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Abstract. Given a nonincreasing function f :Zso\ {0} - Z5¢ such that (i)
fk)y—f(k+1)<1 for all k>1 and (ii) if a=f(1) and b = limy_, o f(k), then
o)l <|f YMa—1)|<---<|f"Y(h+1)|, a system of generators of a monomial
ideal I € K[x, ..., x,] for which depth S/I* = f(k) for all k > 1 is explicitly described.
Furthermore, we give a characterization of triplets of integers (n, d, r) withn > 0,d > 0
and r > 0 with the properties that there exists a monomial ideal I C S = K[xy, ..., X,]
for which limy_, o, depth S/I¥ = d and dstab(/) = r, where dstab(/) is the smallest
integer ko > 1 with depth S/I% = depth S/I**! = depth /T2 = ...

2010 Mathematics Subject Classification. 13A02, 13A15, 13C15.

1. Introduction. The study on depth of powers of ideals, which originated in
[4], has been achieved by many authors in the last decade. Let S = K[xy, ..., x,]
denote the polynomial ring in n variables over a field K and / ¢ S a homogeneous
ideal. The numerical function f : Zs¢ \ {0} — Z¢ defined by f(k) = depth S/I* is
called the depth function of I. It is known [1] that f(k) = depth S/I¥ is constant for
k > 0. We call limy_, o, f(k) the limit depth of I. The smallest integer k() > 1 for which
fko) =f(ko+ 1) =f(ko +2) = --- is said to be the depth stability number of I and is
denoted by dstab(/).

An exciting conjecture [4, p. 549] is that any convergent function f : Z>¢ \ {0} —
Z-y can be the depth function of a homogeneous ideal. In [4, Theorem 4.1], given
a bounded nondecreasing function f : Z5¢ \ {0} = Z>¢, a system of generators of a
monomial ideal I for which depth S/I* = f(k) for all k > 1 is explicitly described. In
[3, Theorem 4.9], it is shown that, given a nonincreasing function f : Z>¢ \ {0} = Z>,,
there exists a monomial ideal Q for which depth S/Q* = f(k) for all k > 1. Unlike the
proof of [4, Theorem 4.1], since the proof of [3, Theorem 4.9] relies on induction on
limy_, o f(k), no explicit description of a system of generators of a monomial ideal Q
is provided.

Our original motivation to organize this paper was to find an explicit description of
a system of generators of a monomial ideal Q of [3, Theorem 4.9]. However, there seems
to be a gap in the proof of [3, Theorem 4.9]. In the proof of this theorem, the authors use
an inductive method for giving a monomial ideal which has the desired depth function.
However, unfortunately, their inductive method does not work in the case that the limit
depth s 0. In fact, it cannot be valid for the nonincreasing functionf : Z-¢ \ {0} — Z>
with (1) = f(2) = 2 and f(3) = f(4) = - - - = 0 from their inductive method.
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In the present paper, given a nonincreasing functionf : Z-¢ \ {0} — Z-¢ such that
e flky—f(k+1)<l1forallk>1;
e ifa=f(1)and b = limy_, o f(k), then

@l <lf'a=Dl < <|f'b+1),

a system of generators of a monomial ideal 7 for which depth S/I* = f(k) for all k > 1
is explicitly described (Theorem 2.1). The statement of Theorem 1.1 is the exact one
that [3, Theorem 4.9] would correctly prove. Furthermore, we give a characterization
of triplets of integers (n, d, r) withn > 0, d > 0 and r > 0 with the properties that there
exists a monomial ideal 7 € S = K[x, ..., x,] for which lim_, o depth S/I* = d and
dstab(Z) = r (Theorem 3.1).

2. Nonincreasing depth functions. Let K be a field and S = K[xy, ..., x,;] the
polynomial ring in # variables over K with each deg x; = 1.
In this section, we show the following theorem.

THEOREM 2.1. Given a nonincreasing function f : Zso \ {0} — Z>¢ such that
o flhy—f(k+1)<1forallk>1;
e ifa=f(1)and b =limy_,  f(k), then
@l <ia-Dl<--- <TG+ 1),
there is a monomial ideal I for which depth S/I* = f(k) for all k > 1.

At first, we prepare some lemmas to prove Theorem 2.1.

LEMMA 2.2 [6, Corollary 5.11]. Let I be a monomial ideal in S. Then, for any
integer k > 1, we have

depth I*=' /I* = min{depth I*~!, depth I* — 1}.

LEMMA 2.3. Let I be a monomial ideal in S. Then, the following are equivalent:

(a) depth S/I* is nonincreasing.
(b) depth I*=1/I* is nonincreasing.
Moreover, when this is the case, depth S/I* = depth I*~1/I* for any k > 1.
Proof. Set f (k) = depth S/I* and g(k) = depth I*~! /I*. Since we obtain depth I* =
depth S/I* + 1 for any k > 1, by Lemma 2.2, it is obvious that

gk)y=min{f(k— 1)+ 1. f(k)}.k=1,2,....

Hence, we know that if f(k) is nonincreasing, then we have g(k) = f (k).

On the other hand, we assume that g(k) is nonincreasing. If f(¢) = g(¢) for an
integer ¢ > 1, then we have (¢ + 1) = g(¢ + 1). Since f(1) = g(1), it follows that for any
integer k > 1, f(k) = g(k). O

LEMMA 2.4. Set A = K[xy,...,xy] and B = K[x,y11, ..., Xy], and we let I, J are
monomial ideals in A and B. Then, for any integer t > 1, we have

depth(Z + J)~' /(I + J)' = min {depth I'"'/I' + depth /= )./},
i+j=t+1
ij=1
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Proof. 1t follows by combining [3, Theorem 3.3 (i)] and [6, Theorem 1.1]. ]
The following proposition is important in this paper.

PROPOSITION 2.5. Let t > 2 be an integer, and we set a monomial ideal I =
(x', xy' 2z, y""'z) in B = K|[x, y, z]. Then

1, ifn<t-—1,

depth B/I" =
pth B/ { 0, ifn=>rt.

Proof. First of all, for each integer n > ¢, we show that depth B/I" = 0. For this
purpose, we find a monomigl belonging to (I": m) \ 1", where m = (x, y, z). We claim
that the monomial u = x™—+1)=2z1=1 belongs to (I : m) \ I". Indeed, each generator
of I" forms

w(a’ b, C) — (xr)a(xyFZZ)b(ytflz)c — xta+by(172)b+(t71)czb+c’
where a + b+ ¢ =nand a, b, ¢ > 0. Then, we have

xulwn—t+1,1,¢t—2),
yulwn—t+1,0,¢t—1),

zulw(n —t, t,0).

Thus, u € (I": m). While the degree of u is less than that of generators in /”. Hence, we
obtainu ¢ I".

Next, we show that pd I" = 1forall1 <n < ¢ — 1. In order to prove this, we use the
theory of Buchberger graphs. Let my, ..., m; be the generators of I”. The Buchberger
graph Buch(/") has vertices 1, ..., s and an edge (i, j) whenever there is no monomial
my, such that my, divides lem(m;, m;) and the degree of my is different from lem(m;, m;)
in every variable that occurs in lem(;, m;). Then, it is known that the syzygy module
syz(I") is generated by syzygies

lem(m;, m) lem(m;, m))
oj = i~ 7
m; m;

corresponding to edges (7, j) in Buch(Z”) [5, Proposition 3.5].

Let GU") = {w(a, b, ¢) = x'tby=2b+(=Debte | g b ¢ >0, a+ b+ ¢ = n} be the
set of generators of 1. We introduce the following lexicographic order < on G(I"). Let
w(a, b, ¢), w(d, b, ) € GUI"). Then, we define
o w(d,b,d)<wab,c)ifd <a
o w(d,b,d)<w(ab,c)ifd =aand b < b.

OBSERVATION 2.6. For w = x%)”z¢, we denote deg, w = a, deg, w = banddeg. w =
¢. It is easy to see that

e deg, w(d, b, ) <deg, w(a, b, c)if and only if w(d', V', ¢') < w(a, b, ¢);
. degy w(d, b, ) > degy w(a, b, o) if w(d, b, ) < w(a,b,c);
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e deg. w(d, b, ) > deg. w(a, b, c)if wd,b', ) < w(a,b,c)

fl<n<t-1.

To construct the minimal free resolution of I”, we compute generators of syz(I").
For w(a, b, ¢), w(d, b, ¢') € GI"), we define w(d, ', ') < w(a, b, ¢) if w(d, b, ) <
w(a, b, ¢) and there is no monomial w € G(I"), such that w(d, ¥, ') < w < w(a, b, ¢).
Moreover, we put

o((a,b,¢),(d,b, "))
. lem(w(a, b, ¢), w(d', b', ¢)) lem(w(a, b, ¢), w(d', V', ¢))
N w(a, b, ¢) Cabo w(d, b, )

€ b.c)-

‘We show that

Cram 1. If w(d, b, ¢) < w(a, b, ¢), then {w(d, ¥, ), w(a, b, ¢)} is an edge of
Buch(1").

Proof of Claim 1. Note that w(d, b, ") < w(a,b,c) if and only if either
d=ab=b—-1and ¢/=c+1 or (a,b,¢)=(a,0,n—a) and («,b,)=(a—
I,n—a+1,0). In the former case, we have lem(w(a,b, ¢), w(a,b—1,c+1)) =
x/atbyt=2(b=D+(=(c+D) n=a from Observation 2.6. It is enough to show that there
is no monomial w € G(I") such that w | lem(w(a, b, ¢), w(a,b—1,c+ 1))/xyz =
xttb=1 (=2 (b= D+(=D)c+D=1 n—a—1,

Assume that there exists such a monomial w € G(I"). Then, deg, w < ta+ b — 1.
Hence, w < w(a, b — 1, ¢ + 1) from Observation 2.6. However,deg. w > b+ c=n—a
from Observation 2.6 again, this is a contradiction.

Next, we consider the latter case, that is, (a, b, ¢) = (a,0,n — a) and (&', V', ) =
(a—1,n—a+1,0). As in the former case, it is enough to show that there is no
monomial w € G(I"), such that w | lem(w(a, 0,n — a), w(a—1,n—a+1,0))/xyz =
xta—lyt=2)n—at+)=ln-a - Agsume that there exists such a monomial w € G(I"). Then,
deg.,w <ta—1and w <w(a—1,n—a+ 1,0) from Observation 2.6. But, we have
deg. w > n — a + 1 from Observation 2.6 again, this is a contradiction.

Therefore, we have the desired conclusion. O

Here, we put X := {o((a, b, ¢), (d', V', ') | w(d, V', ') < w(a, b, ¢)}. Next, we will
show the following:

CrLAamM 2. Assume that w(d', b, ¢’) < w(a, b, ¢) and w(d', V', ') « w(a, b, ¢). Then,
o((a, b, ), (d,b, ")) can be expressed as an B-linear combination of the elements of
.

Proof of Claim 2 Let s > 3 and assume that
w(d, b, ) = wla, by, ¢s) < w(as_1, bs_1, cs_1) < --- < wlay, by, c1) = w(a, b, ¢).
From Observation 2.6, we can see that

lem(w(ay, b1, c1), w(ay, bs, c5))
lem(w(a;, b;, ¢;), w(@it1, bit1, cit1))
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is a monomial in B for all 1 < i < s — 1. Hence, we have

U((a’ b’ C)’ (a/’ b/v C/)) = U((ala b], Cl)a (a‘rv bS’ CS))

s—1

_ Z lcm(u)(al, b], C]), w(am bs’ cs))
& lem(w(ay, by, ¢i), w(@i, bist, Civ1))

o((ai, by, ¢;), (@ig1, bit1, cig1)).

Thus, we have the desired conclusion. O
CLAIM 3. The elements of X are linearly independent on B.

Proof of Claim 3 Assume that w(d', ¥, ¢') < w(a, b, ¢). Recall that w(d, b, ') <
w(a, b, ¢) if and only if

Case(l): a=d,b=b+1,c= —1;
Case?): a=d +1,b=0,c=n—a,b=n—-d,d =0.

In addition, lem(w(a, b, ¢), w(d, b/, ¢')) = x"t0yt=2+=De 2H'+¢ from Observation
2.6. Hence, we have that each element of ¥ is the following form:

e —a—b) — X€(4 b—1.n—a— Case(1);
o((a,b,e),d, b, )= y,ian’fi: & (b 1}}1_,,[:1T;I) )
y 2€(0,0,n—a) — X €a—1n—a+1,00 Case(2).

Now, we assume that

Z Us ((a,b,0),(@ b ,¢')) O’((Cl, b, C), (a’, b’, C’)) =0
o((a,b,c),(a',b',c'))eS

for some uo((,b,0),(.b.¢’)) € B- Then, we have the following equalities:

Ues ((1.0.0).n—1.1,0) V' 22 = 0;

—Ug((a,b,n—a—b),(a,b—1,n—a—b+1)) X + Us((a,b—1,n—a—b+1),(a,b—2,n—a—b+2)) V = 0

O<a<n-1,2<b)

—Us((a,1,n—a—1),(a,0,n—a)) X + Us((a,0,n—a),(a—1,n—a+1,0)) y’ﬂ'*z” =0 (1 <a<n-— 1),

U (@0n—a) (a1t 1.0) X T U atnmat1.0)(a—1n—a1y ¥ = 0 (1 < a < n);

U ((0,1,n—1),(0,0,n)) X = 0.

Hence, o ((1,0,0),(1—1,1,00 = 0. Therefore, we have that us(ap,e) @ .p.c) =0 for all
o((a,b,c),(d,b,c)) e . ]

Let us return the proof of Proposition 2.5. By Claim 1, 2 and [5, Proposition 3.5],
¥ is the set of generators of syz(/"). Moreover, by Claim 3, the elements of ¥ are
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linearly independent on B. Hence,

0— @B(—j)ﬂ” — B(—nt)Pr - 1" - 0
J

is the minimal free resolution of 7. Therefore, we have pd I" = 1. Il
Now, we can prove Theorem 2.1.

Proof of Theorem 2.1 First, for any integers i, k > 1, we define the monomial ideal
I i= (X x4 1z, y%2)) in B; = K[x;, 31, z;]. Then, by Proposition 2.5, we obtain

1, ift<k,

de thB,' It P=
pth Bi/ Ly {0 it > k.
Set n=a—b and s; := U‘"l(a— i+ 1) for each 1 <i <n. We show that I =
Yo LyiinS = K[x1, 1, 215« s Xuy Vs Zn, W1, - - ., Wp]is the required monomial ideal.
By Lemma 2.3 and 2.4, we immediately show the assertion follows. U

ExXAMPLE 2.7. Nonincreasing functions f : Z>o \ {0} — Zo with f(1) =f(2) =2
andf(3)=f(4)=---=0andg: Z59\ {0} = Z5¢ with g(1) = g(2) =2,g(3) =1 and
g(4) = g(5) = --- = 0 do not satisfy the assumption of Theorem 2.1. However, there
exist monomial ideals I, J of S = K[x, ..., x¢], such that depth S/I* = f(k) and
depth S/J* = g(k) for k > 1.

Indeed, I = (x%, X1X2X3, x%)q)(xi, X4X5X6, xgxﬁ) + (x‘l‘, x?xz, xlxg, x‘z‘, x%x%)@) and
J = (x‘lt, xlx%xg, x%xg,)(xi, X4x§x6, xgxf,) + (xf, x‘l‘xz, xlx‘z‘, xg, x?x%m) are the desired
monomial ideals.

REMARK 2.8. In the recent preprint [2, Theorem 6.7], Ha-Nguyen-Trung-Trung
has settled the conjecture of Herzog and Hibi [4, p. 549] in full generality.

3. The number of variables and depth stability number. Let / # (0) be a monomial
ideal in S = K[xy, ..., x,] and f(k) the depth function of 7. We set limy_, . f(k) = d
and r = dstab(l). When n = 1, we know that d = 0 and r = 1. Moreover, when n = 2,
wehave 0 <d <landr=1.

In this section, for n > 3, we discuss bounds of the limit depth and depth stability
number of a monomial ideal. In fact, we show the following theorem.

THEOREM 3.1. Assume n > 3. Let I # (0) be a monomial ideal in S = K[x, ..., X,]
and f (k) the depth function of 1. We set limy_, o, f (k) = d and r = dstab([). Then, one of
the followings is satisfied.:

e 0<d<n-—2andr>1.

e d=n—1landr=1

Conversely, for any d and r satisfied one of the above, there exists a monomial ideal J in
S such that limy_, o, g(k) = d and r = dstab(J), where g(k) is the depth function of J.

Proof. In general, for any monomial ideal / # (0) in S, we have 0 < depth S/I <
n— 1. We assume that d = n — 1. Since dim S/I" <n— 1, S/I" is Cohen—Macaulay.
Hence, for any minimal prime ideal P of I", we have height P = 1. In particular, P is a
principle ideal since S is UFD. Hence, I” is a principle ideal. This says that 7 is also a
principle ideal. Thus, for any k > 1, S/I¥ is a hypersurface. Therefore, we have r = 1.
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Next, we show the latter part. Assume that 0 <d <n—3 and r > 2. Let J; =
2

(X7, x1x5 X3, xg_l)q) C A := K[x, x3, x3]. By Proposition 2.5, we have
depthafsk = | & TEET
(] =
P PT 1L ifk<r—1
LetJ =J1 4+ (X4, ..., Xp—a) = (x], x1x§*2x3, X’2.71X3, X4, ..., Xp_q) be amonomial ideal

in S and g; (k) the depth function of J. Then, we have limy_, », g1 (k) = d and dstab(J) =
r. Moreover, an ideal J, = (x1, ... x,_q) C S satisfies that depth(S/Jé‘) =d forall k >
1, that is, limy_, o, depth(S /Jé') = d and dstab(J,) = 1.

Next, we assume that d = n — 2 and r > 1. By [4, Proof of Theorem 4.1], we can
see that a monomial ideal J3 = (X}, X" x,, x5, ¥4, ¥ x3x3) C A satisfies that
dstab(J3) = r and

I, ifk>mn

depth 4/J% =
PRAT =0 itk <ro1
Let J' = J3 be the monomial ideal in S and let g>(k) be the depth function of J'.
Then, we have limy_, o, g2(k) = d and dstab(J’) = r.
Whend = n — 1 and r = 1, we immediately obtain a monomial ideal satisfying the
condition by the former part of this proof. ]
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