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SOLUTIONS OF SPECIFIC DIOPHANTINE EQUATIONS
AND THEIR RELATIONSHIP TO COMPLEX MULTIPLICATION

BY
CLARA WAJNGURT

ABSTRACT. In this paper we establish a relationship between the ra-
tional solutions (x(¢), y(#)), over C(¢), of the diophantine equation:

(1) 482x(t) — gatx(H) — g3 = Y243 — ot — 83), 82,83 €Q

and the solutions (p(u), ¢’ (4)) which parametrize the elliptic curve E, y? =
4x3 — g, x — g3 admitting complex multiplication by X. We first characterize
the form of all rational solutions of diophantine equation (1). The rational
solutions are derivable from the subsititutions

ou+ p) ' Qu+p)
ow 0T oW

in which g = 0,w;,w;,w; + wy = ws. Using techniques established in
elliptic function theory, we prove that the complex multiplier A, associated
with a unique rational solution (x(¢), y(¢)), must be of a certain form. Next
we construct all rational solutions of diophantine equation (1) by using
the addition theorems valid for the Weierstrass function, g(u). Specific
examples are finally worked out for the cases K = Q—-2)and K =

QW/=7.

x() = , 1= @)

Introduction. Any elliptic curve E is identified with the group C/L where L is gen-
erated by the periods 2w, 2w,, with Im(w; /wz) > 0. The complex analytic endomor-
phisms of the lattice L which preserve the elliptic curve E, a(x) = Ax,A € C,x €L
are identified with the multiplication by a complex number, A, such that 2w, 2w,
are elements of L. These endomorphisms of the lattice form a ring which always
contain the integers, i.e., A\ € Z — the real multiplications. The other complex ana-
lytic endomorphisms (if any) are given by complex numbers and are called complex
multiplications. Although the real multiplications are a subset of the complex multi-
plications, we say the elliptic curve admits complex multiplications, only when the
endomorphism ring of E (or endomorphism ring of C/L) corresponds to the multipli-
cation of complex numbers A\, A ¢ Z. By the theory, E is the algebraic curve with a
“zero” point (00, 00), given by (X,Y) € C such that:

Y2 =4X3 — )X —g3,85 —27g3 #0,Y = o' (u), X = p(u)
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E is thereby associated with the lattice, L = [2w;, 2w»], and the modular invariant j; ,
defined by

3
83

p =203 22
JL g3—272

It is a fact that g,,83 € Q & jL € Q. So, in general, End £ = Z, unless K =
Q(w /wz)(— Q(X\), when X is a complex multiplier) is an imaginary quadratic field.
Also, we find that j; is an algebraic integer, if £ admits complex mutliplications. The
degree [Q(jr) : Q] = ks where f = ring conductor of End E and h = ring class
number of K = Q(w; /wy).

Discussion. Let (x(t), y(¢)) be a solution of diophantine equation (1). Set A(u), B(u)
as follows:

) A(u) = x(p(u))pw), B(u) = y(p(u))p' (1)

where x(gp(u)), y(p(u)) € Rat functions {p(u)}. Set p(u) = t in the functions
x(gp(u)), y((u)), thereby obtaining rational functions in ¢. In (1) we substitute for

(x (@), y(0)

2) x(8), ——

Aw) _ B(u
o) ' (u

)
- =y, t = pu)
to obtain the elliptic curve

3) 4A% () — g2A(u) — g3 = B (1), g3 — 273 # 0,/ € Q

which is associated with the unique differential of the first kind d(A(u)) /B(u). By ellip-
tic function theory A(u) = p(w), B(u) = '(w) for some variable w, to be determined
later. Particularly, we find

d(Aw))

=dw = \d
B w u

3"

for some A\ € C*. This implies w = Au + +pu, p determined modulo the lattice L =
[2wy, 2w,] associated with g(u). We note that by statement (2) and the symmetry of
the elliptic function g(u), A(—u) = A(u). Using the above conclusion that A(u) =
p(Au+ p), this means p(Au + p) = A(—u) + p) = p(—Au+ p) modulo L. We get in
addition from this that the restriction on g is 2 = 0 mod {2wy, 2w, }. This leads us
to the following conclusions:

THEOREM 1. We can derive infinitely many solutions (x(t),y(t)) € C(t) satisfying
diophantine equation (1), only by way of the substitutions

pu + u)’ym _ 9 Qu+p)

4 -
@ 0= o)

st = pu)
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In the process, we consider that X = p(u),Y = ¢@'(u), parametrize Y> = 4X3 —
82X — X — g3 = 4(x — e)(X — e2)(x —e3)e; € C, g3 —27g2 # 052,83 € Q and
p = 0,wy,wr,ws. This gives us necessary conditions for deriving rational solutions
of diophantine equation (1). By the following lemma we claim statement (4) signifies
sufficient conditions also, for deriving solutions of diophantine equation (1).

Lemma 1. If X is a complex (or real) multiplier, 2u = 0 mod {2w;,2w,}, then
©(Au + p) is a rational function in @(u). Thus, every rational solution (x(t), y(t)) of
diophantine equation (1) is intrinsically of the given form described by statement (4)
if and only if )\ is a complex (or real) multiplier.

Determining the associated complex multiplier \ to any given rational solution
(x(®),y()).

THEOREM 2. In the process of describing any given rational solution (x(t), y(t)) of
diophantine equation (1), i.e.,

(Au+ p) '(Au+ )
PALTI) ) = @l—”
o) o' (u)
we find that the unique complex (or real) multiplier A\, associated with the given

(x(1), y(t)) satisfies
5) Ay (1) = o' () + x(t) = d(1x(t))/dt

x@®) = ot =), p = 0,wy,w, ws

Proor. Differentiate p(u)X(¢) = go(Au + p) with respect to u. We find

d , ,
PEX (DS + X0 @) = Mg/ O+ 0.

Since dt/du = g'(u) the result follows by dividing both sides by g’'(u). This comes
from the fact that the differential dU = dT' /W is related to du by Adu = dU where A
is one of the complex multipliers and U = Au+ p, pp = 0, wy, wy, ws.

CoRrOLLARY 2. For general solutions (x(t), y(t)) of diophantine equation (1), the
deg{tx(t)} = n. Theorem 2 enables us to determine the multiplier ) if we have already
determined the rational solution (x(t), y(t)). Thus, we observe that every multiplier A
is uniquely associated with a rational solution (x(t), y(t)).

Constructing rational solutions by the addition theorems.

Since diophantine equation (1) is a cubic curve over C(¢), there is a method which
explicitly describes how to construct rational points on the curve from a known set S
of rational points Py, P,,...,P,. By using the addition theorems of elliptic function
theory, we can derive the secant and tangent formulas for diophantine equation (1).
The addition theorems of elliptic function theory are applied to diophantine equation

(1) in the form:
)\1 + M+ A3 = 0 mod {2&)1,20)2}

1 1 1
xi() x() x3()
yid) y() y3(0)

< =0
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whereby A; « (x;(1), vi(t)), p = 0.

In this context, the addition theorem presupposes that there is a relationship between
the additive structure of the ring of integers of the imaginary quadratic field K which
contains the multiplier );, and the additive structure of rational solutions (x;(¢), y;(¢))
of the cubic curve (1). In the secant formulas we consider the equation (X;,Y;) +
(X2,Y2) = (X,Y) whereby (X;,Y,) and (X3,Y>) are two different solutions over C(¢)
of diophantine equation (1) which add in the sense of addition of points on a cubic
curve to the sum, over C(¢), (X,Y). In the tangent formulas we allow for the case
whereby (X|,Y)) = (X2, Y2), ie., 2(X1,Y1) = (Xo, Yo). The derivation of the tangent

formulas uses dy/dx for the changeiny
change in x

Secant

x(1) = {’3 — (82/1 — (g3/4)} [y2 —N ]2 — X — X2,

I Xy — X}

B P —(g/MHt—(g/H) [v2—n P oy — xayn + 206190 — Xay1)
() =— 3 + .
t X2 — X Xy — X

Tangent

dy 120507 g2k g~ x

de  2{48 — gt — g3}y ()

X4+ (g2/2)X? + 243X + (g3/16)

41X — (2/DX — (83/4)

X0 — (g2 /X" — 563X — (587 /16)X? — (8283/X + (g5 — 3283)/64
8(r* — (82/H)t — (83/DNX> — (82/HX — (83/D)y () '

The rational solutions of diophantine equation (1) take precisely four forms, each

possibility dependent on whether the multiplier ring, K = Q(v/d), d < 0, A\ € C* is

characterized by

xo(t) =

yo(t) =

Case A: d = 2,3 (mod 4), Basis: [1, Vd), or
Case B: d = 1 (mod 4), Basis: [1, (1 ++/d)/2]..
We recall, that, in general, the rational solutions are described by
pA\u + 1) @' Qutp)
— )=
p(u) ©' (1)

Case 1 N#£0,u=0.
The minimal starting set is

Case AB :(1,1) =& X =1, =0,and

Case A : gJ(\/(_Ju)’ p'(Vdw == \/c_l',u =0,or
§o(u) ' (u)

x(t) =

L= @(“)w# = 07‘4}17“}27‘*]3-

Case B : p(HZdM) @'(Hz(l”) HA:#?U

, =0.
() 0 (1)
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So all rational solutions of diophantine equation (1) arise from complex (or real)
multiplications by the addition formulas as follows:

p(Vdu) o' (Vdu)
pw) T ')
— X =a+bVd,a,b € Znorm \ = a* — b%d.

Case B : a(1,1)+b KJ(HZ du)’ pl(szu)
() ©'(w)

Case A : a(l, 1)+b(

= A= (a+(b/2)+(b/2)Vd,a,b €L

norm\ = a® + ab + (l—zﬁ) b

Case A is exemplified by the quadratic multiplier ring K = Q(W-2), f =1
where the corresponding Weierstrass model is B> = 4A°% + (—40/3)A + (224/27)
and whose corresponding diophantine equation is, upon considering the substitution
() = (—20)/3,283x(t)* — 15tx(t) — 14 = y(t)*(2> — 15t — 14). The secant and tangent
formulas for this diophantine equation give rise to all rational solutions corresponding
to A # 0, u = 0 as follows:

P+2t4(9/2) +4r—(1/2) B -
a(1,1)+b( ) ,_2\/:50”)2)(—»,\_“};\/_2.

Case B is exemplified by the quadratic multiplier ring K = QW-1), f =1, where the
corresponding Weierstrass model is B> = 4A3 — 140A — 392 and whose corresponding
diophantine equation is, upon considering the substitution g(u) = ¢, £3x(t)* —35tx(t) —
98 = y(t)2(t3 —35¢—98). The secant and tangent formulas for this diophantine equation
give rise to all rational solutions corresponding to A # 0, u = 0 as follows:

2+(7/2 — (12 =Tt +(—(7/2) — 21/2)/~T7
(252) wrap-appy=m2
y 2+ (T —V=TDt+14+7/=T7) )
(Z552) @+ /2 - (1 /2v=77
= A= (a+(b/2)+ b2V

a(1,1)+b(

Case2 X#£0,u#0

Since p # 0, we recall by theorem 1 that the possibilities for p are g = wy, ws, ws.
We determine p(u+w;), and therefore g'(u+w;) by the following formula from elliptic
function theory (see [4], pg. 20).

ei(u) + (2(3,-2 - (1/4)g2)
pu) — e

(6) pu+w;) = 82€Q
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e;, described in theorem 1. In particular, p(A\u + w;) is determined by substituting Au
for u on the right side of statement (6). This implies

pOu+w)  eipQu) + el — (g2/4))

=00 T pwetw e 5
P Qutw)  “3ef+ (/)
Y0 = B = ! = Pl

We determine the expression for p(Au) = p(u)x(p(u)), t = p(u), from the addition
formulas described for the case u = 0.

Case 3 A=0,p=0
There are no rational solutions associated with this case since gp(u) and '(u) are
both undefined.

Case 4 A=0,u#0

In this case the rational solutions of diophantine equation (1) are of the form
((e; /t), 0)i =1,2,3, i.e., the torsion points of order 2 for diophantine equation (1).
The case of gy,g3 € Q gives rise to particular applications to the thirteen elliptic
curves Y2 = f(x) (see [7]) and their associated diophantine equations as developed
by this paper.

Determining the smallest field of containment for (x(t), y(t)).
DIfXeZ* p=0, (x(¢), y(¥)) lie in Q(¢) and in no larger field.
D IEANEZ, p=0, (x(), y)) lie in Q(¢, \) and in no larger field.
NIFNEZ p#0.

If e; € Q, then (x(2), y(2)) lie in Q(z).

If e; € Q, then (x(¢), y(1)) lie in Q(z, ¢;) for some given i.
Hiet \EgZ, u#0.

If e; € Q, then (x(¢), y(?)) lie in Q(z, A).

If e; ¢ Q, then (x(2), y(¢)) lie in Q(¢, A, ;) for some given i.

Conclusion. Elliptic curves originally arose because their equations appear in the
integrand for the arc length of an ellipse. Evaluations of such integrals lead one to
analyze Legendre’s three basic types of such integrals, where in our case, n equals
3, the degree of f(x) in the elliptic curve, E : y?> = f(x). The basic results in this
paper are consequences of results in elliptic function theory having to do with elliptic
integrals of the first kind. Although the solutions of the integrals of the second and
third kind deal with the Jacobian elliptic functions, we refer the reader to [9, p. 151]
for determining the expression for the Weierstrass elliptic function gp(u) in terms of
Jacobian elliptic functions. It is with this in mind that we wonder whether the above
theory resting on results of Weierstrass elliptic functions can be applied in some
modified form to Jacobian elliptic functions as well. It is possible that this question, if
investigated could help us to better understand how and why the above theory works.
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