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The impact of a chemical reaction, A + B — C, on the stability of a miscible radial
displacement in a porous medium is established. Our study involves a comprehensive
analysis employing both linear stability analysis and nonlinear simulations. Through linear
stability analysis, the onset of instability for monotonic as well as non-monotonic viscosity
profiles corresponding to the same end-point viscosity are discussed and compared. We
establish a (R, R.) phase plane for a wide range of Damkdohler number (Da) and Péclet
number (Pe) into stable and unstable regions. Here, Ry, = In(uup/1a) and R, = In(uc/ea)
and w; is the viscosity of fluid i € {A, B, C}. The stable zone in the (R}, R;) phase
plane contracts with increased Da and Pe but never vanishes. It exists even for Da — oo.
Interestingly, we obtain a Da independent stable region in the neighbourhood of R, = R,
where no transition occurs in stability despite changes in reaction rate. The study allows us
to acquire knowledge about the transition of the stability for varying Da, Pe and different
reactions classified using Ry, R..
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1. Introduction

The viscous fingering (VF) instability is a fundamental transport phenomenon manifested
by a high mobile fluid penetration in a porous medium saturated with less mobile fluid,
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and this unfavourable viscosity contrast results in the emergence of complex fingering
patterns at the fluid—fluid interface. While, for favourable viscosity contrast, the flow
remains stable. The VF instability has immense applications ranging from hydrology
(Dentz et al. 2011), oil recovery (Muggeridge et al. 2014; Jiménez-Martinez et al. 2016),
diagnosis of cancer (Streitberger et al. 2020), chromatography separation (Catchpoole
et al. 2006; Shalliker et al. 2007; Rana et al. 2019), CO, sequestration (Huppert & Neufeld
2014; Chen et al. 2017; Babaei & Islam 2018; Fakhari et al. 2018), biology (Mainster
1990; Matsushita & Fujikawa 1990; Dong et al. 2020; Delannoy et al. 2022), polymer
flooding (Corredor, Maini & Husein 2018) and lubrication in microfluidics (Cubaud &
Mason 2012).

In past decades, several experiments have been conducted to understand the instability.
These experiments are performed in the Hele-Shaw cell by injecting less viscous fluid
while the cell is filled with a higher viscosity fluid. The Hele-Shaw cell consists of
two transparent glass plates separated by a minuscule gap. The flow through it is
mathematically analogous to a porous medium (Paterson 1985; Chen 1987). To mimic
this instability numerically, we model the miscible flow in porous media by utilizing mass
conservation and momentum conservation through the convection—diffusion equation
and Darcy’s law, respectively. In such flows, the velocity profile plays a pivotal role
in determining the stability of the system. Depending on the velocity profile, mainly
two types of displacements are studied in the literature: radial and rectilinear in porous
media flows. In the rectilinear flow, the interface between fluids remains flat, and fluids
displace each other with uniform velocity. In the case of radial flow, the interfacial area
increases, and velocity decreases with the radial distance from the source. On account of
the spatially dependent velocity profile, the perturbation at the fluid—fluid interface evolves
algebraically with time (Tan & Homsy 1987). The algebraic growth of perturbations is
significantly slower than the exponential growth of perturbations that takes place in the
case of rectilinear flow. It attributes a minimum viscosity ratio between fluids to trigger
the instability of radial flow. The transition in the stability of flow has been demonstrated
numerically and empirically by Sharma et al. (2020). They determine a phase plane
between Péclet number and viscosity ratio classified into stable and unstable zones and
present the initial radius of the circular region as a control parameter. For decreasing initial
radius, the stable region in the phase plane between Péclet number and viscosity ratio is
contracted but never vanishes. It persists even when the point source is considered (Tan &
Homsy 1987; Bischofberger, Ramachandran & Nagel 2014; Videbak & Nagel 2019).

A chemical reaction can induce an unfavourable disparity in viscosity, leading to the
destabilization of flows within porous media by altering the viscosity distribution and
impacting flow stability (Sharma et al. 2019). For instance, it is observed that the chemical
reaction A + B — C can always destabilize the flow more by generating a product having
viscosity contrast with the reactants while the viscosity profile depends on reactants and
product concentration exponentially (Hejazi et al. 2010; De Wit 2020). Such reactive
displacements are modelled in several transport phenomena to optimize the efficiency
of the process, such as alkaline flooding in enhanced oil recovery processes (Mayer
et al. 1983), contamination degradation (Richardson & Nicklow 2002), CO, sequestration
(Liu et al. 2011) to cite a few. Depending on the application, chemical reactions in
porous media flow may be beneficial. It reduces the interfacial tension and enhances the
miscibility that leads to improved mixing and more recovery in transport processes such
as chemical flooding in enhanced oil recovery (Mayer et al. 1983; Pei et al. 2012), frontal
polymerization (Pojman 2010) and chemical treatment of oil-bearing formations (De Wit
& Homsy 1999). In recent studies, it has been observed that the oil recovery by calcium
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hydroxide (Ca(OH),) flooding is more than that of water flooding for heterogeneous
porous media (Mahardika et al. 2021). Moreover, the chemical reaction can generate
bubbles (Wang et al. 2021) that prevent the mixing in porous media (Wang et al. 2021).
The VF produced by chemical reactions can be employed to improve mixing in a variety of
fields at all scales, from macroscales to microscales, and the nonlinear interaction between
a chemical reaction and VF instability leads to enhanced mixing between fluids. It has
been analysed by several researchers in both ways, experimentally (Nagatsu & Ueda 2001,
2003; Nagatsu et al. 2007, 2009; Riolfo et al. 2012) and numerically (Gérard & De Wit
2009; Hejazi et al. 2010; Sharma et al. 2019).

For radial flow, there exists a minimum viscosity contrast to trigger the instability in
non-reactive displacements where both the flows are non-reactive in nature (Tan & Homsy
1987; Sharma et al. 2020), the same holds for the reactive displacement (Sharma et al.
2019). It is reported that when reactants are isoviscous, instability is induced when the
product and reactants have sufficient viscosity contrast. This has been observed both
through numerical investigations through nonlinear simulations (NLS) (Sharma et al.
2019; Verma, Sharma & Mishra 2022) and linear stability analysis (LSA) (Sharma,
Chen & Mishra 2023). However, they do not consider the reactive displacements with
viscosity mismatched reactants. The critical viscosity contrast reduces when we increase
the reaction rate. Further, Kim et al. (2021) have performed a LSA for radial flow utilizing
spectral analysis restricted to the asymptotic limit of Dat — oo, Pe — oo. Here Da, Pe and
t represent the reaction rate, Péclet number and time, respectively. They obtained critical
viscosity ratios that trigger instability and establish a power law trend between Pe and the
critical viscosity ratios. Further, they show that the LSA results are supported by NLS. To
the best of our knowledge, no theoretical analysis of the radial reactive displacement, when
reactants have some viscosity contrast for a finite range of Pe and Da, has been documented
in the literature. However, the prevalent focus in most experimental studies is exploring
reactive VF caused by reactants with mismatched viscosities (Nagatsu & Ueda 2001;
Nagatsu et al. 2007, 2009; Riolfo et al. 2012). In addition, instabilities often occur even in
the absence of a reaction, leading to an analysis of how chemical reactions impact viscous
fingering (Hejazi et al. 2010; De Wit 2020; Verma, Sharma & Mishra 2023). Moreover, it
is observed that when the reactants have an unfavourable viscosity contrast, the reaction
can promote or stabilize viscous fingering for rectilinear flow, indicating that the chemical
control of local fingering dynamics can be precisely tuned by selecting the appropriate
chemical species with a particular difference in concentrations (Hejazi er al. 2010; De
Wit 2020). However, for radial flow, the literature lacks the numerical investigation of
reactive displacement with viscosity mismatched reactants. Thus, it would be intriguing to
investigate how the reaction rate influences the transition in stability for radial flow when
the reactants have viscosity contrast.

In this study, we fill the above-mentioned literature gap and present a thorough
examination that considers the effects of viscosity mismatch between the reactants
and product for a range of Da and Pe by performing NLS and LSA. In this work,
we introduce an LSA to understand the dynamics of the reactive displacements
in transient time. However, we encounter an unsteady base state as a solution
of advection—diffusion—reaction equations (Brau, Schuszter & De Wit 2017). The
time-dependent nature of this base state renders the stability matrix non-orthogonal.
However, it has been observed that if the stability matrix is not orthogonal, the early-time
dynamics may not be captured (Trefethen ez al. 1993; Schmid 2007). Thus, modal analysis
is not applied and we opt for non-modal analysis. For optimal initial conditions, we give
initial perturbation around the interface instead of the entire » domain, as it is known
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as the fastest-growing perturbation (Ben, Demekhin & Chang 2002; Hota, Pramanik &
Mishra 2015b). Later, we validate all LSA predictions through NLS. Both LSA and NLS
predict the critical parameters for instability decay with Péclet number and reaction rate.
Our research is novel in the sense that we explore the stability of reactive displacement
based on the viscosity profile for radial flow. We determine whether the modifications
resulting from a chemical reaction impact the flow stability compared with the equivalent
non-reactive situation. We determine a phase plane between the viscosity ratios between
the reactants and product, divided by critical viscosity ratios for instability and find that
the reactions can affect system stability up to a certain extent. For instance, there exists
a stable region in the phase plane for even Da — oco. Moreover, we report the type of
reactive displacement where the stability of the flow is unaffected by Da. For such types
of reactions, the product viscosity is the same as the viscosity of the displacing reactant,
and it is represented as a Da-independent region in the (Rp, R.) phase plane.

The organization of the paper is as follows. In § 2 we give the mathematical formulation.
We present the base state equations and solve them numerically. Further, we derive the
linearized perturbed equations and perform LSA in § 3. Lastly, we perform NLS and
compare LSA results with NLS results in §4 and address the applications of the work
in § 5.

2. Mathematical formulation

A miscible displacement is considered in a homogeneous and isotropic porous medium
where one fluid, A, is injected from the source with flow rate Q per unit depth, displacing
the other fluid, B, radially. Both fluids are Newtonian, neutrally buoyant and reactive.
A second-order irreversible chemical reaction

A+ B — C, (2.1)

occurs in the system whenever both fluids come into contact (figure 1). The system
of flow equations consists of the continuity equation and Darcy’s law, describing mass
conservation and momentum conservation. Further, we couple the flow equations with
reaction—convection—diffusion equations that interpret the transport of fluid species. In
experiments, the dye concentration is added in displacing fluid initially. The dye is
non-reactive in nature with the other fluids and has no impact on the viscosity profile.
Further, we consider a convection—diffusion equation describing the transport of dye
concentration, z. The equations can be represented in non-dimensionalized form as follows
(Hejazi et al. 2010; Sharma et al. 2019):

V.u=0, (2.2q)
Vp = —puu, (2.2b)
%4 . Va= V2 — Daab (2.2¢)
o1 u a= 7o a aab, 2c
ab 1
— +u-Vb=—V’b—Daab, (2.2d)
ot Pe
0w Ve= V24 Daab (2.2¢)
—4+u-Vec= —V-c aab, 2e
ot Pe
02 V= L2 2.2f)
—+u- = —Vz .
at . Pe .

We employ #r and ,/Qts as the characteristic scales to non-dimensionalize time and
length, respectively, where #; is the time up to which we inject fluid A. Further, we
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Figure 1. Schematic of the A + B — C chemical reaction in a radial source flow. The green-coloured shaded
region, bounded by dashed lines, is where both the reactants come into contact and product C is generated.
We denote this region as a reaction zone. The outside and inside regions of the reaction zone are occupied by
reactants B and A, respectively.

non-dimensionalize Darcy velocity u, viscosity u, pressure p and fluid concentrations
(a,b, c) by \/O/tr, ua, Qua/k and ag, respectively. Here, the concentration and viscosity
of reactant A are represented by ag and 4, respectively, while the porous medium’s
permeability is represented by «. It is important to note that #; represents the duration up to
which we want to conduct the study. We discuss the limitations of other choices of length
scale in Appendix A. The viscosity profile depends on product and reactant concentrations
exponentially as follows (Hejazi et al. 2010):

p = exp(Rpb + Rcc), Ry =1In(up/pa),  Re=In(uc/ma). (2.3)

We categorize the reactions based on the viscosity of the reactants and product. Every
(Rp, R.) value characterizes the viscosity contrast between B and A; and C and A,
respectively. Thus, on changing (Rp, R.), we change the reactants and product and hence
explore a new reaction. The initial conditions associated with (2.2) are

(1,0,0,1), 0 < |x| < ro,

. b, c, ,t=0) = i 24
(@b =0=10,1,0,0), otherwise, o
1= 0) x (2.4D)
ux,1=9)=_-——-, '
27 |x|?

where x = (x, ¥) and ry is the initial radius of the circular region filled with fluid A. Here
we encounter four non-dimensionalized parameters Rp, R., Damkohler number Da and
Péclet number Pe. All the fluids are assumed to have the same diffusion coefficient, D, and
Pe = Q/D, which shows a comparison of fluid transport due to convection and diffusion,
while Da is obtained as a ratio of convective time scale and reactive time scale, i.e. Da =
tr/(1/kagp). Here k is the reaction rate constant.

3. Linear stability analysis

3.1. Linearized perturbed equations

In order to carry out a stability analysis, we need to formulate linearized perturbed
equations for perturbed fluid concentrations and perturbed velocity around base state flow.
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Figure 2. Base state profile of (a) reactant A, (b) reactant B, (c¢) product C and (d) dye concentrations for
Da = 100, Pe = 3000 at final time ¢t = 1.
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We define (Ag, Bo, Co, Zo), base state concentrations of A, B, C and dye as the solution
of (2.2¢)—(2.2f) in the absence of any viscosity contrast, i.e. Ry = R, = 0 (Sharma et al.
2023). The base state solution is axisymmetric, and it is just a function of radius, r only.
However, the solutions cannot be attained analytically (Brau et al. 2017). Even, for (2.2f),
provided the initial condition in (2.4), an analytical solution is unattainable (Sharma et al.
2020). Thus, we compute the base state concentrations numerically using the method of
lines discussed in § 3.2. The density plots of the obtained base state concentrations for
Da = 100, Pe = 3000 are shown in figure 2. For stable displacement, the initial velocity
provided by the source does not get perturbed and remains the same as in (2.4b). It is
considered as the base state velocity, ug. Further, we notice that the base state velocity
profile is characterized by a singularity at the origin. To address this singularity, we
introduce a Gaussian source of core, o as proposed by Chen et al. (2008) and Sharma
et al. (2019), resulting in the velocity profile as follows:

| — e~ HD/0? | L o= FHD/0?
u, = | x , , 0 <r9. 3.1
b 21 (x2 +y2) Y Ton? + %) 0 ©-b

Introducing a Gaussian source term can better mimic physical phenomena that smooth
out velocity profiles in real-world flows. However, if we were to consider ro — 0, we would
be unable to utilize this modification due to the constraint o < ry. Therefore, we confine
our analysis to cases where ry > 0 and refrain from investigating how the parameter ry
influences the stability of the reactive flow. Nonetheless, the impact of ry on stability has
previously been examined in the context of non-reactive flow by Sharma et al. (2020). The
decrease in rg results in reducing the critical viscosity contrast for instability and this rg
works as a control parameter for instability, which holds for reactive fluids.

After having the base state solution, we perturb the base state profile as follows:

(a, b, c,z,u) = (Ao, Bo, Co, Zo, uo) + (d', b', ', 7, u). (3.2)

For the ease of the calculations, we redefine the governing equation in stream
function—vorticity formulations. We define the stream function as ¥ = ¥ + ¥/, ¥y is
base state stream function and /' is the perturbed component of stream function that is
defined as v’ = (—93vy’/dy, dy’/9x). Thus, the linearized perturbed system of equations
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can be written in stream function—vorticity formulation as in Sharma et al. (2023):

VY = —ow, (3.3a)
w=R.(uy x V&' +u x VCp) -k + Ry(ug x VB + 1/ x VBy) - k, (3.3b)
361/ / / 1 27 / /
E—I—uo-Va +u 'VAO:FV a — Da(Boa' + Agh'), (3.3¢)
e
b 1
/ / _ 21/ / ’
<5 Tuo Vb +u -VBy = FV b — Da(Byd' + Agb)), (3.3d)
e
3(’/ / / 1 27 / /
E—i—uo-VC +u -VCy= ITV ¢ + Da(Boa' + Agb'), (3.3e)
e
4 1
— 4uy-VZ+u -VZy=—V?7. (3.3f)
ot Pe

Here o is the k component of vorticity. At the boundary, we apply a far-field boundary
condition, i.e. ' = 0, and

3
a—(a/, b,d,7)=0 atx==+L/2,
X

3.3
a / / / / ( g)
a—y(a,b,C,z)ZO aty = +L/2.

Here 2 =[—-L/2,L/2] x [-L/2, L/2] is our computational domain that is discretized
into n, x ny grid points.

3.2. Initial value calculations

The time-dependent base state results in a non-orthogonal stability matrix, thus modal
analysis may not capture the early-time dynamics appropriately. Therefore, we have
employed non-modal analysis, solving initial value problems for numerical LSA to study
the transient behaviour of the reactive displacements. This LSA serves as an efficient
method to explore time-dependent linear systems in miscible VF (Tan & Homsy 1986;
Matar & Troian 1999; Daniel, Tilton & Riaz 2013; Tilton, Daniel & Riaz 2013; Hota
et al. 2015b; Pramanik, Hota & Mishra 2015). We solve the system of equations with the
method of lines. We use the third-order Runge—Kutta method to solve the initial value
problem for both base state and linearized perturbed equations (3.3¢)—(3.3f), resulting
from the discretization of spatial derivatives. Further, a highly efficient pseudospectral
method hybridized by the compact finite difference method of sixth order is used to solve
the Poisson equation (3.3a). In our study, we do not incorporate wavelength selection,
while our LSA method does allow for wavelength selection (Hota et al. 2015b). Further,
we perturb the base state around the interface where fastest growing perturbations are
known to be localized (Ben et al. 2002; Hota et al. 2015b). We perturb the base state using
a consistent set of random initial conditions around the interface as follows:

_3 | (sin(2mmy), sin(2wmy), 0, sin(2nmy)), [x| = ro,
0,0,0,0), otherwise.
34
Here, m; and m; are random functions generating numbers between 0 and 1 which are kept
consistent across all simulations. The remaining parameters used in LSA are mentioned
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Parameters dr ny=mny, L o Pe
Value 1074 1025 1.5 0.075 3000

Table 1. Table showing the parameters used in the LSA.

in table 1. The numerical method is explained in detail in Sharma et al. (2023) and the
references therein.

Since the base state is unsteady, we seek to analyse the temporal evolution of
perturbations in the comparison of the base state (Shen 1961; Hota, Pramanik & Mishra
2015a). To do the same, we utilize the energy method approach and determine the
normalized energy function with respect to the base state profile for both the perturbed
concentration, o’ and u':

/ o +u?dQ

Q—

/ o + 1l dQ
17)

where o is the dummy variable for perturbed concentrations and o’ € {a’, V', ¢, 7'}.

Further, we compute energy amplification, E(¢) by normalizing energy R(¢) with R(t =
0) (Matar & Troian 1999) as

R(t) = , (3.5)

R(7)
R(t=0)

Since we perturb the concentrations of the reactants initially, we use either @’ or b’
in the energy calculation in (3.5). In addition, it is reported that the temporal evolution
of In(E(r)) is similar; hence, it makes no difference whether we choose a’ or b’ for the
analysis (Sharma er al. 2023). We use @’ and Ay for the further computation of energy
amplification. For unstable displacement, when perturbations amplify with time, In(E(t))
increases with time, while a monotonically decreasing profile of In(E(t)) is obtained for
stable displacements. The transition in stability from stable to unstable displacement is
depicted by a minimum in the In(E(¢)) curve. We denote that time as the onset time when
perturbations start to grow (Hota et al. 2015a).

It is noteworthy that the time domain is confined to ¢ = 1, representing the duration
over which our investigation is conducted. Hence, we analyse the stability of reactive
displacement in transient time regimes only, not for asymptotic times. It has been observed
that there exists a diffusive regime at later times for radial flows (Chui, De Anna & Juanes
2015; Verma et al. 2023). For non-reactive fluids, experimental observations indicate that
the interface growth decelerates, scaling as ~ ¢'/2 at later times, showing the existence of
a diffusive regime as anticipated in stable displacements (Chui et al. 2015). It indicates
the shutdown of overall flow instability. This phenomenon is reported as frozen fingers.
Moreover, Verma et al. (2023) has reported the existence of frozen fingers for reactive
fluids. Hence, the asymptotic analysis for reactive VF for radial flow is not required.

E@®) = (3.6)

3.3. Transient energy growth

The system of (2.2) describes the reactive and non-reactive displacement both depending
on the value of Da. For Da = 0, the system represents a non-reactive displacement where
all the fluids are non-reactive in nature and follows the convection—diffusion equation.
The viscosity profile is monotonic and is given by u = exp(Rpb) due to no product
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Figure 3. (a) Viscosity profile for Da = 100, Pe = 3000, R, = 0.5 and various R.. (b) Log energy
amplification with time for Da = 100, R, = 0.5 and various R, showing unstable displacement. Inset: In(E(¢))
of R, =0.5,0.3, Da = 0.

formation, i.e. ¢ = 0. Further, the monotonic viscosity profile may be modified in the
presence of a chemical reaction when Da # 0. The viscosity profile for various R, is shown
in figure 3(a).

In the present study, we aim to compare the reactive and non-reactive displacement
when the viscosity contrast, R, between displacing fluid A and displaced fluid B is the
same. Further, for non-reactive fluids, it is reported that there exists a critical viscosity
contrast for instability for radial flow (Sharma et al. 2020). Hence, we divide the reactive
displacement into two categories depending on whether the corresponding non-reactive
displacement is stable or unstable. First, we consider the reactive displacement when
the corresponding non-reactive situation, that is, Da = 0, is stable and examine if the
chemical reaction affects the flow stability. In the second category, we consider those
types of reactions for which reactants already have an unfavourable viscosity contrast for
instability. We examine how stability behaviour, such as the growth rate of perturbations
and onset of instability, is affected by product formation. In order to evaluate the variation
between reactive and non-reactive displacement, we must first review the stability of the
non-reactive system before analysing the reactive displacement. We observe that R, = 0.5
represents unstable displacement, while R, = 0.3 corresponds to a stable displacement as
explained below.

It can be verified that the flow is unstable for R, = 0.5, Da = 0 as the In(E(¢)) increases
with time after obtaining a minimum as shown in the inset of figure 3(). In the case
of unstable displacement, the initial decrements in energy show the initial diffusion in
the system, and instability takes some time to manifest. The minimum denotes the onset
time of instability when instability appears. From the onset time, the convection starts to
dominate the flow dynamics and the perturbation growth begins. In contrast, if we decrease
the viscosity ratio between reactants to R, = 0.3, the flow remains stable for the entire time
domain as shown in the inset of figure 3(b) despite an unfavourable viscosity contrast.
Thus, we have obtained two values of R;, showing that an increase in viscosity contrast
leads to the transition in stability for the non-reactive situation. Now we analyse how the
stability of the monotonic viscosity profile is influenced by varying R..

3.3.1. Effect of R,
When we consider the non-reactive displacement, we have to deal only with a
perturbed concentration that follows a linearized perturbed equation corresponding to
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one convection—diffusion equation. While in the reactive case, we have to handle three
perturbed concentrations that follow (3.3¢)—(3.3¢), and the complexity of the system
analysis escalates. Therefore, it is absurd to compare the evolution of perturbed reactive
or non-reactive concentrations directly. Additionally, we want to compare VF dynamics
as a result of the modified viscosity profile, hence we find a value of R, for which the
corresponding viscosity profile is not modified in the presence or absence of the reaction.

When the product viscosity differs from that of the displacing fluid reactant B, i.e.
R. # Ry, the viscosity profile becomes either non-monotonic or remains monotonic but
with steeper viscosity contrast as shown in figure 3(a) for Da = 100, R, = 0.5 and various
R.. Due to the presence of all three fluids, Hejazi et al. (2010) has identified two mixed
zones: the trailing and leading zones. The region occupied by the displacing reactant A
and product C is defined as the trailing zone, while the region inhabited by displaced
fluid, B and C is termed as the leading zone. The significance of defining these regions
is that different viscosity contrast occurs in these two zones when R, # R, and plays an
individual role in determining the overall stability of the system. The viscosity contrast at
the trailing zone is decided by the factor R./2 while R, — R./2 determines the viscosity
ratio at the leading zone (Hejazi et al. 2010; Verma et al. 2023). For R, = R. = 0.5, it
is evident that R./2 = R, — R./2, that is, the viscosity in both zones is the same. Thus,
the viscosity contrast for R. = 0.5 is monotonic, similar to that of R, = 0.5 as shown in
figure 3(a). Thus, when a chemical reaction alters the viscosity profile, this specific case
of R, = 0.5 can be used as a reference viscosity profile. For instance, if we compare the
viscosity profile in figure 3(a), it is evident that the viscosity profile remains monotonic for
R, = 0, 1 but the reaction results in a non-monotonic viscosity profile for R, = 1.5, —0.5.
Even for the monotonic case, if we compare the profiles for R, = 0, 0.5, 1, we can see that
the viscosity profile at the trailing zone is steepened for R, = 1, while it is steepened at
the leading zone for R. = 0. We analyse how this affects the onset of instability.

We have plotted the log energy amplification curve for various R, with R, = 0.5 in
figure 3(b). For R, = 1, the viscosity profile steepens at the trailing zone particularly
and becomes flat at the leading zone where R, — R./2 = 0. Due to this, the onset
occurs early and the system exhibits more energy amplification for R, = 1 than R, = 0.5
despite the same endpoint viscosity contrast. Now we analyse the energy amplification for
R. = 0, where unfavourable viscosity contrast is shifted at the leading zone. The energy
amplification for R, = 0 is more than that of R, = 0.5 at a later time only. However,
at an early time, the energy amplification is less for R. = 0, and hence the system
is less destabilized than R. = 0.5. It shows the significance of the location where the
unfavourable viscosity contrast occurs and instability appears. Here, the viscously stable
trailing zone stabilizes the system at early times. While the unstable, leading zone will
be carried into effect late and the system destabilizes more when instability appears in
the trailing zone. Thus, despite the same viscosity contrast in their unstable zone for
R, =0,0.5,1 and R, = 0.5, the system may attribute stability transition at a different
time by varying unfavourable viscosity contrast locations.

Further, when R, = 1.5 and R, = —0.5, the viscosity profile becomes non-monotonic,
resulting in unfavourable viscosity contrasts at the trailing and leading zones, respectively.
Figure 4(a) shows the position of the r, at which the average reaction rate attains maximum,
is the separator between the two zones. For R, = 1.5 (R, = —0.5), the leading (trailing)
zone stabilizes and instability is expected to develop at the trailing (leading) zone. To
illustrate this, we plot the perturbation profile for ¢’ in polar coordinates at t = 1 for both
R. = —0.5 and R, = 1.5 in figures 4(b) and 4(d), respectively. For R. = 0.5, the viscosity
profile is monotonic, and hence, the perturbation profiles are distributed symmetrically
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Figure 4. (a) Averaged reaction rate profile, (R)(r, 1) = (1/27) frﬁo R(r,0,t)dd and R = DaAyB), for base

state for Da = 100 and Pe = 3000. Cropped plot of perturbed concentration profile C (10* x ¢’) for Pe = 3000,
Da =100, R, = 0.5, (b) R, = —0.5, (¢) R = 0.5 and (d) R, = 1.5 at final time 7 = 1 in polar coordinates.
Here, the black-dashed line denotes the position where the reaction rate is maximum, as shown in (a).

in both mixing zones, as depicted in figure 4(c). In contrast, the presence of localized
unstable zones leads to a more concentrated distribution of perturbation at the trailing
(leading) zone when R, = 1.5 (R, = —0.5). Moreover, we plot perturbation profiles for
d', b’ and 7' in Appendix A.

In the energy amplification plots in figure 3(b), In(E(#)) increases more for R, = 1.5
than R, = —0.5 depicting more amplified perturbations for R, = 1.5 despite the same
viscosity contrast at respective unstable zones. It can be concluded that the perturbations
amplify more with enhanced energy amplification In(E(¢)) with a higher growth rate of
perturbations for an increased viscosity contrast, |R, — R,| for any fixed Rp. This aligns
with both the findings from the existing linear stability analysis (Hejazi et al. 2010) and
NLS (Sharma et al. 2019; Verma et al. 2023) qualitatively. The NLS indicate that as the
viscosity ratio increases, the onset time of instability decreases, which leads to rigorous VF
patterns (Sharma et al. 2019; Verma et al. 2022, 2023). In addition, the mixing phenomena
are enhanced (Verma et al. 2023).

Further, it can be seen that for each pair |R. — Rp|, despite the identical viscosity
contrasts, the system exhibits a greater energy amplification for the case R, — R, > 0 than
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Figure 5. (a) Log energy amplification and (b) growth rate with time for Da = 100, Pe = 3000, R, = 0.3
and various R, showing unstable displacement. Inset: growth rate for R, = 1.1, —0.5 showing an unstable and
stable displacement, respectively, despite the same viscosity contrast |Rp — R.|.

the corresponding case, R, — Rp < 0 as shown in figure 3(a). This raises the question of
why the perturbations amplify more when the unstable zone is situated at the trailing zone
in contrast to the leading zone despite the viscosity contrast being the same (|R, — Rp|).
The velocity profile holds the responsibility for this property of radial flow. The velocity
magnitude decreases with the radial distance, which provides more convection to the
trailing zone than the leading zone (Sharma et al. 2019; Verma et al. 2022). Moreover, it
hints at the asymmetry in the (R, R.) phase plane along the non-reactive region, R, = Rp,.
We explore the asymmetry in the (Rp, R.) phase plane by taking corresponding stable
non-reactive situations and finding the corresponding R, parameters that destabilize the
flow. In the inset of figure 3(b), the flow is shown stable for R, = 0.3. If the reaction
generates a product with enough high or less viscosity that makes the viscosity profile
non-monotonic and one of the zones becomes viscously unstable, the flow may become
unstable. We will next investigate these situations.

In figure 5(a), the flow is shown stable for some range of R, including R. = 0.3 and
on further increment of viscosity ratio, the system becomes unstable. For the viscosity
contrast |[R. — Rp| = 1 (R, = 1.3, —0.7), the flow is unstable as In(E(¢)) increases with
time after attaining a minimum, while the flow is stable for R, = —0.4. It is interesting to
note that when R, = 1, the system behaves inconsistently. Following a minimum, In(E(z))
rises at first, then starts to fall as the energy amplification increases to saturation. For better
visualization, we compute the growth rate as in Tan & Homsy (1987):

t dE
o=——:

2F dt
Evidently, the growth rate of perturbations is negative for R, = 1 at later times after
onset; there is a decay in perturbation growth as shown in figure 5(b). The positive growth
rate indicates that the perturbations grow after onset time. However, the unfavourable
viscosity contrast at the trailing zone is not enough to sustain the growth of perturbations
for a longer time and it starts to decrease again. A similar transition in stability is observed
in the literature (Hota & Mishra 2018) for rectilinear flow. There, the secondary instability
appears at late times after the first minima in In(E(¢)). The uniform velocity in the
rectilinear displacement constantly feeds the flow and is responsible for this transition.
However, in our case, the flow velocity reduces with radial distance and at the unstable
zone with time. As a result of this, once the flow is stabilized, convection is not able to
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Figure 6. Log energy amplification with time for Da = 10, Pe = 3000, (a) Ry, = 0.5, (b) R = 0.3 and
various R, showing unstable displacement.

induce instability again. Hence, the flow is considered stable for R. = 1. In conclusion,
we have obtained a stable zone for a range of R. when the corresponding non-reactive
displacement is stable. In addition, we obtain such values of R, where the flow is unstable
when R, — R, > 0 (R, = 1.1) while stable for the corresponding case R, — Ry < 0 (R, =
—0.5) showing asymmetry in the (Rp, R.) phase plane. We discuss this in detail in § 4.
The growth rate of perturbations is negative for R, = —0.5, while the system shows a
positive growth rate after onset in perturbation evolution for R. = 1.1. Now, the question
arises of how changing the reaction rate, Da, influences the stability of the reactive system,
regardless of whether the system is initially stable or unstable.

3.4. Effect of Da

When reactants are isoviscous, R, = 0, NLS have shown that the onset of instability gets
delayed and the critical viscosity ratio for instability is exceeded with lowering Da (Sharma
et al. 2019). Here, we explore the effect of Da when R;, # 0. From the comparison of the
figures 3 and figure 6(a), it can be observed that the In(E(?)) is less for Da = 10 after onset
time. It happens as a result of the reduced amount of product decreasing the viscosity and
thus the viscosity gradient, resulting in slower growth of perturbations. Furthermore, if we
compare energy amplification for R, = 0.3, Da = 100, 10 and various R, as in figures 5
and 6(b), the stable range of R, increases for decreased Da. Flow is unstable for both the
parameters R, = 1.3, —0.7 when Da = 100, but for Da = 10, these parameters belong in
the stable range of R, for R, = 0.3.

We have now covered the cases when the viscosity profile is modified due to the formed
product having viscosity contrast with reactants. However, there is another case when
product viscosity is identical to displacing fluid reactant B, i.e. Ry = R, regardless of
Da, the viscosity profile remains the same as the corresponding non-reactive situation,
(Rp, Da = 0) (Nagatsu & De Wit 2011). For such cases, we claim that no change in the
flow stability occurs when R, = R, provided the flow is stable with or without the reaction,
for instance, when R, = 0.3. No change in perturbation growth or energy amplification
should be observed when the system is already unstable for corresponding non-reactive
situations R, = 0.5 for changing Da. Instead of reactant A, we show energy amplification
for dye concentration. Since dye concentration follows the convection—diffusion equation
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Figure 7. Log energy amplification with time for R, = R, = 0.5, 0.3 and various Da, and Pe = 3000. Here,
all the curves for different Da and fixed viscosity contrast are merged.

as followed by A when Da = 0, considering z allows us to examine the stability of the
parameter R, = R, for varied Da ranging from Da = 0 to Da = 100.

From figure 7, it can be concluded that the stability is unaffected by a chemical reaction
when R, = R. as energy amplification regardless of whether the system is stable or
unstable before the reaction.

4. Nonlinear simulations

To support the fact that the results of LSA are not a consequence of linearized equations,
we perform NLS for the VF instability on the system of equations given in (2.2).
We utilize a highly efficient pseudospectral method hybridized with the compact finite
difference method to solve the coupled nonlinear system of partial differential equations.
We decompose the velocity into two parts with rotational velocity (u,,) and potential
velocity, () that defines the unperturbed flow as given in (2.4b). In addition, we define
the rotational component to capture the instability by introducing the stream function as

oy Y
U= Upot + Urot, Urot = <B_y’ —5) , 4.1a)
a ] ab ab
V2 = -0, o=R (v —uZ)+Rr, (v —u22). (4.1b)
ox ay 0x ay

We solve Poisson equations (4.10) by applying Fourier sine expansion to solve
x— derivative and discretize the y— derivative with the compact finite difference of
sixth order. Further, the initial value problem in (2.2)(b—e) is solved by the third-order
Runge—Kutta method with adaptive time steps satisfying the Courant—Friedrichs—Lewy
condition. The remaining details are explained in Sharma et al. (2019) and Verma et al.
(2022).

To track the instability, we plot the dye concentration profile for R, = —1, 1, Da = 100,
Pe = 3000 and for various R, at the final time ¢ = 1 in figure 8. It is evident that the flow is
unstable for R, = 1 irrespective of R.. In contrast, the flow is stable for R, = —1, and we
obtain a range of R, where a transition can be observed in flow stability. For non-reactive
flow, the flow is stable for R, = —1 due to a monotonically decreasing viscosity profile. A
chemical reaction generates a product having some viscosity contrast with reactants and
the viscosity profile becomes non-monotonic with extremum. However, we obtain stable
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Figure 8. Dye concentration profile for (Da, Pe) = (100, 3000), (a) R, = —1 and (b) R, = 1 and various R,
at final time r = 1.

displacement when R, = 5, —3 and unstable when R, = —8, 6. Evidently, reaction can
induce instability but it requires a critical viscosity contrast for instability. This supports
the findings presented by LSA in figure 3(b), suggesting that instability persists in reactive
flow if the equivalent non-reactive system is unstable. Furthermore, upon comparing
figure 8(ai,bi) and figure 4(b) obtained from NLS and LSA, respectively, we note that
instability predominantly develops in the leading zone when R, < Rj. Similarly, instability
appears in the trailing zone when R, > R, as evidenced by LSA in figure 4(d) and NLS
in figure 8(av,bv). When R, = R),, the instability is not localized in any specific zone,
as shown by LSA in figure 4(d) for R, = R, = 0.5 and by NLS in figure 8(biii) for
R, = R, = 1. Additionally, a comparison between figures 5(a) and 8(a) illustrates a stable
range of R, in the (Rp, R.) phase plane for a constant R in the corresponding stable
non-reactive system.

The experimental findings of Riolfo er al. (2012) confirm our results. They have
conducted experiments where a highly viscous fluid, polyacrylic acid (PAA), displaces
a less viscous fluid, sodium hydroxide (NaOH), leading to a reaction PAA + NaOH —
SPA 4+ H;O, resulting in the formation of a highly viscous product, salt sodium
polyacrylate (SPA). In this scenario, the viscosity ratios were characterized by Rp =
In(up/ma) = —6.7685 and R, = In(uc/ma) = 1.495, with viscosities of PAA, NaOH
and SPA are 870 centipoise (cp), 1 cp and 3880 cp denoted as 114, g and pic, respectively.
This value of R;, and R, lies in Zone III in (R, R.) phase plane. We have explained the
zones in Appendix C. The non-monotonic viscosity profile, exhibiting maxima within
the reaction zone, induces instability in the trailing zone as shown in figure 5(b) from
Riolfo et al. (2012). Further, they present another experiment where a highly viscous fluid,
SPA, displaces a less viscous fluid, an aqueous mixture of hydrogen chloride and glycerol
(HC), resulting in a reaction SPA + HCl — PAA + NaCl and generating a less viscous
product (PAA). In this case, the viscosity ratios were R, = —4.3745 and R, = —5.0676,
with viscosities of 794 cp, 10 cp and 5 cp for PAA, HCl and SPA, respectively. This value
of Ry and R, lies in Zone II in (R, R.) phase plane as explained in Appendix C. Again,
the non-monotonic viscosity profile within the reaction zone led to instability and the
formation of fingering patterns due to the increment in viscosity at the leading zone, as
shown in figure 5(b) from Riolfo et al. (2012).
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The viscosity gradient at the trailing and leading zone is decided by R./2 and R, — R./2,
respectively. The instability is anticipated to occur at the trailing zone if R. > 0. Thus,
we determine the critical viscosity ratio at the leading zone so that the diffusion can
weaken the responsible forces due to convection in the trailing zone. In another way, we
find a critical Rp, that can stabilize the flow. Similarly, if R, < 0, then the flow can be
destabilized for increasing viscosity gradient, R, — R./2 > 0 at the leading zone. Hence,
finding a critical R, for a given R, for the computational study will be convenient. To
determine instability, we measure the deformation of the interface by interfacial length
in the dye concentration (Mishra, Martin & De Wit 2008; Sharma et al. 2019). It is
calculated by I(¢) = f o 1Vz]dS2. For stable displacement, interfacial length follows the

relation Io(?) = 27,/ rg + t/7t (Sharma et al. 2020). Evidently, for a deformed interface,

the interfacial length increases, and if interfacial length, /() coincides with I(¢) for the
entire time domain, that parameter can be considered as stable displacement. We define
the flow as unstable when the relative difference in interfacial length is greater than zero,
thatis, Al = (I — Ip)/Ip > O.

A phase plane (Rp, R.) is presented in figure 9 where the solid curves show critical
viscosity ratio (Rp, R.) for instability for each Da and the region below the curve is
stable and above the curve is the unstable region. It can be observed that if reactants
have favourable viscosity contrast, i.e. R, < 0.66, then two critical R, can be determined
that destabilize the flow for a given reaction rate. It happens when a chemical reaction
introduces a non-monotonic viscosity profile and persuades convection and diffusion
to compete, as suggested by LSA results. We obtain a range of R. when R;, < 0.66
corresponds to the stable flow. This range contracts for increasing R and vanishes when
Rp = R. = 0.66. The viscosity contrast between reactants, R, = 0.66, is the maximum
Ry, for which flow is stable before the reaction and the reaction may alter the stability.
Moreover, if reactants have viscosity contrast, R, > 0.66 and the stability will not be
changed by the reaction. It exhibits the limitations of the influence of reaction on the
stability of the system. It is evident in figure 9 that the region around R, = 0.66 is stable
for all values of Da. This is the Da-independent critical regime that we have reported for
radial VF.

The value of viscosity ratio (Rp, R.) = (0.66, 0.66) is of special interest for us. For
(Rp, R:) = (0.66, 0.66), the viscosity profile is monotonic and identical to its inherent
viscosity profile in corresponding non-reactive situations. Now, we claim that the viscosity
ratio when R = 0.66 is also the critical viscosity ratio for the non-reactive fluids. For
non-reactive fluids, Sharma et al. (2020) have established a scaling relation between Péclet
number Pe and critical log-mobility ratio R, numerically:

Ry = a(ro)Pe™?, o =30(1 + 10rp). 4.2)

Here 8 lies under confidence bounds (0.52, 0.59) and critical parameters (Rp, Pe) lies on
the boundary that is given by R, = a(ro)Pe93. Since (4.2) is determined numerically
and has theoretical and experimental support, it provides a fair opportunity to compare
reactive displacement with the corresponding non-reactive displacement in the context of
stability. In all the simulations, we have considered Pe = 3000 and r¢ = 0.075, if we put
the same value of Pe and rg in (4.2), we obtain the critical R, = 0.642. In addition, if
we find the range for this critical viscosity ratio in the 95 % confidence bound, we obtain
Ry, € (0.466, 0.817). The obtained critical viscosity R, for the reactive case lies in the
range R; € (0.466, 0.817) which also contains the calculated viscosity ratio, R, = 0.642
for the non-reactive displacement.
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Figure 9. The (Rp, R.) phase plane for Pe = 3000, various Da along with Da — o0. Inset: dye concentration
profile for R, = 1, (i) R, = —3, (ii)) R, = 1, (iii) R, = 5 showing unstable displacement and (iv) Ry = R, =0
showing stable displacement in polar coordinates.

Though the viscosity profile is modified only when R; #=R., thus the effect of
product viscosity R, on stability can be compared along the line R, = R, whether
the reaction increases or decreases the viscosity of the system. The specific value
(Rp, R:) = (0.66.0.66) distinguishes the stability behaviour of reactive and non-reactive
displacement. Furthermore, during the LSA analysis, we noticed an asymmetry in the
(Rp, R.) phase plane along the line R. = R;,. Despite having the same viscosity contrast
(|R: — Rp|), perturbations exhibit a higher growth rate when R, > R;, compared with the
opposite case, R, < Rp as in figures 3(b) and 6(a). The critical viscosity contrast is greater
when the reaction decreases viscosity, i.e. R, < Rp, than in the opposite case, R, > Ry, if
a system is stable for the corresponding non-reactive case (R, = Rj) as shown in figures 5
and 6(b). Similarly, in the (R, R.) phase plane obtained from NLS, we observe asymmetry
along the line R. = Rp,. The critical R, decreases more significantly when R, > 0.66
compared with when R, < 0.66. To visualize more about this asymmetry, we have plotted
a phase plane between R./2 and R — R./2 that shows viscosity contrast at trailing and
leading zone in figure 10(a). It can be observed that if the trailing front is stable, the
critical viscosity contrast for instability, R, — R./2 is more than R./2 if the leading front
is stable. The asymmetry is a consequence of the spatially dependent base state velocity
profile. When R, < 0.66, the instability appears at the leading zone due to steeper viscosity
contrast while the trailing zone stabilizes the flow. On the other hand, when R, > 0.66, the
instability appears at the trailing zone for the same viscosity contrast at the unstable zone.
If we compare both R, values for the same R} maintaining the viscosity gradient |R, — Rp|,
the driving force provided by convection is more efficient at the trailing than at the leading
zone. Consequently, the critical viscosity contrast to trigger instability at trailing zone
R./2 is less than the critical viscosity ratio, R, — R./2, to trigger the instability at the
leading zone. Similar asymmetric behaviour is observed in Sharma et al. (2019). A higher
viscosity ratio is required for instability when the reaction produces a less viscous product
for R, = 0 compared with when the product is highly viscous.
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Figure 10. (a) Phase plane between the viscosity ratio at trailing and leading zone, R./2 and R, — R./2 for
Pe = 3000 and various Da. (b) The (Rp, R.) phase plane for Pe = 3000, 1000 for Da — oo. Here below the
curve is a stable region, and above the curve is an unstable region. Here the dashed lines correspond to the
non-reactive case Da = 0 for Pe = 3000 (blue) and Pe = 1000 (red).

4.1. Effect of Da and Pe (Da — o0)

It is reported that the stable region exists for all moderate ranges of Da, and the width
of the interval of stable R, decreases with Da when R, = 0 (Sharma er al. 2019).
Interestingly, the stable region even exists for Da — oo when R, = 0 (Verma et al. 2022).
When we increase Da, more product is formed that enhances the viscosity of the system as
in (2.3), leading to an enhanced viscosity contrast and a higher growth rate of perturbations
in the system as predicted by LSA and illustrated in figures 3(b), 5 and 6. Hence, the critical
viscosity ratio decreases for higher Da as shown in figures 5, 6(b) and 9. However, the
existence of the critical viscosity contrast is shown only for the particular case, R, = 0. It
will be intriguing to examine whether that critical viscosity occurs or identify the range of
R, that corresponds to stable displacements when R;, #= 0. To investigate the same, we have
performed simulations for a wide range of Da, including the limiting case Da — oo. For
an instantaneous reaction, Da — oo, the reaction front occurs in an infinitesimally small
region. This replicates an ideal situation where reactants are fully consumed at the reaction
front as soon as the reactants meet, i.e. @ — 0, b — 0 at the reaction front. The concept
of the trailing zone and the leading zone is also based on this ideal situation Da — 00. As
the trailing zone is only occupied by fluid A and C, and the leading zone is occupied by
fluid B and C, in order to perform simulations for Da — oo, we rearrange our system of
governing equations as in Verma et al. (2022), Nagatsu & De Wit (2011) and Michioka &
Komori (2004) as follows:
M e weVih= v (4.3a)
at Pe ’
0,1 —2h, h), h <0.5,

ab7 =
(@b (=1+4+2h,0,1—h), h=>05.

(4.3D)

In figure 9, we have plotted the critical (Rp, R.) curves for various Da. The stable zone
in the (Rp, R.) phase plane contracts for increasing Da but does not vanish even when
Da — oo. It can be verified from a recent article (Kim et al. 2021) for the asymptotic limit
of Pe and Da. For R, = 0, it is reported that the minimum viscosity contrast to induce
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the instability (|R.|) is more, if the reaction generates a less viscous product (R, < 0)
than a high viscous product (R, > 0). Further, the stable region in the Da—R, phase plane
along the line R, = 0 becomes less symmetric with Da (Sharma et al. 2019). We observe
the same for the case when R, # 0. The stable region in the (Rp, R.) phase plane becomes
asymmetric for increasing Da around the line R, = R),. In addition, if we consider Da = 0,
the stable region is obtained as R, < 0.64, and the remaining region in the (R, R.) phase
plane is an unstable zone. Further, the viscosity profile is monotonic in the neighbourhood
of Ry, = R., and it is identical for each Da. Thus, the VF dynamics remain unchanged,
and for this particular viscosity, all (R., Rp) curves showing the critical viscosity contrast
are merged for various Da in the neighbourhood of R, = R.. This can be confirmed
by both LSA and NLS as shown in figures 7 and 9, respectively. Thus, the reaction
affects the stability of the flow, but the inherent non-reactive system equally contributes
to the instability. There exists a region in the (Rp, R.) phase plane that is preserved and
unaffected by the reaction. This illustrates that the reaction is able to influence the stability
of the system and may destabilize the initially stable system, for some values of R only.

Further, it can be observed that if we increase the value of rg, it leads to weaker
convection even at the initial time (Sharma et al. 2020). Consequently, the critical viscosity
contrast required to trigger instability also increases for larger rq as stated in (4.2), and this
holds for reactive fluids as well. In the phase plane (Rp, R.) illustrated in figure 9, the
maximum critical value of R, required to induce instability increases with the increment
of ry, following the relationship (4.2). Below this maximum value of Ry, the stable range
of R. expands with an increase in rg for each Rp,.

Finally, we check the effect of Pe on the stability of the system for given other
parameters (Da, Ry, R.). The Pe number definition suggests a tuning between the flow
rate and diffusion coefficient. In another way, it decides the competition between forces
due to convection and diffusion, and flow gets stabilized for decrements in Pe as diffusion
works as a stabilizing factor. It is already reported that the stable region in the R.—Da
plane widens for decreasing Pe. However, the qualitative behaviour shown by the critical
R.—Da curves remains preserved for varying Pe (Sharma et al. 2019). To understand
the effect of Pe on the VF dynamics when R, =0, we have fixed Da by Da — oo
and performed simulations for Pe = 3000, 1000. For Pe = 1000, the stable zone widens,
and critical (Rp, R.) increases to trigger the instability as in figure 10(b). Also, we can
examine the critical viscosity ratio obtained in the case R, = R, for that VF dynamics gets
unaffected by chemical reaction for Pe = 1000. The critical viscosity ratio for non-reactive
displacements is found around Rp = R. = 1.17 for Pe = 1000, is the same value as
computed from (4.2) for Pe = 1000 and ry.

5. Conclusion

Reactive displacements in a porous medium are encountered in several transport
phenomena that affect the productivity of the process, as the chemical reaction can alter
the physical properties at the fluid—fluid interface. The presented problem is motivated as
the generated product modifies the viscosity profile that affects the overall stability of the
system. In this manuscript, we address the stability of a reactive system A +B — Cina
porous medium subjected to VF instability, exploring a range of (Rp, R.) through LSA. We
discuss how the product viscosity of the inherent system influences the temporal evolution
of the perturbations.

The LSA predicts that the modified viscosity contrast, i.e. R. # R} stimulates the growth
rate of perturbations. This leads to an earlier onset of instability and a higher growth rate of
perturbations if the flow is already unstable without the reaction. These results agree with
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the experimental studies (Nagatsu et al. 2007, 2009) as the reaction enhances the instability
for radial flow. On the other hand, if the corresponding non-reactive displacement is stable,
such chemical reactions can be categorized into two parts based on product viscosity, R..
For a given reaction rate, Da, we can find a range of reaction types, R., including R, = Ry,
which correspond to the stable flow. In such reactive displacement, the altered viscosity
profile is not enough to trigger instability. The system becomes unstable for the remaining
reaction types R.. Another conclusion that can be drawn from the LSA is that the system
exhibits an early onset time and more amplified perturbations when induced by a high
viscous product generation rather than a less viscous product. Moreover, such reactive
displacements show a higher growth rate of perturbations if we increase Da. Meanwhile,
the stable range of R, contracts if the corresponding non-reactive displacement is stable.
Also, some reactions exist where product viscosity is the same as the reactant, B, R, = Ry,
and thus, the stability of the system remains unaltered after the reaction regardless of Da.

Further, we perform NLS to determine the critical viscosity ratio (Rp, R.) exhibiting
instability in reactive displacement for a given Da and Pe. We provide sufficient data to
determine the stability of the reactive displacement. We present a (R, R.) phase plane
separated by critical viscosity ratio for instability into the stable and unstable regions for
the entire range of Da and various Pe explored. The importance of each parameter in
determining the stability of the system is explained by the phase plane. The stable region in
the (Rp, R.) phase plane reduces for increasing Da and Pe but never completely disappears.

Our findings contribute to understanding the interaction between chemical reactions
and VF dynamics. Further, the study has implications for various chemical-enhanced oil
recovery mechanisms to reduce residual oil and increase oil production in reservoirs.
Strategies such as controlling the mobility ratio (Green et al. 1998; Weidong et al.
2017; Sun et al. 2019), reducing interfacial tension (Sedaghat et al. 2016) and enhancing
miscibility between displaced and displacing fluids (Jiang, James & Mojarab 2020) are
fundamental mechanisms in enhanced oil recovery processes (Fani et al. 2022). Moreover,
the reactive VF can help improve the sweep efficiency of injected CO,, ensuring that
it contacts more of the reservoir rock and displaces more of the resident fluids (e.g. oil
or brine) (Sainz-Garcia et al. 2017; Lei & Luo 2021). This can lead to more effective
CO, storage and reduced residual trapping of CO,. In this regard, we establish a relation
between critical viscosity ratios R, and R, to trigger the instability. Further, by adjusting
the reaction rate Da and flow rate Pe, it is possible to achieve an optimum mixing
depending on whether the flow is stable. Moreover, if the flow is stable, a transition
in stability can be obtained by varying Da and Pe as per the application. For instance,
instability is a suitable choice to increase fluid miscibility in chemical flooding during
enhanced oil recovery.
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Flow inputs k(s ap (mole m™3) (0] m2sh ro (m) Da = r%kaO/Q
Values [0.011, 0.049] [0.004, 0.012] [0.64, 770] x 10~° 0.002 [0.0003, 3.675]

Table 2. The parameters and corresponding values used in the experimental study from Nagatsu et al. (2009).

Appendix A. Choice of characteristic length scale

For the non-dimensionalization of the spatial vector, x, we can utilize either \/x, \/@ or
ro. Despite several choices, determining an appropriate length scale has been a challenge.
Previous works by Tan & Homsy (1987) utilized /k as a length scale due to the absence
of an explicit length scale for non-reactive fluids. Further, if we consider rg, ag and g
as the characteristic scale for length, concentration and viscosity, the quantities can be
non-dimensionalized as

X t
X = x u= “ , ==, (Ala—c)
ro Q/ro 5/0
~’ l;’ ~ ~ ~
@boy=429 _E P (A2a)
ao Ko Ouo/k

where 7y is the initial radius of a circular region filled by fluid A. Following this
non-dimensionalization, the definition of Péclet number (Pe) remains the same as
mentioned in the previous studies (Tan & Homsy 1987; Nagatsu et al. 2007; Sharma et al.
2019), i.e. Pe = Q/D. While the Da formulation will be altered as

D hydrodynamic time scale r% /0
a = =

— = : (A3)
reactive time scale 1/kag

If we substitute the values from an experimental study performed by Nagatsu et al.
(2009) and determine the range of Da, it varies between 0.0003 to 3.675 (as given in
table 2). However, Nagatsu et al. (2009) obtained an extensive range of Da, varied from
1.4 to 64. Clearly, the Da range we obtain from this non-dimensionalization does not
correspond with the findings of Nagatsu et al. (2009). Hence, It is apparent that ro may
not be an appropriate selection for a characteristic length scale for such a reactive flow.

In our study, we define the length scale as \/@ (Sharma et al. 2019). This choice
offers practical advantages as it enables us to confine our temporal domain, given that
the fingering pattern develops in the diffusive regime in later stages, contingent upon the
Péclet number (Pe) (Chui et al. 2015; Verma et al. 2023).

Appendix B. Perturbation profile for a’, ¥’ and 7’

We have plotted the density plot of perturbation for all the perturbed concentrations, ',
b' and 7 in figure 11. Given that the concentrations of base state reactants A and B are
localized in the downstream and upstream mixing zones, respectively. In contrast, the
perturbed 7' remains unlocalized in any mixing zone, resembling the base state profile.
Additionally, we observe a quadruple structure for the perturbed concentration ¢’ in
figure 4, influenced by the perturbed concentrations of reactants &’ and o, as described
in (3.3).
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Figure 11. Cropped plots of perturbed concentration of A, B and dye for Da = 100, Pe = 3000, R, = 0.5 and
R. = 0.5 at final time ¢ = 1 in polar coordinates. Here, (a) 10* x &', (b) 10* x b’ and (c) 10* x 7.
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Figure 12. The (Rp, R.) phase plane for Pe = 3000 for Da — oo.

Appendix C. Stable and unstable zones in (Rp, R.) phase plane

For a given Pe and Da, the (Rp, R.) phase plane can be divided into four zones as described
below and shown in figure 12. The flow is stable below the solid curve and is denoted as
Zone IV. While above the solid curve, the flow becomes unstable and can be divided
into three parts as follows. Here, above the dashed lines (Zone I) is the zone where flow
remains unstable with or without reaction. Further, the region confined between solid
curve and dashed lines (Zones II and III) is also an unstable region. In Zone II, reactions
induce instability by decreasing the viscosity, whereas in Zone III, instability is induced
by reaction that increases viscosity.
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