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A NOTE ON PERMUTATIONS AND TOPOLOGICAL ENTROPY 
OF CONTINUOUS MAPS OF THE INTERVAL 

BY 

BILL BYERS 

ABSTRACT. Suppose / is a continuous endomorphism of an interval 
which has a periodic orbit, p0 < P\ < . . . < pn, that defines a permutation 
a by f(pi) = p„u). If a is irreducible the topological entropy of/is bounded 
below by the logarithm of the spectral radius of an n x n matrix which is 
induced by o\ 

Introduction. In recent years a number of articles have appeared in the literature 
which have used the existence of periodic points of maps of the interval in order to 
establish certain results about the topological entropy of the map in question ([3], [4], 
[5], [10]). For example, if/is a continuous endomorphism of a closed interval which 
admits a periodic point of period 2km where m is an odd integer greater than one, it is 
shown (in [3] for example) that the topological entropy h(f) is bounded below by 
xm/2k, where m is the logarithm of the largest root of the polynomial Xm — 
2Xm~2 - 1. This result is the best possible in the sense that there exist maps with points 
of period 2km and entropy exactly equal toKm/2k ([9]). 

In this note we point out that the above result can be generalized in the following 
sense. Let a be a fixed cyclic permutation on the symbols {0 ,1 , . . . , «} of a type which 
we shall call irreducible (and define below). Consider any continuous map of the 
interval,/, which has a periodic orbit; p0 < /?, < . . . < pn\ where/(/?/) = paii), i = 
0 , 1 , . . . , n. We shall show that there exists a polynomial P0 of degree n + 1 which has 
a maximal real root XCT such that h(f)^ log(XCT). Again the lower bound is the best 
possible for this problem. The polynomial Pn is related to the kneading determinant of 
Milnor and Thurston ([8]). It is therefore very simple to write down explicitly when the 
permutation cr can be obtained from the periodic orbit of a unimodal map. 

Matrices induced by permutations. Let a be a cyclic permutation of the set S = 
{0,1, . . . , n} and define the n x n matrix Aa — (a/7) by setting atj — 1 if and only if 
a( / - 1) < 7 < a(/) or CT(Z') < j; < a(/ - 1) and au = 0 otherwise. 
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For T C S let s(T) be the convex hull of v(T) i.e., i G s(T) if a(f,) < / < <r(f2) 
for some t\, t2E: T. Denote the closed interval as usual by [a, p] = {/ E S : a ^ / ^ 
P}. We shall call a closed interval maximal (for CT) if the cardinality of sk([a, p]) = 
s(sk'{ ([a,p])) is constant for k = 0, 1,2,. . . 

DEFINITION. The cyclic permutation a of the set S = {0, 1 , . . . ,n}is irreducible if the 
only maximal intervals are the trivial ones (singletons and the set S itself). 

LEMMA. If a is irreducible then the matrix Aa is primitive, i.e., Aa > 0 for some 
integer k > 0. 

PROOF. Let T = [/ - 1, / ] . Since o- is injective the cardinalities of the sets sk(T) form 
a non-decreasing sequence bounded above by n + 1. Thus, we must have sk(T) = S 
for k ^ k0 because CT is irreducible. We can clearly find a value of k which works for 
all / = 1, . . . , n. Now for this value of k we have Ak > 0 since akj > 0 if and only 
if 0" - lJ}Qsk({i- IJ)}. 

It follows from Perron-Frobenius theory for positive matrices that a primitive matrix 
has a maximal real eigenvalue X > 0 (i.e., every other eigenvalue |x has |(JL| < X). 
Moreover X has an eigenvector a = (a{,. . . , an) with al > 0, / = 1 , . . . , n. Choose 
such an eigenvector with Xat = 1 and construct a partition 0 = x0 < x\ < . . . ,n; by 
setting Jty = 2/J=1 a-x. Define the map T from [0, 1] into itself by setting T(JC/) = JCCT(/) and 
making T linear on the intervals [*,-_, ,JCJ. The slope of T on [jcf-_ i, Jcf-] is equal to |jca(0 

— jca(/--i)|/a/ = ± (2J=, dijdj)/at = ±X since A-a = Xa. Thus T is a map of constant 
slope (in absolute value) and its topological entropy, h(j), is therefore equal to log2 (X) 

[7]. 
The map T defines a directed graph G with vertices // = [^_ j , JC,-], / = 1,. . . , n and 

arrows /, —» 77 and only if T(/,) D /,-. The adjacency matrix of this graph is precisely the 
above matrix Aa. If the topological entropy of G, /z(G), is defined to be the spectral 
radius of its adjacency matrix we have 

h(G) = X = h{i). 

Continuous endomorphisms. Now let / be any continuous map from a closed 
interval J into itself. Suppose/has a periodic orbit p0 <p\ < . . . <pn of minimal period 
n + 1. Of course/defines the cyclic permutation CT by /(/?/) = /?CT(/) * — 0 , . . . , n. The 
partition of J into subintervals 7, = [p/-i,P/] gives us a directed graph for/which 
contains the graph G above as a subgraph. As in [3] the theory developed in [7] can 
be used to show that h(f) ^ h(G). Thus when CT is irreducible we have h(f) 5= /z(G) 
= X = A(T). 

This lower bound is the spectral radius of the matrix Aa. To calculate it we must be 
able to write down the characteristic polynomial for A = Aa. To this end we have det 
(/ - zA) = exp [Tr log (/ - zA] = exp [— 2^=1 z

k/kTr Ak] which converges for small 
z. Now Tr Ak is the number of loops in the graph G which have length k which is equal 
to the number of periodic points of period k for the piecewise-linear map T. Thus 
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det (/ - zA) = p ] (T , Z) , the reciprocal of the zeta function discussed in [7]. We now 

need the following: 

LEMMA. If the permutation a is irreducible, the spectral radius of the matrix Aa is 

strictly greater than one. 

PROOF. Since ACT is primitive the spectral radius is bounded below by the minimum 

number of l 's in any row, [L], the spectral radius is greater or equal to 1. Suppose it 

is equal to one. If T is the piecewise linear map induced by cr then T has slope ± 1 . 

Suppose [0, 1] = U"= 1 /,- as above. If J Ç [0, 1] is a closed interval, then the length 

of T ( 7 ) , | T ( / ) | = I U?= 1 T ( 7 fl l\ ^ | / | . Thus if J = /, we cannot have ik(J ) = [0,1] 

for any k ^ 1. This is a contradiction since we have Ak
a > 0 for some k and this implies 

that for every / = 1 , . . . , n we have T*(//) = [0, 1]. 

Thus T is an expanding map and so no two periodic points can be montonely-

equivalent. (This would mean that for some fc, T* is a homeomorphism from the interval 

between them onto itself)- Thus, det (/ - zA) = l~l ( T , Z ) the inverse of the so-called 

reduced zeta-function, which is therefore a polynomial of degree n. Suppose this 

polynomial is Q{z) = a0 + axz + . . . + a„z". Then det (A - xl) = (-x)n det (/ -

(\/x)A) = (-l)"(an + an-\X + . . . + a0x"). Let an + an-xx + . . . + a0x
n = P(x). 

The polynomials P and Q are related to the dynamics of the map T by the following: 

THEOREM (Milnor and Thurston [8]). If each turning point belongs to the same 

periodic orbit (of period n + I) then the power series £_1 (TZ) equals (1 — z"+ 1)D(z) 

where D(z) is the kneading determinant. 

In any order to avoid the (lengthy) definition of D(z) in general we shall now restrict 

ourselves to the case of permutations cr which induce unimodal maps T. Such per­

mutations clearly satisfy the condition that there exists an integer ko E { 1 , 2 , . . . , 

n - 1} such that either (a)cr(i) < <r(j) for / < j ^ ko and cr(/) > v(j) for ko ^ i < 

j or (b)cr(i) > cr(j ) for i <j ^ k0 and cr(/) < v(j ) for k0^ i < j . In fact if CT satisfies 

(b) then the permutation cr'(m) = n — v(n — m) satisfies (a). The resulting matrices 

are related by (A^)/7 = (A(J)n-i+Un-j+]. Thus they have the same characteristic poly­

nomial and so we only consider permutations satisfying (a). 

For an irreducible permutation, CT, satisfying (a) 

r + 1 if v'iko) < k0 
set €/ = i 

l - l if <T!(ko) > k0 

and choose en + 1 so that e{e2. . .en + 1 = 1. Then D(z) = Q(z)/\ — z"+1 where 

Q(z) = 1 + e,z + e,e2z2 + . . . + € , . . . enz
n [7]. Thus det (/ - zA) = (1 - zn+l) 

x D(z) = g ( z ) a n d d e t ( A - xl) = (-1)" P(x) where P(x) = xn + e.jc""1 + . . . + 

€i . . . €„. Thus we have the following: 

THEOREM: Suppose f is a continuous endomorphism of an interval with a periodic 

orbit of period n + 1 which gives rise to an irreducible permutation a as above. Then 

the topological entropy off is greater or equal to the logarithm of the largest root, \ a , 
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ofthe polynomial P(x) = Pv(x), the characteristic polynomial of the matrix A^. In the 
case where a induces a unimodal map T (condition (a) or (b) above), the polynomial 
P(x) is given explicitly by the above formula. 

NOTE. (1) Iff is unimodal so is the induced map T. 
(2) This estimate is the best possible since for an irreducible permutation o\ the 

piecewise linear map T has entropy equal to log (\(J). 
(3) Suppose the continuous map/has a finite invariant set {po < P\ < • • > < pn} on 

which/induces the finite map cr and matrix Aa as above. If Aa is primitive with spectral 
radius Xa the same reasoning shows that h(f) ^ log (XCT). 

EXAMPLE 1. Suppose f has a periodic point of period 4, P0 < P, < P2 < P3, where 
f(Pi) = Pi+ù / = 0, 1,2 andf(P3) = P0. Then the permutation 

0 1 2 3 

1 2 3 0 

induces the companion matrix 

0 1 0 
0 0 1 
1 1 1 

with characteristic polynomial x3 — x2 — x — 1 = 0 . (This may also be obtained by 
noting that a satisfies condition (a) and that e\ — — 1 and e2 = e3 = +1 . 

The maximal root of this polynomial is approximately 1.839287 and so the topo­
logical entropy satisfies h(f) ^ 0.879147 . . . . Simply knowing that the point has 
period 4 gives no useful information in itself since there are maps with points of period 
4 and entropy zero. Even using the associated directed graph to show that such a map 
/must have a point of period 3 would only give us h(f) ^ 0.694242 . . . by previous 
estimates. Thus we certainly get sharper estimates for h(f) in this way. 

EXAMPLE 2. Previous estimates ([3], [5]) depend, in our view, on the result of Stefan 
[9] which states that if a continuous map has a periodic point of period 2n — 1 (and 
no point of smaller odd period) then it must give rise to the permutation 

2 

In - 1 

1 In 

n -f 2 n + 1 n — \ 

or (equivalently) to 
In - 1 

n - 1 

n\ 

n\ 

n - 2 

2n - 2 

1 

In 

It is straightforward to check that these permutations are irreducible and they both 
induce unimodal maps. In the case of a we have ei = e3 = e4 = e2n-i

 = ~ 1 and 
e2 = +1 . Thus P(X) = X2n'2 - X2n'3 - X2"-4 + X2n~5 - . . . - 1 = 0 . Multiplying 

https://doi.org/10.4153/CMB-1986-017-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1986-017-6


1986] CONTINUOUS MAPS OF THE INTERVAL 95 

by (X + 1) we get the polynomial X2n l - 2X2n 3 - 1 = 0 which is the polynomial 
obtained in the papers we have mentioned above. 

EXAMPLE 3. There are many examples of maps whose associated permutations are 
not irreducible. Block's "simple" periodic points ([1], [2]) fall into this category. An 
elementary example is given by a piecewise-linear realization of 

a - ( ° 1 2 3 ) . 
v2 3 1 0y 

The sets {0,1} and {2, 3} are maximal. The associated matrix is reducible. 
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