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1. Statement of the problem

Let X,, X,, - - - be independent and identically distributed non-lattice
random variables with mean zero, variance o¢% << oo, and partial sums
S, =X+X,+ -+ +X,. When a moment E|X|", » = 3, is finite we have
(under a minor restriction) the estimate as # — oo,

() P(S, Saoym)= [ by = 4@) 3 aHn R ot

where

1 2
¢(y) = —=e¥ ’
V2n
([1] page 81; [2] page 515; [3] page 220). The R, (x) are polynomials con-
veniently written in terms of the Hermite polynomials H;(z);

(2) (@) H,(x) = (—1)¢7 (w).

If Y is a standard normal variable, that is

P o) =" o)y

the expansion (1) estimates the difference between the distributions of S,
and Yoy/n, for large #. In this paper we are interested in estimating the
difference

3) Eb(S,)—Eb(Yor/n)

for large values of # and suitable functions &(z). The main result is Theorem 1
given in § 3 and extensions and applications are considered in subsequent
sections. The method used relies heavily on the classical approach as
expounded in the works cited above by Cramér, Gnedenko and Kolmogorov,
and Feller.

We confine our attention to functions b(z) which are bounded and
219
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integrable. A different technique is required when b(z) grows unboundly
with x and this case is not discussed here.

NoratioN: The symbol Y will always denote a standard normal
variable, that is, the density function of Y is

1 2
= —— ¢ v, —0 <y < 0,
) = 5 y
with distribution function P(Y = y) = @{y). The characteristic function

of X is written
EeitX = y(&).

The jth moment of X (when it exists) is u; = EX?. Hy(x), 1 = 1,2, -,
denotes the Hermite polynomial defined in (2). We recall that
Hy () = —kH,_(x)+xH(x)
and Hy(x) = kH,_,(x) so that
1
N
=0, k odd.

H,(0) H; 1 (0) = (—1)2(k—1)(k—3) - -- 3.1, k even

(4)
Assuming u,, u, finite the Edgeworth expansion for P(S, < ov/nx) is
(5)  P(S. < ovnz)=[*_$(y){(1-+nd Py(y)+n1Pyy)dy+o(n)

(e.g. [2] page 508) where

(6) Py(x) = p3(60%) 1 Hy(x)
Py(@) = (14— 30%) (2404 H (o) -+ 1 (120%) " Ho z)

2. Preliminaries

Firstly it should be pointed out that some restrictions must be placed
on the function &(x). For example suppose E|X ¥ = co for some 2 = 4 and
b(x) = x*. Then Eb(S,) = [2*dP(S, < x) is either infinite or not defined
whereas

1

aV'ny/ 2
is certainly defined for all finite #. On the other hand if b(x) is continuous
and bounded a result of Helly ([7] page 52) shows that

Eb(S,)—Eb(Yor/n) — 0

Eb(Yoy/n) = jw"e"’f‘xz/"z”’dx

1 Equation (2.13) page 508 of [2], contains a misprint.
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as n — 0o, in which case it is meaningful to ask for an asymptotic expansion
in decreasing powers of »n. It turns out that the problem can be properly
formulated by requiring (i) sufficiently strong regularity conditions on
b(z), or (ii) keeping b(x) as general as possible and imposing smoothness
conditions on the distribution function of X. The hypotheses of Theorem 1
below cannot be claimed to be the most general conditions for the required
expansion (9) to hold, but they do cover a reasonably wide variety of cases.

Before proceeding to the Theorem we dispose of a special case that may
on occasion prove useful. Suppose that &(z) is a square integrable function
admitting an expansion in Hermite polynomials such that

o

b(xor/n) = Y @'Hk(x).

k=0 k!

Then if S, /(04/n) has a density f,(x) which can be expanded in a convergent
Edgeworth type series

@) = 4@ 1+ 3 a0 Bl

=0
we have formally

Eb(S,) = f blyoy/n)f. )y

= 3 P (@) 1+ 3 08, 00)) o
= ﬂo,n"_ éoﬁk’"c’c’n .

Hence

Eb(S,)—~Eb(Yoy'n) = ot 3 BraCon— 3 Prn | Ha(wp(e)dz

o ’
= Zﬂk,nck,n = :Bncn’
k=0
where

:B;t = (ﬂo,m ‘Bl,nr ﬂz,n’ o )

C; = (Co,m Cins Comy " )

Thus the required difference can be written as the inner product of the
coefficient vectors of the Hermite expansions of d(xoy/#) and f,(x). The
major drawback to this approach is that even if the vectors 3, and c, are
known, the ¢, at least are complicated functions of # so that rate of
convergence properties are in general not readily obtainable from j,c,.
Mainly for this reason we do not use the Hermite expansion for b(z) (even if
it exists), but we do assume that b(z) is at least integrable and bounded.
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However we do use the Edgeworth expansion for the distribution of
S,./{on/n). Since the latter can be rearranged as a series in Hermite poly-
nomials the following result will prove useful.

LEMMA. If m is a fized nonnegative integer and x™b(x) € L, and is
bounded then for kR = 1,2, - -.

() fb(yox/w(y)ﬂk(y)dy 1 2 (1 Hyey(0)

Vg S loTlndlHD

fx" b(zx)dz+o(n—t0m+D),

n — o0.
Proor. Using the Taylor expansion
$()H(2) = (—1)*¢®(2)
m—1 zi (k+3) 0) zm (k+m) 6
=(—1)’°{2 ¢'|( + # ,()}» 6] <1,
j=0 ! m:

we find, after a change of variable,

m—1 (k+35)
[ewovmpmmmay = 175 L0 [wbiaie

<a‘\/(%—~—i):m'f 2™ b (@)™ (0,70~ 103 da.

But ¢®+m) (0, xe-1n~%) is uniformly bounded so that by dominated con-
vergence

(8)

Lm | 2™b(x)p®+™ (0,20 1n¥)dz = ¢>‘k+’”’(0)fx’"b(x)dx.

The assertion of the lemma follows by substituting
$*H(0) = (—1)*¢(0)Hy,;(0)
in (8).
It is useful to recall that H,(0) = 0 if / is odd and non-zero for / even.
Thus the sum on the right hand side of (7) consists of only 14[m/2] terms.

3. The main results

THEOREM 1. If
(i) b(x) and zb(x) are bounded and L,

(i) uy exists and Cramér’s comdition, lim sup |p(§)| < 1, holds, then
either one of lEl>c0

(@) [w(&)*elL, forsome v =1 or
(b) ) = [e®bw)dz e L,

ensures that as n — oo
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1
() Eb(S,)~Eb(Yoy/n)= 5= M%{ ! (0) f b (2)dz+0P,(0) f b dx}
+o(n 1,
where
Py(0) = —py/(26%)
Py(0) = (ug—80*)(80*) 1 —5puz(240%)1
Proor. Put

Gan(y) = P(Spotnt < y)— [*_ $(w)[ 1402 Py(u) + 071 Py(u)] du,
where Py(z), P,(z) are defined in (6). Then
Eb(S,)—Eb(Yor/n) = j blyoy/n)dP(S,07n < y)— [ b(yoy/m)$(y)dy
= [b(yor/m)dGy,.(y)+ [ b(yor/n)[n~4 Py(y)-+n~ Py (y) 1 (y)dy

We show first that if either (a) or (b) holds then the first integral on
the right is o(»~%). If (a) is true then S, s~ has a density for n >
so that

g4,n(x) = i,n(x)

exists. It follows that g, ,(x) = o(#™!) uniformly in z (e.g. [2] page 508)
so that

[ blyov/mdGyaly)| < 0w [ Iolyay/midy
= o(n‘l)a‘ln—%f |b(x)|dx = o(n—%).

On the other hand if (b} is true then
[stvovmaGt) = o [[ e erveepeiasac, )
1
(10) = 52 [ PO —tovmpas

— @roym) [ B—ao n a0}
where
Van(§) = [ 504G, (@),
= [p(fo~tnd)]"—eBEp (),

2(£) being a polynomial of degree six.
A result in [3] (Theorem 1(b) page 204) states that there is a constant
a such that (in our notation)
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1 s
ran®l = 2 g pgeoe, < ayn
Hence
In—4 B(—zotnt)y, ,(x)dz|
l2|sa84/n (l)

0 —X 2

< — — ) (2|t 4|8 e~ DT dx = o(n~1),
n%f,m|<mﬂ(ox/n) (faft -+ (n-4)

since |f(—a~'n~t)| is bounded by [|b(y)ldy and (I3 |z[8)e~ D= is
integrable. It follows that the integral in (10) is o(#~%) if it can be shown that

nt
2ro\/n

f B(—xo1n )y, .(x)dx — 0.
|#|>a4/n

But this is easily seen to be so since Cramér’s condition implies that the
tail integral decreases exponentially fast. Thus supposing without loss of
generality that

wE)| =d<1 for [& >ac,
we have
nt

2n6+/ N

f B(—zo-tn )y, . (0)de
|z|>a4/n

nk 20%n
= %flﬂm_lﬂ(—y){[w(y)] —e v P(ya\/n)}dyl

ni 2, —3wioin
=2 fl L g fl e B 0)plyov/n)idy)
— 0.

The proof is complete if

| btwovm i Pyn) 471 P )81y
1 ,
= P {Ps(O)fxb(x)dx—i—aPAO)fb(x)dx} +o(n~#)
and that this is the case follows from the Lemma and the definition (6) of
P,), Pya).

Note that the condition lim sup |y (£)| << 1 excludes from consideration
amongst non-lattice variables only a relatively unusual class of purely
singular variables.? For lattice variables this condition is of course not
satisfied, and the coefficients of the expansion differ from those in (9).

It will frequently be the case that

? For an example see (7] page 27.
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1
o1/ 2%
can be evaluated without difficulty. On the other hand an asymptotic

expansion for Eb(S,) commencing with a term of order 0(n—%) can be
readily obtained from

1
Eb(Yovm) = o Ub(x)dx—— 2—01% f xzb(x)dx} Font).

Hence

Eb(Yor/n) = fb(x)e—‘”’/”’”)dx

COROLLARY TO THEOREM 1. I'f tn addition to the conditions of the Theorem,
22b(x) is bounded and integrable then

1 1
—_— b B
nia\/2nf () + ntor/2m

. =0P4(0) f b(x)dz+ P4 (0) f b (x)dx — 21—0f a:?b(x)dx} +o(n}).

Eb(S,) =
(1)

One of the results of Rosén ([8], Theorem 1(c)) is that for the partial
sums of any independent and identically distributed variables the inequality

Ple,<S,=¢)=cnt

holds. Taking &(x) as unity for ¢; < 2 < ¢, and zero elsewhere in (11) we
obtain a sharpening of Rosén’s result for the class of random variables
satisfying the conditions of the theorem.

If higher moments exist the right hand side of (9) can be expanded
further. In place of G, ,(y) introduced in the proof of theorem 1 we use

Gonlt) = PG, Zyovn)— [ st [14 3 0]

and similar considerations apply. The P,(x) appearing on the right hand
side are the same as those in [2] pages 508—509. We only state the result;

THEOREM 2. Suppose each of b(x), xb(x), - - -, x™b(x) are bounded and
L, and E|X|" < o0, where v, m are fixed integers v > 4, m > 1. If Cramér’s
condition and either of (a) or (b) of Theorem 1 hold then

rm—1
(12) Eb(S,)—Eb(Yoy/n) = 3 —% fou-trem-n),

K=y m2
The ¢, depend only on the first » moments of X and the integrals

[ b (@)dw, j=0,1,--, m.
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Calculation of the constants ¢, in (12) is tedious but the method is
precisely that used in the proof of Theorem 1.

Extensions are possible in several directions. Firstly the case of in-
dependent but non-identically distributed variables can be treated with
little additional difficulty provided certain regularity conditions are satis-
fied. Secondly one can consider a sequence of functions b,(x), which if
uniformly bounded and convergent to b(z), yields precisely (9).

4. Variables with moment generating functions and non-zero mean

Let W,, W,,--- be proper two sided variables independently and
identically distributed as W. It is assumed that EW s 0 and that the
moment generating function

Ee% = 6(s)

exists for real s in some nondegenerate interval I. For each # e I a random
variable W(u) can be defined by

(13) P(Wu) ) = [0@)] [ ewdP(W < y).

W (u) is said to be conjugate to W with respect to the parameter u.
Conjugate variables have proved useful in certain problems related
to the central limit theorem (particularly large deviations) and recent
expositions are to be found in [5] and [2] (where the term associated is
used). The expansions obtained below are extensions of some of the results
in [4].
If Z, =W, 4+Wy+ - +W,, a conjugate variable is
Zu(u) = Wilu)+Wyu)+ - - +W,(u),
and
P(Z,(u) =) = [6(w)™]["_e™dP(Z, <y).
Conversely
P(Z, <) = [0)]["_ewdP(Z,(u) <v).

Thus for a suitable function a(z),

(14) Ea(Z,) = [0)]" [ a(@)e*=dP(Z,(u) = ).

By choosing # € I in a particular way we use (14) to estimate the difference
Ea(Z,)—Ea(Yoy\/n),

‘where as before Y is a standard normal variable. It turns out that optimum
results are obtained when # = sy, where
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6(s,) = inf 6(s).

sel

That s, is finite for two sided variables is a result of [6], Lemma 2.

DEFINITION. The random variable W is said to satisfy condition ¥ if

(i) EW £ 0 and Ee~*W = 0(s) exists for —¢; << s < ¢, with ¢; = 0,
€y =0, ¢;+c, >0,

(ii) 6(sy) = inf, 6(s) is attained for an interior point s,, i.e.
—Cp < S < €,

(iii) the conjugate variable W (s,) satisfies Cramér’s condition

O(s. i
lim Sup |ng€W(30)I —_— lim Sup M
RS gloeo (S0
Since 6'(0) = —EW, € (i) and ¥ (ii) ensure that sy £ 0, 6(s,) < 1
and 6'(sy) = 0. Thus W(s,) has zero mean and furthermore (since s, is an
interior point) has itself a moment generating function, namely

< L.

Ee=2W0) = §(so+a)/0(s,),

and so has finite moments of all orders. The results obtained so far are
therefore immediately applicable to the sequence {(Z,(so)}, provided W
satisfies €, and we use this fact in conjunction with (14) to study Ea(Z,).

THEOREM 3. Let Z, be the nth partial sum of independent variables
distributed as W, where W satisfies condition €. If a(x) is a given function
such that xa(x)e®® is bounded and in L,, then as n — oo

Ea(Z,) . 1
= Efa(Yoq/n)e v 4 W

:{P:; 0 fxa (@)enda—+ 0y Py o(0) fa(x)e"““dx} +o(n ),

(15) [0(80)

where
: 0 (50)[6(s0) ¥
T
Pyo(0) = 0(s0) 042 (30) =3[0 (s)1* _ 5L6(s0) 1[0 (s0)]®
v 8[0®(s) ]2 24[0® (s,)]°

= E[W(sy)]* = 0% (s,)/6(s0)-

Proor. From (14)
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ﬁa(s(j}l —E[a(Yoy/n)en¥ V"] =fa(x)e’°”dP(Zn(80) < 2)
1 2180004/ N
- Wtfa(x)e % + \/ dx
Z P
=fa(00\/ny)gsoao\/nﬂdp (?n\(/s—:i) = y) — Vl_%fa(goﬁ y)e—;aony +:o¢0\/;ydy

Writing Z,(sq) = S,, b{x) = a(x)e*®, it is apparent that Theorem 1 is
directly applicable, and we obtain (15).
The moments in P;(0), P,(0) are now the moments of W (s,),

x 9% (so)
6(s)
An expansion including smaller terms can be similarly derived from
Theorem 2.

As an example suppose a(z) is unity for ¢; < # < ¢, and zero elsewhere.
Then

E[W(so)]* = (—1)

Ea(Zn) = P(Cl < Zn = 62)
—s g2 .
E[a(Yag/n)e¥oeVn] = e@)s};agn{q) (02 soaon) ) (01 sooﬁn)}
geV/'n a1

and (15) yields an exponentially decreasing estimate of P(c, << Z, =< ¢,).

5. Application to random walks

As in the preceding section let W, W,, - - - be independent identically
distributed variables satisfying the condition . Let

M,=max (0, Z2,, Z,,---, Z,), n=1,

M, = 0, where as before Z,, is the nth partial sum of the W,. The distribu-
tion of M, is in principle obtainable from the Pollaczek-Spitzer formula

(16) > " Ee#Mn = exp i ¥ 2"n1 EettZh

n=0 n=1
where Z} = max (0, Z,). If EW = u < 0 it is known that the sequence
{P(M, < z)} converges to a proper distribution function say P(M < ).
We now wish to apply our results to estimating

E(My)*—E(M,)*

when u < 0 and Ee—" = 0(s) exists for at least —¢; <s <0, ¢; > 0.
Our estimate extends that obtained in § II.5 of [4] for the difference
EM_ —EM,, and also the work of Kingman [6].
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From (16)
EM,=3J'EZf = Zy'—lf 2dP(Z; < x)
i=1 i=1

0
so that
o0
EM —EM,= 3 j'EZ}.
j=n+1
The proof of the following Theorem follows from Theorem 3 by the
substitution a(z) = #*, x > 0, and a(z) = 0 for z < 0.

THEOREM 4. If W satisfies € with EW < 0 (and hence s, << 0) then for
E=1,2--- '

EE) _ B{[(Vagyn)*Prevsnove]
(17) [9(30)] k'
= - {P:;,O(O) (B4-1)+ (—5905) Py, (0) }+o(n7H).

(—so)*+202V 27 nd

To obtain an expansion for E(ZF)* itself we must evaluate

E{(Yogy/n)t}ee¥0oovn] = m.f:} x* exp [sox—— 2:;';] dax
edeloon poo .
v [0gv/ny+sgoanle s dy
and this can be done without difficulty. For example if £ = 1 then
a1

E[(Yopy/n)*e¥ooovn] = {1“"300'0\/”\/2—” A% [1— B (—so00/7) ]}

Ven

. 1 { 1 3 15 }
= Von \Bognt  Staind T Sodat
with o = 6@(s,)/[0(s,)]. Then

[0(se))( 1 1
EZt = 0/ 3 2 0)—2 , 3 3 }
! \V2xn {Sgﬂof%_i_sggg?'%[SO%P%O() S000 Py, 0(0)—3]4-0(n %)
Hence
EM~EM, = 3 jIEZf
j=n+1
1 oo

3 H6(s0) ) aa(s0)

1
4 3 /5
S50V 27 i1

= 5= 3 06+

= - _
Se0eV 27 1 mi1

+o((n+1)-8[6(s,)]"*)
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which generalises equation I1.5.5 of [4]. Somewhat more involved mani-
pulations are required to estimate E (M . )*— E (M ,)* when & > 1.
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