Nagoya Math. J. 214 (2014), 125-168
DOI 10.1215/00277630-2643839

TORIC DEGENERATIONS OF INTEGRABLE SYSTEMS
ON GRASSMANNIANS AND POLYGON SPACES

YUICHI NOHARA anp KAZUSHI UEDA

Abstract. We introduce a completely integrable system on the Grassmannian
of 2-planes in an n-space associated with any triangulation of a polygon with
n sides, and we compute the potential function for its Lagrangian torus fiber.
The moment polytopes of this system for different triangulations are related
by an integral piecewise-linear transformation, and the corresponding poten-
tial functions are related by its geometric lift in the sense of Berenstein and
Zelevinsky.

§1. Introduction

Let n be an integer greater than 2, and let » = (r1,...,7,) be a sequence
of positive real numbers satisfying

(1.1) i <ride vttty

for each i =1,...,n. The polygon space M, is defined by
n
My ={@ = (@1, 20) €[] 8%0) |1+ -+ + 20 =0} /S0(3),
i=1

where S2(r;) C R? is the 2-sphere of radius r; centered at the origin and
where SO(3) acts diagonally on []i; S?(r;). A point € M, is regarded as
a congruence class of a closed spatial polygon with sides z1,...,z,. Condi-
tion (1.1) implies that M,. # () and that dimg M, = 2(n — 3). The variety
M, is singular if and only if Y ", €r; =0 for some (ey,...,€,) € {1},
and the singular locus of M, consists of © = (x1,...,x,) € M, satisfying
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126 Y. NOHARA AND K. UEDA

>oii€ix; = 0. In particular, the polygon space M, has at worst isolated
singularities for any . The polygon space M, has a natural structure of a
projective (and hence Ké&hler) variety coming from the identification

M, = (CPH" JPGL(2,C).

The geometric invariant theory (GIT) quotient on the right-hand side is
a compactification of the configuration space of n points on CP!, which
has a long history of investigation going back to the nineteenth century.
Furthermore, the Gelfand—MacPherson correspondence (see [GM]) gives an
isomorphism between the polygon space and the symplectic reduction of the
Grassmannian Gr(2,n) of 2-planes in C" by a maximal torus T, of U(n):

(1.2) My Gr(2,n) [/ Ty ().

It is also known (see [Fo], [HMM], [J], [MP], [T]) that M, is symplectomor-
phic to the moduli space of parabolic SU(2)-bundles on CP! for sufficiently
small r.

Recall that a completely integrable system on a symplectic manifold
(X,w) of dimension 2N is an N-tuple of functions

D= (p1,...,0on): X — RY,

which are functionally independent (i.e., dp1,...,dpyn are linearly inde-
pendent) on an open dense subset and mutually Poisson commutative;
{¢i,;} =0 for any i,j. The Arnold-Liouville theorem states that generic
fibers of ® are Lagrangian tori if the fibers are compact and connected.
The toric moment map on a toric manifold is an example of a completely
integrable system.

Fix a convex planar polygon P with n sides called the reference polygon.
The set of triangulations of P is in natural one-to-one correspondence with
the set of trivalent trees with n leaves by sending a triangulation to its dual
graph I'. We often say a triangulation I" by abuse of notation. The set of
triangulations I'" can naturally be identified with the set of vertices of the
Stasheff associahedron, which in turn is identified with the set of ways to
parenthesize a product of n — 1 elements into binomial operations.

For any triangulation I' of the reference polygon, Kapovich and Millson
[KM] and Klyachko [KI] constructed a completely integrable system

dr: M, — R 3
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called the bending system. For a particular triangulation I' called the cater-
pillar (see Figure 1), the bending system comes from the Gelfand—Cetlin
system (see [GS]) on the Grassmannian Gr(2,n) through the symplectic
reduction (1.2) above (see [HK]).

The first main result in this article is the following.

THEOREM 1.1. For any triangulation I' of the reference polygon, there
exists a completely integrable system

Ur: Gr(2,n) — R4

which induces the bending system ®r on M, through the symplectic reduc-
tion (1.2).

Triangulations of the reference polygon are related to toric degenerations
of Gr(2,n) by Speyer and Sturmfels [SS]. On the other hand, the notion of
a toric degeneration of an integrable system is introduced in [NNU1] (see
Definition 6.1). Our second main result is the following.

THEOREM 1.2. For any triangulation I' of the reference polygon, the com-
pletely integrable system W on Gr(2,n) admits a toric degeneration.

Since the toric degeneration of Gr(2,n) is Ty (,)-invariant for any trian-
gulation I', it induces a toric degeneration of M,. The deformation of ¥
in Theorem 1.2 is Tyy(,,)-invariant, and we obtain the following.

COROLLARY 1.3. The toric degeneration of Wr : Gr(2,n) — R*"=4 in

Theorem 1.2 induces a toric degeneration of the bending system ®p : M, —
R"3.

Kamiyama and Yoshida [KY] and Howard, Manon, and Millson [HMM]
also study the relation between toric degenerations of polygon spaces and
bending systems from a slightly different point of view.

For a triangulation I' of the reference polygon, let Xt be the toric vari-
ety obtained as the central fiber of the corresponding toric degeneration
of Gr(2,n). The image Ar of the toric moment map of Xr coincides with
the moment polytope of the integrable system Wr : Gr(2,n) — R?*~* by
Theorem 1.2.

THEOREM 1.4. For any pair (I',T") of triangulations of the reference poly-
gon, there is a piecewise-linear automorphism

TF,F’ . RZH—4 N RQTL—4
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128 Y. NOHARA AND K. UEDA

of the affine space such that Tr r(Ar) = Ar. The map Tt 1 is defined over
Z if Ar is an integral polytope.

If two triangulations are related by a single Whitehead move (see Fig-
ure 5), then the corresponding integral piecewise-linear transformation has
the form (..., u,uy,ug,us, ug,...)— (..., 0 uy,us, us, uy,...), where

v =u —min(uj + ug, uz + ug) + min(ug + ug, us + usz)
(1.3) =u+min(u; — ug,ug — U, U3 — Ug, Ug — U3)
—min(u; — ug,Ug — U, U — U3, U3 — UD).

In general, any two triangulations are related by a sequence of Whitehead
moves, and the corresponding integral piecewise-linear transformation is an
iteration of the transformation above.

The potential function is a Floer-theoretic invariant of Lagrangian sub-
manifolds introduced by Fukaya, Oh, Ohta, and Ono [FO+1]. It gives the
“superpotential” of the mirror Landau—Ginzburg model for toric mani-
folds (see [CO], [FO+2], [FO+3]). In [NNU1], the potential function for
a Lagrangian torus fiber of the Gelfand-Cetlin system (see [GS]) is com-
puted by using a toric degeneration. An essential point in the argument
is the fact that the central fiber is a toric Fano variety admitting a small
resolution, which holds also in the present situation, as in the following.

THEOREM 1.5. For any triangulation I' of the reference polygon, the toric
variety Xt is a Fano variety admitting a small resolution.

As aresult, we obtain an explicit description of the potential function for a
Lagrangian torus fiber of the integrable system ¥ as a Laurent polynomial
over the Novikov ring, as in the following.

THEOREM 1.6. The potential function is given by

_l’_

yOue) | y@u(@) | vy
wo w3 Bt m e )

triangles

where y(a) is a Laurent monomial defined in Section 8 associated with an
edge a of a triangle, and the sum is taken over all triangles in the triangu-
lation T'.

Recall that the geometric lift (see [BZ]) of a piecewise-linear function is
given by replacing summation, subtraction, and the minimum by multipli-
cation, division, and summation.
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THEOREM 1.7. For any pair (T',T") of triangulations of the reference poly-
gon, the potential functions PO and PO, are related by a subtraction-free
rational change of variables obtained as the geometric lift of the piecewise-
linear transformation Tr s in Theorem 1.4.

If ' and I" are related by a single Whitehead move, then the correspond-
ing change of variables is given by

Y1 Y2 Y3 Ya

(15) r_ .y1y4+y2y3: .yz+y1+y4+y3
’ Y1 Ya Y2 Y3
Y1Y2 + Ysya v Tt T

which indeed is a geometric lift of (1.3).

On the other hand, the central fiber of the toric degeneration of a polygon
space may neither be Fano nor admit a small resolution, and one cannot
apply the argument of [NNU1] directly to this case. For example, the moduli
space of pentagons is isomorphic to CP! x CP! for a suitable choice of ,
and it degenerates to the Hirzebruch surface of degree 2, which is not Fano.
In this case, we need to consider contributions of sphere bubbles to the
potential function. This case is studied in detail by Auroux [Al], [A2] and
by Fukaya, Oh, Ohta, and Ono [FO+4].

Our article has the following organization. In Section 2, we recall basic
facts on polygon spaces. We study the bending systems in Section 3. The-
orem 1.1 is proved in Section 4, and Theorem 1.4 is a corollary to Propo-
sition 4.10. Section 5 is devoted to a construction of toric degenerations of
Gr(2,n) in stages, which are used to construct a deformation of completely
integrable systems. Theorem 1.2 is proved in Section 6, and Theorem 1.5
is proved in Section 7. In Section 8, we compute the potential functions for
the completely integrable systems on Gr(2,n), and we prove Theorems 1.6
and 1.7.

§2. Polygon spaces and Grassmannians

In this section, we fix notation and recall the relation between polygon
spaces and Grassmannians.

We identify the Lie algebra u(m) (resp., su(m)) of the Lie algebra of the
unitary group U(m) (resp., the special unitary group SU(m)) with the space
v/ —1u(m) of Hermitian matrices (resp., the space /—1su(m) of traceless
Hermitian matrices). The dual space u(m)* (resp., su(m)*) is identified with
vV —1u(m) (resp., v/—1su(m)) by the invariant inner product (z,y) = tr(zy).
The moment map of the natural U(m)-action on C™ equipped with the
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standard symplectic structure is given by

21
1 1
(2.1) C™ — v —1u(m), z=| : | 522* = 5(21‘3]')1',3‘-

Zm

Recall from Section 1 that the polygon space M, is defined by

M, = {:c = (x1,...,xy) € HSQ(W)
=1

x1+---+xn:0}/80(3)»

where n >3 and m; <ri+---+7ri1+ 741+ +7, for i=1,...,n. To
describe a natural symplectic structure on M,., we identify R? with \/—Tsu(2)

by
h: R = V—1su(2)
w w
2.2 1
(2.2) ; R 23 gl — /122
3 zt 4+ /—1x? —a3 )

Then the SO(3)-action on R? is induced from the (co)adjoint action of
SU(2), and the sphere S2(r;) is identified with a (co)adjoint orbit O,
of diag(r;, —r;), which has the canonical Kostant—Kirillov symplectic form
wo,,. We equip Oy, X -+ x Oy, with the symplectic form ), prjwo,. , where
pr;: Op X -+ X O, — O,, is the ith projection. Then the diagonal SU(2)-
action is Hamiltonian, and its moment map is given by

w:Op X oo x Op, — v/ —15u(2)", (T1yeeoy@p) —> 21 + - + Ty

Hence, one has the following.

ProrosITION 2.1. The polygon space M, is a symplectic reduction of
Oy, X --- X O, by the diagonal SU(2)-action

M, =TJ 0 /] sU@) =n'(0)/SU ().
1=1

Let way, denote the induced symplectic form on M,. Identifying the
symplectic reduction with a GIT quotient ([]_, CP')//SL(2,C), we obtain
a compatible complex structure on (M, way,.).
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Next we recall a relation to the Grassmannian Gr(2,n). Let |r| =), ;.
We consider the natural right U(2)-action on the vector space C"*? of n x 2
matrices. From (2.1), its moment map is given by

zZ1 w1 n
1 %12 Zw;
(23) pu(): €7 = V=1u(2), LT <|zw| |@Z-5>‘
. (2 T (3
Zn  Wp =
Then
zZ1 w1
eyl r| 0
fv@\ o ||
Zn  Wp

if and only if it satisfies
(2.4) Z|Zi|2:Z\wi|2:2|T|v Zzz@i:o-
It follows that Gr(2,n) is a symplectic reduction of C**2 by the U(2)-action
_ (X2 _,,—1 |T’ 0
Gz = e =l (7)) fue

We consider the moment map

(2.5)

1 (|2]? — |w|? 2Zw
.2 _ —
psue) i C° — v —1su(2), (z,w) —> 1 < 95 ]2 — |22

of the standard SU(2)-action on C2. Condition (2.4) implies that

(MSU(2)(217 w),. .. nuSU(2)(Zna wn))

gives a closed n-gon in v/—1su(2) = R? (i.e., it satisfies Y, psy(z) (2, wi) =
0). Since pgy(2) : C? — /—1s5u(2) is a quotient map by the diagonal S'-
action on C2, the quotient Ty(n)\ Gr(2,n) can be regarded as a moduli
space of polygons with fixed perimeter |r|, where Ty;(,) C U(n) is the max-
imal torus consisting of diagonal matrices. Note that the U(n)-action on
Gr(2,n) has the stabilizer of positive dimension. The moment map Ty
Gr(2,n) — R" of the Tys(,)-action on Gr(2,n) is given by

21wy

2 2 2 2
21|% + |wy Zn|* + |wn]
(2.6) Iy (‘ il L1 [2nl” + [0 )

B geeey B
Zn  Wn

Since (|zi|* + |wil?)/2 = 2||h™" o pgy(2)(2i, wi) |rs, we have the following.
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ProprosITION 2.2 ([HK, (3.9)]). The polygon space M, is isomorphic to
the symplectic reduction of Gr(2,n) by the Ty(,)-action

(2'7) M, = TU(n) \\27‘ GI"(Q, n) = TU(n)\:U’;1 (QT)v

where the symplectic structure on Gr(2,n) is the Kostant-Kirillov form on
the (co)adjoint orbit of diag(|r|, |r|,0,...,0) in v/—1u(n) (Zu(n)*).

Propositions 2.1 and 2.2 can be summarized as

My = (Tymy) \2rC"?) 0 SU(2) = Tyy(n) \ar (C2 /1)U (2)),
where [TiL; S%(ri) = Ty () \2rC™*? and Gr(2,n) = C"2 /|, U(2).

83. Bending Hamiltonians

Fix a convex n-gon P C R?, and call it the reference n-gon. Let e1, ..., e,
denote the sides of P labeled in cyclic order. For an oriented diagonal d of
P, we write the corresponding diagonal of € M,. as d(x). If d connects
the ith vertex and the jth vertex for i < j, then d(x) is given by

dx) =1 +Tipo+ -+ x5

or
d(w) =21+ by,

depending on the orientation of d. We define ¢4 : M, — R to be the length
function

pa(x) = |d(z)|

of the diagonal. Kapovich and Millson [KM] proved that its Hamiltonian
flow folds the polygon along the diagonal d at a constant speed. Thus, ¢g4
is called a bending Hamiltonian.

We say that two diagonals d and d’ are noncrossing if they do not intersect
in the interior of P.

THEOREM 3.1 ([KM, Section 3], [Kl, Section 2.1]). If diagonals d and d’
are noncrossing, then g and pg are Poisson commutative. Furthermore,
each choice of (n — 3) mutually noncrossing diagonals gives a completely
integrable system on M., and the functions pq give action variables.
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Figure 1: The caterpillar.

Note that such a choice of (n — 3) diagonals defines a triangulation of
the reference n-gon P. Here we consider only triangulations whose vertices
coincide with those of P. Let I' denote the dual graph of a given triangula-
tion. The graph I is a trivalent tree with n leaves labeled by sides ey, ..., e,
of P and (n — 3) interior edges labeled by the diagonals dy,...,d,—3. We
often say a triangulation I' by abuse of notation. We write the completely
integrable system given by I' as

Br = (Qdys-- s Pdy_s) : My — RS
and we call it the bending system associated to I'. The image
Arp(r) := &p(M,) CR"3
is the convex polytope defined by triangle inequalities.

EXAMPLE 3.2. The triangulation given by d, = €1 + - + eq+1 (@ =
1,...,n —3) is called the caterpillar (see Figure 1). Let (uy,...,u,—3) be
the coordinates on R"~3 corresponding to the bending Hamiltonians ¢g,, .
The image Ar(r) is a polytope defined by triangle inequalities

|r1 —ra| <wuy <7y 47,

lur —r3| <wug <wug +rs,

|un74 - rn72| < Up—3 < Up—a +Tp—2,
|7"n71 - 7ﬁn| <Up—3<Tp_1+7Tn.

EXAMPLE 3.3. Suppose that n =5, and consider a triangulation given by
di =e1+ ea, do =e1 + eg + e3. If all side lengths r1,...,r4 are close, then
M, is isomorphic to CPP? blown up at four distinct points (see [Kl, Example
10.4] or [HK, (6.3)]), and the image Ar(r) is a heptagon shown in Figure 2.
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Ug

Ty + s
T3l

Ty — T3l U

Figure 2: The image of the bending system in Example 3.3.

€2
Iy €1 Ty

€3 es €3 es

€y €4

Figure 3: Two triangulations in Example 3.4.

ExAMPLE 3.4. Let n=>5, and assume that 1 > ry > 0 and that
r14+re <min(—rg + 714 + 15,73 — T4+ 75,73+ 14— T5).

In this case, M, is isomorphic to CP* x CP* (see [HK, (6.2)] or [Fo, Sec-
tion 5]). We consider two triangulations I'; and I's shown in Figure 3. The
images Ar, (r) and Ar,(7) of the corresponding bending systems are shown
in Figure 4. Note that Ar,(r) is the moment polytope of the standard
moment map on CP* x CP!, while Ar,(r) is that of the Hirzebruch surface
Fy =P(Op1 & Op1(2)) of degree 2. Note that Fy is symplectomorphic to
CP! x CP! (but not isomorphic as complex manifolds).

As we have seen in Example 3.4, the bending system, and hence the
corresponding image Arp(r), depends on the choice of a triangulation T'.
We compare the polytopes Ar,(r) for different triangulations I'; and T's.
Recall that a Whitehead move (for triangulations) replaces a diagonal of a
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U Ug
re 1+ 7
A s+t
T ST R
a rg T —Tof-
~ Ty T+ g
s + T —————— :
‘ T3 T1 T2
T3 =Ty T3+ T Ty T2 TPF T

Figure 5: A Whitehead move.

quadrilateral with the other one (see Figure 5). Since triangulations can be
transformed into each other by sequences of Whitehead moves, it suffices
to consider the case where I'y and I'y can be transformed to each other
by a single Whitehead move. Suppose that I'; is transformed into I's by
a Whitehead move in a quadrilateral with sides a1, a0, as,aq replacing a
diagonal d = +(ay + az) with d’ = +(az + a3). Note that a; is either a side
e; of P or a diagonal d, contained in both of I'; and T's. Let u, v/, and
u; be the coordinates corresponding to d, d’, and a;, respectively, where we
assume that u; =; is a constant if a; is a side e; of P.

ProproSITION 3.5. Under the above situation, the piecewise-linear trans-
formation

v =u —min(uj + ug, uz + ug) + min(ug + ug, ug + usz)
(3.2) =+ min(u; — ug, us — Uy, Uz — Uy, Ug — U3)

— min(u; — ug, ug — UL, Uz — U3, U3 — U2)
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gives a bijection Ar,(r) — Ar,(r). In particular, this map preserves the
area of Ar,(r) and the number of integral points in Ar,(r) in the case
where Ar,(r) is an integral polytope (i.e., v € (Zso)").

Proof. Since the triangle inequalities for u are
max(]ul — ug|, lus — U4|) <wu <min(uj + ug,us + uy),
the length of the range of w for fixed uy, ..., uq is
min(uy + ug, uz + ug) — Inax(|u1 — ugl, |uz — U4\).
Since min{a; | € I} + min{b; | j € J} =min{a; + b; |i € I,j € J}, we have
min(uy + ug, usz + ug) — max(|u1 — ugl, |ug — U4|)
(3.3) =min(uj + ug, uz + ug) + min(u — ug, Uy — U, U3 — Ug, Ug — U3)
= min{2u;, w1 +ug + ug +ug — 2u; | 1 < 4,5 <4}
Similarly, the length of the range of v’ is
min(uj + ug, ug + ug) + min(u; — ug, ug — Uy, Uy — U3, U3 — U2)
= min{2u;, u1 + ug + ug +ug — 2u; |1 <4,5 <4},

which is identical to (3.3). Hence, (3.2) gives an area-preserving transfor-
mation. Moreover, if uq,...,us € Z, then (3.2) is defined over Z, and hence
the number of integral u is also preserved. U

ExAMPLE 3.6. Let I'y and I'y be the triangulation in Example 3.4. Now
I'; can be transformed into I's by a two-step Whitehead move shown in
Figure 6. Let u, and ), (o =1,2) be the coordinates corresponding to d,

€9 €9 &

€1 €1

€3 €3

€4 €4 €4

Figure 6: Whitehead moves sending I'; to I's.
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and d’

', respectively. The piecewise-linear map corresponding to the first

Whitehead move is given by

(u1,uy) = (u1,ug + max(|uy — r1,|rg — r5]) — max(|uy — r4|,75 —11)).
Since

max(|u1 —ril,|ra — r5|) =u; — 11, max(|u1 — 14|, 75 — rl) =75 —1]
on r3 —ro < uyp <13+ ro, the above map is given by

(U1,U/2) = (u1,u2 +uy —75)

on Ar, (r) (see Figure 7).
Uy Ui

7’3+T1+’I"2 ............ ...... L

P Ty [

T3 _ rl + 7"2

Ts — T .

Uq : : Uq

T3 T2 T34 Ty T3 =Ty T34 Ty

Figure 7: The first piecewise-linear transformation in Example 3.6.

T3+ T+ T T3+ T+ T

rg— 11+ Ty rg— 7T+ Tyl

7"3 — Ty — Ty
....... u )

Figure 8: The second piecewise-linear transformation in Example 3.6.
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The piecewise-linear transformation for the second Whitehead move is
(u’l,ué) = (u1 + max(|u/2 —r3l, (r1 — r2)) — max(|u’2 —ry|,rg — 7“2),2/2),
which coincides with
(uy,uy) = (u1 —min(uy — ro,73 — rl),ué)
on the image of Ar,(r) (see Figure 8).

§4. Completely integrable systems on Gr(2,n)

Hausmann and Knutson [HK] proved that the Gelfand-Cetlin system
(see [GS]) on Gr(2,n) induces the bending system on M, under the sym-
plectic reduction in the case where the triangulation is the caterpillar. In
this section, we construct a completely integrable system on Gr(2,n) that
induces the bending systems for each triangulation I'.

Fix a triangulation I' of the reference n-gon P. For each side e; (i =

1,...,n) and diagonal d, (a=1,...,n — 3), we associate a subgroup of
U(n) as follows. For a side e;, we associate a subgroup isomorphic to S!
given by
Lia
Si=50 = st c U(n).
Tn—i

For adiagonal do = ;c; €, the corresponding subgroup Uy = Ug, = U(|14])
is defined by

Ua, = {(9ij) €Un) | (9i5)i,jer. €U (1a]) and gij = ;5 for (i,5) ¢ 12}

REMARK 4.1. The noncrossing condition for d,,dg is equivalent to that
I, and Ig satisfy I, D Ig, I C Ig, or I, NIz ={. Hence, each pair G1,G> €
{Ur,...,Upn—3,5%,...,SL} of subgroups satisfies G1 C G2, G1 D Ga, or G1 N
Go = {1} in U(n).

Recall that the moment map jir/(,) : Gr(2,n) — u(n)* = /—1u(n) of the
U (n)-action is given by

21wy 21wy

N =

Z1 ... Znp _(zﬁj+wiwj)
Wy ... Wy 2 ij

Zn  Wn Zn  Wn
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Then the moment maps for S! and Uy, are given by
i @

il il

e, : Gr(2,n) — R, e, (2, W) 5

and

pr, Gr(2,n) = VEIR(L), g () = (P
1,j€Io
respectively. Note that fir(,) embeds Gr(2,n) into v/—Iu(n) as the adjoint
orbit of diag(|r|,|r[,0,...,0). In particular, ugy (2, w) has rank 2 for any
[z,w] € Gr(2,n), and hence the rank of up, (2, w) is at most 2. Let Ay 1 (2, w) >
Aa,2(2,w) > 0 be the first and second eigenvalues of py, (2, w).
Recall that the moment map is a Poisson morphism, as in the following.

PROPOSITION 4.2 ([Ko]). Let G be a compact Lie group acting on a sym-
plectic manifold (X,w) with a moment map p: X — g*. For f1, fo € C*(g*),
we have

W fr, 1™ foy x = ™ { f1, fa}ors

where { , }g« is the natural Poisson structure on g*.
This immediately yields the following.

COROLLARY 4.3. Let G be a compact Lie group acting on a symplectic
manifold (X,w) with a moment map p: X — g*, and let f1, fo € C*>(g*)
be smooth functions on g*. If either fi or fo is Ad*(G)-invariant (i.e., if
it is constant on each coadjoint orbit), then p*f1 and p*fy are Poisson
commutative:

{w* f1, 1" f2}x =0.

We also have the following.

LEMMA 4.4. Let (X,w) be a symplectic manifold, and assume that two
Lie groups Gy, Ga act on (X,w) in Hamiltonian fashion with moment maps
pi: X — gt i=1,2. If G1 and Go satisfy either G1 C Gy or G1 NGy ={1}
i the group of symplectomorphisms, then

{mifr, w5 fo}x =0

or Ad*(G,)-invariant functions f; € C*(g*)%, i=1,2.
f gz 2 Y
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Proof. We first assume that G; C Go. Then pu; is a composition of us :
X — g5 and the natural projection p: g5 — g7. From Proposition 4.2, we
have

{uifipafotx ={uap” fi,uafotx = wa{p™ f1, fa}e; = 0.

Next, we consider the second case. Then the moment map of the action of
G = G x Gy is given by

p=(p1,p2) : X — g1 @ g5,

and we have j; = p; oy, where p; : g7 @ g5 — g is the ith projection. Since
i fi = p*(pr fi) and pt fi € C>(g; ©g3)”, the Poisson commutativity follows
from the argument in the first case. 0

This shows the following.

PROPOSITION 4.5. The functions pe,, i =1,...,n and Ao j, a=1,...,n—
3, j=1,2, are mutually Poisson commutative.

Proof. This follows from Remark 4.1, Proposition 4.2, Lemma 4.4, and
the fact that A\, ; and v, are pullbacks of invariant functions. []

Since the number #{\, j, %, } = 3n — 6 of functions we have obtained
is larger than (1/2)dimg Gr(2,n) = 2n — 4, these functions cannot be func-
tionally independent. In fact, there is one linear relation for each triangle in
the triangulation. For example, for a triangle whose edges are three diag-
onals, say, di, do, and d3 = d; 4+ da, Uy x Uy is a subgroup of Us, and the
moment map f, has the form

_ [ By *
HUs = < * /~LU2> '

A31+ Ag2 =truy,

Hence, we have

= trpy, +tr po,
=A1+ A2+ A1+ Ao

Set g4, = A2 for each diagonal d,. We claim that

Up = (@Ddlﬂl}dz, s 7wdn_37¢617 s 7w€n—1) : Gr(27n) — R2n_4

is a completely integrable system on Gr(2,n).

https://doi.org/10.1215/00277630-2643839 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2643839

TORIC DEGENERATIONS OF INTEGRABLE SYSTEMS ON GRASSMANNIANS 141

PROPOSITION 4.6. We have that (Y4, ,Vdy, - - -,Vd,_s) induces the bending
system ®r on M, by the symplectic reduction (2.7) up to sign and additive
constants.

Proof. Note that the set of nonzero eigenvalues of AB for not necessarily
square matrices A and B is bijective with the set of nonzero eigenvalues of
BA. Tt follows that the first and second eigenvalues Ay 1, Aq,2 of

1
pu, (z,w) = §(Zi,wz‘)iefa(zi7wi)f€1a e vV—1u(|l,])

coincide with those of

(4.1) £ (i), (2w =EZ L € V-lu2)
' g el TSl T g S Ny i |

Since (4.1) is Ty (,)-invariant, its eigenvalues A, ; descend to functions on
M. Recall from Section 2 that sides of the polygon are given by

L (P hwil) /2 Ziw;
“SU@)(Z“wZ)‘i( aw (il Ja)/2)

considered as an element of R? by the isomorphism A : R® =5 su(2). Then
(4.1) can be written as

1 |2i|? + |ws]? 0 >
Zi,Wi) + = ’
E psu(e)(zi; wi) 42( 0 |2i|* + Jwg|?
icl, i€l

whose second term is a constant ), ; diag(r;,7;) on the level set Mi}( )(21“),

while the first term }_,c; fgy(2)(2i,wi), which is the ath diagonal, has
eigenvalues +¢,. Hence, we have

)\a,2 = —Pa+ Z T
i€lq

on M,.. U
The next lemma completes the proof of Theorem 1.1.

LEMMA 4.7. The functions in Wr are functionally independent.
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Proof. For a function f, let {; denote its Hamiltonian vector field. From
Proposition 4.6 and the fact that the bending Hamiltonians are function-
ally independent, &, g &y 0, s AT€ linearly independent and transverse to
Ty (ny-orbits on an open dense subset of a level set ,ui}(n) (r) C Gr(2,n) for
generic . On the other hand, §pey -+ 18, _, give basis of tangent spaces
of Ty (n)-orbits, and thus {& do s Ste, }a.i are linearly independent on an open
dense subset. []

REMARK 4.8. From the facts that the bending Hamiltonians ¢, are action
variables and ), are moment maps of S L_actions, the functions (Y Ve )i
are also action variables.

Recall that lengths of sides and diagonals of the polygon are given by

i =Ve; /2 and @a, = i Ve /2 — Va,- Let (Ueys- . Ue, iy Udys- - -5 Ud,_5)
be the coordinates on R?"~* corresponding to e, and 1q, , and define other

coordinates corresponding to length functions for a € {ey,...,ep,d1,...,
dn—3} by

%uei, a=¢; (i=1,....,n—1),
(4'2) u(a) = |7'| - % ?:_11 Ue; a = €n,

1 _
—Uq, + 5 Ziela Ue;, a=dgq.

THEOREM 4.9. Let Ar be the polytope in R*" =4 defined by triangle inequal-
ities

(4.3) [u(a) — u(b)| < ulc) <u(a) + u(b)

for each triangle in I' with sides a,b,c. Then Ar is the moment polytope of
the integrable system: Ar =W (Gr(2,n)).

Proof. Note that there exists a polygon with prescribed side and diagonal
lengths if they satisfy triangle inequalities. Since the quotient Gr(2,n) /T (n)
can be regarded as a moduli space of polygons with fixed perimeter, the
induced map Wr : Gr(2,n)/Ty ) — Ar is surjective, which proves the the-
orem. []

The image Ar(r) of the polygon space M, is a subset of Ar defined by
(u(er),...,u(en)) =r. Furthermore, we have the following.

PROPOSITION 4.10. Let I'y and I's be two triangulations which are trans-
formed into each other by a Whitehead move replacing d with d'. Then
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Ar, is transformed into Ar, by a piecewise-linear transformation (1.3) with
respect to (u(e;),u(dn))ia- This map is defined over Z with respect to the
coordinates (ue;,Ud,, )i if |7| € Z. Hence, the volume and the number of inte-
gral points in the case where Ar is integral are independent of the choice
of T.

Proof. Tt is obvious that the piecewise-linear map given by (1.3) sends
Ar, to Ar,, preserving the volumes. We need to show that this map is
defined over Z, since the transformation (4.2) is not defined over Z.

Let ai,...,a4 € {€1,...,€pn,d1,...,d,—3} be the sides of the quadrilateral
having d and d' as its diagonals, and take I,,,...,I,, C {1,...,n} such that
Zielak ei==xap and I, U---UI,, ={1,...,n}. We set Iy =1, Ul,, and
Iy =1,, Ul,, so that

Zei:ﬂ:d, Z ei:id’.
i€ly icly

Define v(a) = 7 ;c;, ue; /2 =3 ;c;, ulei) for each a=ay,...,a4,d,d’. Then
u(a) £ v(a) have integral coefficients with respect to ue, and ug4,. We also
note that

n

v(ay) + - +ov(ag) = E u(e;) =|r|.
i=1
Then we have

min(u(a1) + u(az), u(as) + u(as))
= min(u(al) +v(ar) +ulag) +v(az),u(as) —v(as) +u(as) —v(ayg) + \T\)
—v(a1) —v(az),

and the first term in the right-hand side is defined over Z. Similarly, we
have

min (u(a1) + u(as), u(az) + u(as))
= min(u(a1) +v(a1) + u(as) + v(ag), u(az) — v(az) + u(az) — v(az) + |r|)
—v(ay) —v(ay).
Thus, (1.3) can be written as
w(d) +v(ar) + v(as) = u(d) + v(ar) +v(az) + g(u)

for some g(u) € Z[ue,,uq,]. Since v(a) + v(az) = v(d) and v(a1) + v(aqs) =
v(d'), the above coordinate change is defined over Z. 0
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EXAMPLE 4.11 (see [HK]). Suppose that I is the caterpillar given by d, =
e1t+ex+ - +eqtr1, «a=1,...,n— 3. Then the subgroups Uy, = U(a+ 1)
satisfy

Udp 5 D U4, , D DUq DSL.

The first and the second eigenvalues of the moment map p, are given by

a+1
(44) )\ga-i_l) = )\(l,l = —wda —|— Z wei, )\ga+1) = )\Q’Q = ’(/}da.
=1

We also consider the action of U_., = U(n — 1) corresponding to I_., =

{1,2,...,n —1}. The eigenvalues of the corresponding moment map sy _,
give functions of eigenvalues )\gn_l) > )\én_l) > 0. Since )\gn_l) = |r| is con-
stant and

n—1
AT =50, — I,
i=1

U is equivalent to the Gelfand—Cetlin system ()\g-k)) ik Gr(2,n) — R¥4,
where we set )\gl) = 1)e, . It is easy to check that the triangle inequalities are
equivalent to the inequalities for Gelfand—Cetlin patterns

7] A
Q 1 Q
A2 NG
Q 7 Q
(4.5) Q 1 Q
AL AP 0
Q T Q T
)\g2) )\52)
S 1
A
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85. Degenerations of Grassmannians in stages

Recall that the Pliicker embedding Gr(2,n) < P(A*C") is given by

Z1 W1
— [Zij31 <i<j<n], Zij:det<’ l>,
zj W
Z?’l wn

and that the image is defined by the Pliicker relations
Dijki(Z) = 2 2y — ZiZj + ZaZj, =0, i<j<k<l

Toric degenerations of Gr(2,n) are given by deforming the Pliicker relations
into binomials. Speyer and Sturmfels [SS| proved that each toric degenera-
tion of Gr(2,n) corresponds to a triangulation of the reference polygon P. In
this section, we construct a multiparameter deformation of Gr(2,n) which
is an extension of the 1-parameter family in [SS].

Fix a triangulation of the reference n-gon P, and let I" be its dual graph.
We choose a numbering and orientations of the diagonals do =) ;¢ 1, i
in such a way that either I, D Ig or I, N Ig =0 is satisfied if o < . In
particular, we assume that |I1| =n — 2 and I, C I; for all @ > 2. For two
leaves i, j of I', let v(4,j) be the unique path in I' connecting ¢ and j (see
Figure 9). We introduce a parameter t,, for each diagonal d,. We define a
weight 'wfj = (wlrj’l, e ,wan_?}) of Z;; by

Wij,o =

r T if y(i,) intersects dq,
0 otherwise,

and we set

-3
wF g wzrjoz
tz]zlltoayzll\/tou
a=1 «

Figure 9: A path 7(i,j) connecting the ith and jth leaves.
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where the product on the right-hand side is taken over all a € {1,...,n — 3}
such that d, crosses (i, ). For a polynomial p(Z;;), we define w, (p) to be
the maximum of weights of monomials in p with respect to ¢, and we set

~ —wl
B(Zij ta) = [ o=@ - p(t=0 Zy)).
(0%

Then p is a polynomial in Z;; and ¢, for each Pliicker relation p = p;;r;. The
degeneration fr: Xr — C"~3 of Gr(2,n) corresponding to I' is given by

Xr ={(Z,t) e P(N’C") x C" | pyyma(Z,8) = 0,i < j <k <1}.

The restriction p;;x(Z,0) to t; =--- =t,_3 =0 1is a binomial, and hence the
central fiber Xr o= fr'(0,...,0) is a toric variety (see [SS, Section 4] or
[HMM, Section 4]). We will see in the next section that Ap = ¥r(Gr(2,n))
is the moment polytope of Xt g.

REMARK 5.1. The restriction of Xr to the diagonal t; =---=t,_3=11is
the family constructed in [SS] and [HMM].

ExXAMPLE 5.2. Let n =5, and consider the triangulation given by d; =
e1 + e and do = e1 + e2 + e3. Then the defining equations of Xr are given
by
11212734 — Z13 224 + Z14 293 = 0,
t1Z12235 — Z13 425 + Z15223 =0,
titaZ12 245 — Z1aZ95 + 215224 = 0,
toZ13Z45 — Z1aZ35 + 215234 =0,

(12223245 — Z24Z35 + Z25 734 = 0.

To see the degeneration in more detail, we introduce the following nota-
tion. For an m-gon P’ with sides labeled by 1,...,m, we define

Grpr = C"™2//,SU(2)
to be a cone over the Grassmannian

Grpr =C™ 2/, U(2),

so that Grp = apl//|T|Sl = Gr(2,m), and we write elements of Grp/ or

GI‘p/ as
P/ P/
21 W
P/ P/
Zm W,
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Let Grp < Vpr = A2C™, and let Grpr < P(Vp/) be the Pliicker embed-

dings given by
Pl Pl
P/ Z: wr
ZZ] =det <ZZP/ UJZP/> .

J J

Note that if P’ is a triangle, then Grp = Vpr = /\2 C3 = (C? and Grp = P2
For a triangulation I of P’, let X — C™ 3 and X — C™=3 denote the
corresponding toric degenerations of Grps and Gr pr, respectively.

We fix a diagonal d =d,, in [', and we consider a 1-parameter subfamily
ft:Xp = Cof fr:Xp — C" 3 defined by tg =1 for all 3 # a. Suppose that
the diagonal d connects the pth vertex and the gth vertex (p < ¢), and set

I+:{p+17p+277q}7
I_={1,...;p,q+1,....,n}={1,....,n}\ L;.
Then dy =3 ¢/, € or d— =3 ,c; € =—d; coincides with d, and Ug, N
Ui ={1} in U(n). The defining equations of X are
tZZ‘jZkl _Ziijl+Zilek:O7 1,7 € I+ and k,lEI:F,
(5.1) Zij 2y — ZikZﬂ —I—tZilek =0, 4lel_andjkel,,
ZijZkl - Zz’ijl + Zz'lek =0, otherwise.

Then it is easy to see the following.

LEMMA 5.3. The family X1, — C is (Ug, x Uq_)-invariant. In particular,
X1 admits a natural Udﬁ—action if Udﬁ CUg, xUg_.

We study the central fiber of f[.: X} — C. Let P = Py Ug P_ be the
subdivision of the reference polygon by the diagonal d, where Py is a polygon
whose sides are e; (i € I1) and d =d,. Each Py has a triangulation 'y
induced from I' as in Figure 10. We write elements of (E“p+ as

Py Py
Zp+1 Wpir
P P . .
[Zi - w; +] : :
z w + +
@ @ lier Zq Wq
Py Py
Za Wa
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P

‘.’ r,
|

Figure 10: A subdivision of a polygon and the induced trees.

and similarly for Gr p_. We introduce two groups S& and S;a isomorphic to

Sl and we define an Sé X Séa—action on && X (31“]37 by

Py Py P_ P
(505 5a) - Z w; Z w;
05 Sa Py = | P =
i€l el_

Za We

P P_

S50%2; Sow;

’ silzP_ silwp_
ier, L7a 7@ a T el

for (so,sa) € Sy x Sj_. Let Cj x Cj; be the complexification of Sj x S ,

which acts on Grp, X Grp_ in an obvious way.

Py

P P
soz; T sow; *

= P
Saza+ SaWa

PROPOSITION 5.4. The central fiber Xt o= (f£)71(0) is isomorphic to
the GIT quotient

(,;rvl“p+ X (fip_//(lo)ca X (C:la,

where the polarization is chosen in such a way that the weights of the actions
of Cox Cy_ are (2,0). Moreover, the subfamily Xrlt,=o of Xr is induced from
the degenerations Xr, of Grp, defined by I'y.:

(5.3) :{F’ta:() = %F+ X %F_ //(2’0)(:8 X (Cza.
Proof. First note from (5.1) that the defining equations for Xl’ﬂ70 are

— iijl+Zilek:O7 1,7 € I+ and k,lEI:F,
(5.4) Zii 21 —Ziijl:O, i,lel_and jkely,
ZijZkl - Ziijl + Zilek =0, otherwise.
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On the other hand, the Cj x Cj -action on the Plicker coordinates on Vp,
is given by

Py Py Py +1 Pyt ..
Zi o2yt Zig e sose Zig (i € 1),

so that the ring C| £+,Z£+,ZZI;_,ZZP_] da of Cj -invariants is generated

by ZPjE (i,j € I+) and ijZja (iely, jel ). Hence, the map C[Z;;] —
(C[ZP+ zEv 7 z5] given by

1) T YTy 0
P. .o
(5.5) 2= 1% biC ks
. /. P+ P_ . .
Zio Lo t€lyand jel_

is a surjection to the invariant ring C[Z”*,ZZ}Z*, Zl] ,Z;Z;]Cfla, and defines
an embedding

(5.6) Grp, x Grp_//oCj, = N\°C",

of the GIT quotient. It is easy to see that the defining equations for the image
of the embedding (5.6) coincide with (5.4), so that Grp+ x Grp. JoCy, s

isomorphic to the cone )?1/“,0 C /\2 C™ over XF’O. Under this 1dent1ﬁcat10n,
the C*-action defining the projection )2'1’10 — X1 coincides with the Cg-
action, and hence we have

Xt o= (Gre, x Gre_ [/oCj,) [/Cp
It is easy to see that the map (5.5) extends to an isomorphism

(Xr, x Xr_/0Cj,)//2C5 — Xrl1._o,
and Proposition 5.4 is proved. H

REMARK 5.5. From the proof, there is a C{-action on )N(’FO ~ a&m X
Grp_ //0C},, such that the coordinates Z;; have weights 1; va,o //2C§ and
)~(1C o//1C§ are isomorphic as algebraic varieties (without polarizations). We

will write (a}er x Grp. /0C; ) //1CE as @}er x Grp. /(1,0Cp x Cy for sim-
plicity.

We now define a degeneration of Gr(2,n) in stages as follows. For a =
1,...,n—3, let flga) : Z{%a) — C be a subfamily of Xr defined by

tlz"':ta—lz()? ta_l’_l::tn—?):l)
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and write its fibers as Xﬁ) = (flga))*l(t). Then %ﬁfx) (a=1,...,n—3) gives
a sequence of families such that Xl(}i =Gr(2,n), Xglo%) = X, and XIS?{()) =
XY for each a. Furthermore, from the choice of the numbering of the

1
diagonals, %(FO‘) admits actions of Uy, for all 8> . Let

P=pP*y...uP®,

be the subdivision of P given by the diagonals dy,...,d,, and let F,(ﬁ ) be the
triangulation of Pr(na) induced from I'. For each diagonal dg, we introduce
Slﬁ =~ §1 and its complexification Cg,» and we extend (5.2) toa Cjx Cj x

* . -~ -~ . . *
-+ x Cy_-action on Grpl(a) X oo X Grpt(xi)l in an obvious manner. Namely, Cj
acts diagonally on the coordinates having a side eq,...,e, of P in its index,

while C;  acts antidiagonally on the coordinates indexed the diagonal dg.
Then Proposition 5.4 implies the following.

COROLLARY 5.6. The central fiber Xﬁlg C P(A*C™) of the ath stage %ﬁfy)
s isomorphic to

Grp(a) X -+ % Grp(gi>1//(1,o,...,o)C8 x Cg, x - xCq,
where the weight of the Cjx Cy x---x C_-action is (1,0,...,0). Moreover,
the (a+ 1)st stage of the degeneration is given by

%§a+1) ~ %(1()

~ ~. * * *
e X Grpéa) X e X Grpéi)l//(l’o”“’o)(co xCy x---xCy_,

where we assume that do41 1s a diagonal of Pl(a), and %;l()a) is the first stage
1

of the degeneration of GrP(a) corresponding to dey1.
1

Now let us look at the last stage o =n — 3 of the degeneration. The
reference polygon is divided as

p=P"3y...up"?

where all P&n —3) (1 <m <n—2) are triangles, and we have
— (n—3)
GrPy(n”_B) = VP7(,:"_3) = SpeCC[Zj;)’” ] = /\QC?’,

where a,b € {e1,...,en,d1,...,d,—3} are edges in the triangle P,(,?_?’).
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COROLLARY 5.7 ([HMM, Theorem 1.8]). The central fiber Xr := Xr of
Xr is a toric variety given by

* * *
VP1(n73) X e X VPT(LTLES) //(170’,0)<C0 X Cdl X e X Cdnfi’:

>~ (A’C3)n=2(C)m2,
The cone
VPl(n_3) X oe0 X VP,(fi_f) //(07._.70)C21 X oo X (Crln—S

(n=3) C* x...xC*
:Spec(C[ 5;" ]Cdlx Xcdn%)

over Xr is embedded into the affine space /\2 C™ by the surjection

Py(nn73)
3, Zij — H Zab ,
((a,b),;m)

(n*?’)]c;l xxCy

Clzy] —Clzl

where the product on the right-hand side runs over triples ((a,b), m) of edges
(a,b) of a triangle P in the triangulation P = Pl(n_g) U---U PTSf;g)
crossed by the path v(i,7) connecting the ith and the jth leaves as in
Figure 9.

Defining equations for the image of the embedding Xt < P(A\*C™) come
from those of the embedding

Vpa X VPb//Olea — A2C4,

where P, = Pé"ig) and P, = Pb(nfg) are two triangles sharing a diagonal
d=d,. Let aj; and as (resp., by and b9) be the remaining edges of P, (resp.,
P,). Let P.= Pc(n_Q) = P, U P, be a quadrilateral obtained as the union of
P, and P,. Then the inclusion is defined by the homomorphism

P _ P b,
Za1b1 - Za1de1d’

P _ P, Pb
Zalbz - Za1de2d’

Pe _ Py Pb
Za2b1 - Zagdeld’
P. _ P, I=3
Zazcbg - Zagadegd’
P. _ P
Zalcag - Zafag?
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Pc _ Pb
Zb1b2 — “b1by?

so that the defining equation of the image is given by

ZPc ZPc :ZPC Pc

a1b1 “azbz a1bs “agby’

It follows that the singular locus of Vp, x Vp, // 0Ca,, 1s given by

P. _ 7P _ 7P. _ 7P. __ Q.
Za1b1 - Za1b2 - Za2b1 - Za2b2 - 07
that is,
P, _ 7Py, _ Py _ 7Py _
(57) Zald - Zazd =0 or Zdbb1 - Zdlfz - O’

with Zfl“@ and Zli %, arbitrary. This gives a codimension 3 singularity in Xp.
Since Xr is a toric variety obtained as the quotient of an affine space by
torus action, a singular point of Xt comes from a point on the affine space

Vp(n_3) X e X VP(n_g) where the torus action has a nontrivial stabilizer. Such
1 n—2

a point is contained in one of the loci defined by (5.7), and one obtains the
following.

PROPOSITION 5.8. The singular locus Sing(Xr) of Xr is the union

n—3
Sing(X1)4 = U Sing(XT)a,

a=1

where

a a

. P Pa P P
Slng(XF)a = {Z 1da =7 ode =0 or Zb]_bda = Zbgbda = O}
§6. Toric degeneration of the integrable system

The following definition is introduced in [NNU1, Definition 1.1].

DEFINITION 6.1. Let ®: X — R" be a completely integrable system on
a projective Kéhler manifold (X,w). A toric degeneration of ® consists of
a flat family f: X — B of algebraic varieties over a complex manifold B, a
Kaéhler form w on the smooth locus of X, a piecewise-smooth path ~: [0, 1] —
B, a continuous map ® : Xl = RY on X, 0.1 = f71(7([0,1])), and a
flow ¢¢ on X[, (o,1)) which covers the path v and is defined away from the
union Jyepg 1) Sing(X¢) of the singular loci of the fibers X; = f71(y(¢)) such
that
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e for each t € [0,1], the restriction ®; = &)| x, is a completely integrable

system on the Kéhler variety (X;,w; = @|x,), whose image ®,(X;) is a

convex polytope A independent of ¢;

(X1,w) is isomorphic to (X,w) as a Kéhler manifold;

®; coincides with ® under the above isomorphism X; 22 X;

(Xo,wp) is a toric variety with a torus-invariant K&hler form;

®g : Xg — RV is the moment map for the torus action on Xy (hence, A

is a moment polytope of Xj); and

e for each ¢, there is an open dense subset X; C X; such that the flow ¢
sends X, to another fiber X, ,, preserving the symplectic structures and

the completely integrable systems:

) ¢ o
(XtHwt’) . (Xt/_tth’—t)

D,/ ﬁt

A

In this section we construct a toric degeneration of ¥r : Gr(2,n) — R?"~4,
We consider the family fr: Xp — C"~3 constructed in Section 5, and we let
~ be a piecewise-linear path connecting the vertices

Then the restriction of Xp to = is the degeneration in stages. We take a
Kéhler form w, on Xr such that the restriction w, ; = wWy| Xr, to each fiber
of fr is the constant multiple |r|- wps|x;, of the Fubini-Study form wrg

on P(A2C"). For each stage fIEO‘) :%(Fa) — C of the degeneration, we define
a map
TISEE SO S

as follows. Recall that Pl(a_l), e ,Pc(ta_l) are subpolygons obtained by cut-
ting P along the diagonals d1,...,d,_1 and that Fgff_l) is the triangulation
of P,(na_l) induced from I'. From Corollary 5.6, we have

(o) A (1) - ~. * * *
Xp = %F?*“ X GrPQ(a_l) X oo X Grpa-n [/CG x Cgy x -+ x CG

where we assume that d, is a diagonal in Pl(a_l). The actions of Uy, for
(1)

8> a and Sell_ are induced from those on %F(a_l) or Grp(a—l) for some m.
1 m
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We define N
Ao XY — R, j=1.2
to be the first and second eigenvalues of the values of the moment map of

the Ugz-action, which is a natural extension of Ag;. We also extend the
moment map ., of the S’il—action to

zpel. —>R

o)

fori=1,...,n. The space %% has an action of another torus Sél X e X Séa,

(a—1)
where S éﬂ{ (1 <+ < @) acts diagonally on Pliicker coordinates Z 5;: having
d in their indices. In other words, the weight of a (Pliicker) coordinate Z;
of P(\*C") with respect to the Scllw—action is 1 if the path ~(7,7) from i to
J crosses d., and 0 otherwise. Let

fist: XY — R
be the moment map of the Séw—action, and set v, = |r| — ﬁs%. We define

() () r2n—a py

o " _ ~ ~
‘II% ) — (Vlv"'7Va717)\a,27"'7)\n73,2a,¢}61>"'7wen—1)7

and \Ill(ﬂag = \Il( )\ @ Then \Ilgﬂ)l Ur on Xl(}i = Gr(2,n) from the con-

struction.
We define ¢§a) on Z{(a) to be the gradient-Hamiltonian flow of flga) intro-

duced by Ruan [R1]. Regarding f. (@), g @ _,Casa holomorphic function,
the normalized gradient-Hamiltonian vector field is defined by

VRAY)  Sap
VRADE gl

)= —

where V(R féa)) is the gradient vector field of the real part of féa), and
& fe is the Hamiltonian vector field of the imaginary part of flga). It is
S/t

shown in [R1] that £(®) is defined on the smooth locus of fibers Xﬁ), and

its flow qﬁ,ga) = expt&@ gives a symplectomorphism
% (W wora) — (W o)

for some open subsets WF(O? - Xl(f;).
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REMARK 6.2. The authors do not know whether gbgci)t can be extended

to Xlgal) — XI(‘O?. Note that the total space of the family is not smooth in
general, and hence we cannot apply the analysis in [R2].

We begin with the proof of Theorem 1.2 for the first stage.

LEMMA 6.3. We have that \I/gz : Xélg — R?"4 s a completely integrable

system for each t. The gradient-Hamiltonian flow ¢£1) is defined on an open
dense subset Wp(lt) C Xélt) and gives a symplectomorphism preserving the
completely integrable systems; that is,

commutes. Furthermore, \I/gz) coincides with \Il(Fz)l on X&% = Xl(}i

Proof. Poisson commutativity follows from the same argument as in the
proof of Proposition 4.5. The fact that flgl) is invariant under the actions

of Ug, and Seli implies that qbgl) preserves the completely integrable system
just as in [NNUI, Section 7]. Since Xl(}g is smooth for t # 0, qbgl_)t is defined
on Xl(%i, and
1 1 1
o xil

ES
is a symplectomorphism satisfying \Il 11)t \Il . Hence, the functions

in \IIH are functionally independent on an open dense subset of Xﬁt) .

For t =0, there is an open subset ngll) C Xlgli on which qﬁgl) is defined
and gives a symplectomorphism

1 1) 1
(6.1) ) — X\ Sing(X ).
From \IJ(Fl)l = d)gl)*\ll(lz) and the fact that \11(1)1 is functionally independent,

\Ilg% is also functionally independent. For each ¢, set WI‘t qﬁ (W ) To

show that ng t) is dense in X§2 , we consider the inverse image Int(Xélt)) =
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(\If(l])t)*l(lnt(Ap)) of the interior of Ar. Note that

Int(X)) = 724 x Int(Ap)

)

is a dense subset in Xl(}t) on which ‘lf(rlg defines a free T?"4-action. We
also note that Int(X&))) is contained in the smooth locus of XI(‘%())' Since
gbtl preserves the Hamiltonian torus actions, we have a symplectomorphism
ngt : Int (X x{ )) — Int(X&)]). Hence, we have Int(Xél’t)) C Wr(lt) , which shows
that WI(‘,t) is dense in Xﬁlg .

Finally, we show that Xl,g coincides with 77 on Xl(%()) = Xp (2) Let P =
Pl(l) Ud, Pz(l) be the subdivision of P given by di = Ziell e such that PQ( )

(1)

is a triangle. Then X is written as

Xﬁ% =~ Gr Ipm X P2(1>//(170)(C3 x Cg, .

From the construction, Xl’z, e ,Xn,gg and Jei (i € I1) are induced from the
completely integrable system \Ijrgl) on Gr PO while 1;61. (i ¢ I) are induced
from a natural 72-action on V. 50 =~ C3. Note that Uy, x Sl ~U(n—2)x
U(1) is a subgroup of U(n — 1) “which naturally acts on Gr ) = Gr(2,n —

1). Since GrP1<1 is symplectically identified with the (co)adjom‘c orbit of
diag(|r|,|r[,0,...,0), values of the moment map fi(,—1) on Grplm have

constant eigenvalues |r|,|r|,0,...,0. Then the eigenvalues of 4, satisfy
7[> X1 > 7[> A2 >0,
Thus, we have
2lr| =t py(nr) = trp,, +Agy = rl+ A2+ fisy,

or, equivalently,
fsy = A2 +|rl,

as desired. []

The next proposition completes the proof of Theorem 1.2.
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PROPOSITION 6.4. For each t, \I/(Fat) :Xﬁ) — R?" % is a completely inte-

grable system. The gradient-Hamiltonian flow ¢§a) is defined on an open
dense subset Wlsoz) C X(a) and preserves the completely integrable systems.

Furthermore, \lil(ﬂ()) coincides with \I'(aJrl) on Xlga(]) = Xfﬁ;rl)

Proof. We prove the proposition by induction on «. The case a =1 is

proved in Lemma 6.3. Assume that the statement of the proposition holds for

‘y%&t_l). The same argument as in the proof of Lemma 6.3 shows that there

exists an open subset WIEO;) C Xl(f;)

on which the gradient-Hamiltonian flow
is defined and that gbga)t, : (a) — WIE 2 is a symplectomorphism preserving
ﬁl%g From the hypothe31s of 1nductlon <I>( 1) is a completely integrable sys-
tem, and hence <I> (¢ ) ! @%al) is also a completely integrable system
on WIE t). What we need to show is that ngo;) is dense in Xl(f?.

Let P = P(a Dy...u P(a Y he the subdivision given by di,...,dqa_1,
(a—

and suppose that d, is a diagonal of P} Y. Then we have

(o) _ (1) O N * * *
X —Xrgoﬁl)’t X Grpa—n) X X Gl pa [/Co x Cgy x---x Cy

The functions X/BJ (B>a)and e, (i=1,...,n—1)in \Ifl(ﬂat) are induced from
\I]S(l)a—l) on X((l N, and \I/FT(SA) on GrPT(n“” (m > 2). From Lemma 6.3 and

the fact that the Hamlltonian torus action of \IJ(FO‘t) and Va1 is defined on

an open dense subset of Gr pla—1); the Hamiltonian actions of X@j and Jei are
also defined on an open subset of X, (o ) . On the other hand, the Hamiltonian
action of v is the diagonal Séﬁ—actlon, which is defined everywhere on Xl(ﬂ?‘t)
and transverse to the Hamiltonian actions of Ag; and ﬂs}' In particular,
Int (X}, (e )) on which the Hamiltonian 72" 4-action is free, is dense in Xlg(?;),

and hence S0 is W1£ t) C Xﬁ )

1)

P g and

Since \Ill(ﬂg is induced from the integrable systems on X

Gr pla—1) the last statement of the proposition follows from Lemma 6.3. []

Since the toric degeneration of W : Gr(2,n) — R?"~* is invariant under
the action of maximal torus Ty (,) = | Seli, we have the following.
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COROLLARY 6.5. The toric degeneration (%(Fa),\fl%a),qﬁ(a)) of ¥r induces
a toric degeneration of the bending system on M, associated to I'. In partic-
ular, Ar(r) = ®r(M,) is a moment polytope of the central fiber Xr o // Ty (n)-

EXAMPLE 6.6. Let n =25, and assume that the side lengths rq,...,r5 are
close to each other as in Example 3.3. Then M,. is isomorphic to CP? blown
up at four points in general position. It follows from Figure 2 that the central
fiber Xr0//Tv () is CP? blown up four times at two pairs of infinitely near
points.

87. Properties of I'

Let Xt := Xr o be the toric variety obtained as the central fiber of the
toric degeneration of Gr(2,n) associated with a triangulation I" of the ref-
erence polygon P.

LEMMA 7.1. The torus fized-point set in the toric variety Xp C P(A\>C")
consists of points py = [Zijlij € P(A*C™) ({k,1} C {1,...,n}) defined by
Zij =0 for all {i,j} # {k,1}. In particular, the number of fized points is
n(n—1)/2.

Proof. First note that any torus fixed point in a toric variety is obtained

as an intersection of toric divisors. It follows from the description of Xrp
given in Corollary 5.7 that a toric divisor in Xt is written as

(n—3) (n—3)
P7n J— m J—
Dab - {Zab - 0}’
where a,b € {ey,...,en,d1,...,d,_3} are a pair of edges in a triangle P&"ﬁ)

in the triangulation
p=pP" ¥ y...up"?

(n—3)
of the reference polygon P. The image of DZ;” in P(A\?C") is given by
i j{Zi; = 0}, where the intersection is taken over all 4, j such that the path

(n—3)
v(4,7) intersects with a and b. Then a torus-invariant subvariety () bem

is 0-dimensional exactly when there is a unique pair (k,l) such that v(k,[)
does not intersect a,b € {e1,...,en,d1,...,dn_3}. U

Suppose that |r| =n so that the Kéhler form on Gr(2,n) represents the
first Chern class of Gr(2,n). Then for each fixed point py; in X1, we have

n ifi=kori=I,

&61‘ (Prt) = {

0 otherwise,
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and
~ 0 if the path v(k,[) intersects dq,
Va(Pri) =

n  otherwise.

This shows that the vertices of the moment polytope Ar of Xr with respect
to this symplectic form are lattice points, so that Ar is an integral polytope.

DEFINITION 7.2. A reflexive polytope A is an integral polytope such that
e A is given by A ={u € RN | (v;,u) > —1,i=1,...,m} for some v1,...,
vm € ZV, where m is the number of facets of A, and
e A has the unique lattice point 0 in its interior.

ProPOSITION 7.3 ([B]). The moment polytope of a polarized toric vari-
ety is reflexive up to tramslation if and only if it is a canonically polarized
Gorenstein toric Fano variety.

PROPOSITION 7.4. If |r| =n, then Ar is a reflexive polytope up to trans-
lation by an integral vector. Hence, Xt is a Gorenstein toric Fano variety.

Proof. Set ug, = ue, — 2 for each side e;, and set u); =ugq, + 1 — |14 for
a diagonal do =Y, e;. Then (uy), =0 is equivalent to u(a) =1 for all
a, where u(a) are the coordinates defined by (4.2) corresponding to lengths
of sides and diagonals. Recall that Ar is defined by triangle inequalities
|u(a) — u(b)| <wu(c) <u(a) + u(c) for each triangle in the triangulation I'.

Then (u,)q, =0 defines an interior point in Ar. We have to show that

e the triangle inequalities have the form (v,u’) > —1 for some integral vector
veZ? 4 and
e (ul), =0 is the unique interior lattice point in Arp.
We divide the proof into steps, as follows.
Step 1. The triangle inequality associated with a triangle consisting of two
edges e;,e;+1 and a diagonal d,, has the form (v,u') > —1 for some integral
vector v € Z2" 4,
In this case, one has I, = {i,i+1} or I, ={1,...,n}\{i,i+1}, depending
on the orientation of d,. The triangle inequalities in the first case are given
by

1 /

§\u’ei—u (up, +up, ) +2,

€i+1

N =

1
€i+1| S 5(1’[//61 + u/8i+1) - UIOL,2 + 1 S

and these are equivalent to

(71) ugloc Z _17 UIez - u/da 2 _17 u/e'iJrl - u/da Z _1
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Similarly, the triangle inequalities for the second case are

(7.2) ug, +ug,,, +ug, >—1, —ug, —uy, > —1, —ug, | —ug, > —1.

Step 2. The triangle inequality associated with a triangle consisting of two
diagonals d,, dg and a side e; has the form (v,u’) > —1 for some integral
vector v € Z2" 4,

We may assume that Ig =1, U{j}, or that [, UIg={1,...,n}\ {j} and
I,N1Ig =10, depending on the choice of orientations of the diagonals. In the
first case, we have dg = d,, + ¢, and hence the triangle inequalities are

/

1 1 1
uda—uldﬁ—l——ule < Sle +1<Zu +2u u&a—u'dﬂ—l—l

2
i€l
which are equivalent to
L > 1 / + / >_1
udB uda = y Uej Ud ud s
7.3 / / ’
(7.3) Zuei—uda—udBZ—l.
i€ly

The triangle inequalities for the second case are
! !/ /
—Ue, — Ug, — Ugy = -1,

—Ug,, + Ug, +ug, + Z up, > —1,
(7.4) il

Step 3. The triangle inequality associated with a triangle consisting of three
diagonals da,dg,d7 =dy + dg has the form (v,u’) > —1 for some integral
vector v € Z2" 4

In this case, we have

/ / !/ /
E U, — Ug,, +Ugy +Ug 2> -1,
1€ln

/ / !/ !/
g U, + Ug, +Ugy — Ug, >—1,
i€lg

/ / /
—Uda — Udﬂ +Ud_y 2 —1.
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If the orientations of d, dg, d, are chosen in such a way that d, +dg+d, =
0, then I,UIgUI,={1,...,n}, and hence the triangle inequalities are

/ / / /
Ug, — Ugy = Ug — Zuei > —1,

i€ly
!/ / !/ !/
_uda +udﬁ — ud’Y — E Uei Z _1,
i€lg
/ /! !/ /
_uda_ud,ﬁ+udw_ E ueiz_].,
iely

as desired.
Step 4. We have that (u),), =0 is the unique interior lattice point in Ap.

Let (u)) be an interior lattice point in Ap. For a triangle consisting of
two edges e;, ;41 and a diagonal dy, (7.1) or (7.2) implies that u,, ug,,,,
and w;; satisfy

u&a >0, u’el — UZla >0, u'ei+1 — u&a >0,
or
ug, +ug,,, +uy, >0, —uy, —uy, >0, —ug, | — g, >0.

Then we have ug,, ug,, |
two diagonals dq, dg and one side e;, we obtain u, > 0 from (7.3) or (7.4).

> 0 in either case. Similarly, for a triangle consisting

Hence, uy, >0 for all sides ey,...,e,. Combining this with > "  u, =0,
we have u, =0 or, equivalently, u(e;) =1 for all e1,...,e,. Note that the
coordinate change (u}; )o > (u(da))a restricted to up = ---=wu, =0 is

defined over Z. In particular, (u}, ) € Z"® if and only if (u(da))a € Z" .
We take a triangle P; consisting of two sides e;,e;11 and a diagonal d,.
The triangle inequalities 0 = |u(e;) — u(e;r1)] < u(da) < ule;) +uleir1) =2
imply that u(d,) =1 or, equivalently, u;; =0. Then the (n —1)-gon P\ P
also has edges with unit lengths. By repeating this process, we obtain u], =0
for all a. []

Let

. - * * *
Yo =Grpo-s X X Grpe-s [a,1,.,0)Co x Cgy - < Cg _,

be the symplectic reduction of C}P(n,;z,) X e X (A}}Pm,g) at level (1,1,...,1).
1 n—2

Since X is the symplectic reduction of the same space at level (1,0,...,0),
there is a natural map 7 : Yr — Xr.
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PrRoOPOSITION 7.5. We have that 7 :Yr — Xr is a small resolution.

Proof. We first show that Y7 is smooth. Recall that the moment map of
the Scll -action on GrP<n73) X oo X Gerfg) is given by
« 1 n—2

1 P, 2 P, 12 P, 2 P 2
:uSclla - §(|Za1da| + |Z(IQd(x| B |Zb1bda| o |Zb2bdu| )

Then one can see that the S -action on ,u;ll (1) is free, so that the sym-
@ der

plectic reduction

Yoo ugh (1) Npgl (DN--Npgl (/8§ x 83, % - x 8),
1 n—

3

is smooth.
The natural morphism 7 : Y — X sends a point [y] € Y1 for
yE g ()N pg N-Npgy (1)

1 n—

3

to [z] € Xp, where x is a point

r€ 0,0 (ugl (1)N “53111 )N Npgy  (0))

n—3

in the intersection of the closure of the Cj x Cj x--- x Cj _-orbit
0, C Grpl(nf?)) X e X Grpr(iga)
of y. One can see that
Er={lyleYr| Zlibda = Zlf:”da =0 for some triangle Py}

is the exceptional set of m; the morphism 7 is an isomorphism outside Er
since Oy is closed if y ¢ Er, and 7 is not an isomorphism at Er since
m(y) € Xr for y € Er is singular by Proposition 5.8, whereas Yr is smooth
everywhere.

Since E C Yr is of codimension 2, the exceptional locus of = does not
contain a divisor, and Proposition 7.5 is proved. U

REMARK 7.6. Propositions 7.4 and 7.5 are not true for toric degenerations
of polygon spaces in general. Indeed, the triangulation I'y in Example 3.3
gives a degeneration of the space M, of pentagons into the Hirzebruch
surface F5 of degree 2, which is not Fano. If we further assume that r; =
r9, then the central fiber is the weighted projective plane P(1,1,2), whose
minimal resolution F» — P(1,1,2) is not small.
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88. Potential functions

For a Lagrangian submanifold L in a symplectic manifold, the cohomol-
ogy group H*(L;Ap) has a structure of a weak A,-algebra (see [FO+1]),
where Ag is the Novikov ring

00
AO = {Z CLZ'TAi
=0

a; €Q, N\ € RZO, ‘lim N = OO}
1—00
A solution to the Maurer—Cartan equation
> m(b,...,b)=0 mod PD([L])
k=0

is called a weak bounding cochain, where PD([L]) is the Poincaré dual of the
fundamental class [L]. The potential function is a map PO : M(L) — Ay
from the moduli space M(L) of weak bounding cochains defined by

o)

> (b, b) =PO(b) - PD([L]).

k=0
Cho and Oh [CO] and Fukaya, Oh, Ohta, and Ono [FO+2] computed the
potential functions for Lagrangian torus orbits in toric manifolds. This is
generalized in [NNU1] and [NNU2]| to an integrable system on a Fano man-
ifold which has a degeneration into the toric moment map on a toric Fano
variety admitting a small resolution. From Propositions 7.4 and 7.5, we can
apply this result to the toric degeneration of the integrable system W on
Gr(2,n) to obtain the following.

THEOREM 8.1. Fiz a triangulation ' of the reference polygon, and let
li(u) = (vi,u) — 7; be the affine functions defining Ar:

AF:{UGR27L74‘&‘(U)ZO,Z‘:].,...,TTL}.

Then for any u € Int Ar, one has an inclusion H'(L(u);Ag) C M(L(u))
for the Lagrangian torus fiber L(u) = \Ilfl(u), and the potential function is
given by

m

mDF (L(U), (I,') = Z €<Ui’I>T£i(u)

i=1
for x € HY(L(u), Ag) = AZ"4.
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By setting y, = e®T% and Q = T!"!, the potential function can be re-
garded as a Laurent polynomial in gy, and Q. Since Ar is given by triangle
inequalities

—u(a) +u(b) + u(c)
u(a) —u(b) +u(c)
u(a) + u(b) —u(c) >

v

v

0,
0,
0
in terms of the length coordinates defined in (4.2), the potential function

can be written as

B y(b)y(e)  yla)y(c) = yla)y(d)
W= Y (T Nm e )

triangles

where y(a) is a Laurent monomial in yi/ 2, Yd,,, and @ is defined by

i

y;i/27 a=¢€; (i:1,...,n—1),
Y(a) = QWe, -+ - Ye_) V%, a=en,

1 1/2

Ya, Hie[a Ye; > a=dg,

and the sum is taken over all triangles in the triangulation I'. This is the
potential function given in (1.4), and Theorem 1.6 is proved.

Now we consider the relation between the potential functions ‘PO, and
‘BOr, corresponding to two different triangulations I'y and I's. It suffices
to consider the case where I'y is transformed into I's by a single Whitehead
move replacing a diagonal d with d’. Recall that the piecewise-linear trans-
formation (1.3) sends Ar, to Ar,. We define its geometric lift in the sense
of [BZ] by

o) = y(d) - La)y(aa) +ylaz)y(az)

(8.1) y(a)y(az) +y(as)y(as)’

which means that the tropicalization of this map gives the piecewise-linear
transformation (1.3). From (1.3) or a direct computation, (8.1) is also writ-

ten as
yla1) | y(a2) | y(as) | y(asa)
(8 2) y(d/) — y(d) . y(az2) + y(al) + y(a4) + y(a3)
‘ yla1) | ylaa) | yla2) | ylas)’
ya) T yla) T ylas) T ylaz)

Then Theorem 8.1 gives the following.
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COROLLARY 8.2. Under the above situation, the potential functions POy,
and PO, are related by the rational map (8.1).

Proof. The potential function corresponding to I'y is written as

y(a2) " ylar) | ylas)  ylas)
y(a1)y(az) + y(az)y(as)
y(d)

where F'(y) is a Laurent polynomial which does not contain y4. Since the
triangle inequalities for I'; and I'y are the same except for those containing
d and d’, the potential function for I'y is written as

B0y, = y(@) (L) 4 1) | vles) , vlaa)y

+ F(y),

o ylar)  ylas) | yla2) | y(as)
B0, =) ([ + Jan * yiad * oiar))

N y(a1)y(as) +y(az)y(as) +F(y).

y(d')
Hence, the coordinate change (8.1) transforms POr, into PO, . 0

Theorem 1.7 is a direct consequence of Corollary 8.2.

REMARK 8.3. In the case of flag manifolds, Rusinko [Ru] proved a similar
result for string polytopes.

ExamMpPLE 8.4. Consider a triangulation I' of a quadrilateral given by
d = ej + eo. The triangle inequalities for I' are

((1,0,0,—1), (te, , Uey s ey, Ug) ) > 0,
((0,1,0,—1), (te, , Uey s ey, Ug) ) > 0,
((0,0,0,1), (te,, Uey ey, ug) ) >0,
((0,0,=1,=1), (tey Uey, ey, ua)) + |r 20,
((=1,=1,0,1), (te;, Uey Ues, ua)) + |7 20,
<(1,1, 1,-1), (uel,ueQ,ue3,ud)> —|r| >0.

Thus, the potential function is

fpgrzyﬂ+yﬁ+yd+ Q + Qya +y61y62y63'
Yd Yd YeszYd Ye1Yes de
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After the coordinate change

1 2) _ Yer U 2 3) _ YerlYer U
yg):yeu yg):M, yé):y(h yé): e1¥ealles
Yd Q

which is a geometric lift of (4.4), the potential function becomes

(1) (3) (2) (2
(8.3) Pop—yd e m @
(2) (2) (1) (3) (2)

Yo Yo n Yo Yy

REMARK 8.5. The potential function in (8.3) coincides with the superpo-
tential in [EHX, (B.2)]. More generally, for every n, the potential function
corresponding to the caterpillar coincides with [EHX, (B.25)] after a coor-
dinate change corresponding to (4.4).
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