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1. Introduction. Let M(c) denote a 4n-dimensional quaternion space form of
quaternion sectional curvature ¢, and let P(H) denote the 4n-dimensional quaternion
projective space of constant quaternion sectional curvature 4. Let N be an n-dimensional
Riemannian manifold isometrically immersed in M(c). We call N a totally real
submanifold of M(c) if each tangent 2-plane of N is mapped into a totally real plane in
M(c). B. Y. Chen and C. S. Houh proved in [1].

THEOREM A. Let M be an n-dimensional compact totally real minimal submanifold of
the quaternion projective space P(H). If
- 3n(n+1) ,
(6n—-1)

then N is totally geodesic. Here S is the square of the length of the second fundamental form
of N.

S

Let h be the second fundamental form of the immersion, and ¢ the mean curvature
vector. Let (-, -} denote the scalar product of M(c). If there exists a function A on N such
that

(h(X,Y),£)=MX,Y) (*)

for any tangent vector X,Y on N, then N is called a pseudo-umbilical submanifold of
M(c). It is clear that A = 0. If the mean curvature vector £ = 0 identically, then N is called
a minimal submanifold of M(c). Every minimal submanifold of M(c) is itself a
pseudo-umbilical submanifold of M(c). In this paper, we consider the case when N is
pseudo-umbilical and extend Theorem A. Our main results are

THeOREM 1. Let N be an n-dimensional compact totally real pseudo-umbilical
submanifold of M(c). Then
f {652 — [(n + 1)c + 16nH?|S + 4n’H?c + 10n*H*} dN =0,
N

where H and dN denote the mean curvature of N and the volume element of N respectively.
THEOREM 2. Let N be an n-dimensional compact totally real submanifold of M(c). If
652 — ((n + 1)c + 16nH?)S + 4n*H?*c + 10n*H* — 4nHAH <0, (1.1)

then the second fundamental form of N is parallel. In particular, if the equality of (1.1)
holds, then either N is totally geodesic or N is flat.

When H =0, i.e. N is minimal, from Theorem 1 we may get (cf. [4]).

1 I would like to thank Prof. K. Ogiue for his advice and encouragement and to thank also the referee for
valuable suggestions.
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CoRrOLLARY. Let N be an n-dimensional compact totally real minimal submanifold of
P(H). If
S=3(n+1),

then N is totally geodesic or S =35(n +1).

2. Local formulas. We use the same notation and terminologies as in [1] unless
otherwise stated. Let M(c¢) denote a 4n-dimensional quaternion space form of quaternion
sectional curvature c, and let N be an n-dimensional totally real submanifold of M(c). We
choose a local field of orthonormal frames,

€1y. .5 €n, el(l)=Iely°"ael(n)=Ien,
€01 =Jey,...,em=Je,, Cr(y = Ke,,... s €xmy = Ke,,
in such a way that when restricted to N, e,...,e, are tangent to N. Here /, J, K are the

almost Hermitan structures and satisfy
U=-JI=K,JK=-KJ=1,KI=-IK=J,P=J2=K?=—1.

We shall use the following convention on the range of indices:

AB,...=1,...,n,1Q1),...,I(n),J(1),...,J(n), KQ),...,K(n),
a,B,...=11),...,1(n),JQ),...,J(n), KQ),...,K(n),
ij,...=1,...,n, o=1J,K

Let {w,} be the dual frame field. Then the structure equations of M(c) are given by

dw, = _2 Wap AWp, Wap + wpa =0,
B
— 1
dw,,,; = —Z wac Awcp t 22 Kaipcpwcnwp,
C cD
2.1)

c
Kapcp = 4 (84c0up — 84p0pc + Laclyp — Laplpc + 2Luplcp + Jactsp

_JAI)JBC + 2"]AI}JCD + KACKBD - KADKBC + 2KABKCD)'

Restricting these forms to N, we get the following structure equations of the immersion:

w, =0, PES hjw;,  hi=h5, KO =hgD=h®
J
dwij = _Ek: Wi AWy T %%: Rijk/wk Aay,
Rijkl = Kijkl + ; (hf'lhﬁ —hj ﬁ(), (2-2)
dw,pg = —2 Woy AW,g + %'z Rogijw; A w;,
¥ f

Rupi=Kagy+ 2, (hshEi— hEhE). (2.3)
k
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We call h =X hjjw;wje, the second fundamental form of the immersed manifold N. We
ijo 1
denote by S=3 (h;)* the square of the length of h. ¢==StrH,e, and H=
ifa N o

1
- V3 (tir H,)* denote the mean curvature vector and the mean curvature of N,
n «@

respectively. Here tr is the trace of the matrix H, = (h). Now, let e, be parallel to £
Then we have

tr Hy(,,y = nH, trH, =0, a #k(n). (2.4)

We define A and A, by
> B = dhii— 3 ko — 2 hjwn + 2 hfw.g, 2.5)
3 ! ! B

and
2 hijuw, = dhij — > hiwy; — > hiwg; — > hwy + > hfwqg,
7 7 7 7 B

respectively. Where

[ed
ik — Thikj

and

hf}kl - h?,'-m = 2 hganjkl + 2 hf:ijmik/ - 2 hl!j’Raﬁk/-
B8

” m

Uj

The Laplacian A of the second fundamental form £ is defined by Ahf =3 h{,.. By a
k
direct calculation we have (cf. [1, 2, 3])

BAS = X (hig)® + 2 hiAhs

ijke ija

=> (ha)*+ > hehiy+ > hohgRu+ > hohiRuy+ > hihfRpan.  (2.6)

ifka ifka ijkla ifklo ifkaB
3. Proofs of Theorems. From (*) and (2.4) we get 3 tr H,h$=nA$,, H*= A and
hi" = Hs,,. 3.1
Using (3.1) we have

> hghs; =nHAH. (3.2)

ifka
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Using (2.1)-(2.4) and (3.1), we derive (cf. [1,2,3])

> hghERu + 2 hShgRuu+ >, hEhBR o

ijkla ijkla ifkaf
- 2 (n+1)S—n*Hec+ 3 hihshfhf + S tr (H Hy — HoH, ) ~ S (tr HoHy)
ijklaf afl af
c 2272 2 2 2
=, (n + 1)S —n’H’c + nHS + Dot (HyHg = HgH,)? = >, (tr H Hg)* (3.3)
afl aB

Substituting (3.2) and (3.3) into (2.6), we obtain

IAS = §k; (ko) + nHAH + g (n+1)S = n?Ho + 3 tr (HoHy = HpH, ) = 2 (ir H, Hy)*
ijka af aB

(3.4)

In order to prove our Theorems, we need the following Lemmas.
Lemma 1 [4). Let H;, i =2 be symmetric n X n-matrices, S; =tr H?, § = E S;. Then

3
2t (HH; = HH) = 2, (w HH)Y = =28,
ij if
and the equality holds if and only if all H; = 0 or there exist two of H; different from zero.
Moreover, if H#0, H,#0, H;=0, i #1,2, then §, =S, and there exists an orthogonal
(n X n)-matrix T such that

a 0 0 a
TH/'T=|0 -a , THYT=|a 0 ,
0 0 0 0

S
here a = ||
wnere a \/;

LemmMa 2.

Dtr(H Hy — HgH, )2 — 2, (tr H,Hp)? = 352 + 3nH2S — 3nH*.
af afl

In fact, using (2.4), (3.1) and noting that « runs up to 3n > 2, we have

Dtr(H Hy — HgH, ) = D (tr HoHp Y = > tr(H, Hg — HgH,)?
af af

aB#k(n)

- > (rH.Hg—(r H3,)%  (3.5)

aBF*k(n)
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Applying Lemma 1 to (3.5), we get

3 2
ztr (H(,HB—H‘;H“)Z—Z(U HGHB)ZZ __< 2 tr Hi) _(tr H%—(”))z
ap af 2 ak(n)

= —3(S —tr H3,)? — (tr H,))* = — 3(S — nH?)? = n?H* = — §§% + 3nH>S — n’H".

On the other hand, by (3.1) we have

> (h)?= 2 (") =n X (VHY =n [VHF. (3.6)

ijka
It is obvious that
{AH?=HAH + |[VH] 3.7

Therefore, using Lemma 2, (2.6) and (2.7) by (3.4) we get

IAS =3 (h)? + X hSAhS

ijka ifa

=3 (hs)? +nHAH + 3 (n +1)S + nH?S = n?He

ijka

+ D tr (HoHg — HgH,)? = >, (tr H, H})?
af af

=S (hg)? + nHAH + 2 (n +1)S + 4nH?S — n?Hc — 38 — $n°H*

ijka
=n |VHP + nHAH + i (n +1)S + 4nH2S — n?H2c — 3§ — 3n*H*
= InAH? + 2 (n +1)S + 4nH?S — 382 — n*H? — in*H". (3.8)
Since N is compact, we obtain from (3.8)
f {682 = [(n + 1)c + 16nH?]S + 4n*H?c + 10n*H*} dN = 0.
N

From the first inequality of (3.8) we know that if N is compact and
65— [(n + 1)c + 16nH?|S + 4n*H*c + 10n*H* — 4nHAH <0, (3.9)
then ¥ (h{)* =0, that is, the second fundamental form hj is parallel. In particular, when
<

'/
ifke

the equality of (3.9) holds, we see from (3.8) that the equality

2
> tr(H,Hg = HgH ) = D, (trH(,Hﬁ)2=—§< > trH§,>

af#k(n) af#k(n) a#k(n)
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holds. Thus, by Lemma 1 we see that (i) H, =0 (« # k(n)) or (ii) there exist two non-zero
H,. In the case (i), we get S = nH? Hence noting H = constant and substituting it into the
equality of (3.9), we obtain

(3n - 1)cnH*=0.

This implies H =0, so that N is totally geodesic or ¢ =0 so that N is flat. Now, we will
prove that the case (ii) can not occur. Otherwise, using the same method as in [3]), we
may see n =2. Thus we may assume

a 0 0 a H 0
HI(I)=<0 —a)’ Hl(2)=<a 0)’ HK(2)=< ), H,=0. (3.10)

Here a # 0, a # I(1), I1(2), K(2).
Let the codimension of N be p(=3n). Put

S. =2 (h)?,
ij

po, = 2 Sa = Sy
p(p—1)o=2 > 8,8,
a<pf
It can be easily seen (cf. [3])
P(p=1(oi—02)= 2 (Sa—Sp)" (3.11)
a<f3
By a direct calculation using (3.10), we get
pX(p - D)ot = (p ~ 1)(da? + 2H?, (3.12)
p*(p —1)o, = p(8a* + 16a*H?), (3.13)
and
> (8. —Sp)* =8(a* - H??. (3.14)

a<f

Substituting (3.12)-(3.14) into (3.11), we obtain
(p — 1)(4a* + 2H?** — p(8a* + 16a*H?) = 8(a* — H*)~. (3.15)

From (3.15) we get
(p—3)(2a*+ H*) =0,

namely
(3n -3)(2a*+ HY) =0,

implying n = 1, because 2a* + H*# 0. This is a contradiction, since n =2.
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