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1. Introduction. Let M(c) denote a An -dimensional quaternion space form of
quaternion sectional curvature c, and let P{H) denote the 4n-dimensional quaternion
projective space of constant quaternion sectional curvature 4. Let N be an n-dimensional
Riemannian manifold isometrically immersed in M(c). We call N a totally real
submanifold of M(c) if each tangent 2-plane of N is mapped into a totally real plane in
M(c). B. Y. Chen and C. S. Houh proved in [1].

THEOREM A. Let M be an n-dimensional compact totally real minimal submanifold of
the quaternion projective space P(H). If

(fri-1) '

then N is totally geodesic. Here S is the square of the length of the second fundamental form
ofN.

Let h be the second fundamental form of the immersion, and £ the mean curvature
vector. Let (•, •) denote the scalar product of M(c). If there exists a function A on N such
that

for any tangent vector X,Y on N, then N is called a pseudo-umbilical submanifold of
M(c). It is clear that A s 0. If the mean curvature vector £ = 0 identically, then N is called
a minimal submanifold of M{c). Every minimal submanifold of M{c) is itself a
pseudo-umbilical submanifold of M(c). In this paper, we consider the case when N is
pseudo-umbilical and extend Theorem A. Our main results are

THEOREM 1. Let N be an n-dimensional compact totally real pseudo-umbilical
submanifold of M(c). Then

I {6S2 - [(n + l)c + 16nH2]S + 4n2H2c + 10«2//4} dN > 0,
N

where H and dN denote the mean curvature of N and the volume element of N respectively.

THEOREM 2. Let N be an n-dimensional compact totally real submanifold of M{c). If

652 - ((AT + \)c + \6nH2)S + 4n2H2c + 10n2//4 - 4nHAH < 0, (1.1)

then the second fundamental form of N is parallel. In particular, if the equality of (1.1)
holds, then either N is totally geodesic or N is flat.

When H = 0, i.e. /V is minimal, from Theorem 1 we may get (cf. [4]).
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COROLLARY. Let N be an n-dimensional compact totally real minimal submanifold of

P(H). If
S<|(n + 1),

then N is totally geodesic or S = |(n + 1).

2. Local formulas. We use the same notation and terminologies as in [1] unless
otherwise stated. Let A/(c) denote a 4n-dimensional quaternion space form of quaternion
sectional curvature c, and let N be an n-dimensional totally real submanifold of M{c). We
choose a local field of orthonormal frames,

« ! , . . . , en, e / ( l ) = / e , , . . . , e,(n) = Ien,

ej(i) = Jei,... ,eJ(n) = Jen, ek0) = Keu... ,ek(n) = Ken,

in such a way that when restricted to N, e l 5 . . . , en are tangent to N. Here / , J, K are the
almost Hermitan structures and satisfy

IJ = -JI = K,JK = -KJ = 1,K1= -IK =J,I2 = J2 = K2=-1.

We shall use the following convention on the range of indices:

A,B,... = l,...,n, 1(1),..., / ( « ) , 7 ( 1 ) , . . . ,J(n), K(l),..., K(n),

a, 13,...= 1(1),...,/(/!), 7 ( 1 ) , . • • , J(n), K(l),..., K(n),

/ , / , . . . = 1 , . . . ,n, 4> = I,J,K.

Let {wA} be the dual frame field. Then the structure equations of M(c) are given by

> <»AB + a)BA = 0 ,

2Z1 KABCD(>>C A « D ,

(2.1)
c

"•ABCD = 7 ("ACOBD ~ OAo0Bc + 'AC'BD ~ 'AD'BC + 2IABIcD + JAC^BD

~ JADJBC + 2JABJCD + KAC^BD ~ KADKBC + 2KABKCD).

Restricting these forms to N, we get the following structure equations of the immersion:

!

dUjj = - ^ (O,k A (Okj + S Rijkl<»k A ID,,
k kl

Ryu = K!jkl + E (hftf, - hf,hfk), (2.2)
or

(»aB = ~ 2 0>ay A (Oyfi + ££ R<*l3ijO>i A (Oj,
iJ

(hlh% - hfkh
a

kl). (2.3)

y

A:
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We call h = 2 /ijjw,-ojyea the second fundamental form of the immersed manifold N. We

denote by S = '2(h%)2 the square of the length of h. £ = -2 t r / / a e c r and H =
ija n a

(tr Ha)
2 denote the mean curvature vector and the mean curvature of N,

fl a

respectively. Here tr is the trace of the matrix Ha = (/z-J). Now, let ek(n) be parallel to £
Then we have

tr //,<„, = nH, tr Ha = 0, a * k(n). (2.4)

We define hfjk and hfjk, by

2 Kx^x = dhfj - 2 hr,w,, - 2 h7,<ott + 2 hfjwap, (2.5)
A- l i p

and

respectively. Where

and

"ijkl ~ "ijkl = 2J "im^mjkl

The Laplacian h"j of the second fundamental form h"} is defined by A/zJj = 2 h"kk. By a
A

direct calculation we have (cf. [1,2,3])

\^s = 2 W + 2 WjWi
ijka ija

= 2 iKkf + 2 hWkku + 2 hTjhfkRliJk + 2 hffiRw + 2 h^RPajk. (2.6)
ijka ijka ijkla ijkla ijka (3

3. Proofs of Theorems. From (*) and (2.4) we get 2 tr Hcth" = wAS,y, H
2 = A and

a

hp^HStj. (3.1)

Using (3.1) we have

2 hi-hk'kiJ = nHLH. (3.2)
ijka
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Using (2.1)-(2.4) and (3.1), we derive (cf. [1,2,3])

2 h?jha
klRlijk+ 2 hflhr,Rikik+ 2 W W

ijkla ijkla ijkafi

= C-(n + l)S-n2H2c+ £ K^hf^ + 2 tr (//„//„ - HpHa)
2 ~ £ (tr //„//,, )2

^ ijklafi a/3 a/3

= j (n + 1)5 - n2tf 2c + rc//25 + £ tr (HaHp - H^)2 - 2 (tr W,,^)2. (3.3)

Substituting (3.2) and (3.3) into (2.6), we obtain

iAS = 2 (/*</*)2 + nHAH + - (n + 1)5 - n2//2c + 2 tr (//o//p - Z / ^ ) 2 - 2 (tr HaHpy.

(3.4)

In order to prove our Theorems, we need the following Lemmas.

LEMMA 1 [4]. Let Hh i > 2 be symmetric n X n-matrices, S, = tr H2, 5 = 2 5,-. Then
i

2 tr (H,Hj - HjH;)2 - 2 (tr //,//y)2 > - \ S2,

and the equality holds if and only if all //, = 0 or there exist two of H, different from zero.
Moreover, if H\ #0 , H2^0, //, = 0, i # 1,2, then 5, = 52 and there exists an orthogonal
(n X n)-matrix T such that

la 0 \ / 0 a
THST = \0 -a , T//2T = \ a 0

\0 0/ \0 0,

where a = •» / —.

LEMMA 2.

2 tr (HaH0 - HpHa)
2 - 2 (tr HaHp)2 * iS2 + 3nH2S - \n2H\

a/3 a^

In fact, using (2.4), (3.1) and noting that a runs up to 3n > 2, we have

2t r ( / / a / /0- /^ / / a ) 2 -2( t r / /a / / / 3 ) 2 = ^ tr (HaHp - HpHa)
2

a/3 a/3 a/3#A:(n)

- 2 (tr HaHp)
2 - (tr H2

kln))
2. (3.5)

a/3#Ar(«)
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Applying Lemma 1 to (3.5), we get

2 tr {HaHP ~ HpHa)
2 - 2 (tr HaHp)

2 > - \ ( 2 tr Hi) - (tr H2
k(n))

2

= - i(S - tr H2
(n))

2 - (tr H2
(n))

2 = - §(5 - «//2)2 - /i2//4 = - §52 + 3n//25 - §«2//4.

On the other hand, by (3.1) we have

S (^^)2 ^ S (ASin))2 = « 2 (V,W)2 = « |V//|2. (3.6)
//Aro' / A" /

It is obvious that
l
2AH2 = HAH + \VH\2. (3.7)

Therefore, using Lemma 2, (2.6) and (2.7) by (3.4) we get

ijktr ijct

S (^;»2 + n//A// + -(n + 1)5 + n//25 - n2H2c
ijka ^

tr (//a//p - HpHa)
2 - 2 (tr

a/3

ijka ^

> « |V//|2 + «//A// + - (n + 1)5 + 4n//25 - n2H2c - | 5 2 - \n2HA

= {nAH2 + - (n + 1)5 + 4«//25 - | 5 2 - n2H2c - \n2H\ (3.8)

Since N is compact, we obtain from (3.8)

f {652 - [(/i + l)c + 16/T//2]5 + 4/i2//2c + 10«2//4} JN > 0.

From the first inequality of (3.8) we know that if N is compact and

652 - [(n + \)c + 16n/72]5 + 4n2//2c + 10«2W4 - AnHAH <0, (3.9)

then 2 {h'-'ik)1 = 0, that is, the second fundamental form /i," is parallel. In particular, when
ijka

the equality of (3.9) holds, we see from (3.8) that the equality

2J tr (HnHp — HpH,,) — 2J (tr HnHp) = — - I 2J tr H
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holds. Thus, by Lemma 1 we see that (i) Ha = 0 (a ¥= k(n)) or (ii) there exist two non-zero
//„. In the case (i), we get 5 = nH2. Hence noting H = constant and substituting it into the
equality of (3.9), we obtain

(3n - l)cnH2 = 0.

This implies H = 0, so that N is totally geodesic or c = 0 so that N is flat. Now, we will
prove that the case (ii) can not occur. Otherwise, using the same method as in [3]), we
may see n = 2. Thus we may assume

H«\)- (O-°J «-»<?)• *™-(o«)- «-* <-»
Here a 7^0, a # 1(1), 1(2), K(2).

Let the codimension of N be p(=3n). Put

S* = S (h?jf,

p(p - l)a2 = 2 2 SaV

It can be easily seen (cf. [3])

p2(p - l)(cr2 - cr2) = 2 (£, - Sp)
2. (3.11)

a</3

By a direct calculation using (3.10), we get

p\p - I)*? = (p - l)(4a2 + 2//2)2, (3.12)
2 4 + 16a2//2), (3.13)

and

V /C _ C \2 _ o/-fl2 _ u2\2 H 14̂ 1

Substituting (3.12)-(3.14) into (3.11), we obtain

(p - l)(4fl2 + 2H2)2-p(8a4 + 16a2//2) = 8(a2 - H2)2. (3.15)

From (3.15) we get

(P-3)(2a4 + H4) = 0,

namely

(3n - 3)(2a4 + H4) - 0,

implying n = 1, because 2a4 + H4 # 0. This is a contradiction, since n = 2.
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