, € Igq with e(8;) 20,7 =1,2.

The first equality follows from Lemma 3.5. The last two equalities follow from
Lemma 3.4. |

Let

M1 = {8 xx08: 8 €yqp, |e(8:)] <1/2,i=1,...,k}.

1
2
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Then ITy.gen S H<% € gen.

Theorem 3.7  Let m, 7 € I1 both be distinguished. If m € I1_1 and T € iemp, then
y(1/2,m,1,9) = 1.

Proof If m € II <1 and 7 € Iliemp, then it follows from Lemmas 2.3 and 2.4
that L(s, 7, 7) is holomorphic at s = 1/2, from Lemmas 2.7(ii) and 3.1(ii) that
y(1/2, 7, 7,9) = €(1/2, 7, 7, y¥) and from Theorem 3.6 that €(1/2, 7, 7,y) = 1. The
theorem follows. ]

Example 3.8 Let pg € ITy.cusp be such that p§ # pg and set p = v*py for some
aeR. Letm = v2pY x v//2p% and 7 = p x (p°)". Then 7 and 7 € IIge, are both
distinguished. It follows as in the above proof that e(1/2, 7, 7, y) =1,

L(1-s,7,7)
1 23 > by = 1. /7 N
y(/2.mny) s—1>111/12 L(s,m, 1)

and

L(s,m,7) = L(s-1/2,p", p)L(s-1/2,p", (p7)") L(s+1/2,p%, p)L(s+1/2,p%, (p°)").
By Lemma 2.3 we have that L(s —1/2, p¥, p) has a simple pole at s = 1/2, while

L(s=1/2,p", (p?)Y) L(s +1/2,p%, p)L(s +1/2,p%, (p°)") = L(s+1/2,p7, (p°)")
is holomorphic at s = 1/2, and therefore

Ll_))
lim LA=5™7)

=-L
s»1/2 L(s,m, 1)

This gives examples of distinguished 7, 7 € II such that y(1/2, 7, 7, ) = —1. Note that
if @ = 0, then 77 € [Tgen, and 7 € Iemp, while if -1/2 < & < 0, then 7, 7 € H<%.

For an example where 71, T € Il gen, let p € Tlcygp be such that p? ~ p¥ and let
0<a,B <1/2besuchthata+f=1/2.Setm=v*px v ¥pand = vFp¥ x vFp¥ and
note that 7, 7 € ITy_g, are both distinguished. Also,

L(s,m 1) =L(s+a+p,p,p")L(s+a=P.p,p")L(s—a+B,p,p")L(s—a—-B,p.p").
The first three terms on the right hand-side are holomorphic at s = 1/2, while the last
one has a simple pole at s = 1/2. Therefore,

L(1-s,7,7)

1/2,m,7,9) = lim ————= =-1.
y(/2mny) s—1>111/12 L(s,m, 1)
In fact, one can even take 7 € Il gy, for example if p is cuspidal and distinguished,
-3/2 3/2
p.

choose 7= St3(p) and m = v>?p x v

4 A Local Relative Converse Theorem for Central Characters
The purpose of this section is to show that if the gamma factor at 1/2 is trivial for twists

by all distinguished characters of E*, then the central character is distinguished. We
begin with some simple observations about additive and multiplicative characters.
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Lemma 4.1  For every integer m, F+p ¢ F+p% ' if E is unramified over F, whereas
F+p2m+1 F+p $F+p2ml

if E is ramified over F.
Proof Note that @f(F +p}) = F+p} *I¥ \Where f is the degree of the residual field
extension for E/F. This shows that if the statement is true for some my, then it is true
for all m.

If F+pg = F+og, then for u € o write u = x+y withx € Fand y € pg. Then clearly
x € oy and therefore u = x(1+ x'y) € 05(1+ pg). This shows that 0 = 05(1+ pz),
i.e., that E/F is ramified. The case where E/F is unramified follows.

Assume now that E/F is ramified. Then o} = 05(1+ pg) € F + pg, and therefore
o = ppUoj € F+pg. Itfollows that F+og = F+pg. Assume that ®3' = x+ywithx € F
and y € og. Then x' = (@3' - y) ™! is a uniformizer of E that lies in F contradicting

the assumption that the extension ramifies. It follows that F + 0g ¢ F + pgl, and the
lemma follows. [ |

Recall that the conductor of a non-trivial character £ of E is the minimal integer m
such that & is trivial on p¥'. For a € E let y,(x) = w(ax), x € E, so that {y, : a € E}
is the group of all characters of E.

Lemma 4.2 Let m be an integer.

(i) If E/F is unramified, then there exists a character of E trivial on F of conductor
m.

(i) If E/F is ramified, then there exists a character of E trivial on F of conductor
2m. Furthermore, all non-trivial characters of E that are trivial on F have even
conductor.

Proof IfE is ramified over F, then it follows from the identity F + p2™*! = F + p2™
of Lemma 4.1 that the conductor of any non-trivial character of E that is trivial on F
must be even.

Note that the set of non-trivial characters of E that are trivial on Fis {y, : a € F*}.
Since the conductor of y, is c—v, where ¢ is the conductor of y and v is the E-valuation
of a, and since the image of F* under the E-valuation is Z if E is unramified over F
and 2Z otherwise, the lemma follows. ]

If A is an abelian locally compact totally disconnected group, we denote by A its
group of smooth characters.

Recall that the conductor of y € EX is zero if y is unramified (i.e., trivial on 0%)
and is the minimal positive integer m such that x|1,p» = 1 otherwise. For m > 0, we
denote by (EX/F*)(m) the subset of EX consisting of characters of E* trivial on F*,
and of conductor at most m.

Note that, in fact, (EX/F*)(m) is the group of characters of the finite group

E*JF*(1+p}).
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Lemma 4.3 Let m > 1 be an integer.

(i) IfE/F is unramified, then (E*[F*)(m—1) ¢ (E*/F*)(m), and the natural map
from (E*[F*)(m) to ((1+pg)/(1+ pr +p})) induced by restriction is surjec-
tive.

(ii) IfE is ramified over F, then

(EX[F*)(2m 1) & (E*[F*)(2m) = (E*[F*)(2m + 1),

and the natural map from (E*[F*)(2m) to ((1+pg)/(1+pp +p3™)) induced
by restriction is surjective.

Proof Notethat (1+pg)nF*(1+p¥%) = 1+pp+ply . Itfollows that (1+pg) /(1+pr+py )
imbeds as a subgroup of the finite abelian group E*/F* (1+p}' ), and the surjectivity of
the restriction map follows. Furthermore, the trivial character is the only unramified
character of E* that is trivial of F*, while the group F*(1+pg) is strictly contained in
E*if E/F isunramified (it consists of elements of even E-valuation). In the unramified
case, the inequality for m =1 follows.

To complete the proof of the lemma it is now enough to show the following

o 1+pp+py €1+ pp+pftif E is unramified over F and m > 1;

o 1+pp+p2™ =1+pp+p2™ ¢ 1+pp+p2" Lif E is ramified over F.

Ifl+pp+py = 1+pp+py ', thenitis easy to see that F+p} = F+p~!. The inequalities
are therefore immediate from Lemma 4.1. If E/F is ramified, the same lemma shows
that p2™ ¢ F + p2™*!. Write y € p2™ as y = a + z with a € F and z € pZ™*'. Then
a=y-zeFnpi" c pr. Therefore, 1+ pr + p2™ = 1+ pp + p3™*L. The rest of the
lemma follows. ]

Corollary 4.4  Assume that y has conductor zero and let m > 1 be an integer. For any
c € (Fnpg®™) \p>™*!, there exists a character y of E*, trivial on F* and of conductor
2m such that y(cx) = y(1+ x) for all x € p¥.

Proof Note that y, is a character of E that is trivial on F and has conductor 2m. It
therefore restricts to a character of pr + p¥ that is trivial on pr + p%™. Also, x = 1+ x
defines an isomorphism (pr+p%7)/(pr+p2™) ~ (1+pp+p¥)/(1+pp+pi™). There is
therefore a unique character & of (1+pr+py ) /(1+pr+p3”) such that y(cx) = &(1+x)
for x € pr + p%. Since any character on a subgroup of a finite abelian group can be
extended to the group, it follows from Lemma 4.3 that there exists y € (E*/F*)(2m)
such that y(cx) = y(1+ x) for x € p¥'. This identity also implies that the conductor
of y equals 2m. ]

Proposition 4.5 Letn > 1 and n € II(n). If there is a constant y such that
y(1/2, 7, x, w) = y for any distinguished character x of E*, then y = 1 and the central
character ¢, of m is trivial on F*.

Proof The proofis an adaptation of [JNS15, Corollary 2.7]. First, since

Y2, 7, 5, ¥a) = ca(a)y(1/2, 7, x, ), a€F",
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by Lemma 4.2 we can assume that ¥ has conductor 0. According to [JS85, (2.7)] (to
which we refer directly rather than to [JNS15, Proposition 2.6] as the conductor of the
additive character is 1 in [ibid.], and 0 here as in [JS85]), there is a positive integer
m(7) such that for m > m(r), any character y’ of E* of conductor m > m(m) and

any ¢ € p;™, which satisfies ¥’ ((1+ x)) = y(cx) forall x € p%(mﬂ)/zj, we also have

(4.0) y(sm x5 w) =e(s,m X5 y) = ca(c) e(s, 1y, y)".

Let m be such that 2m > m () and take any ¢ € pz™ \ pp™*' if E/F is ramified and
any ¢ € pz2™ \ pz2"*! otherwise. Then, ¢ € (FNpz*™) \ pz>™*, and by Corollary 4.4,
the character y, restricted to p}' is of the form x — y(1+x) for y a character of E*/F*
of conductor 2m.

As €(1/2,1px, x, ¥) = 1 for a distinguished character y, we deduce from (4.1) with
s=1/2and y’ = ythat c,(c)™! = y. Asany element of F* can be expressed as the quo-
tient of two elements of F-valuation at most d, for any fixed d (take d = —|m(7)/2]
if E/F is ramified and d = —m () otherwise), we deduce that ¢, p« = 1px and hence
thaty = 1. ]

5 The Relative Converse Theorem for Discrete Series

In this section we study the extent to which the property y(1/2,7,7,y) = 1, for
“enough” distinguished representations 7, implies that 7 is distinguished.

For a class I, of representations in IT let IT4(n) = 1, N TI(n).

We will build our relative converse theorem for discrete series upon the following
cuspidal relative converse theorem of [HO15], which itself builds upon and refines the
results of [Ok97].

Theorem 5.1 ([HO15]) Letn >2and p € Tlcusp(n) have a central character that is
trivial on F*. Then p is distinguished if and only if y(1/2, p, 7, w) = 1 for any distin-
guished T € Tly_gen(n - 2).

In fact, it follows from Proposition 4.5 that the assumption on the central character
can be replaced by the further requirement y(1/2, p, 7, %) = 1 for any distinguished
character 7 € II(1).

We extend Theorem 5.1 to representations in ITq,, and furthermore, show that it is
enough to twist by distinguished tempered representations of G,,, m < n — 2, except
for discrete series of G, of the form St,(p) with p a cuspidal representation. For these
discrete series we only obtain a weaker result, which says that it is enough to twist by
tempered distinguished representations of G,, for m < n. We focus on the case n > 3,
as for n = 2,3, it is known by [Hak91] and [HOI15] that the converse theorem with
twists by distinguished characters of E* holds for all generic unitary representations
(and in fact for all generic representations when n = 2 by [Mat09b]). When n > 3,
Example 5.6 shows that even for tempered representations, such a converse theorem
cannot hold, so we restrict to discrete series.

For the rest of this section, we assume n > 3. Let ¢, denote the central character of
7 € I1. Our proofis based on three key observations that we first formulate as lemmas.
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The first is [HOI15, Proposition 3.0.3], together with the observation that |n/2| < n-2
forn > 3.

Lemma 5.2 Let & € Tsqr(n) ~ Teusp (1) satisfy 67 = 6" and csjp = 1. If & is not
distinguished, then there exists k < n — 2 and a distinguished 8’ € T1sq: (k) such that
y(1/2,8,8",v) = -1

The following observation will also prove itself useful.
Lemma 5.3 Letp €Il cysp and k € N. If
Jim y(1/2+ 5, St(p), % y) y(1/2 = 5, Stilp), "o w) =1
then p? ~ p¥, and therefore Sty (p)° ~ St (p)".

Proof Since, as meromorphic functions of s € C we have

y(1/2=5,5t%(p), p*, ) y(1/2+ 5, St (p" ), oy 7™") =1,
it follows from the assumption that

y(s, Ste(p)s %> ¥)

(5.1) i =1
s>k y(s, St (p¥) poy )

By Lemma 2.5, we have

=

k+1
y(s:Ste(p).p%v) =1 V(S+T+—i,p,/)”,v/),

Il
—_

y(H%—i,pv,p,vf‘)-

:]x-

y(s.Ste(p¥)spsy ")

1

Il
—_

It follows from Lemma 2.2 that y(s + % —i,p,p% v)and y(s+ % -i,pY,p, v )

are both holomorphic and non-zero at s = % foralli = 1,...,k — 1, and that
y(s+ %, pY, p, ¥ ') has a simple pole at s = % It therefore follows from (5.1) that

y(s+ %,p, p?,v) must also have a pole at s = % By Lemma 2.2 we deduce that
p? ~ pY. Since Stx(p)? ~ Sty (p?) and Stx(p)" ~ Stx(p"), the lemma follows. [ |

Let I, be the class of representations 7 € UL, Iltemp (k) that are of one of the
following two forms:

* T ¢ Il is distinguished or
* 7=0% x §" where § € ITy_gq.

It is a class of distinguished tempered representations.
The key lemma allowing us to twist only by tempered representations is the fol-
lowing application of holomorphic continuation.

Lemma 5.4 Letmwell(n)andmeN.
(i) Ife(1/2,m, 1,y)=1forall v €., thene(1/2, 7, 7, y) = 1 for every distinguished
e Up, II(k).
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(i) Ifm € Hiemp and y(1/2, 7, 7,y) = 1for all T € Ty, then y(1/2, 7, 7,y) = 1 for
every distinguished T € U, TI1 (k).

Proof Letd € Iy sqr(d), where2d < mandfors e Clet 7, = v°6° xv™*4". It follows
from Lemma 2.4(ii) that for Re(s) > 0 we have
e(1/2,m, 1, v) =€(1/2 +s,m, 8% w)e(1/2 -5, m, 8", v).

The right-hand side is an entire function of s € C, and by assumption, it equals 1 on the
imaginary axis. By holomorphic continuation, it is therefore the constant function 1.
It follows that

€(1/2,m,8° x 8%, y) =1, 8 €Ilyq €(8) > 0.

Assume now in addition that 7 is tempered. Then by Lemmas 2.3 and 2.4 the function
y(s, 7,7, ) is holomorphic and non-zero at s = 1/2 for all 7 € II_, . Furthermore, for

[Re(s)| < 1/2 we have
Y2770 9) = P24 51,87 9)p(1[2 - 5,71, 6%, ),

where, by the same lemmas, each factor on the right-hand side is holomorphic for
|Re(s)| < 1/2. By assumption, the right-hand side is identically 1 for all s in the imag-
inary axis and therefore, by holomorphic continuation, also whenever |[Re(s)| < 1/2.
It follows that

y(1/2,m,87 x 8¥,y) =1, & €llsq, 1/2>¢(8) > 0.
The two conclusions of the lemma now follow from Lemma 2.4 and Proposition 2.9.

For discrete series we can now obtain a relative converse theorem with tempered
twists.

Theorem 5.5 Let § = Sti(p) € Isqr(n). Suppose that k # 2 and y(1/2,6,7,y) =1
forall T € Te,_y; then 8 is distinguished. If k = 2, and y(1/2, 8,7, y) = 1for all T € I,
then § is distinguished.

Proof Write § = Sti(p) where p € Ilcysp. Notice that according to Proposition 4.5,
the central character of § is trivial on F*, so, in fact, § € Ily.sqr(7), i.€., p € Iy cusp.
If k = 1, then the statement is that of Theorem 5.1. Assume that k > 3. As n > 3, this
implies that if k = 3, then p is a representation of G, for some m > 2. In particular
v p? x v*p" is a representation of G,_(x_z), for any s,and n - (k - 2)m < n - 2.
Hence by assumption, we have
y(1/2,8,v'p? xv=*p¥,¥) =1, seiR,

while, by Lemma 2.3,

Y(1/2,8,v°p% xv7pYy) = y(1/2+5,8,p%,9)y(1/2 = 5,8, p",y),  seiR.

Since the right-hand side is a product of two meromorphic functions for s € C, it
follows by meromorphic continuation that

y(1/2+5,0,p%9)y(1/2 =5, 8,p",y) =1
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as meromorphic functions of s € C and in particular that
lirkr} y(1/2+5s,8,p%,v)y(1)2-5,8,p", ) = 1.
s—k/2

It therefore follows from Lemma 5.3 that §° ~ §Y. The theorem now follows from
Lemma 5.2. The case k = 2 is in fact the same, but in this case v’p? x v™*p" is also a

representation of G,, hence we are forced to allow twists by I'c,,. ]

Example 5.6 Forevery n > 4 we now exhibit a non-distinguished representation 7 €
iemp (1) so that €(1/2, 7, 7, ) = 1 for all distinguished 7 € IT and y(1/2, 7, 7, y) = 1
for all distinguished 77 € II_; . Let

n—4
T=St3(n) x px1x--x1.

Then 7 is not distinguished; e.g., by Proposition 2.9 and for any 7 € II, we have

e(1/2,7,m,y) = e(3/2, 1, m,y)e(-1/2, 1, 1, y)e(1/2, 1, 7, y)*e(1/2, 1, 7, )"

If 7 is distinguished, it follows from Lemma 3.1(iii) that

e(3/2 1 m V)12 my) = 1,
from Lemma 3.1(iv) that e(1/2, 7, 7, ¥)? = 1, and from Theorem 3.6 that

e(1/2,1,m,y) = 1.

Since 7 is tempered, it further follows from Lemmas 2.3 and 2.4 that L(s, 7, 7r) is
holomorphic at s = 1/2 whenever 7 € TI_1, and therefore that y(1/2, 7,7, y) = 1by
Lemma 3.1(ii).

6 Triviality of Root Numbers-Archimedean and Global
Complements

Let K be either R or C, and in this section only, let G, = GL,,(K). By a representation
of G, we mean an admissible, smooth Fréchet representation of moderate growth
(see [Wal92, 11.6.8]). Let I1(n) be the set of irreducible representations of G, and
IT = U;2, I(n). Fix a non-trivial character v and for 7, 7 € I, let L(s, 7, 7) and
€(s,m, 7) be the archimedean L and e-factors defined via Langlands parameterization
in terms of representations of the Weil group (see [Sha85]). The y-factor y(s, 7, 7, y)
is defined by (2.1) where 7" is the contragredient of 7.

Recall that the subset ITq, of essentially square integrable representation in II is
contained in IT(1) if E = C and in IT(1) UTI(2) if E = R. As in the p-adic case, let v =
|det| denote the absolute value of the determinant on G, for any n and for 7y, ..., 7y €
ITlet 7y x - - - x 7. denote the associated normalized parabolic induction. For § € IT g,
let e = e(J) € R be such that v=4 is unitary. By the Langlands classification for any
m € T1, there exist dy, ..., 8k € Ilsq, such that e(8;) > - > e(8x) and 7 is the unique
irreducible quotient of the standard module

A() = 81 x -+ x O
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If furthermore, 7 € II has associated standard module A(7) = &7 x --- x &} with
01,...,0; € Ilsq, then it essentially follows from the definitions that

ko1
(61) L(s,m1) =TI

i=1j

ko1
L(s,8;,07) and e(s,m,7,y) = I1T1€(s, 8i, 8, v).

1 i=1j=1
6.1 Triviality of the Archimedean Root Number for Distinguished Representations

Assume here that E = C, let z° = Z, z € C be complex conjugation, and let |x + iy| =
x% + %, x, y € R be the normalized absolute value. Let y(z) = e >"(*"?)_ For a
character £ of C* we further denote by L(s, £), €(s, &, v) the local Tate L and € factors

and let (s £ )L -
_e(s, 6 y)L(l—-5, 8
Y(S’ 6’ W) - L(S, g) .

We recall the functional equation

(6.2) Y& &EWy-s8hy ) =1=e(s Ly)e(l-s§hy™).

A representation 7 of G, is distinguished if there exists a continuous linear form
0 # £ e Homgy, (r)(7,1).

Every character of C* is of the form

z m
fum(@)=1d" (), ueCamez,

The character &, ,, is distinguished if and only if u = 0 and m € Z.
Let py = &o.x, k € Z parameterise all distinguished characters. It follows from the
explicit computations of Tate’s thesis that

(6.3) €(1/2, pr>v) =y(1/2, prow) =1, keZ.

As in Proposition 2.9, based on the Langlands classification, the following is im-
mediate from [Kem15, Theorem 1.2].

Proposition 6.1 Let A be a distinguished standard module of G,,. Then there exist
characters &, ..., &, x1, ..., xs of C* with e(&) > --- > e(&;) > 0 and y; distinguished
fori=1,...,s such that

1

/1:Efx...xf?xxlx...xxsxft_lx...xfl_'

By the uniqueness of the Langlands data, we have the following corollary as an
immediate consequence (for generic representations, this is [Kem15, Theorem 1.4]).

Corollary 6.2  Let t € I1 be distinguished then n° ~ i

We can now formulate the triviality of the local root number for distinguished
representations.

Theorem 6.3  Let 7, 7 € I1 be distinguished. Then ¢(1/2, m, 7,¥) = 1.

Proof It follows from (6.1), (6.3), and Proposition 6.1 that it is enough to show that
e(1/2, 8%, y)e(1/2,§7y) =1
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for all characters & of C*. Since y’ = y', we have €(1/2, &%, v) = €(1/2, &, y') and
the required identity follows from (6.2). ]

Let I'c(s) = 2(2m)°T(s) where T is the standard gamma function. It is a mero-
morphic function of C that is nowhere vanishing, has simple poles at s € Z, and is
holomorphic everywhere else. Recall further from Tate’s thesis that

L(s, & m) =Te(s+u+|m|).

In particular, we have

* L(s, px) is holomorphic at s = 1/2 for all k € Z;
e L(s,&,,,) hasa (simple) pole at s = 1/2 if and only if u + 1/2 + |m| € Z.

Asin the p-adic case we consider the following classes of representations in IT. The
tempered representations

Htemp = {{1 Xoeee X Ek : {i € H(l), E(Ei) = Oai:1>--->k},
1_I< = {El Xoeee X fk : fi € H(l)’ |e(£l)| < 1/2’1 = 1)”-)k}’
which is a set of generic irreducible representations containing all unitary, generic

ones. Based on the above, the following is obtained, as in Theorem 3.7. We omit the
proof.

1
2

Theorem 6.4  Let 7, 7 € Il be distinguished representations. If w € Il.1 and 7 € Iiemp,
then y(1/2,m,7,y) = L.

6.2 The Split Case

Let F be alocal field and E = F @ F. Let (x, )° = (¥, %), x, y € F. Fix a non-trivial
character y, of F and let w(x,y) = yo(x — y), x, y € F. Set here, G, = GL,(E) =
GL,(F) x GL,(F), and let ITI(n) be the set of irreducible representations of G, and
I1 = U;2, II(n). A representation 7 € IT is of the form 7 = m; ® 7m,, where 7; are irre-
ducible representations of GL,, (F), i = 1,2. We say that 7 is distinguished if 77, ~ 7’.
For m = m; ® 2, T = 71 ® 1, € II the local Rankin-Selberg e-factor is defined by

e(s, 7,7, 9) = €(s, 1, T1, Yo )€(S, 2, T2, Y ).
As an immediate consequence of the standard functional equation for e-factors
(Lemma 3.1(iii)) we have the following lemma.

Lemma 6.5 Let 7, 7 € I1 be distinguished. Then e(s, 7w, 7,y) = 1.

6.3 Triviality of the Global Root Number for Distinguished Cuspidal Representa-
tions

Let E be a number field and A = A the ring of adeles of E. Fix a character y of A/E
and let Vg be the set of places of E. For a pair of irreducible cuspidal automorphic
representations 77 ~ @)y, 7, of GL,(A) and 7 ~ ®),.y, 7, of GL,,(A), consider the
Rankin-Selberg L and € functions defined as the meromorphic continuation of the
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products

L(s,m7)=II L(s,my,7,) and e(s,m, 1) = II €(s,my, v, ¥y).
veVg veVg
The first converges for Re(s) > 1 and the second converges everywhere to an entire
function, independent of y. They satisfy the functional equation

L(s,m,1)=¢€(s,m,1)L(1-s,7",1").

Assume now that E/F is a quadratic extension of number fields and let GL,, (Af)* =
{g € GL,(AF) : |det g| = 1} (where || is the standard absolute value on A). We say
that 77 as above is distinguished if there exists a cusp form ¢ in the space of 7 such that

h) dh 40.
/(;Ln(F)\GLn(AF)1¢() t

For v € Vg let E, = F, ®f E and consider F, as a subfield of the algebra E, via
a~a®l Then A = [T,.y, E, and GL,(A) = I1,.y, GL.(E,). We can decompose
accordingly, ¥ = [Ty, ¥y and 7 = @)y, 7,. If v is inert in E and w € Vg is the
unique place above v, then E, = E,,, GL,(E,) = GL,(Ew) ¥y = ¥ and 7, = m,,. If
v splits in E and wy, w, € Vg lie above v, then E, ~ E,, ® E,,, ~ F, & F,, GL,(E,) ~
GL,(F,) x GL,(F,), ¥, = ¥y, ® ¥, and 7, ~ 7, ® 7,,, accordingly.

Finally, clearly E + Ap is strictly contained in Ag. Indeed, if o is the Galois action
for E/F,then x—x° € Eforall x e E+ Ap. Ifa € Ex Fissuch that a® € Fand wy € Vg
lies over a place of F that is split in E let x € Ag be such that x,,, = a and x,, = 0 for
all wyg # w € V. Then x — x° ¢ E. Consequently, there exists a non-trivial character
of A/E that is trivial on Ap.

Theorem 6.6  For a pair of integers n, m and irreducible cuspidal automorphic repre-
sentations 1 =~ @)y, M, of GL,(A) and T~ ®; .y, 7y of GLy(A), if both m and T are
distinguished, then ¢(1/2, 7, 7) = 1.

Proof Evidently, 7, and 7, are distinguished for all v € V. Note that e(1/2, 7, 7) =
[Tyev, €(s, my, 7y, ) for any choice of non-trivial character y of A/E. We can choose
¥ to be trivial on Ap, and then v, is a non-trivial character of E, that is trivial on
F, for all v € Vg. The theorem therefore follows from Theorems 3.6 and 6.3 and
Lemma 6.5. |
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