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Abstract. In this paper we deduce the existence of analytic structure in a
neighbourhood of a maximal ideal M in the spectrum of a commutative Banach
algebra, 4, from homological assumptions. We assume properties of certain of the
cohomology groups H"(A, A/ M), rather than the stronger conditions on the homo-
logical dimension of the maximal ideal the first author has considered in previous
papers. The conclusion is correspondingly weaker: in the previous work one deduces
the existence of a Gel’fand neighbourhood with analytic structure, here we deduce
only the existence of a metric neighbourhood with analytic structure. The main
method is to consider products of certain co-cycles to deduce facts about the sym-
metric second cohomology, which is known to be related to the deformation theory
of algebras.

1991 Mathematics Subject Classification. 46J20, 46M20

1. Introduction. This work can be considered as one in the series of papers by
the first author which study homological properties of non-idempotent maximal
ideals in commutative Banach algebras ([8], [9]). From another point of view it
continues the long series of paper by many authors which studied conditions on the
vanishing of cohomology groups of Banach algebras.

Throughout this paper 4 denotes a commutative Banach algebra with unit 1,
M C A is a fixed maximal ideal. We denote by M 4 the space of maximal ideals of 4
and consider two topologies on M, — the Gelfand topology and norm (metric)
topology, induced by the norm from A4*. The letter w stands for the point in M4,
that corresponds to M and for the multiplicative functional annihilating M.

The symbol & denotes the projective tensor product of Banach spaces [4], and
7 M®M — M is the operator of multiplication. We denote by M? the algebraic
square of M (that is the linear space generated by ab, (a, b € M)). We also consider
the topological square M2, which is the closure of M?. The ideal M is called idem-
potent if M = M? and non-idempotent otherwise. Note that the quotient space
M/ M? is the predual of the space of bounded point derivations at the point w.

There was a series of papers in the 60’s and 70’s (see [2], [11]) that tried to con-
nect the behaviour of bounded point derivations at point @ (and therefore of the
closed powers of the ideal M) with an analytic structure in M 4. We recall that the
subset U C M4 is called an n-dimensional analytic polydisc if there is a home-
omorphism y from the open unit polydisc D" C C" onto U such that for all a € 4
the function a o y is holomorphic in D" (where a denotes the Gelfand transformation
of a).
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Perhaps the most detailed results concerning powers of a maximal ideal and
analytic structure are in [11]. We shall use a much simplified version of the main
results of [11] and present it in the following theorem:

THEOREM R. If

(i) dim Mk / M*+T = (""" for all natural numbers k, and
(i) A(M&M) = M?,

then there exists a neighbourhood U of the point w in the metric topology that is an
n-dimensional analytic polydisc.

Note that the condition (i) says that the powers of M behave in the best possible
manner — as in the polydisc algebra A(D").

A brief outline of the proof of this theorem can be found in [10]. This theorem
was a principal tool in the papers of the first author ([8]-{10]), where the existence of
an analytic polydisc was deduced from such homological conditions as projectivity,
flatness and finite homological dimension of M as a Banach A4-module. Now we
consider weaker homological conditions — namely the triviality of some homology
and cohomology groups of the Banach algebra 4.

We denote by C the trivial bimodule A/M and consider the Hochschild
homology group H,(A, C) and cohomology group H"(A, C) (note that these are
respectively equal to H,(M, C) and H"(M, C)). As usual we denote by L"(M, C) the
space of all continuous n-linear maps from M x M x --- x M (n times) to C, by
Z,(M, C) the group of all n-cycles, by B,(M, C) the group of all n-boundaries, by
Z"M, C) the group of all n-cocycles and by B"(M,C) the group of all n-
coboundaries [7]. We denote by d the boundary operator and § the coboundary
operator (usually we omit the degree of d and §). Note that the symbol §;; stands for
the Kronecker delta.

To define the symmetric homology and cohomology groups we introduce
the following operator on n-chains: (¢ @ @ ® -+ ® a,)” = (—1)%”(”+1)*1(a,1 ® ay_
® - -- ® a;). The symmetric and antisymmetric chains are the +1 and —1 eigenspaces
of the operator op. One easily checks that d(n°?) = (dn)” for all n-chains 5. This
shows that the symmetric and antisymmetric chains form two subcomplexes of the
spaces of all chains. The homology of these subcomplexes are the symmetric and
antisymmetric homology. In exactly the same fashion we define ¢°”(n) = ¢(n°?) for an
n-cochain ¢. Again 8(¢?) = (8¢)”” and the homology of the resulting subcomplexes
of eigenspaces gives the symmetric and antisymmetric cohomology. When we orna-
ment a space of (co)-chains, (co)-cycles, (co)-boundaries or (co)-homology groups
by a or s we mean the corresponding symmetric or antisymmetric version. Note in
each case the usual space is the direct sum of the symmetric and antisymmetric ver-
sions.

We mainly consider the symmetric second cohomology group H?(M , C), which
is important in the theory of extensions of Banach algebras, see [1].

2. The m-property. Theorem R includes the condition that the image of the
canonical multiplication operator 7 : M QM — M must coincide with M?2. Note that
we always have M? C Imm € M? and hence Im 7 = M? if and only if Im 7 is closed.
We shall call this condition the m-property.
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Actually one often meets the m-property in Banach homology theory (see, for
example [8], [10]). In particular projective and flat [8] maximal ideals have this
property. All M possessing a bounded approximate identity satisfy M?> = M, by
Cohen’s factorization theorem hence have the m-property. An unbounded approx-
imate identity is not enough: for instance, the algebra /*(N), with pointwise opera-
tions, does not have the m-property (Immz = /'(N)). The following result shows a
relationship between the w-property and the second cohomology group.

PROPOSITION 1. If H* (M, C) = 0, then M has the m-property.

Proof. Assume the contrary: that Im s is not closed. In this case the usual norm
on Im 7, that induced from M, does not agree with the factor-norm generated by the
operator 7 : M®M — Imm. We can choose a functional f: Imz — C, which is
bounded in the factor norm (that is |f{m(u))| < Kllu| for all ue M@A/I), but
unbounded in the usual norm. Consider the functional ¢ = fo r on M®M. Since
is bounded and y(ab ® ¢) = ¥(a ® bc), it generates a cocycle in Z*(M, C), which is
obviously symmetrical. This implies that s = g o 7, g € M*, and hence the bounded
g and unbounded f agree on the dense subset Im 7 of M2. This contradiction proves
the result.

COROLLARY. If H*(M, C) = 0, then M has the m-property.

Proof. If every 2-cocycle is a coboundary, then every symmetrical 2-cocycle is a
2-coboundary and the result follows from Proposition 1.
The following result is far more general than Proposition 1 and its Corollary.

THEOREM 1. If H'*2(M, C) = 0 and dim M/M? = m > n > 0, then M has the -
property.

Proof. If Im 7 is not closed, then there exists f': Imm — C, which is bounded in
the factor-norm, but unbounded in the usual norm of M. Since dim M/M? =
m>n>0 we can choose hy,...,h, € M and 1,,...,t, € M* such that t;(h) = 6
and each ¢ annihilates M2. Now consider 7 € L"t*(M, C), given by the formula

T(ay, ..., an2) = ti(ar) . . . ta(an)ans1any2).

It is obvious that 7= 0 and so T € Z"t*(M, C). Hence T € B"*(M, C) and so
there exists S € L"!(M, C) such that 7 = §S. This means that

t(ay) ... tya)fapr1ans2) = Slayay, as, ..., apy2) — Slay, axas, ..., apo) + -
+(=1)"S(a1, az, ..., @y, Apy1412). (%)
Now fix a, b € M and substitute in (x) instead of a1, as, .. ., 4,4 all permutations of

hi, ho, ..., h,, a, b such that a is to the left of . Every time we multiply the equality
we obtain by the sign of the corresponding permutation. Then we add all the equations
we have obtained. The only remaining term on the left-hand side is f{ab), because the
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other terms were either zero or have cancelled in pairs. On the right-hand side the
summands containing ab appear exactly once, while the other summands will appear
twice with different signs and cancel pairwise. So we obtain the following equality,

flab) = S(ab, hy, ..., hy) — S(hy, ab, ... hy) + -
+ (=1 S(hy, By, . .., by, ab).

which has (n + 1)! summands on the right-hand side. This means that f'is bounded
on M? and therefore on M. This contradiction finishes the proof.

The following result shows that the tensor product of Banach algebras in some
sense preserves the m-property.

PROPOSITION. Let Ay and Ay be commutative Banach algebras with unit. Let M;
be an idempotent maximal ideal in A; which has the w-property (i =1, 2). Then the
corresponding maximal ideal M in A|®A, also has the w-property.

Proof. We have m:(M;QM;) = M;, (i = 1, 2). Using the well-known fact [4] that
arbitrary u € M,®M, can be represented in the form u = Y e ar ® bi, ax € My,
b € My and Y 2 1||ak|| ||bk|| < 0o and the open mapping theorem, we easily see that
there exists U € M, ®M1®M2®M2 such that (m; ® m,)U = u. Now we take an
arbitrary element v € M C A;®A4, and represent it in the form v=u+m ® 1,
+1; ® my, where u € M{@®M,, m; € M, 1; is the unit of 4; (i = 1, 2).

Consider the linear operator P: A®A4,QA>QA> — A QA&A;®A4, given by
Pab®@c®d =a®c®b®d Note that v © Plaememem, = T ® 1. Then
take the chosen element U e M;@M,@M>&M, such that (r1 @ m)U = u and
choose elements u; € M;®M; such that wi(u) =my, (i=1, 2).

Now consider V=PU+uy1 L, @1, +1,® 1, ®uy) € A1®A,®A,®A,. First
we can easily check that ¥ € M®M: it is enough to verify that (0 ® D)V, (1 ® w)V
and (o ® w)V are all equal to zero, where w is the multiplicative functional annihi-
lating M.

After that the calculation wy(V)=7ayPU+u1 @1, 1, +1, @1, ®up) =
MM U+u® LR¥L+11®11 Q@u)=u+mu)®ly+ 1) @ m(ua) =u+m
®1, + 1} ® my = v proves that JTM(M®M) =M.

NoOTE. The m-property is very close to the well-known S-property (see [6]), which
is equivalent to the coincidence of the following two norms on M?: the usual
norm (from M) and the factor-norm given by the operator of multiplication
Ty M® M — M. It is easy to see that the S-property always implies the w-prop-
erty. The example due to P.Dixon [3] shows that the converse implication is not true:
there exists a Banach algebra 4 such that 43 = A4y (and hence Ay has the m-prop-
erty) but 4y does not have the S-property. In this example Ay is neither commutative
nor semisimple. It would be interesting to know whether the m-property and S-
property are equivalent in each of these cases.

3. The powers of a maximal ideal. Now we establish a sufficient condition for the
powers of the given maximal ideal M C A to behave in the best possible manner,
that is dim M*/M*+1 = ("*+~") for all natural numbers k.
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PROPOSITION 2. If M has the m-property and the functional G,, whenever it is
defined, annihilates the kernel of the multiplication operator m, then
dim Mk /M*1 = ("*5=Y) for all natural numbers k.

Proof. We suppose that dim M/M?> =n and choose fhy,...,h, € M and
1, ...,y € M* such that t,(h)) = §; and each ¢; annihilates M?>.
We denote by A the set of all multi-indices of length n: A = (i, ..., k,) and

A\l = k1 +--- +k, the power of A. Denote also h* = W' ks and e = (0, ..,
1,...,0) where the unit is in the k-th place.

We shall construct, by induction on m = |A|, a collection of functionals f;,
A € A, such that ¢, annihilates M™+! and where 1,(h") = §,,. For m = 1 we already
have such functionals: set 7,, to be #, and #p = w. Fix u € A, || =m + 1. Consider
a formal equality G, =) in—u 1), ® t,. Provided all 1,, |A| <m, already exist, it

[A]. [v]=0
defines a functional G, € (M®M)*. Note that t) = w is zero on M, so regardless of
the subsequent choice of 7, this sum will be equal to the same sum without the
restriction of |A[, [v] > 0.

For all A € A, |A| = m and ¢, already is defined. Now for an arbitrary fixed wu,
with |u| =m 4+ 1, the functional G, is defined as above. Because G, annihilates
Ker , we can see from the following diagram:

MM
Guld N
cC 1, M

that there exists a continuous linear functional #, : M? — C such that 7, o 7 = G,,.
Then extend t, to M by the formula 7,(lx) =0 for k=1,2,...,n. Then for
arbitrary ae€ M, be M"™! we have 1,(ab)=1t,71(a®b)=G,(a®b)=
> vy B(@)1,(b) = 0, because 7, annihilates Mm+1 Tt follows by linearity and con-
tinuity that 7, annihilates M™+2. The same type of argument shows that 7, (4") = §,,,.

It follows by induction that the system of ¢, exists for all 4 € A. Hence
the system of 7", |u| =k, has independent images in M*/M*+!, and thus
dim M*/ MK = ("), and the proposition is proved.

In what follows we shall use the following property of the ¢,:

LemMmaA 1. 1,(ab) = 3, 5, ta(@)1p(D).

Proof. The left-hand side is equal to #,m(a ® b), and the right-hand side is
Zwﬂzy o ® tg(a @ b) = G,(a ® b), which is the same thing.

4. Cohomology groups and analytic polydiscs Now we shall apply our main tool,
Proposition 2, to different situations and obtain the results about the existence of
analytic polydiscs.

THEOREM 2. Let H?(M, C) = 0 and dim M/M? = n. Then there exists a neigh-

bourhood U of the corresponding point w € My in the metric topology that is an
n-dimensional analytic polydisc.
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Proof. For every u € A the functional G, is defined. It is obvious from the
definition that G, is symmetric: G, (a ® b) = G,(b ® a). Now using Lemma 1, we
can prove that G,(ab ® ¢) = G,(a ® be). In fact, G (ab ® ¢) =}, 5, ta(ab) ® tg(c)

= Y ipn (zwza te(a)ty(b)>tﬂ(c)= Y gy 1@, (B)ig(c), and similar calcula-

tions show this is also the value of G, (a ® bc).

Hence the bilinear functional ge L?>(M,C), given by the formula
g(a, b) = G,(a ® b), is a symmetric 2-cocycle. Since H2(M,C) =0, g € B*(M, C). So
G, (a ® b) = f(ab) for some f'e€ M*, and now it is evident that G, annihilates Ker 7.

Using Propositions 1 and 2 and Theorem R, we complete the proof.

NortE. Certainly the requirement of symmetry of the cohomology group
H*(M, C) can be omitted. But the vanishing of the usual group restricts the dimen-
sion of the linear space M/M?2, and hence the cases to which we could apply the
result.

PROPOSITION 3. If H"tY (M, C) = 0, then dim M/M? < n.

Proof. Assume the contrary: dimM/Wz;H—l. Then there exist Ay, ...,

hpp1 € M and ¢y, ..., t,41 € M* such that f;(h;)) = 8; and each ¢; annihilates M>.
Consider S € L""*(M, C) defined by the formula

S(ay, ..., anp1) = ti(ar) - . - tag1(@ng1)-

Obviously 8S=0 and hence Se2Z"*(M,C). Since H"'(M,C)=0,
S e B"Y(M, C), that is S = 8R for some R € L"(M, C). In particular, it means that

S(h], ey /1,1+1) = R(/’l1h2, h3, ey hn-H) — R(hl, h2h3, ey hn-H) 4+
+ (=1 RO B, ).

Now consider all possible permutations of 4y, ..., i,y and write down the (n + 1)!
corresponding equations. After addition of all these equalities multiplied by the sign
of the corresponding permutation we get the number 1 on the left hand side, and on
the right-hand side all the terms cancel pairwise and we get zero. This contradiction
proves the result.

We obtain only a 1-dimensional result about the usual cohomology of order 2,
as our maximal ideals are required to be non-idempotent.

THEOREM 2'. If HX (M, C) = 0 and M # M2, then dim M/M? = 1 and there exists
a metric neighbourhood U of the corresponding point w € M 4 which is a 1-dimensional
analytic disc.

Now consider the vanishing of higher dimensional cohomology groups.

THEOREM 3. If H""2(M, C) = 0 and dim M/M? = m > n > 0, then there exists a

neighbourhood U of the corresponding point w € M 4, in the metric topology, that is an
m-dimensional analytic polydisc.
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Proof. By Theorem 1 M has the w-property. Next, as in the proof of Theorem 2,
we take u € A, |u| =k > 2 and prove that G, annihilates Kerm. Recall that G, is
symmetric.

Consider ¢ € L"?(M, C) given by the formula

dlar, a, ..., apy2) = t1(ar) . . . 14(an) G (@ng1 @ any2).

A routine calculation similar to that in the proof of Theorem 2 shows that §¢ = 0
and hence ¢ € Z"2(M, C). Therefore ¢ € B"*(M, C), so there exists S e L"!
(M, C) such that ¢ =4S, that is

tl(al) e tn(an)Gu(aiH—l ® an+2) - S(alab az, ..., an+2) - S(al, aas, ..., an+2) +---

+ (=12 S(ar, a, ..., Gy, Auy1ns). ()

Now we take an arbitrary u € Kerw and represent u=7Y - a;®b;, where
2 llaidllibill < oo and Y2, aib; = 0.

Then apply the functional { ® --- ® t, ® G, to all elementary tensors obtained
from h; ® --- ® h, ® a; ® b; by permutations, in which ¢; remains to the left of b;.
After this add all the equations together multiplying by the signs of the corre-
sponding permutation. Finally, take the summation over i.

On the one hand we obtain | G,(a; ® b;) = G,,(u), because the other terms
are either zero or cancel in pairs, by the symmetry of G,,. On the other hand, using
(x*) we get sums of terms of two kinds:

(1) Yo Sthy,, ..., aibi, ..., h,), these sums are zero as y .-, a;b; = 0;
Q) Stk - o Bl e i oo Bis o) OF SChiy o B di .. by, ..), all such

terms occur twice and cancel pairwise.

Thus we have shown that G,(u) = 0, and using Proposition 2 and Theorem R,
we complete the proof.

NoOTE 1. In view of Proposition 3 the number m in Theorem 3 actually can only
be either n or n+ 1.

NoTE 2. Theorem 3 seems to be stronger than the main result of the first
author’s paper [10]. But in that paper an analytic polydisc is obtained in a Gelfand
neighbourhood. This stronger conclusion cannot be obtained from Theorem R
without some additional proof, as well as the criterion for projectivity of M in [8].

5. Homology groups and analytic polydiscs In this final section we show that one
can conclude the existence of analytic polydiscs from the vanishing of certain
homology groups and assumptions about the dimension of M/M?. These results
should be compared with those of the last section and also results in [10]. In that
paper the first author obtained Gelfand neighbourhoods under assumptions about
the homological dimension of the maximal ideal. The dimension assumption in [10]
is analogous to the case H, (M, C) = 0 and dim M/M? = n + 1 presented here.

We begin with a lemma. We define two operators which give rise to n-cycles. Let
T: Q"M — &"M be defined by
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T ®@a®- - Qa,) = Z €xln(1) @ An(2) @ * - * An(n),

eS,

and let S : ®"2M — "2 M be defined by

S@®a® - Qay) = Z €xln(1) ® Ar2) ® * - Ar(nt2)-
7€Spi2,m  (n+ 1)< 1 (n+2)

LEMMA 2. Let S and T be as above and let ) ;% n+1 ®an+2 be an element of
Kernm then T(a1 @ a; ® - ®ay) and Y .2 S(@1 Q@@ Q-+ ® a, ® anil ® a,,+2) are
cycles.

Proof.

n—1

dTa @ ®- - Qay)) = Z(—l)k_l Z Exln(l) @ -+ ® An() (et 1) @ -+ - An()-

k=1 weS,
Clearly interchanging k and k + 1 gives terms which cancel in pairs. Similarly

o0
dY S ®w®-- ®a®d, ®d),) =

J=1

oo n+l

k-1 ) W 0 0
2.2 (=D > Enla(ty ® "+ O Gty atirny @+~ An(uy2)
j=1 k=1 TESyt2,m(n+1)<m(n+2)

where afj) = ay for 1 <k < n. Clearly interchanging k and k + 1 gives terms which

cancel in pairs. This is allowable except when w(k) =n+ 1 and r(k + 1) =n+2. In
this case the terms cancel when they are summed over j.

THEOREM 4. Let H,,2(M, C) = 0, then dim M/M? < n + 2.
Proof. Assume this is not the case and let /g, h, ..., h,» be elements of M
which are linearly independent in the quotient M/M?. Let 1y, ..., t,4» be dual func-

tions which vanish on M2 and such that ti(hj) = é;. By Lemma 2 T(l @ - -+ ® hpp2)
is a cycle. If H,»,(M, C) = 0, it must also be a boundary, thus we have

[e¢]
Th @+ @ hyyo) = Zd(a(l’) ®a(2’)®~--®an+3)
=1

k—1
=3 1) &)@ dldl, @ - ®d,

If we now apply 11 ® &, ® - - - 1,42 to both sides, the left hand side equals 1, whereas
the right hand side equals 0. This contradiction proves the result.
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THEOREM 5. Let H,»(M, C) = 0 and dim M/M? > n, then H,(M,C) =0.

Proof. Choose hy, hy, ..., h, and tl,...,l,, as above. We denote an arbitrary
element of Kerw = 2, by } %, hgll ® hn+2 By Lemma 2 we have

(Z he--ohd, ® hn+2>

is an (n 4 2)-cycle. As H,»(M, C) = 0, it is also a boundary, hence equals

oo n+2

o0
(i) _ k 1 (/) M0
d(E :al ® ®an+3) = § : 2 : iy @ ®an+3
= =1 k=1

as above. We now apply the map 1, ® 1, ® - - ® t, ® Iy ® Iy to each side of the
identity (and use " CMIM = MRM) to obtain

N CRTNS » S|
k=1

=

on the left hand side. This is the original 2-cycle plus an anti-symmetric 2-chain.
Note that anti-symmetric 2-chains are always 2-cycles as the algebra is commutative.
On the right hand side we obtain

o0
1" n@)) - ta@all al, ® aly — al ) ® a¥)pal ]
=1

which is a 2-boundary. This shows that Z, = C§ 4 B,. Now we can symmetrize this
equation, using the op operator used in the definition of the symmetric homology
groups. Hence 2% = B3 i.e., H3(M, C) = 0.

THEOREM 6. Let H, (M, C) = 0 and dim M/M? > n, then M has the wT-property.

Proof. We let ¢ be some element of M2 and choose hy, hy, ..., hyand ¢y, ..., 1, as
above. Then by Lemma 2 T(h; ® - - - ® h, ® ¢) is a cycle and as H, (M, C) =0 it is
also a boundary. Hence

o0
Th®  ®@hed=d) a®d e d,,)
SN0 (0
= Z A ®-aldl, ®-®a,
We apply 11 ® - - - ® t, ® Iy to the resulting equality and obtain
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o0
c=" 1@y 1u(d)al) .
j=1

This shows that ¢ is in Im 7.
Finally we are in a position to prove the result on analytic structure.

THEOREM 7. If H,y (M, C) =0 and dim M/M? = n, then H*(M,C) =0 and
there exists a neighbourhood U of the corresponding point w € My, in the metric
topology, that is an n-dimensional analytic polydisc.

Proof. By Theorem 2 it suffices to show that H>(M, C) = 0. Let ¢ be any sym-
metric 2-cocycle. Then ¢ vanishes on every anti-symmetric 2-cycle, by symmetry. It
also vanishes on every symmetric 2-cycle as these are all boundaries (of symmetric 3-
cocycles) by Theorem 5. Thus ¢ vanishes on Ker . We now use the m-property, this
shows that ¢ = ¥ o 7 for some continuous functional ¥ on M. Thus ¢ = §¥ and we
are done.
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