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Abstract. Consider the p(x)-Laplacian—Dirichlet problem with sign-changing
non-linearity of the form

—div(|VulP 72 Vu) + m(x) [ulP 2 u = ra(x)f (1) in Q
u=20 on 082,

where @ € R" is a bounded domain, p € C%(Q) and inf gp(x) > 1, m € L®(Q) is
non-negative, / : R — R is continuous and f(0) > 0, the coefficient a € L>*(Q) is
sign-changing in . We give some sufficient conditions to assure the existence of a
positive solution to the problem for sufficiently small A > 0. Our results extend the
corresponding results established in the p-Laplacian case to the p(x)-Laplacian case.

2010 Mathematics Subject Classification. 35J70.

1. Introduction. In this paper, we consider the existence of positive solutions for
the following p(x)-Laplacian—Dirichlet problem of the form

—div(|VulP =2 V) + m(x) |ulP 2 u = ra(x)f (1) in K,

(1.1)
u=0 on 02,

where Q is a bounded smooth domain in RV, A > 0, the function a(x) is allowed to
change sign, p, m and f satisfy the following conditions, respectively:

(P) pe C¥(Q)and 1 < p_ :=inf 5p(x) < py = sup, g p(x) < +00.

(M)m € L*(2) and m(x) > 0 for x € Q.

(F)f : R — Ris continuous and f(0) > 0.

Problem (1.1) involves the variable exponent p(-). The study of various
mathematical problems with variable exponent has received considerable attention
in recent years. For a survey of this area see [4, 7, 20, 28], and for the application
background see [21, 27]. The existence and multiplicity of solutions to the p(x)-
Laplacian equations under various hypotheses were studied by many authors (see
e.g. [3, 8, 10-12, 16, 23-26, 29, 30]). In this paper, we study the existence of a positive
solution to problem (1.1) for sufficiently small A > 0.

The existence of positive solutions to problem (1.1) when p(x) = p (a constant)
was obtained in [2, 5, 6, 17, 18]. In [2, 5, 6, 17] the case that p =2 and m = 0 was
investigated, where in [5] the radially symmetric case was investigated. Hai and Xu [18]
investigated the case that p € (1, 00) and m > 0. In [2, 5, 6, 17, 18] the authors gave
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some sufficient conditions on a(x) to assure the existence of a positive solution for
small values of 1. We denote by S,(a) the unique solution of the problem

—div(|[VzP2V2)+ mzlP 2z = a(x) inQ,

(1.2)
z=0 on 92,
for a € L*°(2). Then the condition given in [6, 17] is

(A7) there exists &€ > 0 such that Sy(¢™ — (1 +¢)a”) >0 in ©, where at(x) =
max{0, a(x)} and a~(x) = a™(x) — a(x).

The condition given in [2, 18] is

(4,) Sy(a) > 0in Q2 and % < 0 on 092, where v denotes the unit outward normal
vector.

The p(x)-Laplacian is an extension of the p-Laplacian. An essential difference
between them is that the p-Laplacian operatoris (p — 1)homogeneous, thatis, A,(Au) =
AP~ A,u for every A > 0, but the p(x)-Laplacian operator, when p(x) is not a constant,
is not homogeneous. Our purpose is to extend the corresponding results established in
[2,5, 6,17, 18] on the p-Laplacian problems to the p(x)-Laplacian case; however, in this
respect we face an essential difficulty due to the inhomogeneity of the p(x)-Laplacian
operator. It is well known that, in the case that p(x) = p (a constant), if z is a positive
solution of (1.2), then, by the (»p — 1)homogeneity of the p-Laplacian operator, for any

A >0, APz is exactly a positive solution of the problem

—div(|[VzP2Vz) + m|zlP7>z = aa(x) in Q,

1.3

z=0 on 9%2. (13
This fact plays an important rolein[2, 5, 6, 17, 18]. It is a pity that, in the p(x)-Laplacian
case, such fact does not hold. To see this, in Section 2 we give an example which shows
that there are p(x) and a(x) such that the corresponding problem (1.2) with p = p(x)
has a positive solution, but for sufficiently small A > 0, the corresponding problem
(1.3) with p = p(x) has no positive solution. Such an example shows that the condition
of the same form as (A7) or (A4.,) is not suitable for the variable exponent problems
considered in the present paper. In order to achieve our goal we must find some new
conditions which are different from (4Z) and (4,) in form, but include (47) and (4,)
as a special case when p is a constant.

In Section 2, we give some preliminaries about the p(x)-Laplacian and also give
an example as mentioned above. In Section 3, we give some sufficient conditions for
the existence of a positive solution to problem (1.1) for sufficiently small A > 0. Our
results are a generalization of the corresponding results established in [2, 5, 6, 17, 18]
for the p-Laplacian case to the p(x)-Laplacian case.

2. Preliminaries and example. In this paper, if there is no other explanation, it
will always be assumed that Q is a bounded smooth domain in RY and p and m satisfy
(P) and (M).

The variable exponent Lebesgue space L70)(R2) is defined by

'Y(Q) = {u | u: Q — Ris measurable, / [ulP™ dx < oo}
Q
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with the norm

p(x)

. u
ul oy = lulyy = mf{ﬁ >0 / ’— dx < 1} -
Qlo

The variable exponent Sobolev space W'70)(Q) is defined by
w0 Q) ={ue ’'Y(Q) | |Vul € L'V (Q)}
with the norm
Null o) = Nully pey = lulpey + 1Vl -

Denote by W, ”(R) the closure of C°(R) in W'PO(Q). |Vul,., is an equivalent
norm on WO1 7 (')(SZ). We refer to [4, 7, 14, 19, 22, 28] for the elementary properties of
the space W17¥)(Q).

ue WOI’P('>(Q) is said to be a (weak) solution of (1.1) if

/ ( |VulP=2 Vv + m(x) |ulP™ 2 uv)dx = A/ a(x)f (u)vdx, Vv € W(; 20) ().
Q Q
Define T = Ty, : Wy (@) — (W, 7())" by
T(u)v = / (IVulP2VuVv + m(x)|ul’™2uv)dx, Yu, v W, "(Q).
Q

PROPOSITION 2.1. ([12]) The mapping T : W,"O(Q) — (Wy"O(Q)* is a
strictly monotone homeomorphism, and is of type (Si), namely for any sequence
(s} € W) for which u, — u in Wy (Q) and T, o0 T(u,) 1ty — 1) < 0, u,
must converge strongly to u in WO1 7 (')(Q), where ‘= denotes the weak convergence in

Lp()
Wy ().

Denote by S = S, the inverse mapping of 7. Then the mapping S = T"":

(Wol’p (')(.Q))* — W&’p (')(Q) is a strictly monotone homeomorphism. We often view
S as the solution operator for the problem

—div(|VulP72 Vu) + m(x) [ufP 2 u = h(x) in Q,
u=20 on 0%2,

@2.1)

namely, we denote by S(/#) the (unique) solution of (2.1), and according to the
different ranges of 4 and S(4), we may have the different understandings of the
mapping S.

PROPOSITION 2.2. (1) For every h € L*(2), (2.1) has a unique solution S(h) and
S(h) € L®(RQ).
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(2) (Comparison principle) The mapping S : L*°(Q2) — L*°(R) is increasing, that is,
Sth)y<S(@)inQif h<ginQ.

(3) The mapping S : L*°(2) — L*>°(2) is bounded, and there is a positive constant
C,, dependent on p, p_, N and |S2|, such that

1 1

IS(h)| (g < C' max {|h|£;(‘m, |h|;m(‘9)} forall h € L®(Q).

Proof. For statement (1) see [13], and for statement (2) see [10]. Here we only
prove statement (3). First, let us consider the case that 4#(x) = M (a constant). By [10,
Lemma 2.1], there exists a positive constant C,, dependent on p,, p_, N and |2], such
that

S(M)| () < C. max {|M|ﬁ—l , |M|p+—1} for all M € R.

(Note that Lemma 2.1 in [10] was proved for the case that m = 0, in fact, the proof of
the same result in the case when m # 0 is similar and the constant C, is independent
of m). Then, for any & € L*°(Q2), statement (3) follows from the above inequality for
the constant function M and the comparison principle (2). O

p is said to be Holder continuous on € if there exist constants « € (0, 1) and
L > 0 such that |[p(x) — p(y)| < L|x — y|* for all x, y € Q. p is said to be Log-Hoélder
continuous on £ if there exists a positive constant L such that

L — 1
Ip(x) — p(y)) < ————— forallx,y € Qwith |[x —y| < =.
—In|x —y| 2

It is obvious that Lipschitz continuity = Holder continuity =—> Log-Holder
continuity.

PrOPOSITION 2.3. (1) ([1, 10, 13]) When p is Log-Hélder continuous on Q, for every
h e L*(RQ), S(h) is Holder continuous on Q, and therefore, the mapping S : L®(Q2) —
CO(Q) is completely continuous.

(2) (1, 9, 10]) When p is Holder continuous on S, for every he L®(R),
S(h) € CY*(Q), and therefore, the mapping S :L>®(Q) — CY(Q) is completely
continuous.

PROPOSITION 2.4. ([15]) (4 strong maximum principle) Suppose that p is Lipschitz
continuous on 2, h € L®(R), h(x) > 0 for x € Qand h(x) # 0in Q. Then S(h) € C*(Q),
S(h)(x) > 0 for x € @ and 252 < 0 on 8.

Propositions 2.1-2.4 are an extension of the corresponding results established in
the case that p is a constant.

An essential difference between the p(x)-Laplacian and the p-Laplacian is that the
p-Laplacian is homogeneous but the p(x)-Laplacian is inhomogeneous. As mentioned
in Section 1, in the case that p is a constant, if for a fixed & € L>*(2) there holds
Sp(h)(x) = 0 (resp. S,(h)(x) > 0) for x € 2, then for every A > 0, there holds also
Sp(Ah)(x) = 0 (resp. S,(Ah)(x) > 0) for x € Q. However, this is not the case when p(-)
is not a constant. To see this, we give an example as follows.
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EXAMPLE. Let N=1,Q = (-1,1),m =0,

4, if |l < 4.
1
p(r) = —8<|r| - 5) +2, ify <<,
2, ify<|rf<1,
—e, if Irl < 4,
he(r): o 1
1 if 3 <|rl <L

where ¢ is a small positive number.
For this example we have the following

PROPOSITION 2.5. In the above example, there exists ¢ > 0 sufficiently small such
that Sy.y(he) > 0 in Q and

%nlf N Spy(Ah)(r) <O for sufficiently small » > 0. (2.2)
re(—1,

Proof. By the definition of p(r), p is Lipschitz continuous on Q. Noting that when
e=0, hy > 0 and hy #£ 0 in Q, by Proposition 2.4, S(y) € C(Q), S(h)(x) > 0 for
x € Qand %{)’O) < 0 on 092. By 2) of Proposition 2.3, for sufficiently small ¢ > 0, we
have S(h;) € C'(Q), S(he)(x) > 0for x € 2 and 2% < 0 on 9Q2. Nowlete € (0, 1) be
small enough. For any A > 0, denote u;, = S(Ah.). Then, since p(-) and A, (-) are radially
symmetric, u; is radially symmetric and it is the unique solution of the following
problem:

(1, (NP2 (1) = Mhe(r) in (0, 1)

2.3)
(1) = 0, 1,(0) = 0.

Indeed, problem (2.3) has a unique solution u, (r) for r € [0, 1], which is expressed by
formula (2.4). Setting u; (r) = u; (—r) for r € [—1, 0], then the function u, (r), r € [—1, 1],
is radially symmetric and u;, = S(Ah,).

Denote ®(r, £) = |£|P"~2¢ for r € [—1, 1] and & € R. Then for each r € [—1, 1],
®(r,-) : R — R is a homeomorphism. Denote by ®;! the inverse mapping of &(r, -),

that is
pot ifn >0
@ '(n) = 1
—|nl?T ifp < 0.
Then we have
1 t
u(r) = / ;! ( / )»hg(s)ds> dt forrel0,1]. (2.4)
r 0

From the definition of 4, we have

t <0 if0<r<%+%£,
/hg(s)ds T
0 >0 lf§+§8§}’§l’
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and thus by (2.4),

u;,(0) = /01 ;! (/Otkhg(s)ds> dt
_ /OHE o (/()tkhg(s)ds) di + /: o] (/[;tkhg(s)ds) di

2

1

o (| ! 1ol
</ ®; (/ Ahs(s)ds>dt+xf (,____8>d,
0 0 l+%a 2 2

2

i | ! 1
5—/ ()\et)édtﬂf (z——)dt
0 1 2

This shows that, when A < 6%(%)28%, 1 (0) < 0, that is, (2.2) holds.

3. Existence of positive solutions. Let us continue to use the notations as in
Sections 1 and 2.
Let

Iy = {he LIS, ()(x) 2 0 forx € 2},
T = {h € L2(Q)ISp()(x) > 0 for x € Q}.

It is clear that when a = 0, problem (1.1) has only a zero solution, and when ¢ > 0
and a(x) # 0 for x € ©, using the strong maximum principle, we can easily obtain the
existence of a positive solution to (1.1) for small A > 0. In this section, we assume that
a is sign-changed, that is, a satisfies the following condition:

(AL) aeL®(Q),at #0anda #0.
THEOREM 3.1. Let (P), (M), (F) and (AZ)) hold. Suppose the following condition is

satisfied.:
(Aia) (resp. (A7 5)) There are ¢ > 0 and § > 0 such that

wat —(1+¢e)a)e I‘pzc) (resp. € T,)) foru € (0,4].

Then for sufficiently small ) > 0, problem (1.1) has a non-negative (resp. a positive)
solution.

Proof. We only consider the case of (47 ;) because the proof for the case of (Ai s)
is similar. Let ¢ and § be as in condition (4 ). Define /' : R — R by

f()  for |7 <1,

f(®)=1f(-1) fort< —1,
f() fort>1.
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Consider the following problem:

3.1

—div(|Vul’72 Vu) + m(x) [ufP™ 2 u = ka(x)?(u) in Q,
u=20 on 9%2.

Define F(1) = foff(s)ds for t € R and
Ji(u) = / < (1 1V Vul + (( )) Ju — ka(x)T’(u)) dx, Yu e Wy™(«).

Obviously, there exists a positive constant C such that [f(1)] < C for all 1 € R, this
implies that |F(¢)| < C|t| for all £ € R. Noting that p_ > 1, m € L*(Q2), m(x) > 0
and a € L*(2), we can see that, for each A > 0, the functional J, : 1” ()(Q)

R is coercive and sequentially weakly lower semi-continuous, and consequently, Js,
has a global minimizer u; which is a weak solution of problem (3.1). Noting that
[Aa(x)f (1)1 — 0 as A — 0, by 3) of Proposition 2.2, we have that |u; |z~ — 0
as A — 0. Now we assume that A > 0 is small enough such that [t | 1) < 1. Then

7(ux) = f(u,) and so u, is a solution of problem (1.1). Set y = 5*-. Since /' is continuous
at 0 and f(0) > 0, there is p € (0, 1) such that

)y <f()—s(0) <f(O)y for [§] < p.

Take A > 0 small enough such that |u |7~y < pfori € (0, A;]. Then when A € (0, A{],

ra(x)f (w,(x)) = AMa™(x) — a” (x))f (. (x))
= 2a" ()f W, (x)) = ra” (X)f (us(x))
> " () (0)(1 —y) — M_(96)/’(0)(1 +7)

Y. y)f(O)< - ))
=M1 —y)f(0) (a+(x) — (1 + s)a (x)) . 3.2)

Let Ay = (l—fw and A3 = min{A{, A;}. Then when A € (0, A3], we have that A(1 —
¥)f(0) < 8, and by condition (47 5),

ML= y)f (0)a™(x) = (1 + e)a(x)) € T

By (3.2) and the comparison principle, Aa(x)f (u;(x)) € F;(.), which shows that v, is a
positive solution of problem (1.1). O

+

REMARK 3.1. In Section 1, we mentioned condition (47) which was used in
[6, 17] for the case that p = 2. We may extend it to the variable exponent case. For
given variable exponent p(-), we say that a € L>(2) satisfies condition (A47) (resp.
(47)) if the following condition holds:

(A7) (resp. (A4;)) there exists ¢ > 0 such that

(@t —(1+ea)e FPZ(.) (resp. € T

Obviously, condition (4;) implies condition (47). In the case when p = 2, from the
strong comparison principle (i.e. the strong maximum principle) we may see that
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when a € L*(22)\{0} satisfies condition (A7) with some ¢ > 0, a must satisfy condition
(A7) for every &1 € (0, ¢). In other words, when p = 2, (47) and (4;) are essentially
equivalent to each other. However, in the case when p # 2, because of lack of the general
strong comparison principle, in general, condition (47) does not imply condition (A4;,)
for &1 € (0, ¢). It is clear that, in the case when p is a constant, (4>) and (Ai s) (resp.
(A7) and (47 ;)) are essentially equivalent to each other. Thus our Theorem 3.1 is
an extension of Theorem 2 in [6] and Theorem 1.1 in [17] to the p(x)-Laplacian
case.
For h € L*(Q2) and ¢ > 0, define

Boo(h, &) = {g € L¥(Q)] g — hlpx() < €},
and for § > 0, define

K(Boo(hv ‘9)’ 8) = {H‘glﬂ € (0’ 6] andg € Boo(hv 8)} .

COROLLARY 3.1. Let (P), (M), (F) and (AZ) hold. Suppose the following condition
is satisfied:
(ng) (resp. (K. 5)) There are & > 0 and § > 0 such that

K (Boo(a, €),8) C FPZ(_) (resp. C Tp)-

Then a satisfies (Ai 5) (resp. (A7 5)) for some &1 > 0, and consequently, for sufficiently
small A > 0, problem (1.1) has a non-negative (resp. a positive) solution.

Proof. Let a satisfy (Ksa) (resp. (K7 5)). Take &1 € (0, —*—). Then

? laT| Lo
l(at = (1 +e1)a”) — alp=) = 1la” |1~ <&,
which shows (¢t — (1 + &1)a™) € Boo(a, €). For u € (0, §], we have that
wat — (1 +e)a”) € K(Bso(h, €),8) C sz(') (resp. C Ty,).

This shows that (Aflﬁ 5) (tesp. (A4 5)) is satisfied, and consequently, by Theorem 3.1,
problem (1.1) has a non-negative (resp. a positive) solution for sufficiently small
A > 0. O

REMARK 3.2. Let p € (1, 00) be a constant and a € L*>(2) satisfy condition (A4,),
that is S,(a) > 0in € and %}fm < 00n dQ. Since S, : L*(Q) — C'(Q) is continuous,
there exists & > 0 such that B (a, €) C I’ In this case, for any § > 0, K(Bwo(a, €), 8) C
I, holds. This shows that, when p is a constant, condition (4.) implies condition (K. s)
for some ¢ > 0 and any § > 0. Hence Theorem 1 of Hai and Xu [18] is a special case

of Corollary 3.1.

Now let us consider the radially symmetric case. Suppose that the following
condition is satisfied.

(R) @ = B(0, o) C RY is a ball, p(x) = p(|x|) = p(r) and a(x) = a(|x|) = a(r) are
radially symmetric, and m = 0.
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In this case, the solution of (1.1) is just the solution of the following problem:

! — (rN’l [ (r) |P(’)’2u/(r))/ = aNla(r)f(u) in (0, ry),

(3.3)
u(rg) =0, (0)=0.

COROLLARY 3.2. Let (P), (M), (F), (AZ)) and (R) hold. Suppose that a satisfies the
following condition
(I;) there exists T > 0 such that

/ tN et (t)dt > (1 —i—r)f tN"ta=(t)dt for s € (0, 1)
0 0

Then a satisfies condition (A7) with ¢ = 5 and any § > 0, and consequently, for
sufficiently small & > 0, problem (1.1) has a positive solution.

Proof. Put ¢ = 5. Let any u > 0 be given. Denote u = S,(y(u(a* — (1 +&)a")).
Then

—(V T OIPOU () = NN @t = (L e)aT) i (0, o),
u(rog) =0, u'(0)=0.

Thus we have, for r € (0, ro],
— (VN () 1P-2y — "N r _ T\ _
(Nl (PO (1)) = ,,L/O ¢ (a (1) (1 + 2>a (r)) dt

,
ﬁ/ Nla=(dt > 0.
2 Jo

F

This shows that /() < 0 for all r € (0, ro). Noting that [ N=la=(t)dt > 0, we have
u'(rg) < 0, and therefore u(r) > 0 for r € [0, ry) because u(ro) = 0. This proves that
wat —(1+e)a) e o for any u > 0, that is, condition (47 ) with ¢ = 5 and any
8 > 0 is satisfied, and consequently, by Theorem 3.1, problem (1.1) has a positive
solution for sufficiently small A > 0. O

REMARK 3.3. Condition (I;) was proposed by Cac, Fink and Gatica [5] for the
case that p = 2. Note that condition (/;) used in this paper is the same as in [5], and it
is independent of p(-). The verification of condition (/;) is often easy, for example, it is
easy to see that, in the radially symmetric case, the function a, defined by

Lol s,
a(r) = N
—& 1f7‘J < |r] <o,

where ¢ € (0, ﬁ), satisfies condition (/;) with t € (0, ﬁ — 1). Of course, as was
mentioned in [2, 6], (I;) is a stronger condition to assure the existence of a positive
solution to problem (3.4) for small values of A.

REMARK 3.4. Let Q, m, p(-) and a = h, be as in the example given in Section 2,
where ¢ > 0 is sufficiently small, and let f(7) = 1 for all # € R. Proposition 2.5 shows
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that, in this case, condition (4.) as well as condition (47, ) with small & > 0 is satisfied
but the corresponding problem (1.1) has no positive solution for sufficiently small

A > 0.
Finally, we give an example in which the condition (47 ;) put in Theorem 3.1 is
satisfied but the condition (/;) put in Corollary 3.2 is not satisfied.

EXAMPLE3.5. Let N=1,Q=(—-1,1),m =0,
2, lf |}"| < 2

pr)=18(rl—3)+2, if3<irl<3,

a(r) = |

Take ¢ = 1. we will show that there exists § > 0 such that condition (47 ;) is sat-
isfied, that is, u(a™ — (1 + 1)a™) € I, for u € (0, 8]. Denote u, = Syiy(u(at —2a7)).
Then u, is radially symmetric and it is the unique solution of the following problem:

— (1, ()PO2u, (1)) = puat —2a7)(r) in(0,1),
u, (1) =0, u,(0)=0.

Thus, we have

u;(r) = —CD,,_I </’ w(a®(s) — 2a_(s))ds> forr € (0, 1). (3.4)
0

It is sufficient to prove that u,(r) > 0 for sufficiently small & > O and all r € [0, 1).
We may assume p € (0, 1). Noting that when r € (0, %],

r r 1 1
/ w(a™(s) — 2a=(s))ds = / ——pds = ——pur < 0,
0 o 4 4

and when r € (3, 1),

1

[ ' u(a(s) — 2a- ())ds = [ s + / ' uds

_ b AV
- SM 1 2,[/(/—}’ 8“’

we can see that u,(r) > 0 for r € (0, g), u,(r) <0 for r e (%, 1), and u, attains its
maximum at r = % Since u,,(1) = 0, we have that u,(r) > 0 for r € [%, 1) and

()0 )= L= [ (D)o

4 4
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For r € [0, g) we have

u,(r) >

|V V
(S
S
A/ =)
| W ~
N—— |
| <
=
S— —
i 00| W
—~ —
N
=
~— S—
oL &7
T
Y —
S
|V
<
=
/
oo W
N——
|
h
ool
8
/
Bl —
=
N—
[
~

Il
Q| —
=
i
|
0| L
7N
R
=
N~

19—

It follows that when w € (0, (%)6), u,(r) > 0 for all r € [0, 1). This shows that the
condition (A7 ) is satisfied for § € (0, (%)6). It is obvious that the condition (/) is not
satisfied because for any t > 0 and s € (0, %),

_ 5 + - N -~
o_/o at(t)dt < (1 +r)/0 a~(t)dt.
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