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ON A BINGHAM FLUID WHOSE VISCOSITY
AND YIELD LIMIT
DEPEND ON THE TEMPERATURE

YOSHIO KATO

Introduction

Duvaut and Lions [2] studied the field of velocities and of temperatures in a
moving incompressible Bingham fluid endowed with viscosity ¢#(6) depending on
the temperature @ and established the existence of a weak solution in the case of a
two dimensional fluid. However, the problem of uniqueness remained unsolved.
The purpose of the present paper is to give an affirmative answer to the problem,
that is, to show the local existence (resp. the global existence) in the time and the
uniqueness of (strong) solutions in three dimensions under the conditions that (i)
the time (resp. the initial velocity and the external force) and (ii) the rate of varia-
tion of the viscosity and the yield limit with respect to the temperature are both
sufficiently small. It will be easily seen that the global existence and the unique-
ness also hold in the two dimensional case whenever the rate (ii) is sufficiently
small.

The general plan of the proof follows the analogous lines as in [2]. Let ¢ be a
given function. We first find the unique velocity field #4 of a Bingham fluid with
viscosity ¢#(¢) and yield limit g (¢)), employing Theorem 3 of Kato [4], and second-
ly seek the solution 6y of the heat equation 6 — 40 = Gy, the equation of
energy-conservation associated with u#g, with the aid of the theorem due to Gris-
vard [3]. A desired field of temperature is obtained by a fixed point 8 of the map-
ping H: ¢ — 0y and up is a desired field of velocity. The crucial point will be in
finding an auxiliary Banach space X to which ¢ belongs and on which mapping H
becomes compact, and in estimating the right hand side Gy of the heat equation in
terms of | ¢ [x (see Lemma 2.2) so that a ball in X is transformed into itself by
mapping H under some circumstances.

The main result, Theorem 1, is described in Section 1. The aim of Section 2
is to get uy and 6, Section 3 is devoted to the proof of Theorem 1 in which
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Schauder’s fixed point theorem will be applied to the mapping H.

§ 1. Preliminaries and results obtained

Throughout the paper we assume that £ is a bounded domain in three dimen-
sional euclidian space R?® with a smooth boundary I For an integer k = 0 and
1 <p < oo, WE(Q) means the usual Sobolev space with norm | [lxs. In particu-
lar, we set Wo(2) = L*(2) and || lo, = | lls. Given an interval I = [0, 7] and
a Banach space B, let us denote by W*?(I; B) the set of all L’-functions ¢ of I
into B such that

éj;r [ @2 (t) [dt < oo (p < o) and éeS? sup 1698 s < o0 (p = o0),

where ¢ = ¢ and ¢, j > 1, is the j-th order derivative with respect to ¢ in the
distribution sense. It is well-known in the literature that if ¢ € W' (I ; B) for
p > 1, then we have ¢ € C(I ; B), modifying, if necessary, the value of ¢ on a
set of measure zero. Moreover, we can prove that for any & > 0 there exists a
positive constant Ce such that

an  maxlg® la<e( [ 1o har)” + el [ 1olar)”

We now introduce the function spaces:
Vi» = the closure of ¥ () in W *(Q) with norm || v {lv., = | v lle.s,
Hp=Ap Lt (I, Wa(Q)); ¢ € LI ; L*(£2))} with norm

[ be, = ([ Aoty + 10 1) ar)”,

and in particular we set
Voo =H, Vl_p = Vp and V, =1,

where 7 (2) = {(¢*, ¢?, % ; ¢' € C&(Q), div ¢ = 0}. Identifying H to its dual
H’, we obtain VC H= H’ C V'’ where V' is the dual space of V, each space is
dense in the following and the injections are one to one and continuous. It is not
difficult to see that

<f,u>=j;fudx forfeH and ueV,
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where <, > denotes the duality between V and V.
Lemma 1.1, For any p such that 1 < p < 2 we set

(1.2) %= —E%L

> =

Then, 1 < B <6 and #, C L*(I ; W*(8)). Moreover, for any € > 0 we can find a
positive constant Ke so that

a8 ([T1gkedt) <elgle,+&( [ Iohat)”, ¢ <.

Proof. Observing the relation p < 8 < p* = 3p/(3 — p), we have, by the in-
terpolation inequality,

I ¢ s < const. | ¢ [3 | ¢ 1275
The use of Sobolev’s inequality and the inequality
l¢ ks < const. [ ¢yl ¢ s,
which appears in [1, p.79], therefore implies
lglis < const. ¢, ¢ 152, ¢ € W (@),
from which (1.3) easily follows by using (1.1) with B = L?(£) and Sobolev’s im-

bedding theorem. Q.E.D.

It is easily verified that 7 — 1 < p is equivalent to p’ = p/(p — 1) < B,
and p <5/3top" =2p/(2 — p) < 10. From now on we fix p so that
5
(1.4) V1 —1<p<73,
and define a by

1_2
+5=73.

Putting p™* = 3p/(3 — p), we then have, keeping in mind 1/p" + 1/p* = 2/3,

(1.5) 1

(1.6) P <B<3<a<pt, 6<p'<10 and 6 <p*

If a's and b's are determined by
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(1.7) %-I-%:% and b= %
it then immediately follows that

1 1 1 1
(1.8) Z+§=E+§.

The relation a < p* implies that the injection of W2 () into W*(2) is
compact. The reason why we claim p" <10 will be found in the integral

T
j; | D (u) ||§1 dt which appears in (2.13) to be finite it is necessary that » = ¢ in

(2.4) and this occurs when and only when ¢ < 10.
For & and 8 from (1.2) and (1.5) we introduce the Banach space

(1.9) X={peCU; W), Ll*U; W),

equipped with norm

e = max | 60) ha + (" 197 ) ",

which plays important roles in the paper. Let ¥, amd Y; be two Banach spaces:
(1.10) Yo={pEH,;,¢y €H and Y= WU ;L"2)),

with respect norms,

19 =1 ke, + 19 b, ana Tl = (L dolp+1ear)”.
Since (1.6) guarantees
War(Q2) « Wh(Q2) « WH(Q) < L(2) < L*(Q),

we readily obtain X C ¥; with continuous injection. Furthermore, we can prove,
by virtue of the relation a < p*,

LeEmMa 1.2, The space Yy is contained in X in a manner that for any € > 0

there exists a positive constant K¢ such that

(1.11) lollx <elglv + Kll@lly, ¢ € Y

Moreover, the injection Yo— X is continuous and compact.
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Proof. As we have already seen, the compactness of the injection W2?(2) —
Whta(Q2) follows from Sobolev's imbedding theorem. Therefore, the use of (1.1)
with B = WY*(£2) yields that for any & > 0 there exists a positive constant C
such that

(112)  maxl o) ko< [7 A I+ 19 Bt +C. [ gt
tel 0 0

The proof of (1.11) will be thus achieved by adapting (1.3) with ¢ = ¢'.
On account of the compactness of the injection Yo— Y (for the proof see

[5, p.58]), we can immediately conclude from (1.11) the later half of the lemma.
QED.

Let ¢ and g be a viscosity coefficient and a yield limit, respectively, which
are positive functions of A € R such that

(1.13) g€ CR), w=<pd) <m and H<gl <g
for some positive constants g, and g; (z = 0,1). We can easily see that
u(p) € X and g(¢) € W ; [*(2)) for ¢ € X.

More precisely, it follows from Sobolev’'s imbedding theorem that

T 1/2 T _ 172
(1) maxly Valo+ ([ 1vliar)” + (71w alFar) " < colg

where ¢ is a positive constant, g = u(¢), g = g(¢), u = ou/ot, g = 0g/ot,

v =1/y¢ and
_ N7(0) lew |
(1.15) @ =l @) =sup ™ oy T sup T oy

The problem we consider here is then formulated as follows. For prescribed
data f, #o, p and 6p:

(1.16) fe Wl ;H)y N L~ ; L*(2)%, u,€V, p€ Y, and

6o € W) N Wit (2)
find a pair {u, 6}:
(1.17) wueLl*U; V), w e PU;V)NL*U;H), €Y,

satisfying, the variational inequality corresponding to the equation of motion:
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(1.18) ' (t) + B(@®), v—u(t) >+ @61), v)
—QOW), u®) 2Lf @), v—ul)>
for v € Vand for ae. t € I, the equation of energy conservation:
(1.19) 0 —A40+uVO=F@@,u) +tp in2xI
and the initial-boundary conditions:

u(0) =u,, 6(0) =26, inf

(1.20) =0 onl X I,

where W2 () = {0 € WY(2);0=0on I}, Bu) =u Vu,

(1.21) 06, w) = [ @® D@ P+g® D@ |dr
and
(1.22) F (8, w) =24(6) | D) [P+ g(6) | D) .

This problem will be resolved along the following line. For ¢ € X such that
¢(0) = 6y and ¢ =0 on I' X I we first seek a vector field # = u, satisfying
u(0) = u, and (1.18) with & replaced by ¢, and then find a solution 6, € Y, of
the heat equation " — A4 6 = F (¢, ug) + p—uy- V ¢ subject to condition (1.20)
(see Section 2). Secondly, we show that the mapping H : ¢ — 6, of X into ¥, has a
fixed point 6 (see Section 3). It is evident that {uy, 6} is a desired solution to the
problem.

To do so we must impose on the initial data {u#o, 6o} a condition; they are sta-
tionary solutions of (1.18)-(1.19), that is, they satisfy

(1.23) <B(uy), v — uey + 06y, v) — D (6, o) = {x, v—1uopy, vEV,
for some x € H and

-A00+MO'V00:F(0Q, uo)+p(x,0) in.Q,

(1.24) 6=0 onl.

For the existence of such data we refer to Remark 3 in [4]. We now ready to state
the main theorem.

TurorEM 1.  Suppose that £ is a bounded domain in R* with smooth boundary I,

that p satisfies (1.4) and that p, g ave functions on R which satisfy (1.13). Let f,
#o, 0 and By be given as in (1,16), (1,23) and (1,24). If at least one of two quantities
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a2 O lxl+ [ A7+ hdt+ o a6 T+

is sufficiently small, then there exists one and only one solution {u, 8} to the problem
(1.18)~(1.20) satisfving

(1.26) us L'(I; V) forallvr<4q/(q— 6) and all 6 < ¢ < 10,
w e P VYNLU;H) and 6€ Y,

Remark 1. Remembering {4, Remark 4], we can easily prove the following
theorem. Suppose that 2 is a bounded domain in the plane with smooth boundary, that
p satisfies V5 — 1 < p < 2 and that u, g ave functions on R which satisfy (1.13).
Let f€ W ;H)Y, uo € V,p €Y, and 6, € W22 (Q), and assume (1.23) and
(1.24) to hold. If w is sufficiently small, then theve exists one and only one solution
{u, 6} to the problem (1.18)~(1.20) satisfving u € LI ; V,) forall g < oo, u €
LU ;V)YNL*{ ;H)and 0 € Y,

§ 2. The flow u#, and the associated heat equation

Throughout the section we assume the hypotheses mentioned in Theorem 1 to
hold. Taking account of (1.3), (1.7) and (1.8), we can prove the following lemma by
the same argument as in [4, Theorem 3].

LEmva 2.1. Let ¢ € X. If at least one of two conditions

(2.1) @) (uo/70)* > clAKé and (i) pd > TV2K?

is fulfilled, then there exists exactly one vector field u = uq satisfying u(0) = u,,

(2.2) ' (t) + Bu(), v —u(t)) + @(@@), v)

— DGO, wh) = B, v—u®),
2.) lww |+ (4 [Thvwka)” <K
and

(24) " Vlt(t) “q < Kq when 1 < p <6
T vr
<-/; “VuHZdt) < K, forr =4q/(q — 6) wheng>6

for all v € V and for all t < T, wheve 7y, ¢o are positive absolute constants, @ the
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functional defined by (1.21),

a=(lwle+ ["Irhar) exp ([ 171 ar)

and K, a positive continuous function of the arguments

(25) o o g [T AP+ 157D dt and w16

In particular,

T
26  K+K—0 aslel+ [T drl+1rba+w—o,
w being defined by (1.15).

Proof. Following [4], we set

M= Cup* (@ ok + D o?l¢l, G=o*l¢l

1=A© =%+ [T ldt+ Cmax |f @)+ gD M+ G)

0=<t<T

xexp ([T Nt + i+ ),
J=Mes ([ 17 ldt+ 7+ M)

and

E = (8u§ 2 A )V + 18ueAJ + {18A(max | f (¢) |* + I)}'2,

0<t<T

where 7; and C are some positive constants depending only on « and £, and
A=3/a—1/2 <1/2. Then, we obtain (2.4), provided

K, = 2{I+ J (uE + uéAPE?A}172
K, = const. yg"?E? when1 < ¢ <2

and
K, = a positive function of argument (2.5) when g > 2.

Consequently, (2.6) is easily concluded.
For the further detail of the proof we refer to [4]. QED.
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We now treat the initial-boundary value problem, asscoiated with ¢ € X,
for 0

0 — A0+ uy Vo =F(pus) +o0 inQ=20x1I,

(2.7) 06— 60,=0 on (I'xI) U (x{0DH),

where I denotes the interval [0,T], #, the velocity field obtained in Lemma 2.1,
F (¢, u) the same function as in (1.22) and

(2.8) Xo=1{9peX; 0 =6yand ¢ =0o0n I X I}.

Setting 2 = 0 — 0, we may rewrite (2.7) as

W—A4h=A460,+ F (), uy) +0—uy' V¢ in @,
h=0 on (I'XI) U (2 x{0}).

(2.9)
Let us set
Go =400+ F(¢p, up) + o —up V¢ for ¢ € Xo.
It is easily seen from (1.24) that the initial value of G, vanishes.
There is the key lemma in the present paper.
LEmMA 2.2, Suppose that O, satisfies (1.24). Then, we have Gy € Y1 =
WY1 ; LP(82)) for any ¢ € Xo. Moreover, the following estimate holds:

(2.11) 1Gslly, < Crll 6o lloy + My + Cr(K + Ko | ¢,
where My is a positive continuous function of T and the arguments (2.5), and Cr is a
positive constant depending only on T such that C+— 0 as T— 0.

Proof. Using Holder inequality, we can derive from definition (1.22) the fol-
lowing inequalities:

I Flly <20 | D) I3 + g0 D)y,
" F’ ”p < 2w " ¢ “b || DSu)”%a + 4 ” D(ul)” || D(u)"w
+ oV | ¢ I D@l + g0l D @)l

where ¢ = 3/p < 2 and l/j)1 =1/p — 1/2. Keeping in mind 6 <‘1)Jr < 10 (see
(1.6)), 2p < 6 and 2q < 6, we can compute, using (2.3) and (2.4), as follows:

T 1/p T 1/p T 1/p
@iz ([IFka)” <om( [TIDwBa)” + g ( [ 1DGIEa)
< (2/11K22p + gle) Tl/‘b
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and

ez (fT1FBa)” <20 ([0 ka)” (L7100l @)
Tam (.ﬁ)T " D) |? dt)l/z (];T ” D(M)"f dt)l/‘br

T 1/2 T N 18" T 1/p
+ovm( [TIetga)”([TIpwl a)” + o ([ 1Da)k d)
= @uKE + Vi K) TV co | ¢ lly + const. (us 2Ky + 6TV K,.

In the same manner as above we get the following three estimates:

T 1/p T 1/p
iy ([Thwvoka)” <([Tleka)” swl vl
< const. TV?’K, || ¢ |lx with1/r=1/p—1/a>1/6,

T / T . ’
(2.15) lu-vglpd)” <( [ Nveld)” ([ lula)”

0 0 0

<const. TV K, || ¢ llx with 1/s=1/p—1/8>1/6

and
16 (LThwvoka)” < ([ lwka)” swl vl
< const. TV? K| ¢lly with1/7r=1/p—1/a>1/6.
Thus, (2.11) easily follows from (2.12)~(2.16). QE.D.

LemMMA 2.3, For any ¢ € X, there exists one and only one solution hy € Yy of
the heat equation (2.9) satisfying

(2.17) [ 2 llve < Cill Gy |y

Ci being a positive constant depending on T, p and @ = £ X (0,T).

Proof. Let h and k be unique solutions contained in #, of equations (2.9) and

equation

(2.18) K —A4k= G in @,
k=0 on (I'XI)U (£ x{0}),

satisfying the inequalities

T 1/p T 1/7p
@19) Il < C( [TI6Iat)" ana Ikl < [TI6 Bast)”,
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respectively. The existence of such % and k is due to [3 Théoréeme 9.3]. Because of
Gy =0 at t = 0, we have 2" = k. Hence, it is easily seen that # = hy is in Y, and
satisfies (2.17). QED.

§ 3.  Proof of Theorem 1

Lemmas 2.1, 2.2 and 2.3 enable us to introduce a mapping H of X, into
Yo € X (see (1.9), (1.10) and (2.8) for X, Y, and Xo, respectively):

(3.1) H:p—0=H(p) = hy + 6,

Regarding H as a mapping of X, into itself, we can prove
Levyva 3.1, The mapping H defined by (3.1) is continuons and compact on X,.

Proof. The compactness of H is an immediate consequence of Lemma 1.2. In
fact, it is easily seen from (2.11) and (2.17) that H (¢) remains in a bounded set
in ¥, when | ¢ [ is bounded.

We now prove the continuity of H. For ¢ and ¢ belonging to Xo, we have, us-
ing abbreviations gy = () and gy = g (),

Gy — Gy = 2(1g — 1) [D(W) |2 + (g — &) l D (uy) I
+ 20, (| D(uy) | + [ D(uy) | + g} (| D(ug) | — | D(w,) )
= (g — ) Vo —uy V()= ¢).

So that, setting 1 /7 = 1/p — 1/6, we obtain, keeping in mind »y < 3 < a < P,

1Go— Golls <20 Dug) B Il to — 2o lls + 1 D) I | 26 — g0 lls
+ 1l D (ug) o + 1| D (o) o + [l g 5} | V 2|
+const. (| Volull Val + 11 Vusl, | V(9 — o) ),

and hence (2.4) leads to

(LT16e—coa)" <a( [T1v@—oba)” + ol [T17ala)”,

because p' does not exceed 10. Here, 2= uy — u, and ¢; { = 1,2, ...) denote
positive constants which depend on ¢ and ¢ but remain bounded as far as they
run over a bounded set of X.

On the other hand, by the usual argument it follows from (2.2) that

5 Gzl + w72l < B (@, ) = 2 <o — ) D), D)
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- [ @ = 2)(Dw) |~ D)) da

Syl vus |1 vz l? + 20 e = ol 1 D (o) | | D2 |
+lg—gllD@ |

1
< sl VzlP+ Szt + 1D Bl — 1) B + 20— 21,
where we used the relation 1/p" + 1/p" = 1/2. Therefore, we have
(e 2@ P + uoe™ 1 V2P < es(l Do) I ll o — 26 I3 + I .26 — 20 D).

Integrating the both sides of the above from t = 0 to t = T, we obtain

62 Mo+ ([ Ivela) <c( [To—ola)”.
Hence,
(3.3 (ST16—Golpar)” <cllg— )l

We now return to the proof of the continuity of H. Let {¢,} be a sequence in
Xp such that ¢, — ¢ in X and set h, = hy, and G, = Gy,. Since the mapping H is
compact, we can find a subsequence {hn} of {h,} so that h,—h in X. On the
other hand from (2.19) and (3.3) it follows that there exists a positive constant C
such that

lre = halle, < Cllp = ¢ul x.

Consequently, we have # = hy, which implies /, — hy in X as #— oco. Q.E.D.

LEMMA 3.2. There exists a positive number R such that the ball in X,: Br
={peXy;l¢o— 0 lx <R} is transformed into itself by the mapping H, if either
quantity (i) or (i1) of (1.25) is sufficiently small.

Proof. Linking (2.11) with (2.17), we get

B0 — bl =l holly < Coll by lly, < g + CoCiCr (K + K) (R + | 6o [lx)
for ¢ € Bpg,
where Cy is a positive constant depending only on T, p and @, and R is chosen as

R

9 = CoCysup (Cr “ 6o “2,;) + M+ " o ” )
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where the supremum is taken over all arguments such that

T+l + [T A+ D ar+ olglho< K

for some K. If the quantity (i) of (1.25) (resp., (ii) of (1.25)) is so small that
w < K/R, and two inequalities (i) of (2.1) (resp. (ii) of (2.1)) and

CCiCr (K + K < %

hold true, it then follows from (3.4) that H (¢)) € Bg (cf. (2.6) and (2.11)). Q.E.D.

Since By is a closed convex and bounded subset of X, Lemmas 3.1 and 3.2
allow us to adapt the Schauder fixed point theorem to get a fixed point 8 : H ()
= @. It is easily seen that {us, 6} is a solution to the problem (1.18)~(1.20) satis-
fying (1.26).

Our final goal is to establish the uniqueness of {ug, 6} . Let us suppose
{us, ¢} be another solution. Then, we have n” — 4n = Gy — Gy, where n = 0
— ¢). Multiplying the both sides by n and integrating on £, we get, using holder's
inequality,

LUk +17nl= [ 76— G de

Do =

= Cj; 0 (D (ug) P+ 1Dy |) + 0l D@ | (D ug) | +1D(uo) | + g0)

+1inllzl | Vel dzx
< CAllnls AD @y I3+ 11 Do) lpr2)

Al ly 1 V2l (Do) I + 1D o) b + ol + 1l 211 76 1},

rs

where and in the following we denote by C various positive constants and z =
us — ug. Integration from 0 to £ yields by (3.2)

sho@ e+ [hvnlkar<c( [ Inla)”
+c( [l a7 {( [172kar)” + max 2@ < ¢ [Inlaz)”,

0<r<t

which implies

t t
(35 In@ I + [[1vnlanre<c [Inla.
Observing 2 < p” < 6, we obtain by virtue of the interpolation inequality

t
LHS of (35) < C [0 | | | a,
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where a = (6 — p)/2p’, B = 3(p’ — 2)/2p" and hence Bp’ < 2. Setting
k= 2ap'/(2 — Bp’) = 2(6 — p)/(10 — 3p"),

we have by Holder’s, Young’s and Sobolev’s inequality

LHSof (35) = C (j;t | 7ol dr)ﬂp’/z <j;‘ I ¥ dr><2—31>’>/2

< <Lt ” Vy] “2 d‘[)P’/Z +C (ﬁt " . “k dT)(Z—BIJ’)/Za

and hence
In@ < c [y,

which immediately implies 7 = 0 and {uo, 8} = {uy, ¢}. Q.E.D.
The following remark is suggested by Prof. Yoshio Tsutsumi.

Remark. 1t is evident that the sequence 6, = H"(6,) (n = 0,1,2,...) is con-
tained in Br N Y, and satisfies || 6, — o || v, < R/ Co. Making use of Lemmas 1.2
and 3.1, we can extract a subsequence {6} which converges to a fixed point 8 in
X. The uniqueness of the fixed point therefore implies || 6, — 8]x— 0 as # — co.
This fact is suggestive of applying the contraction mapping theorem, in other
words, establishing the inequality | Gy — Gollyy < el — ¢ llx for sifficiently
small ¢ > 0. However, it seems impossible to the author, because of the term

21(@) | D(uy) |.
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