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GLAUBER DYNAMICS
FOR FERMION POINT PROCESSES

TOMOYUKI SHIRATI anp HYUN JAE YOO

Abstract. We construct a Glauber dynamics on {0,1}%, R a discrete space,
with infinite range flip rates, for which a fermion point process is reversible.
We also discuss the ergodicity of the corresponding Markov process and the
log-Sobolev inequality.

81. Introduction

Fermion point processes date back to Macchi’s work [15], [16] and af-
ter that many authors have studied them in various contexts [3], [4], [21],
[24], [25]. Fermion point processes on a discrete space (fermion shift) are
investigated in [22], especially from the ergodic theoretic point of view. A
fermion point process on a discrete space R is a probability measure px on
X = {0,1}® associated with a symmetric (Hermitian) operator K on ¢?(R)
whose spectrum is contained in the closed interval [0,1]. The measure px
is defined as follows: for any function f with compact support A C R, the
Laplace transform is given by

) [ ew(= X A6 ) du() = dettia - (1= ),

zER

where K is the restriction matrix of K on A. In Section 2, we will give
an expression of the measure for cylinder sets. It is given by the determi-
nants of finite matrices obtained from K, which is reflected by the fermionic
structure of the process. Hereafter we will drop the subscript K from the
notation.

In this paper, we construct a Glauber dynamics on X for which the
equilibrium measure p is reversible and investigate the ergodic properties
of the dynamics. For the construction, we define the flip rates through the
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(one-point) conditional probabilities of the measure p, say,

(1.2) Yo (i €aye) = p{n € X :mp = & | nu = & for all u # 2z},

for each x € R and £ € X. We will see that (Proposition 3.1 (a)) under the
condition that

(1.3) A<K<1-2)

for a 0 < A < 1/2, these conditional probabilities are given explicitly by
determinants of finite matrices obtained from K, and they are uniformly
bounded: for allz € R, £ € X,

(1.4) A< Y2 (s €paye) ST — A

Let C(X) denote the space of continuous functions on X with product
topology. For f € C(X) and =z € R, let

(1.5)  Vary(f) := sup{|f(n) — f(O)]:n,¢ € X and n, = ¢, for all y # x}

and define
L6) D)= {f e CX) I = 3 Var(f) < oo}.
TER

In this paper, the Glauber dynamics will be defined through the following
generator:

(1.7) LEE) = clx,lf(€) — fE), feDX),

TER

where £* € X is given by

b 'f M
. O

and the flip rate c(x, &) is defined by

(1.9) o(,8) = Y (Eas Eaye) "

It should be worthy to emphasize that our flip rate is not of finite range in
general.
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From definition, the detailed balance condition is automatically satis-
fied and we note that the corresponding pre-Dirichlet form is given by

(1.10) E(f.g) = /X frody
-3 /X V. £(6)Vag(€) du(e)

zER

for f,g € D(X), where V,f(§) = f(&*) — f(€). It is obvious under the
condition (1.4) that Lg € L*(X,u) for ¢ € D(X). Thus (£§,D(X)) is
closable in L?(X, u) and its closure is a Dirichlet form [10], [19].

The main result in this paper is to show that the closure of the pregen-
erator £ defined in (1.7) is a Markov generator of a continuous semigroup
{T},t > 0} on C(X) under the condition that

(1.11) xig?fz{min{K(az,x),l —K(@,2)}— Y |K(x,y)|1} > A

YER 1 y#x

for a 0 < XA <1/2, where |a|; = |Rea| + |Ima| for any complex number a.
It is immediate to see that (1.11) implies (1.3).

THEOREM 1.1. Suppose that (1.11) holds. Then the closure in C(X)
of the operator L in (1.7) is the generator of a Markov semigroup {T;,t > 0}
and there is a unique Feller Markov process {§;,t > 0} on X corresponding
to T;.

We remark that the diffusion process for the fermion point process on
the continuum space R! associated with the sine kernel (Dyson’s model) is
discussed using Dirichlet form theory in [20], [25].

Next we discuss the ergodic property of the Markov process constructed
in Theorem 1.1. By P(X) we denote the space of all probability measures on
(X,B(X)), where B(X) is the Borel o-algebra. Given a Markov semigroup
{T},t > 0} on C(X) and v € P(X), the probability measure vT;, t > 0, is
defined by the relation:

(1.12) /X FdvT, = /X T, fdv.

Recall that a probability measure v € P(X) is said to be invariant for the
Markov process corresponding to the semigroup {7},¢t > 0} if vT; = v for
all ¢ > 0. We say that the Markov process is ergodic if
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(a) the invariant probability measure is unique, say vy, and

(b) lim—o vT; = 1y for all v € P(X), where the convergence of the
measures is in the weak sense.

In relevance to the ergodicity we have the following result.

THEOREM 1.2. Suppose that (1.11) holds. If

¢(K)=sup > |K(z,y)h
xeRyER:y#x

is sufficiently small then the Markov process with semigroup {T;,t > 0}
constructed in Theorem 1.1 is ergodic and p is the unique invariant measure.

We now turn our attention to the L2-theory for the dynamics. Let us
consider {T},t > 0} as a contraction semigroup in L?(X, u) corresponding
to the Dirichlet form £ in (1.10). We are mainly concerned with the log-
Sobolev inequality [7]: there exists a constant ¢ > 0 such that

f2
I1£1I*

for any real measurable function f such that the r.h.s. is well defined, where
w(f)=J + [ du. Once we have the log-Sobolev inequality, we get the spec-
tral gap estimate [5], [23]:

(1.13) u<f2 log > <c&(f,f)

(1.14) T2 f — u(f)llz2 < e 2eu(f; £V,

where u(f; f) := u(f?) — u(f)?. Therefore the process converges to equilib-
rium exponentially fast. There are vast literature on this field for various
models but we give just a limited list which are related to our model, for
example we may refer to [1], [8], [12], [14], [18], [26], [27]. In particular, we
strongly refer to the recent survey lecture notes [8] and [18].

In Section 3, we will define the specification { Ex }acr for the measure
w: for any finite subset A C R

(1.15) /X EF(€) dpu(€) = p(f)

for any bounded measurable function f. For the Glauber dynamics we have
the following result (we also use the notation Ef\ f for Exf(8)):
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THEOREM 1.3.  Suppose that (1.3) holds. If

g(K):=sup > [K(z,y)

zER

is sufficiently small then there ezists a constant ¢ € (0,00) such that for
any finite A C'R and £ € X we have

2
(1.16) Eif%og(#) < cE§|VafP?

for any real measurable function f such that the r.h.s. is well defined. More-
over the log-Sobolev inequality (1.13) holds. Here |Vaf[* =3, ca [Vaf]?.

We remark that if ¢(K) = 0 then the corresponding measure pg is
the Bernoulli measure (see Example 2.2). The smallness of ¢(K) in the
condition of Theorem 1.2 and Theorem 1.3 corresponds to the weakness of
the many body interactions in statistical mechanical models.

This paper is organized as follows: In Section 2 we introduce fermion
point processes and give explicit form of the measures for cylinder sets.
In Section 3 we provide the specification for a fermion point process. In
Section 4 we give the proofs for the theorems. In Appendix we summarize
the proof of “sweeping out relations” which is used to prove Theorem 1.3.

§2. Fermion point processes on a discrete space

In this section, we introduce a class of Borel probability measures which
are called fermion point processes and show some basic properties of them.

Let R be a countable set and X be the compact space {0,1}* with
product topology. For £ = {{,}.er € X, we denote the subset {z € R ;
£ =1} of R by A(€). Let K be a symmetric operator on (complex) ¢2(R)
and assume that the spectrum of K is contained in the closed unit interval
[0,1]. Now we define the map from X to the space of all bounded linear
operators on (2(R) by

(2.1) K = Py)K + Py (I — K),

where Pp) and Pp) are the projection operators onto 2(A(€)) and
(2(A(€)°), respectively. It should be noted that K€ is not a symmetric
operator in general and that the map & — K is continuous in the strong
operator topology.

https://doi.org/10.1017/50027763000008412 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008412

144 T. SHIRAI AND H. J. YOO

For any bounded linear operator T' on ¢?(R) and any subset A, A’ C
R, we define the restriction operator Ta ar := PATPas, where P is the
projection operator onto ¢2(A). In particular, we simply denote Ta o by
Ta. We also denote the restriction of £ € X to A by £a. By abuse of the
notation, we denote the cylinder set {¢ € X ; (o = &a} by &a, too.

THEOREM 2.1. ([22]) Let K be a symmetric operator on (*(R) and as-
sume that the spectrum of K is contained in the unit closed interval [0, 1].
Then there exists a unique Borel probability measure u on X = {0, 1}R such
that the measure of a cylinder set £a is given by

(2.2) p(Ea) = det(KS))
for any finite subset A C R. Moreover, the Laplace transform of p is given
by (1.1).
Proof. We note that if o — Ka is invertible
(2.3)

det(K ) = det(Ia — Ka) det(PyenaKa(la — Ka)™' + Paeena)
= det(In — Ka) det(Ppe)na Ka(Ia — Ka) "' Pygyna) > 0

since both K and I — K are positive definite. By the continuity of determi-
nant, the above inequality is still valid even if o — KA is not invertible. So
we can define a nonnegative function pua on {0, 1} by ua(éa) = det(K(Af)).
It is easy to see that

(2.4) det(K'Q, ) = det(KE) + det(K &),

A\{u}
or equivalently,

(2.5) oy {u} Eaviuy) = paéa) + pal(ér)

for any finite subset A C R and u € A, where £ is defined in (1.8). In
particular, when A = {u}, we get

(2.6) i (Egay) + iy Eay) = KO (u,u) + (1 - K®(u,u)) = 1.

We regard the cylinder set £y as the whole space X. The equalities (2.5) and
(2.6) imply that pa is a probability measure on {0,1}* and also that the
family of probability measures {ua} satisfies the Kolmogorov consistency
condition. Hence there exists a unique probability measure u on X whose
marginal distributions are given by (2.2). It is easy to see that the Laplace
transform of yu is given by (1.1). 0

https://doi.org/10.1017/50027763000008412 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000008412

GLAUBER DYNAMICS FOR FERMION POINT PROCESSES 145

The probability measure obtained in Theorem 2.1 is called a fermion
point process following [15], [16]. Typical examples are given by translation
invariant kernels as in the following.

EXAMPLE 2.2. Let R = Z% and k(6) be a Borel measurable even func-
tion on [—m,7]¢ taking its values in [0, 1]. Define the function & : Z? - R
as the Fourier coefficient of k, that is,

L\ 2 (0 izf d
(2.7) k(z) = (—) / k(0)e0do  (x € Z29).
2 [—7,m)d

Let K be a Toeplitz operator, a convolution operator on ¢?(Z%) with convo-
lution kernel k. Then, K satisfies the required condition in Theorem 2.1 and
we obtain the probability measure on X invariant under the Z%-action. This
class contains Bernoulli measures. Indeed, when K = af (0 < o < 1) or
equivalently k(0) = «, the corresponding measure i is (o, 1 — a)-Bernoulli.
The n-point function pp(z1,...,%5) = p(1fz,,. 4,}) is given by the deter-
minant of the Toeplitz matrix, det(K (z;,z;)) where 1 is the configu-
ration with all sites 1.

n.
2,j=17

The ergodic properties of shift invariant measures on X constructed in
the above example have been investigated in [22]. Physical applications can
be found in [2], [17] where the 1-dimensional quantum XY model is dealt
with. The two point function for the ground state of the model is computed
through the Toeplitz matrix as in the example.

83. Specification for fermion point process

Throughout this section, we always assume that K satisfies (1.3). Now
we give an explicit form of a conditional probability by using the original
matrix K. In the sequel, by A CC R we mean that A is a finite subset of
R. For (p, € {0,1}™ and &y, € {0,1}*2, A; N Ay = 0, the juxtaposition
Cn,€n, is a configuration on A; U Ay which coincides with (o, on A; and
with £a, on Ag. If A is a singleton, say A = {z}, we will also use £, instead
of {zy. For any A C R, we denote by F) the o-algebra generated by the
projections X 3 & — &, € {0,1}, z € A.

PRrROPOSITION 3.1. (a) Given any A CC R, £ € X, and (p € Xp =
{0,1}7, the limit

N (GXINVY
(3.1) 7 (Caidac) = ATk 1(éavn)
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erists as a finite positive number and is given by
(3.2) 1a(Caséne) = det(K — KO (K K ) > 0.
In particular, we have

(3.3) A< V(i épaye) S 1= A

forany x € R, ¢, € {0,1}, € € X.
(b) For A CC R and a bounded measurable function f, define

(3.4) EAf(€) = / A (Casne) F(Cabne) e,

XA

where dCp is the counting measure. Then, Eaf is a version of the condi-
tional expectation E(f|Fac) and {Ex}accr is a system of probability kernel
(specification) [6].

The conditional probability also has been given in a little different form
in [22]. For the proof of the proposition, we prepare two lemmas.

LEMMA 3.2. Let K be a symmetric operator on £2(R) satisfying the
condition (1.3). For any { € X and A C R, K(Ag) is invertible in the projec-
tion space PAL*(R) = £2(A) and the inverse (K(Aé))_1 satisfies H(K(A{))_IH <
1/A, uniformly in § € X and A C R.

Proof. We consider the case A = R. Given a vector f € £2(R), we let
fa = Prf and fpe := Ppef. Denote by (-, -) the usual inner product ein
2(R). We then get (A := A())

(35) (£, KO f) = (fa+ fac, (PAK + Pae(I = K))(fa + fac))

By using (1.3) we see that

(3.6) (KO )] = AFANZ + A facll? = LI
Thus we get
(3.7) IK©Ff| > A|f|l uniformly in ¢ € X.

This says that K€ is invertible and ||(K©)~'|| < 1/A. The case of general
A C R also follows from the observation (3.7). [
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LEMMA 3.3. Let A be a bounded operator on (*(R) with bounded in-
verse. Suppose that AZI exists in the projection space (2(A) for any sub-
set A and uniformly bounded, i.e., suppcg ||Ax']| < oo. Set the operator

Ap i= Ap @ Ape on (2(R) = (2(A) & 12(A°). Then, (Ap)~! converges to
A=Y in the strong operator topology as A tends to R.

Proof. Observe that
(3.8) (Ap) P — A7 = (Ap) (A — Ap)A?
— (Ap) " (PAAPpc 4+ PacAPA)A™Y

Since Pae converges to 0 strongly as A — R, we obtain ||((Aa)~! —
A™H |l — 0 for any f € £2(R). 0

Proof of Proposition 3.1. Since part (b) follows from part (a) immedi-
ately, we will prove part (a) only. Let A be a finite subset of R. From the
definition of the measure p we can write the ratio of the measures as

(©) ()

K K

(3.9) M = det( (éf; A@)M) / det (K(A?A)
m(a\n) Kxlan Kl

By an elementary manipulation on determinants it is easy to check that

1(Caéara)

(3.10) JUCINVN;

_ (©) ©) (&) \—17-(8)

= det (K3 — Koa (K a{a) T Kaian)s

where the matrix is of size |A|. Since determinant is a continuous function
on the matrix components, in order to get the limit in the Lh.s. of (3.10) it
is enough to show that each matrix component in the r.h.s. of (3.10) has a
limit as A T R. A component, say (x,y)-component of it, is given by

(311)  KO(zy) = KO\ (@, KR K A Cow),
(©) Y ©) © (o
where K| A\A(x, ) is the wth row vector of K| ava and K0y A(+5y) is the

yth column vector of K(ig Aa- By Lemma 3.2 all the matrices K(Ag) have

(uniformly) bounded inverses on £2(A), so by using Lemma 3.3 it is easy to
check that we have the limit

(3.12) lim {5 ) = KON ()R T KRy ()

- K(C)(x,y) — K[(S\c(m, -)(K/(é))flKl(\gc{A( S Y)-
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We have proven that the limit (3.1) exists and is given by (3.2).
Now suppose that A = {z}. We will show that

(€A fa})

(3:13) €A\ {2})

>\, forall A, ¢, €{0,1}, and £ € X.

This proves the second assertion in part (a) because

1(Ceéa\(z}) N 1(Coéariay)

3.14 _1,
(3.14) JUCINNTSY) JUCINNTSY)
where ¢, = 1 — (,. By definition we have
() s
Eay(ay) det (K8 (0)) KR ()
We notice that Py ((Kx™ ) KXY Py = (K ) ES

By using the minimax principle for the eigenvalues of symmetric matrix
[11] we see that the r.h.s. of (3.15) is greater than or equal to A2, | the

minimum eigenvalue of (K(Acmé{z}c))*K(Aczf{z}c). But A2, > A\? by (3.7). We
get (3.13) and the proof of Proposition 3.1 is completed. 0

84. Proof of Theorems

For the proof of the theorems, we need the following estimates for
inverse matrices, whose proof may be interesting in itself.

LEMMA 4.1. Let S be a countable set and A = (A(z,Yy))zyes @ (com-
plex) matriz with index set S. Suppose that there exist positive numbers
0 < XA < b such that —b < A(z,x) < 0, x € S, and supxeS{A(x,x) +
Dyt |A(z,y)l1} < —A. Then A defines a bounded operator on (>°(S) with
inverse and |[A™ (z,y)|1 < 3T (z,y), where I = %H(I— %H)_l and 11
s a substochastic matrix on S given by

|A(.’,B,y)|1
(4.1) M(z,y) = { Teesiora A@AN F 7Y,
0, z =1y,

if Des.opa | A@,2)1 #0, and I(x,y) = 0 for each y € S if 3 c5. .2,
|A(z,2)|; = 0.
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Proof. We first assume that A is a real matrix. Let S be a copy of S
and we use 7,7, ... for the elements of S. We define a Markov chain on the
state space S'U S with a ()-matrix ) whose elements are defined as follows:

= A(z,y)+, ifx#y,
= A(z,y)—, ifxz#y,

—— Y A,

yeS: y#x

OO0
5 B ®
G
o
OO0 O

(4.2)

8
8

where ai = max{+a,0}. We notice that } ;¢ 5Q(Z,§) = 0 for any

FeSus. Given a function f € £°°(S), we extend it to a function fe
(®(SUS) by f(x) = f(z) and f(T) = —f(x) for each x € S. We consider
the anti-symmetric subspace £5°(S U S) of £°(S U S) defined by

(4.3) (2(SUS)={ger*(SuUSl): g = —g(z) for any = € S}.

Note that () can be regarded as an operator on £g°(S'U S). We also define
a multiplication operator V on ¢*°(S U S) with a function

(4.4) V(@) = Az, 2)+ Y Ay, ifi=zor7,
yeS 1 yFx

which leaves £3°(S U S) invariant. We notice that by the hypotheses
(4.5) V(z) < -\ forallZe SUS.

Now we consider the following equation:
(4.6) Af(x) =h(z), =x€S,

for h € £°°(S). The Lh.s. of (4.6) can be rewritten as

(4.7)

Af@) = 3 Qo i)(F@) - fla) + (A(ac,:c) Py |A<z,y>|> F).
gesSus yeS 1 y#x

Thus (4.6) is equivalent to

(4.8) (Q+V)f(z)=h(z), zeSUS.
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for h € £°(SUS). Let {X;,t > 0} be the Markov chain on S US which is
generated by (). Then by the Feynman-Kac formula, we obtain

(4.9) F(#) = (Q+ V) 'h(&) = —E4 [/OOO R(X,) exp </Ot V(X,) ds) dt] .

In order to get the matrix components A~ (z,y), we take h = ,, the delta
function at point y € S. Thus h = Sy = 0y — 0y. Let us define the projection
m:8US — S by m(2) = n(Z) = z. Then from (4.9) and by noting that
V(z) =V (Z), z € S, we have the bound:

(4.10) A7 (z,y)| < E, [/OOO 0y (m(Xy)) exp </Ot V(m(Xs)) d5> dt}

We notice that the probability law of the chain {m(X;)} on S is the same
as that of the Markov chain on S with a @-matrix @ defined by @(m, y) =
|A(z,y)|, © # y, and 3 o Q(x,y) = 0 for all z € S. By using the strong
Markov property and the fact that V' < —X\ we get

(4.11) A @)l < @+ V) M| - Eole ™ 7y < o0,

where 7, is the first hitting time at y of the chain {7(X;)} and || @Q+V)7Y
is the operator norm of (Q 4+ V)~! acting on £2(S), which is bounded by
1/X. For simplicity we write u,(z) := E,[e™*™ ; 7, < oo]. Let us define a
substochastic matrix on S by

M(z,y) := {Q\(x’y)/‘@(fﬁax)‘, if v # vy,

4.12
( ) 0, if x =y,

if |Q(z,2)| # 0; I(z,y) = 0 for every y € S if |Q(z,z)| = 0. Let a(x)
be a random variable of exponential distribution with parameter Q(z) =
|Q(x,z)| and we use E for the expectation. We then have the following
identity:

(4.13) uy () = Ele™ )] (H(az, y)+ > Mz, z)uy(z)>.
2F#Y

By the hypotheses we get E[e~2*(®)] = )\fg()x) < % uniformly in z € S.

We put this estimate into (4.13) and make an infinite iteration to get

(4.14) uy(z) < T(x,y),
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where I' := 3% | ((£52)I1)", which is a bounded operator on ¢>°(S) with

n=1
norm less than %. By using (4.11) and (4.14) we complete the proof for

the real case.

We consider the case where A is a complex matrix. We write A =
Ay +1iAs, where A; and A, are real matrices. Let S; and Sy be two copies
of S. Then we naturally have the bijection

(4.15)
C(S) > f=fitifar [1® f2 € Lr(S1) ® L3 (S2) = Loy (S1 U S2),

where (2, () means the real Hilbert space. Under this map, A on ¢*(9) is

equivalent to the real matrix

(A A
. (b )

acting on £2_(S; U S3). Let A= := C +iD, where C and D are real

real
matrices. It is easy to check that

(4.17) C=Ps A 'Ps,, D=—Ps A 'Ps,,

where Ps,, i = 1,2, are the projections of £ (S1 U S3) to £2(S;), i = 1,2,
respectively. We notice that A satisfies the hypotheses in the lemma with
S being replaced by S1 U S5. By applying the above result for the real case

we prove the lemma. 0

The condition (4.18) below is a well known sufficient condition for the
construction of a Feller Markov process on C(X) with pre-generator £ de-
fined by (1.7) [13].

LEMMA 4.2. Suppose that (1.11) holds. Then we have

(4.18) sup Z sup |e(x, &) — c(x,&Y)| < 0.
TER u¢$§6X

Proof. By definition of the flip rates in (1.9) and (3.3), the condition
(4.18) is equivalent to

< oQ.

4.19 sup » sup|Vz (e Epaye) — Vo (&as Efpre
(4.19) m&;&x\( foye) = Vo (a3 €faye)
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From (3.2) we see that for any (,§ € X

(4.20)
YolGoi €aye) = KO (@, 2) = K{$) el VKD TES e 0 (m),
where Kéi)} {x}c(x, -) and Kgﬁ)}c {x}( -, x) are the zth row vector of K(©) and

the zth column vector of K€ removing the zth component, respectively.
By inserting the formula (4.20) into (4.19) we get

(4.21)
Ve (€ f{z}c) — Ve (x; 5?35}6)

_ (& . (€")\—1 g (6") . _ (&) =178 .

= Kiopqape (@ NI ) T Ko 1 (02) = (Ko T K gye (5 0)}-
Now we introduce the following diagonal matrices (with index set R \ {z})

(422) Q(u) = -1 3 R(U) = 1 3

where —1 appears at the (u,u)-position of Q® and R has nonzero com-
ponent 1 only at the (u,u)-position. By using the equalities (Q®))? = Iipye
and QWR® = —R®) we have

(€*)\— u) 7-(8) u))—1
(4.23) (Ky) " = (QWES). + R™)
— u — -1 u
= (K (Iye = ROE S0 QM.
Note that (R®(K($).)71)* = (K() ™ (u,u) RW(K{S).) ™! and by Lem-
ma 3.2
1 1
(4.24) <= -1,
L= (K& ) wu) |~ A

uniformly in £ € X and v € R\ {z}.
Then it is easy to check that

(4.25)
(K™ = (K9.) 1{1xc+ RO(KE, )1,
) @ U T T TR e @
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From this formula we also see that

1

(4.26) 1= (K& (u,u) = .
o 1 (K8 (u,u)
We insert (4.25) into (4.21) and use the fact that K (-,x) =

{z}e {z}
QUL (- @) to get

{z}e (=}
(4.27)
h/:t (fxa g{m}c) — Yz (fma f?x}C)
_ 1 5© ©) \—1 () 7-(6) V=176
—‘ T KO ) ) e )RR ) R e g0 7)
{I}(‘ I

© NEO Y1 R © 31 (©)
(” TIEE e VE G ROKE) K 1y ()

Now we apply Lemma 4.1 to this situation. Notice that the matrix
—K{(i)}c satisfies the hypotheses in Lemma 4.1 for A with S = R\ {z},
b =1, and X being the same A given in (1.11). Therefore we get

(4.28) (ES)™w,2)] < 1T 2),

where I' = (1 = M)II(Z{;3c — (1= A)I)~! and I is a substochastic matrix on
R\ {x} given by

K (y,2) 1
(y,2) = | Toemron K@ Y77
) y==z
if 3 er\fwpoaty K (Y5 2) 1 # 0; (y, 2) = 0 for any z, otherwise. We remark

that the matrix I is a bounded operator on £*°(R\{z}) and it is independent
of £ € X. We insert the estimation (4.28) to (4.27) to get

(4'29) |7:v(€ac? g{z} ) - 7x(§x§ é?qj}c)

. <1 + A>( Koy gaye (@ D) ) (TR (gye. 001 (- 7)) (u),

where K is the matrix with K (y, z) = |K(y, z)|. Now the §-dependency has
already disappeared in the r.h.s. of (4.29). We note that K, r)e(z, -) is
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in /1(R\ {z}) with £!-norm less than 1. Thus by summing over u on both
sides of (4.29) we get

< ()52 <o

(4.30) % ?2)12‘790 (& f{z}c) — Vo (& 5?95}6)

which was to be proven. We complete the proof. b
We are now ready to prove Theorem 1.1 and Theorem 1.2.

Proof of Theorem 1.1. Theorem 1.1 follows from Lemma 4.2. For ex-
ample, we may use Theorem 3.9 and Theorem 1.5 of Chapter I of [13]. [J

For the proof of Theorem 1.2, we will use the so called M-¢ criterion in
[13]. Let M be the finite value of the Lh.s. of (4.18) and define

(4.31) ¢ := Inf inf ez, &) + c(z,€7)).

The following result is given in [13, Chap. I, Theorem 4.1]:

THEOREM 4.3. Let M and € be defined as above. If M < e, then the
Markov process with semigroup {T; ; t > 0} generated by L in (1.7) is
ergodic. Furthermore, for g € D(X),

Ttg_/ngO §< sup C(ﬂ%f))
X m TeReX

where vy is the unique invariant measure of the process and || - ||, stands
for the uniform norm.

e—(e—M)t
€

4.32 _
am =l

Proof of Theorem 1.2. By construction, p is reversible for the process,
especially it is invariant. We will show that under the hypotheses of The-
orem 1.2 the M-e criterion in Theorem 4.3 is satisfied. By using (1.9) and
(3.3) we see that

(4.33) e>2(1-\"1

So, it is enough to show that M < 2(1 — A)~!. By using (3.3) once more

we are in the same position of showing (4.19) except that we now require
the bound in the r.h.s. of (4.19) to be less than 2A2(1 — \)~!. We fol-
low the proof of Lemma 4.2 (cf. the proof of Lemma 4.1). In the renewal
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equation (4.13) we have the Laplace transform of random variables of expo-

nential distribution, which now should be the values %, x € R, where
QK (%) = > er.yrs K (z,y)]1. But these values are uniformly bounded
by q(K)
Atq(K)°
(1;{\ )a(K)? for the Lh.s. of (4.19). This value can be small as much as we
like by taking ¢(K') small. Therefore we have proven that M < e if ¢(K) is

small. Theorem 1.2 now follows from Theorem 4.3. []

where ¢(K) = sup,cr @k (). Finally we get an upper bound

Now we prove Theorem 1.3. We recall that the flip rates in our model
are not of finite range in general. The log-Sobolev inequality for the discrete
spin systems with infinite range interactions are discussed for instance in
[12] and [8]. We will mainly apply the methods developed in [8] whose
main ingredients are the so called “sweeping out relations” (4.34) together
with the Dobrushin uniqueness condition and martingale expansion method
introduced in [14]. We will summarize the proof of the following lemma in
the Appendix for readers’ convenience.

LEMMA 4.4. Suppose that q(K) is sufficiently small. Then for x ¢
A CC R and real measurable function f, there exist nonnegative numbers

(A)

Quy’ ’s such that

(4'34) |VxEAf| < EAv:tf + Z ag(rg)ExEAvyf
yeA
with
(4.35) Qgy = sup ozg;)
ACCR :yeAxgA
satisfying
4.36 ;= Sup max Qs « < 0.
(139 supm( 3 )

y#£T y#£T

Here E’Af stands for |Ex f2|'/2.
Once we have prepared the above lemma the proof of (1.16) follows

immediately and is given in [8, Theorem 5.22], however here we sketch the
proof.
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Proof of Theorem 1.3. Suppose that |Al = N and let {z1,...,2n} be
an enumeration of the points in A. Let A, := {z1,...,7,}, 1 <n < N,
and let E = EAn For a real measurable function f, set f, := Nn f,
fo =11l We notice that any measure FEj restricted to a single point o-
algebra for a point inside A has a uniform log-Sobolev constant, say c¢g. In
fact, we see that for any A CC R and £ € X, the measure Ei( -) being
restricted to a single site x € A, is absolutely continuous with respect to
the (2, +)-Bernoulli measure on {0,1} with a Radon-Nikodym derlvatlve

say ,oA ((x) By the same argument to show (3.3) we see that ,o (Cx)

uniformly bounded as A\ < pA (Cx) < 1 —A. Thus we have a uniform
log-Sobolev constant. By using the so called martingale expansion method
developed in [14], we have the following bound:

fa-
as exros( ) - ZEN( Eufi o5 25 )

< ¢ ZENlenfn—1l2-

n=1
We use Lemma 4.4, the Schwarz inequality, and consistency of the specifi-
cation, to get
f2
Ey f?

(4.38) ENf2 log( ) < cola+ 1)2EvaANfl27

where [Vay fI* = Y ca, IVef[?. Thus (1.16) is proven. The global log-
Sobolev inequality (1.13) follows from (1.16) by simple approximation. []
85. Appendix

In this Appendix, we give the proof of Lemma 4.4. Under the condition
(1.3), if ¢(K) is sufficiently small, the inequality (1.11) holds for a possibly
different \; > 0:

(5.1) :tig?fz{min{K(x,x), 1—K(z,2)} — yenz:y;éx lK(x,y)Il} > A1

In the sequel, the constants depend only on A in (1.3) and A; in (5.1).
Recall that Dobrushin’s independence matrix is given by

(5.2) Cpy :=sup sup lEE Egy(A)l,
feX AG}—{x}
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where E5(A) := B (14)(€) (see (3.4)) and hereafter we will also use Ef\( -)
for Eo(-)(€). It is easy to see that

(5.3) Coy = sup Vo (€o3 Eaye) — Vo (as Euye)

LEMMA 5.1. Suppose that (5.1) holds. Then

(5.4) sup max < Z Cry, Z ny) < c1q(K)%
T€ER
y#T y#T
Proof. By (5.3) we follow the argument of the proof of Theorem 1.2
to get
(5.5) sup Z Cyy < ¢iq(K)?.
T€ER .

In order to get the other bound recall that

_ _ o Hléa)
(5.6) ’Yx(fx,f{m}c) - il%lz M(gA\:t)

It is very convenient to write the r.h.s. of the above equation just by
1(§)/1(&qzye) even though both numerator and denominator are zero. By
following this convention and by using (3.3) and the fact that (informal!)

(Eqaye) = plE) + p(E7) we see that

(5.7) "Yx(fx? f{m}c) — Y (€ f?x}c)
<(1- )‘)2|7x(§:v§§{m}ﬂ)_1 - 7x(€x?£g{!x}c)_1|
n(E)  pl(E™)

_ o 2 o

==V T e
a2 #EY) p(E) | n(€7)
==V T @ | e

1—X\4
< (T) hy(‘gy?f{y}ﬂ) - 7y(€y§§fy}0)

9

where £*Y = (£7)¥ and we have used the bound

1(&") 1—A\2
(58) 1(8¥) S( A )
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pE®)  _ p(E®) p(E®Y)
w(€¥)  — p(EY) p(E*v)

w(€8)/pu(*Y), for example, is equal to ’yy(ﬁy;5‘{”y}c)/'yy(gy;£fy}c). We then
use (3.3). Now by using (5.7) and the same argument used to get (5.5) we
conclude the proof. 0

and

in the last inequality. In fact, we see that

From now on we assume that ¢(K) is sufficiently small so that the
Dobrushin uniqueness condition holds, i.e.,

(5.9) sup Z Cry < 1.
xeRyE'R:y#x

For any function f : X — R and A C R, define

(5.10) Vara(f) := sup £ (&) = F(O)I-

£,CeX :Eac=Cac

The following result is given in [9]:

THEOREM 5.2. Assume the Dobrushin wuniqueness condition (5.9)
holds. Then for any A CC R and £ € X we have

(5.11) |EX(f39)| < ) Var(f)Dy Var(g)
kleA

with Dy = 32 (C™)a, where BS(f39) = E3(fg) — ES(f)ER(9)-
For z ¢ A CC R we introduce an operator E/(Xm) by
(5.12) E\" := R,E\R,,

where R, is the involution defined by R, f(§) = f(£%) for all £ € X. It is
obvious that

(5.13) EW f(e) = /X A (Cas 65 F (Caéae) dCn

and hence E/(\x) and E) are mutually absolutely continuous by (3.2) when
they are understood as probability measures on X as usual. We denote by
ug, A its Radon-Nikodym derivative, that is,

dE(m) S ET
(.14 (€)= () = TN
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where the second equality follows immediately from (3.4) and (5.13). It
should be noted that u; s is uniformly bounded in = and A.
For any = # y € R, define

(5.15) Gay = sup Vary (tug,A)-
ACCR :yeAxgA

LEMMA 5.3. Suppose that (5.1) holds. Then
(5.16) sup maX<Zny, ZGW> < coq(K)%
reR yFx yF#x

Proof. Following the convention used in the proof of Lemma 5.1 we
see from (5.14) that

(5.17) Vary (ug ) = sup |tz,A (§Y) — uz,a (€]
— sup|ME) € | pléae)
cex| w(&)  p) |pu(€Re)

We notice that

sy |HED e

w(&y) )

= "Yx(fx? gi/m}c)—l — Vo (& g{m}c)_l‘
< )\_2‘71(590; fi/m}c) — Yo (& f{z}c)

Now by following exactly the same way as used in the proof of Lemma 5.1
we finish the proof. 0

For A C A, define

(5.19) n;’\g = Vara Ep\a(uz,a),

and for any = # y € R, we put

A)
(5.20) Ky = sup N
v ACCR :yeA,x¢A z{y}

LEMMA 5.4. Suppose that the Dobrushin uniqueness condition (5.9)
holds. Then

(5.21) sup max(
z€ER

mey, ZHW) < c3q(K)*.

yF#x yF#x
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(A)

Proof. To estimate the quantities (y} We remark that

(5.22) [VyEp i al < [RyBxgtian — B ua |+ [BY e n — Epyytiz o
< Vary (g, ) + [Eny (v, 45ty a\)|-

Using (5.11) we see that

(5.23) | Envy (a3 uy )| < Varg(ug a) Dy Var (ug a\,)
kleA\y

< Z Gk DGy
ke{z}e,le{y}e

Hence we obtain

(5.24) Kay < Goy + Z Gk DGy
ke{z}e,le{y}e

Now we use Lemmas 5.1 and 5.3 to finish the proof. b
Recall that we have defined a nonlinear expectation E’A by
(5.25) Erf = (Exfh)Y2.

LEMMA 5.5. The operator EA has the following properties.

(a) If N C A CC R, ExEy = Ep.
(b) Ry < A~YV2E, for allz € R.
(c) EAE, < c4E,E\ forallz ¢ A CCR.
() |Ea(f:9)| < V2(Eng)™" Vara(g®) - Ex(f — Eaf).
where E’A(f;g) = E’Afg — EAfE’Ag for any real measurable function f and
g.

Proof. (a) It is obvious from the consistency of specification. (b) By
(3.3) we get

1/2

5200 Buf© = ( [ don(Giga Gt

> M/2R, f(¢).
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(c) It is easy to check by using (3.3) and the uniform boundedness of u, 4.
(d) We first assume Exg = 1 and observe that

(5.27) |Exfg— Erf| = w.
Exfg+Epf
Denoting by Ej a copy of Ep we get
(5.28)
EAS( ~ D] = 51Bx @ Ba(72 = )6 — )]

1 ~ )
<3 Varp(9°)Ex ® EA(f? = f?)

IN

S Vara () (Ea @ Ba(f + F2)/2(Ba @ Balf - f2)2
< V2Vary(¢®)Erf - Ea(f — Enf).

Hence we obtain (d) when EAg = 1. The general case follows immediately
from this. []

In order to prove the sweeping our relations, we finally prepare the fol-
lowing lemma. We remark here that the statements in Lemmas 5.6 and 4.4
are slightly modified from that of [8], but the proofs are adapted from [8].

LEMMA 5.6. For any real measurable function f : X — R, A CC R,
and x ¢ A, we have a constant CA,AmAf such that

(5.29) IVoErf| < EAVaf + CA,AmAfK;{\RmAf > E,EzV,f,
yGAﬂAf

where Ay stands for the support of f, i.e., Ay is the smallest subset A C R
satisfying V. f =0 for any © € A°.

Proof. In almost the same way as showing (5.21), we see that
(5.30) |VoEAf| < [RoEnf — ExRof|+ |ExRyf — Epf]
= [Exw,/sRof — ExRof|+ |EAR.f — Exf| = I + Io.
By the triangle inequality, we obtain

(5.31) I, < E\V,f.
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For I; we observe that
(5.32) I = |Ea(Ena,ul§)Rof — ExRof|

since E’A\Afof = R,f. We notice that E’A(E’A\Afu}t/i) = 1 and use
Lemma 5.5 (d) to get

(5.33) I < V2Vara(Ega,uy/3)*Er(Rof — ExRof)
< \/ili;{\/)\mAfEA(Rxf - EARxf)

For A C A, let mp a be the spectral gap constant of the measure EA]f(A\A)C,
i.e.,

(5.34) Ex(f = Enf) < my L EAlVaf]

for all f with ANAy C A, where [Vaf| = (X ,ea ]foP)l/Q. We notice
that ma A does not depend on the boundary conditions and ma A > 0 by
Lemma 5.7 below. Therefore

(5.35) 1 < VIS (maaon ) 2ErVar, Rof .
Using Lemma 5.5 (b) and (c), we see that
(5.36) EAR;E’VAmAff‘ < 64)\_1/2ExEA‘VAmAff‘-

From (5.35), (5.36), and the triangle inequality we get

(5.37) I < Ch ANA R xAmA Z E EAVyf,
yGAﬂAf

where CA AnA, = \/504()\mA,AmAf)_1/2. By (5.31) and (5.37) we complete
the proof. 0

LEMMA 5.7. For A C A CC R, we have a spectral gap constant
ma.a > 0 of the measure EA]f(A\A)C independent of the boundary condi-
tions. In particular, we have

(5.38) Crfyy <65

uniformly iny € A CCR.
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Proof. For a given boundary condition £ € X, regard Ef( ) as a
probability measure on Xx. Let vp := [] c, v& be the product of (2, 2)
Bernoulli measures on {0,1}. Since the Bernoulli measure has positive
spectral gap, it is enough to prove that there exist positive constants c¢(A)
and ¢/(A) so that for any A C XA we have

(5.39) c(A)va(A) < E{(A) < d(A)wa(A) uniformly in € € X.

We notice that %(Q\) = 2150 (Ca;€ne). Now by noticing that fd(A\A
YA (Cas€nc) = p(Ca - &ac)/u(€pc) (see the convention in Lemma 5.1) and
using the same argument used to show (3.3) we easily check that (5.39)
holds with ¢(A) = (20)14] and ¢(A) = (2(1 — )AL 0

Now we give the proof for the sweeping out relations.

Proof of Lemma 4.4. The lemma will follow by using Lemma 5.6 re-
peatedly. Suppose |A| = N and let {y1,...,yn} be an enumeration of the
points in A, for instance, we let | — d(z,y;) be decreasing, where d(z,y) is
the distance from = to y. Let A; := A\ {y1,...,y},{=1,...,N. By using
Lemma 5.6 we have

(540)  |VoErf| = [VoErEn, /]
(A
< EAV EAlf + Cy A1}y {)y }
If we once more use Lemma 5.6 to the first term of the r.h.s. of (5.40) then
we get (using also the Schwarz inequality and Lemma 5.5 (a))

E.E\V,, EA, f.

(5.41) EAvchAlf < EAvacEA2f + CAL{Z/Q}H:(E {; }

By using Lemma 5.5 (¢) and (5.38) we repeat the above process to obtain

E\E, EAlvaEAzf

N
(5.42) Ve Enf| < EAVaf +¢6 Y Kay BeEAVy E f.
=1

We repeat this to the second term of the r.h.s. of (5.42). For example, given
1 <1 < N, we enumerate the points in A; by {y@,y?, . ,yg\%) l} so that

J d(yl, (2 )) decreases. After continual repetitions, we will finally get the
bound (4. 34) with

A

(5.43) Oz:(vg) = Z AF Z Ray Kyys " Ky _1y»
k=1
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where A is a constant depending only on A (and A1) and (y1,...,Yk—1)x
means a path in A so that (yp := z,yx == y)

(544) d(yi—ly?/i) = ma‘x{d(yiflyyj) : j = /iv o 7'I€}

forall i =1,...,k. Thus we have

o0
(5.45) Qgy < Z AF Z Rayi Fyiys = Fyp_1ys

k=1 (y1,uk-1)
where (y1,--+ ,yx—1) is a path consisting of k — 1 different points in R and
(4.36) follows from Lemma 5.4 if we take ¢(K) small enough. 0
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