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In this paper we consider mappings induced by matrix multiplication which are defined
on lattices of matrices whose coordinates come from a fixed orthomodular lattice L (i.e. a
lattice with an orthocomplementation denoted by ' in which a< b=av (@’ Ab)=b). «,,
will denote the set of all m x n matrices over L with partial order and lattice operations
defined coordinatewise. For conformal matrices 4 and B the (i, j)th coordinate of the matrix
product 4B is defined to be (4B);; = V(4 A B,;). We assume familiarity with the notation
and results of [1]. ., is an orthomodular lattice and the (lattice) centre of o, is defined as
C(A ) ={4 ed,,,,,|A‘6’B for all Bes,,}, where we say that A commutes with B and write

AEB if (AvB)YAB=AAB. In§l it is shown that mappings from s, into <, charac-
terized by right multiplication X — XP (Pe«,,) are residuated if and only if Ped(H,,).

(Similarly for left multiplication.) This result is used to show the existence of residuated pairs.
Hence, in §2 we are able to extend a result of Blyth [3] which relates invertible and cancellable
matrices (see Theorem 3 and its corollaries). Finally, for right (left) multiplication mappings,
characterizations are given in § 3 for closure operators, quantifiers, range closed mappings, and
Sasaki projections.

1. After Croisot [4] a monotone mapping ¢:&/ — & from a lattice & into a lattice & is
residuated if there is a monotone mapping ¢*: % — o/ called the residual mapping corres-
ponding to ¢ such that a < ag¢™ forallain of and b¢p* ¢ < b for all bin B. One may show
that ¢ and ¢* determine each other uniquely.

THEOREM 1. Given Pesd,,, the mapping ¢: s, = A, defined by Adp = AP is residuated
if and only if Pe4(4,,). If ¢ is residuated, B¢p* = (B'P"Y, where P' is the transpose of P.

Proof. According to [4], a residuated mapping preserves joins. Hence, by Lemma 2
of [1], if A — AP is residuated, then Pe¥(«,,). If Pe¥(«,,), then

[(AP),Pt]ij = Vk[ij AN(Aiv P)] = Vk[ij A A.{j A Ah#j(Atfh vP] £ A

Hence A < [(AP) P*]’. Similarly (B'P')’P £ B.
For left multiplication we have the result:

THEOREM 1 *. Given Pe ¥ ,,, the mapping ¢: < ,,, — A ,,, defined by Ap = PA is residuated
if and only if Pe%(4,,). If ¢ is residuated, B¢p* = (P'B’)’.

Extending the definition of Birkhoff [2, XIII], for P in &/,, and Bin &, (Bin &), we
define the right-residual B: P (left-residual B :P) of B by P as the largest X in o, (&),
if it exists, satisfying XP £ B (PX £ B). Such a pair P, B is said to be residuated on the right
(left) if B: P (B . P) exists.

The first two lemmas are due to Croisot [4], and are used in the proof of Theorem 2.
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LEMMA 1. Let ¢:of — B be a residuated mapping, and let ¢ be the corresponding residual
mapping. For b in B, bd™ is the greatest element in the non-empty set {ac < |a¢ < b}.

LeEMMA 2. In order that the monotone mapping ¢: s/ — B, where of and & are lattices, be
residuated, it is necessary and sufficient that for every b in B the set {ae |ap < b} be non-
empty and contain a greatest element.

THEOREM 2. For P in oA, the following conditions are equivalent:

(i) Pe¥(o,,).
(ii) B: P exists for all B in o ,,,.
(iii) B::P exists for all B in o,

Moreover, if Pe¥(«,,) and Be st ,,, (Be s ), then B: P = (B'P")’ (B..P = (P'B’)").

Proof. By Theorem 1 and Lemma 1, (i) implies (ii) and (iii). By Lemma 2 and Theorem 1,
(ii) or (ii1) implies (i).

2. Motivated by Molinaro [9], we define two types of equivalence relations. For P in
¥(,,) define the equivalence relation ¥, on &/, by 4 = B (¥p) if A: P = B: P, and define
the equivalence relation ;¥ on o/, by A = B(,¥)if A..P=B..P. For Pe«,, define the
equivalence relation @ pon &/, by 4 = B(®,) if PA = PB, and define the equivalence relation
PO on &, by A = B(,0)if AP = BP.

LemMMA 3. For P in 4(«,,), each class in o, (f,») modulo ¥p (,¥) has a smallest
element; the smallest element in the class containing A is (A: P)P (P(A:.P)). For Pin¥(«,,),
each class in L, (A ,,,) modulo © p (,©) has a greatest element; the greatest element in the class
containing A is PA..P (AP: P).

Proof. Given Pe¥(«,,) and 4 = B(¥p) in «,,; then (4:P)P=(B:P)P < B, ie,
(A4: P)P is well defined on the class containing A and is a lower bound for the class. From
(A:P)P=(A:P)P we obtain A:P < (A:P)P:P. Also, by the definition of right-residual,
[(A: P)P: PIP £ (A: P)P £ A, which implies that (4: P)P: P £ A: P. Hence(A:P)P = A(¥Y,).
Given Pe¥%(#,,) and A = B(®,) in «,,, it follows that PA..P = PB..P. From PA= PA
we obtain A £ PA::P,i.e., PA:: Pis well defined on the class containing 4 in anupper bound
for the class. Now PA £ P(PA::P) by monotonicity of multiplication and P(PA4..P) £ PA
by the definition of left-residual. Hence PA:..P = A (©p). The remaining two parts of the
lemma follow in a similar manner.

We are now ready to extend a result of Blyth [3] for Boolean matrices, to matrices over
orthomodular lattices.

LemMMA 4. For P in of,,, A = B(®p) in o,, <> A' = B'(.0) in ,,. For Pin b(L,,),
A=BW¥y)ind, <A =BGY)in o,

Proof. The first part is an immediate consequence of (4P) = P'A'. With P in
%(,,), by Theorem 2 we obtain A: P = (A'P")’ = (PA")"* = (A4'..P"). Thus A = B(¥p) in
A > (AP = (B P = A' = B'(. V).
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LemMa 5. For Pin4(«,,),A =B (Op)ind,, <> A" =B (p¥)in A, and A = B (.0)
in o, <>A" =B (V) in &,

Proof. By Lemma 3, the smallest element in the class containing A modulo p¥ is
P(A::P)= P(P'A’). The greatest element in the class containing A modulo . is
P'A::P'=[P(P'A)']. Now

A =B(Op) <« [P(P'A)]) = [P(P'B)') < P(P'A) = P(P'B) < A’ = B’ (,'P).

The remainder of the lemma is proved similarly.

We say that P in &7, is left (right) cancellable in o, (#,,) if PA= PB (AP = BP)
implies 4 = B whenever 4, Be«,,, (4, Be/,,). Note that P is left (right) cancellable if and
only if @ (p®) is the identity relation on &, (&,,,). E will denote a matrix with E;; = §,;.

THeOREM 3. If Pe¥(sf,,) and r £ m (n £ m), then the following are equivalent:
(i) P is left (right) cancellable in &/ ,,, (4 ).

(ii) There exists Xe AL ,,, (YeA,,,) such that XP = Ee,,, (PY = Ec,,).
(iii) There exists X € 6(L ) (YE€C(H ,,,)), such that XP = Eesf,, (PY = EcsA,,).
(iv) P is left (right) cancellable in €(s4 ,,,) (6( n))-

Proof. If Pin 4(,,) is left cancellable in o/, then @, is the identity relation on &,,,.
By Lemma 5, ».¥ is also the identity relation on «/,,. The smallest element of the class con-
taining E in & ,,, modulo p.'¥ is thus E = P'(E::P"). By taking the transpose of each side, we
obtain (i)=> (ii). Suppose that Xe«/,,, and XP = E; then X < E: P. Now

E=XP<(E:P)P<LE.

By Theorem 2, E:P = (E'PY) which is in 4(«,,). For (ii)= (), let Xe¥(«,,) and
XP = Eesl,,. Since two of the three matrices involved are central, (X, P, A) is an associative
triple for any 4 in «/,,. Hence PA = PB implies that EA = EB, where Ees,,,. Ifr<m,
then E4 = EB implies that 4 = B. Clearly (i)= (iv). By applying the result (i} = (iii) to
matrices over ¢(L) we obtain (iv) = (iii).

COROLLARY 1. If Pe¥%(«4,,), and if there exists a positive integer m such that r S m
(n £ m) and P is left (right) cancellable in o/ ,,, (A ,.,), then P is left (right) cancellable in s,
() for every r < s (n < s).

Proof. Let A be the matrix formed by the first r rows of the matrix described in (iii) of
Theorem 3. For any s < r, form A(s) by augmenting 4 to an s rowed matrix whose last s—r
rows consist of zeros. Thus A(s)e4(,,) and A(s)P = Ees,.

COROLLARY 2. If Pe¥(sL,,), n < m, and P is left (right) cancellable in o ,,, (H,,,), then
PP'=P'P=E.

Proof. Let A be the matrix formed by the first » rows of the matrix described in (iii)
of Theorem 3. Then Ae¥(s,,) and AP = E. The result now follows from a result of
Rutherford [10, §3].
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3. In this section we consider mappings from &/, into itself which arise from matrix
multiplication. Thus for right (left) multiplication by P, we necessarily require that Pes/,,
(Pes,,,). After Foulis [5], for an orthomodular lattice 7, define S(s¢) to be the set of all
those monotone mappings ¢:& — & such that there exists at least one, and hence exactly
one, monotone mapping ¢*:of — & with the property that (@’'¢) ¢* < a and (@'¢*)'¢ < a for
every a in /. Foulis shows that, if ¢ € S(«/), then ¢ is residuated, and that ¢* is given by
ad* =(a'¢p*). Thus ¢:A—> AP (p:A— PA) is in S(«,, if and only if Pe¥(,,)
(Pe¥(«,,,)), and in this case ¢* is given by right (left) multiplication by P’. A mapping ¢
on a lattice & is called a closure operator if a < ad and a¢ = (ap)¢ for allain &/. ¢ is called
a quantifier on & if 0 = 0, a £ ap, and (@ Abd)d = ap Ab¢ for all a,b in .

LEMMA 6. For Pe,, (Pe ), ¢p:A— AP (¢:A— PA) is a closure operator on «,,,
ifand only if ES P, P = P?, and (A, P, P) ((P, P, A)) is an associative triple for all A in o .

Proof. If EXP, then A= AE XL AP. Conversely, E<X Ep=EP=P. Ad = (A¢)p
implies that P = EP = (EP)P = P? and (AP)P = AP = AP?. If P=P? and (4,P,P) is an
associative triple, then (4P)P = AP* = AP.

COROLLARY. If ES P = P? and Pe¥4(,,) (PeC(H nm)), then ¢p: A — AP (¢: A — PA)
is a closure operator on A .

LeMma 7. If P=P'ed,,, or if ES Pesd,, then P=P*<P;; 2 Py AP,; for all
Lpjk=1,...,n

Proof. Suppose that P = P'and P;; = Py AP,;. Then P; 2 Py AP,;=P,. Now
Pz (Pij/\ij)VVkaej(Pik/\ij) = PijVVkaej(Pik/\ij) 2 Py,
i.e. Pi.l = P.zl. Conversely, lfP = Pt = PZ, then Pii = P,~,~V Vn#iPik’ i.e. Pii 2 Pik' NOW
P;j=(P;;vP;)Vv Vs (PuAPj) = P;;v Vs (P A Pyj).

Hence P;; > P, AP, forall i,jk=1,...,n. If P2 E, then P; Z P, and an obvious mod-
ification of the above proof establishes the result.

LemMmA 8. Given Pest,, (Pest ), the mapping A — AP (4 — PA) is a quantifier on ,,,,
if and only if ES P = P* = P', Peb(HA,,) (Peb(H ), and the columns (rows) of P possess
property 9 on L. (See [1, §1] for the definition of property 9.)

Proof. For the sufficiency of the conditions, all that remains is to show that
(A ABP)P = AP A BP.

By [1, Lemma 1], (4 ABP)P < AP A(BP)P = AP ABP. By Lemma 7, P, = P,; APy, and
hence, by property 2,

(APABP); = Vk[AikAijA(BP)ij] = Vk[Aik/\ij/\ Vh(BihAPthij)]
< Vil4u APin Vi(BinA Py)] = [(AA BP)P];;.
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Conversely, if 4 - AP is a quantifier on &,,,, then, by Janowitz [7, Theorem 2},
P=P?=Pe¥,,).

As before, 4 < AP implies that E< P. Let beL and let B be such that B;; = b for all
i,j=1,...,n. Then ABABP=(AABP)P becomes bA\V(AyAP)=\V(dyAP;nb),
that is, the columns of P possess property 2 on L.

Let o be a lattice with 0 and 1, and for a in & let o/(0,a) ={xes/ |x £ a}. A mapping
¢:of — o/ is said to be range closed if ¢: s — (0, 1¢) is a surjective mapping,.

For the next lemma we introduce a notation of Rutherford [10]. If P is a matrix with
entries in an orthocomplemented lattice, let P be the matrix with P;; = P;; A(\,+; Py;) and
P be the matrix with P;; = P;; A\ Pi))-

LEMMA 9. Given Peb(,,) (P€b (L n)), the mapping A — AP (A — PA) is range closed
in ., if and only if any of the following conditions obtain:

(i) (E'PYP=EAIP(P(P'E") = EAPI).
(i) Vh[Phj ANz Prudl = VhPhjfor allj=1,...,0, (V[P A(Niy, Prdl = Vy P,y for all

i=1,...,m).

(iii) IP = IP (PI = PI), where I,; =1 for all i,].

Proof. First we note that (ii) is the assertion [(E'P")'P];; = [E AIP];; so that (i) => (ii).
By [8, Lemma 3.2], A - AP is range closed if and only if (4’P*)’P = A AIP for all A in o/,
When 4 = E one obtains the necessity of (i) and (ii). Conversely, 4 = (4'P*)'P and
IP 2 (A'P")'Pimply that A AIP = (A'P'y Pforall Ain &f,,,. Since (4;; v P;)) AP,; = A;; A Py;,
we find that

[(AlPt)’P]ij = Vh[Aij A Pth /\k;&j(Aik Vv P;.k)]
= Vil 4ij A Py A Nz Pl = Aij APy A Ny j Pi]
ESS A”AVhPhJ = (A/\IP)”.

Hence (4'P*)’P = A AIP for all 4 in o, and (i) = (ii)) = 4 — AP is range closed. (iii) is of
course another way of writing (it).

COROLLARY. If Pe¥(H,,) (Peb(HL m)) and if the elements of each row (column) of P
Sform a mutually orthogonal subset of L, that is P; < Py, (P;; £ Py;) for all i,j,k with j # k,
then the mapping A - AP (A — PA) is range closed.

LemMA 10. Given Pe¥(H,,) (Pe¥(H ym))- A— AP (A — PA) is range closed in o,

ifand only if A’P* = B'P'=> AAIP=BAIP(P'A’=P'B'=AAPI=BAPI).
Proof. The result follows from [6, Theorem 2].

COROLLARY 1. If Pe¥(H,,) (PeC(A nm)) and if A — AP* (4 — P'A) is range closed, then,
Jor A2 (IP'YY (A= (P'I)), A AP (A & PA) is a one to one correspondence.

COROLLARY 2. Suppose that Pe¥4(sAt,,) (P€C(HA ), P is row (column) consistent and
A > AP' (A~ P'A) is range closed on oA ,,,; then A < AP (A « PA) is a one to one corres-
pondence on o,
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Let o be an orthomodular lattice and let ee.of. Define a mapping ¢, by ad, = (ave')re
forain of. Such mappings are called Sasaki projections and are especially interesting members
of S(of). Foulis notes that when ¢ = ¢2 = ¢* e S(¥), ¢ is a Sasaki projection if and only if ¢
is range closed. Thus we have the following:

THEOREM 4. Let Peb(H,,) (Peb(H wm)), and let P = P> = P'. The mapping A — AP
(4 > PA) is a Sasaki projection in ., if and only if P is a diagonal matrix, i.e. P;; = o for
i#J.

Proof. If Pisa diagonal matrix, then, by the Corollary to Lemma 9, the mapping A — AP

is range closed and hence is a Sasaki projection. Conversely, by Lemma 7, P;; 2 Py A Py;
and P;; 2 P;,. Since P,; A Py, = o, it follows from Lemma 9 that

PysP;= VhPhj= Vh[Pth/\k¢jPI’lk] =ijAVk¢jP}k§P;'k for j#k.
Thus Py, = P; AP}, = o for j # k.
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