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Introduction

Central Sidon sets and central A, sets are defined and equivalent charac-
terizations are given. It is shown that a central Sidon set with an upper bound
on the degrees of its elements is a A, set (1 < p < ). The bound on the degrees

is shown to be necessary by an example.
Two sufficient conditions are given which insure that a set is central Sidon.

The first uses Riesz polynomials and provides a method for constructing infinite
central Sidon sets under appropriate conditions. The second generalizes the
notion of independent sets and shows that the set of nontrivial projections in
the product of subgroups of unitary groups is a central Sidon set.

1. Preliminaries

We assume the notation, definitions and theorems of [1] and [2]. Through-
out G will be a compact group with dual object X. For 6 € X, U’ will be a con-
tinuous irreducible unitary representation of G with degree d, and trace y,.
I, will denote the identity operator on the Hilbert space upon which U? acts.

If A is one of the algebras M(G), L,(G) (1 £ p £ ©),C(G), T(G), or K(G),
then A® denotes the center of this algebra under convolution multiplication.
If A is one of the €,(X) algebras [2, (28.34)], A is the center of this algebra under

composition multiplication.
If fe L’(G), the Fourier transform of f is given by

f(a) = dﬂ—ladIG'

and the Fourier series of f is

f~ z a5 Xs

oce X

where a, = fo)Zdl. Such an f has absolutely convergent Fourier series

(fe K(G)) if
62

https://doi.org/10.1017/51446788700009654 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700009654

[2] Central Sidon and central A, sets 63

| 7] = Ezd,,la,| <00,
LeMMA 1.1. Let G be a compact group and A be one of the algebras

L,(G) (1 £ p < w) or C(G). Then A™* = A**,

Proor. To simplify notation we will at times consider L(G) (1 £ p £ )
as a subset of M(G); i.e., ueL,(G) if du = gdi where g € L,(G) and A is Haar
measure on G.

Let A be asin the statement of the theorem and let € A**. Then u restricted
to A* remains a bounded linear functional. To show A** < 4** we need only
show the restriction mapping is one-to-one. It suffices to show that if ue 4**
and u#0, then u| A% # 0. This, however, follows from the fact that u — f
is an isomorphism and tr (o) = [x.du.

Now suppose S e A**. By the Hahn-Banach theorem, S can be extended
to a linear functional, S’, on A without increasing the norm. For fe 4, let
fi(x) = f(a~'xa). Since a — f* is continuous, a — S’(f*) is a continuous func-
tion on G. Set

M(f) = fG S (SO dia).

Then M is a linear functional on A, M(f) = S(f) for all feA*, and
[M] =|S| =S| Hence, there is a measure v e A* such that M(f) = [ fdv
for all fin A. Since v+ f = fs v for each fe C(G), ve A**. It follows that the
mapping u — u ' A? carries A** onto A**. An examination of the details shows
that this mapping is norm preserving and the lemma is proved.

2. Central Sidon sets and central A, sets

In this section central Sidon sets and central A, sets are defined and equiv-
alent characterizations of these sets are given. Theorems in this section should
be compared with those in [2, §37]. In particular the proofs of theorems 2.1,
2.2 and 2.3 are for the most part a carry over into our setting of the proofs given
by Hewitt and Ross [2, (37.2), (37.7) and (37.9)]. For this reason, instead of
giving complete proofs for these theorems, we will only indicate the ways in which
our proofs differ from the proofs given in [2].

For PcX, C3(G) will denote the set of elements in the center of C(G)
(under convolution as multiplication) whose Fourier transforms are 0 off P.
Call P a central Sidon set if

Ci(G) c K(G).
It is immediate that every Sidon set in X is a central Sidon set [2, (37.1)].

THEOREM 2.1. Let P = . The following assertions are equivalent:
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(i) P is a central Sidon set;

(ii) given E in €. (P), there is a measure ycM*(G) such that i(c) = E,
for all ceP;

(ii) given E in ®(P), there is a function feL:(G) such that f(¢) = E,
for all geP;

(iv) L, p(G) = K(G);

(V) there exists a constant k such that || [ ||, < k| f||,, for all fe L, x(G);

(vi) there exists a constant k such that | f |, < k| fl, for all f in C3(G);

(vii) there exists a constant k such that | f |, < ka@u for all f in Tg(G);

(viii) for each We I, pe,l,, e,€{—1,1}, there is a measure uecM*(G)
such that

sup{][ VI{,—/Q(G)H%: geP}<1;

(ix) for each We M, pe,l,, ¢,€{~1,1}, there is a measure pecM(G)
such that
sup{|| W, — (o) |4 :0€P} <1.

Proor. The proof of our theorem is easily obtained by modifying the proof
of equivalent properties for Sidon sets [2, (37.2)]. This is done by replacing in
each instance (except in (ix) implies (i)) all functions and algebras by central
functions and central algebras. We mention several steps at which this modi-
fication may not be transparent. In the proof that (vii) implies (iv) we note that
the approximate identity used is contained in T%(G). In the proof that (i) implies
(ii) we use the fact established in Lemma 1.1 that the dual of C*(G) is M*(G).
Finally, in the proofthat (ii) implies (iii) we note that by the factorization theorem
[2, (32.22)],

Li(G)" o Ei(X) = Gy(X).

ReMARK. Dunkl and Ramirez [3] have shown that the dual object of an
infinite compact group is not a central Sidon set.

We next define and obtain equivalent properties for central A, sets. Let P
be a subset of X, and let 1 < p < co. Then P is said to be of type central A,
or a central A, set if every function in Lp(G) belongs to L;p(G), i.e., if

zlP(G) = szP(G) .
Note that every A, set is also a central A, set [2, (37.6)].

THEOREM 2.2. Suppose that P<X and 1 <q < p < . The following as-
sertions are equivalent:

(i) P is of type central A;

(i) Lyp(G) = Lip(G);

(iii) there is a constant k such that Hf“p < k“ f Hq for all feTHG);

(iv) there is a constant k such that ”f”p <k “fH1 for all fe THG);

V) MXG) = L,x(G).
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ProOOF. Again the proof follows easily from the proof for equivalent prop-
erties for A, sets [2, (37.7)]. We need only mention that in the proof that(iv)
implies (v) we need the fact that for fe L(G),

22.1) I £, = sup{|f * h|,: he TG, | k], < 13
see [4, (35.11)].

REMARK. If 1 < g < p £ oo and P isa central A, set, then P is also a central
A, set. This is obvious from the definition and the inclusion

L(G) = L(G).
For 1 < p< w0, p’ denotes the number for which 1/p+1/p’ = 1.

THEOREM 2.3. Suppose that P X and 1 < p < co. The following assertions
are equivalent:

(i) P is of type central A,;

(ii) for each geL;(G), there is an he L;(G) such that §(c) = h(o) for
all 6P,

(i) for each geL;.(G), there is an heC*(G) such that g(s) = h(o) for
all 6eP.
If p> 2, the above are equivalent to:

(iv) for geL,(G), we have

2 d,|
aeP

£(o) "f,,z < 0.

PRrROOF. Again the proof follows easily from the proof of equivalent prop-
erties for A, sets [2, (37.9)]. In (i) implies (ii) we need the fact that the dual of
L(G) is L,(G); see Lemma 1.1. In (ii) implies (iii) we apply the factorization
theorem [2, (32.22)] to obtain

L,(G) = Li(G) * L, (G).
Finally to obtain (iv) implies (i), we use formula (2.2.1).

We now indicate a relationship between central Sidon sets and central A,
sets.

THEOREM 2.4. Let G be a compact group with dual object £ and let P
be a central Sidon subset of £ such that N = sup{d,:6€P} < oo. Then P is
a A, set and hence a central A, set for all p in ]1, [ .

REMARK. The corresponding theorems for Sidon and A, sets holds even if
N = o0. It is due to Figa-Talamanca and Rider [4, Corollary 9]; an alternative
proof is given by Hewitt and Ross [2, (37.10)]. In section 4 below we give an
example which shows that the hypothesis N < co is necessary. It should be notsd
that our conclusion states that P is a A, set and not simply a central A, set.
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PRrOOF. Let s be an arbitrary integer such that s > max{2,1/2p}. By the prop-
erties of A, sets [2, (37.7) and (37.8)], it suffices to show that there is a con-
stant k' (depending on s) such that

(2.4.1) [ fl2s < K| £ ]2 for all feTH(G).

The mapping pu — ({i(6)), . p is plainly a bounded linear mapping of M*(G)
into €_(P). Since P is a central Sidon set, (2.1.ii) shows this mapping carries
M?*(G) onto €. (P). By a corollary to the open mapping theorem [2, (E.2)],
there is a constant k such that for each E €€ (P), there exists a ue M*(G) such

that

(2.4.2) |#] < k|E|. and (o) = E, for all seP.
Now consider f in Tp(G), and write

fx) = X d,itr(4,U7).

ceP

Let G be the group Haeﬂ} where T, = T, the circle group. For te G, write
t = (t,) where Ita| = 1. Define

F(t,x) = % dttr(4,U%),

ceP

for (t,x)eG x G. It is easily checked that F is continuous on G x G. Using
(2.4.2), we obtain for each te G a measure u,e M (G) such that ” U, || <k and
f(e) =t foralleeP. Let f(x) = F(t,x) for all xeG. It is easily checked
that f(o) = p,(0)f,(c) for all o e E. The uniqueness of Fourier-Stieltjes trans-
forms implies that f = p, + f, for all teG. A simple calculation yields

(2.4.3) 17158 < & £, %

It is easily checked that ¢ — ” fe ”§§ is a continuous function on G. Hence, we
can integrate the inequality (2.4.3) over G. We use the fact [2, (36.2.ii)] that

LIF(t,x)IZSdt < (L] F(t,x)]zdt)s 4551

and Fubini’s theorem to obtain

244 |73 < k> L4ss! ( L[ F(t, x)lzdt)sdx.

We now compute the inner integral in (2.4.4). For fixed x € G, we have. using
Plancherel’s theorem applied to the group G and [2, (D.39.ii}],
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I

f | F(2,x) |2t | X d,tte(4,UD | at
G I 4

G o€

= X a2|tr(4,U)|?

ceP

fIA

X 3|4, I 1uzlz,

= LAl E N AR =N

Thus (2.4.4) may be recast as
| 7138 = k>#stN ] £
This implies (2.4.1) and the theorem is proved.

3. Riesz polynomials

In this section we show the existence of central Sidon sets by the method
of Riesz polynomials following the proof given by Rider [5]. In particular we
show that if there is an integer P such that {¢ EZI d, < P} is infinite, then X
contains an infinite central Sidon set. For other results along this line see Hewitt
and Zuckerman [6] and Rider [5].

Let E = {64,0,,--} be a countable subset of £. For ¢ € E and for positive
integers m, s and N let R(E,o,N,m) be the number of subsets {r,,---,7,} of &
satisfying

T, = 6,, or ¢, for some o,, in E,

(k=1,2,0++,5), ny<ny<--<ng, <N, and

J; Xrg"'X‘:,Zo‘d}’ =m.
Let

[
R(E,o,N) = X m-*R(E,o,N,m),
n=1

and
R(E,0) = lim R(E,q,N).

N-w
Let 1 denote the representation which is identically one.
LemMA 3.1. Suppose P and B are positive integers with B = P satisfying:
(i) d, £ P for all 6€E,
(i) 1¢E,
(iii) If 6€E and ¢ # &, then 6¢ E, and
(iv) R(E,1) = B®, (s = 1,2,--).

Then
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68 Willard A. Parker 7
(v) X (2B)"°R/(E,0) £ 2P for all c€X.
s=1

In particular, R(E,c) < 2P(2B)* £ (4BP)".
Proor. Let 8 = 1/(2B) and let

1- ﬂXa'(x) + ﬂXa(x) if Oy 71- 0:,

Jlx) = :1 + Bx,(x) if o, =0.

Form the Riesz products,
N
Py(x) = [] fix).
k=1

Since a product of irreducible characters decomposes into a sum of irreducible
characters, we can write

Py(x) = 1+ X Cy(0)xs(x).
ceXl
A straightforward calculation shows
N
CN(O') = 2 Rs(E’ G’N)ﬂs-
s=1

In particular,

Cy(DE X BREEDNZS X BB = E 275 — 1.
s=1 s=1 s=1

Since l,Bx, ] < 1)2 and Py is real valued, Py is non-negative. Thus
R P fPNdi = Py(1) = 1+Cy(D) S 2.

A computation of the Fourier transform of Py yields
d, " PN(O') ”¢00 = Cy(0)
for o # 1. Also for ¢ # 1, it is easily seen that

lim Cy(o) = E RJ(E,0)f°.
s=1

N-ooo

Since

[ 2x@)]ls, = [ Pr]1s Z @BYR(E,0) < 2P.

THEOREM 3.2. Let E be an infinite subset of X and B and P be positive
integers such that

https://doi.org/10.1017/51446788700009654 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700009654

[8] Central Sidon and central A, sets 69

(i) d, =P for all 0cE, and
(ii) R(E,1) £ B* (s =1,2,:--).
Then E U E is a central Sidon set, and so E is a central Sidon set.

Proor. Without loss of generality B = P and by the last lemma we may
assume R(E,0) < B° for all ¢ €. Also we may assume E is countable since E
is central Sidon if and only if every countable subset of E is central Sidon. Finally
we assume that if o €E and ¢ # & then & ¢ E (this does not change E U E) and
for the time being we assume 1¢ E.

We will show E U E satisfies (2.1.viii), that is for each

we [ el e c{-11},

g€ EVE

there is a measure peM?(G) such that
(3.2.1) sup{| W, — (o) ||s,,: c€EVE} <1.
Now let We [],czurt.l, be fixed. Let 0 <5 < 1/P?. Write
E, = {o€E:¢, = &}, and
E, = {0€E:¢, = —¢;}.
Then E is the disjoint union of E, and E,,
E;nE= g and E,NE = {oceE:0 =5}.

Choose k = 2 suchthat 2/(k—1) < d and let B = 1/(kB?). Write E; = {64,0,"'}
and let
ﬂk = dakﬂsakp_z‘

Clearly | B, | < B < 1/2 (k = 1,2,-). Let

1+ Bia (%) + Bio(®) i 0 # 04,

fk(x) - {1 + ﬁan'k(x) lf Oy = Og.

Again we form the Riesz product

N
Py(x) = kl;[lfk(x)-

Then
N N
Py=14 ZBJs+ Z Biloo + Z Dn(0)ks>
k=1 k=1 cgel
ox¥ok
where

o]

N ©
| Da(o)| < L R(E,0,N)p' = I R(E,0)f = L BF

s=2

1/(kB(kB — 1)) £ 1/(k(k—1)B?) < B5/2.
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Since Py = 0, we have
IPxls = | Ba(D)|s,, = 1+Dx(1) <1+ B5J2.

Since Py € L(G) for all N and M*(G) = C*(G)* (Lemma 1.1), Alaoglu’s theorem
implies that

(e ©): |u] s 1+ B3/}

is weak-* compact. Hence there is a subnet {P,} of {Py}y-; and a pu; eM*(G)
such that

i 5 1+ pop2
and P, — y, in the weak-* topology. Routine calculations show thatif 6 € E; U £y,
| 21(0) ~ BP~¢,1, |4, < BOJ2,
and that if 1 # 6¢ E,UE,, then
| 8(o) |, < BS/2.
In a similar manner by constructing Riesz polynomials using E,,
Bi = ity d, BP-2, and fi(x) = 1 + Piler + Bitows
we get a measure u, € M*(G) satisfying
lu| < 1+ 532,
| 2(0) — iBP=2¢,1, |4, < B5/2 for all c€E,VE,,
and
| 2200) |4, < BS/2 if 1 # o¢E,UE,.
Now let u = P?B~*(u, —iy,). If c€cEVE,
| 4(e) — &I, | < P65 <1,
and if 1 # 6¢ EVUE,
| (o) s, <P?6<1.

Finally we take care of 1. If 1 € E, select a multiple « of the trigonometric poly-
nomial 1 so that

(u+al)*(1) =¢4.
If 1¢E, select a multiple « of 1 so that

(n+a)* (1) = 0.
Replacing ¢ by p + «l, we now have
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| 4(o) — &,1, |4, < P?5 for all ce EVE and
| o) s, < P25 for all e E\(E Y E).
Since 6 < P-2, u satisfies (3.2.1) and E U E is a central Sidon set.

COROLLARY 3.3. If E satisfies the hypothesis of theorem 3.2 and F is a central
Sidon set, then E\UF is a central Sidon set. In particular any finite union
of sets satisfying the hypothesis of theorem 3.2 is a central Sidon set.

ProOF. Repeat Rider’s proof for Abelian G [5, (1.6)].

COROLLARY 3.4. If E< X is infinite and
(i) sup{d,:0€E} <0,

then E contains an infinite central Sidon set.

Proor. Since (i) holds, it is possible to construct by induction a sequence
of subsets {F,} of E such that for each n the cardinality of F,is n, F,c F,
and R(F,,1) =0, (s =1,2,---). Let F = | )J,2(F,. Then F — E and satisfies
the hypothesis of theorem 3.2.

4. I-sets

In this section we generalize the notion of independence as defined for
Abelian groups. It will be shown that subsets of & which satisfy this generalized
independence property are central Sidon sets. An interesting example shows
there are central Sidon sets which are not Sidon sets.

Let I, 11, 111, and I'V be the usual quadrants of the complex plane. The axes
are considered to lie in their adjacent quadrants and the origin to lie in all four
quadrants. Note that if a1l and Belll, then afcl UIV.

Let E be a subset of ©. We say that E is an I-set if

(4.0.1) 1¢E,

and if for every finite subset ® of E and for every ordered partition
O=0,UD,UD; (P, # ¢¥) there is an x € G such that

(4.0.2) 1,(x) = d, if oed,,
(4.0.3) r(x)ell if oe®,, and
(4.0.49) 1.(x) eIl if ced,.

ReMARK. By using the compactness of G and the continuity of characters
(4.0.2)-(4.0.4) can be replaced by:
For every & > 0, there is an x € G such that (4.0.3) and (4.0.4) hold and

(4.0.2") | %(x) — d,| <e.
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Using this and a result on independent characters [7, page 98], it can be shown
that independent subsets of the dual group of a compact Abelian group which
do not contain 1 are I-sets. This justifies our calling I-sets generalized independent
sets.

The main theorem of this section shows that I-sets are central Sidon sets.

THEOREM 4.1. Let G be a compact group and let P be an I-set in %.. Then
P is a central Sidon set.

ProoF. Let f = X, pot,x, € Tp(G) where a, # 0 for o€ F and F is a finite
subset of P. Note that

‘Iflll = Ea’eFdo"aa'l'

By elementary consideration it is possible to choose a complex number 6 such
such that 6* = 1 and a subset S of F such that

S = {6 eF:Re(a,f) = 0} and
Re( X d,0a,) = 1/4 X d,|a,| = 1/4|]]:.
ceS oceF

Let
S = {ceF\S:Im(«,0) = 0} and S, = {o€F\S:Im(a,0) <0}.

Then S U S, US; is an ordered partition of F. By the definition of I-set, there
exists an x in G such that

Xa(x)=da if c€es,
1(x)ell if oeS8,, and
1°(x)elll if c€8;.

Since Qx,€lll if 68, and O, ell if 6€S;, we see that Re(fa,x,(x)) = 0 for
6€8S,US;. Also Re(fa,x,(x)) = Re(fa,)d, = 0 if 6€S. Thus

/] 2 | 70| = Re(8f(x)) = Re( %91,XU(X))

v

Re ( X 0x,%,(x)) = Re ( X 0o,d,)
Y S

iv

1/4 §d,]aal = 1/4] |-

Since f was an arbitrary element of T5(G), P is a central Sidon set by (2.1.vii).

COROLLARY 4.2. Let {G,},., be set of compact groups and for each o€ 4
let U, be a non-one continuous irreducible unitary representation of G,. Let
G = [].e4 G, and let m, be the projection of G onto G,. Let 6, be the equiv-
alence class of U,om, for eachacA. Then P = {o,: x€ A} is a central Sidon
set.
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ProoF. It suffices to show P is an I-set. Let @ be a finite subset of P. Let
® =, UD, UD; be any ordered partition of ®. Let y, be the character of U,
for «€ A. Then the character of o, is y,0 n,. Define the element x = (x,) e G
as follows:

X, is the identity of G, if o,€ @, or of g, is not in ®@;

x, is such that y,(x,) = 0 if 6,€®, U D; and d, # 1 (this is possible
by a theorem of Gallagher [8]);

x, is such that y,(x,)ell if6,€®,, d, = 1, and o, is not identically 1;
x, is such that y,(x,)elll if 6,€®;, d, = 1, and g, is not identically 1.

Then x is well defined and

X(x)=d, if ced,,
X(x)ell if ce®,, and
ro(x)elll if oed;.

Since ® was an arbitrary finite subset of P, P is an I-set and hence a central
Sidon set.

ExaMPLE 4.3. (Seetheremarks concerning Theorem 2.4.) Foreachn=1,2,---
let G, = SU(2); see [2, §29]. Let

G = [ G-
n=1

For each n = 1,2,::+, let U, be a continuous irreducible unitary representation
of G, of dimension n. Let g, be the character of U,. Let g, be the projection
of G onto G,. Let o, be the equivalence class of U,0 =,.

The character y,, of o, is y,0 =#,. Thus for positive r,

[ lxotraz - L"lxn

It follows [4, (37.21.b)] that| x,, |, =1 and | x,, “4 = n'/*. Since y,, € T«(G),
E = {0y,0,, --}isnota central A, set (2.2.iii), a A, set, nora Sidon set [2, (36.10)].
However, E is a central Sidon set by (4.2).

"dA.

5. Open questions

The results of this paper by no means answer all the questions which can
be raised with regard to central Sidon and central A, sets. The following questions
might be pursued to advantage.
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5.1. Are there any compact groups whose dual objects contain no infinite
central Sidon set? It is known that there is a group whose dual object contains
no infinite central A, sets, namely, SU(2). However, it is not known whether the
dual object of SU(2) contains an infinite central Sidon set.

Note added in proof: Since the submission of this paper, question 5.1 has
been answered. Many groups have dual objects which lack infinite central Sidon
sets see Rogozin [9].

5.2. Given that a subset P of X is a central Sidon set (or a central A, set),
is there some additonal condition which, if imposed on P, would imply that P
is a Sidon set (a A, set)? A natural condition to try would be

(i) sup{d,:0eP} = N<w.

Of course, if N = 1 or P is finite the question has an obvious answer. A closely
related question is: Must an infinite set P satisfying (i) contain an infinite Sidon
subset?

5.3. Are there any non Abelian, non finite compact groups such that every
central Sidon set is a Sidon set?

5.4. The definition of I-sets is not entirely satisfactory. Can a better defin-
ition be devised? Also, in the Abelian case, what is the relation of I-sets to other
independence notions such as dissociate sets?

This paper is based on a portion of the author’s doctoral dissertation written
at the University of Oregon under the direction of Professor Kenneth A. Ross.
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