Adv. Appl. Prob. 46, 365-399 (2014)
Printed in Northern Ireland
© Applied Probability Trust 2014

TAIL ASYMPTOTICS OF THE STATIONARY
DISTRIBUTION OF A TWO-DIMENSIONAL
REFLECTING RANDOM WALK WITH
UNBOUNDED UPWARD JUMPS

MASAHIRO KOBAYASHI * AND
MASAKIYO MIYAZAWA,* ** Tokyo University of Science

Abstract

We consider a two-dimensional reflecting random walk on the nonnegative integer
quadrant. This random walk is assumed to be skip free in the direction to the boundary of
the quadrant, but may have unbounded jumps in the opposite direction, which are referred
to as upward jumps. We are interested in the tail asymptotic behavior of its stationary
distribution, provided it exists. Assuming that the upward jump size distributions have
light tails, we find the rough tail asymptotics of the marginal stationary distributions in all
directions. This generalizes the corresponding results for the skip-free reflecting random
walk in Miyazawa (2009). We exemplify these results for a two-node queueing network
with exogenous batch arrivals.
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1. Introduction

We consider a two-dimensional reflecting random walk on the nonnegative integer quadrant.
This random walk is assumed to be skip free toward the boundary of the quadrant but may have
unbounded jumps in the opposite direction, which we call upward jumps. Here the boundary
is composed of the origin and two half coordinate axes, which are called boundary faces. The
transitions on each boundary face are assumed to be homogeneous. This reflecting process is
referred to as a double M/G/1-type process. This process naturally arises in queueing networks
with two-dimensional compound Poisson arrivals and exponentially distributed service times.
Here customers simultaneously arrive in batches at different nodes. It is also of interest as a
multidimensional reflecting random walk on the nonnegative integer quadrant.

A stationary distribution is one of the most important characteristics of this reflecting random
walk in applications. However, deriving it analytically is difficult except in some special
cases and so theoretical studies have focused on its tail asymptotic behaviors. Borovkov and
Mogul“skif [5] have made great contributions to this area of study. They proposed the so-called
partially homogeneous chain, which includes the present random walk as a special case, and
studied the tail asymptotic behavior of its stationary distribution. Their results are very general,
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but have the following limitations.

(a) The results are not very explicit. That is, it is hard to see how the modeling primitives,
that is, the parameters which describe the model, influence the tail asymptotics.

(b) The tail asymptotics are obtained only for small rectangles, and no marginal distribution is
considered. Furthermore, some extra technical conditions which seem to be unnecessary
are assumed.

For the skip-free two-dimensional reflecting random walk, these issues have been addressed
by Miyazawa [25], and its tail asymptotics have recently been studied for marginal distributions
by the authors in [20], in which we considered the stationary equation using generating or
moment generating functions and applied classical results of complex analysis (see, e.g. [26] and
the references therein). In recent years this classical approach has been renewed in combination
with other methods (see, e.g. [18] and [23]). However, its application is limited to skip-free
processes because of technical reasons (see Remark 3).

In this paper we are primarily interested in answering the question: how do the tail asymp-
totics change when upward jumps are unbounded? For this, we consider the asymptotics of the
stationary probability of the tail set, i.e.

.. 2 . .
{(i1,12) € Z7; cri1 + c2ia > x}

as x goes to oo for each c1,cy > 0, where Z is the set of all nonnegative integers, and
¢ = (cy, ¢p) is called a directional vector if c% + c% = 1. We are interested in its decay rate,
where « is said to be the decay rate of function p(x) if

1
o = — lim —log p(x).
n—>oo x

We aim to derive the tail decay rates of the marginal distributions in all directions. These decay
rates will be geometrically obtained from the curves which are produced by the modeling
primitives, that is, one-step transitions of the reflecting random walk. In this way, we answer
our question, which simultaneously resolves issues (a) and (b).

Obviously, if the tail decay rates are positive then the one-step transitions of the random
walk must have light tails, that is, they decay exponentially fast. Thus, we assume that this
light tail condition holds. Then the mean drifts of the reflecting random walk in the interior and
on the boundary faces are finite. Using these means, Fayolle et al. [12] characterized stability,
that is, the existence of the stationary distribution. However, their result was incomplete as
they did not consider all cases, which we redress in Lemma 1. If the mean drifts vanish in all
directions then it is not hard to see that the stationary distribution does not have light tails in
all directions. We also formally verify this fact. Thus, we assume that not all the mean drifts
vanish in addition to the light tail condition for the one-step transitions.

Under these assumptions and provided the stability conditions hold, we solve the decay
rate problem for the marginal stationary distribution in each direction. The decay rate may
be considered a rough asymptotic, but we also study some finer asymptotics, called exact
asymptotics. We say that the tail probability has exact asymptotics for some function f if the
ratio of the tail probability at level x to f(x) converges to a positive constant as x goes to co. In
particular, if f is exponential (or geometric), it is said to be exactly exponential (or geometric).
We derive some sufficient conditions for the tail asymptotic to be exactly exponential.

The difficulty of the tail asymptotic problem mainly arises from reflections at the boundary
of the quadrant. We have two major boundary faces corresponding to the coordinate axes.
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The reflections on these faces may or may not influence the tail asymptotics. Foley and
McDonald [16] classified them as the jitter, branch, and cascade cases. When modeling the
tail asymptotics, these considerations need to be taken into account. However, the problem is
further complicated by the unbounded jumps.

To overcome these difficulties, we employ a new approach. Based on the stability conditions,
we first derive the convergence domain of the moment generating function of the stationary
distribution. For this, we use a stationary inequality, which was recently introduced by the
second author [26] (see also [6]), and a lower bound for the large deviations of the stationary
distribution given in [5]. Once the domain is obtained, it is expected that the decay rate would
be obtained through the boundary of the domain. However, this is not immediate. We need
sharper lower bounds for the large deviations in coordinate directions. For this, we use a method
based on Markov additive processes (see, e.g. [28]).

We apply one of our main results, Theorems 2 and 3, to a batch arrival network with two nodes
to see how the modeling primitives influence the tail asymptotics. We use the linear convex
order for this. We also show that the stochastic upper bound for the stationary distribution
obtained by Miyazawa and Taylor [27] is not tight unless one of the nodes has no batch arrival.

This paper is organized as follows. In Section 2 we formally introduce the reflecting random
walk, and discuss its basic properties, including stability and the stationary equations. In
Section 3 we present the main results on the domain and tail asymptotics, Theorems 1-3, and
discuss the linear convex order. We prove Theorems 1-3 in Section 4, and apply them to a
two-node network with exogenous batch arrivals in Section 5. Finally, in Section 6 we give
some remarks on extensions and further work.

2. Double M/G/1-type process

Denote the state space by S = Zi. Recall that Z is the set of all nonnegative integers.
Similarly, Z denotes the set of all integers. Define the boundary faces of S as

So = {(0,0)}, S1={G,0) € Z3;i = 1}, Sy ={(0,i) e Z;i > 1).

LetdS = Uiz:O S;and S4 = S\ 0S. Werefer to 9.5 and S as the boundary and interior of S,
respectively.

Let {Y(£);£ = 0,1, ...} be the random walk on 72, That is, its one-step increments
Y + 1) — Y(¢) are independent and identically distributed. We denote a random vector
subject to the distribution of these increments by X(*). We generate a reflecting process
{L0)} = {(L1(€), L2(£))} from this random walk {¥Y (£)} in such a way that it is a discrete
Markov chain with state space S and transition probabilities p(i, j) given by

(+) — 3 _ 2 . .
BULE+D =)l [ Lo == 0 —T T TR e
XW=j—-i), jeS,ieS k=012,
where X® is a random vector taking values in Z2. For this process to be nondefective, it
is assumed that X > (=1, =1), XD > (=1,0), X® > (0, —1), and X© > (0, 0). Here,
inequalities of vectors are defined componentwise.

The vector L(¢) is reflected at the boundary S and skip free in the direction to 9S. In
particular, its entries L1(£) and L, (¢) have similar transitions to the queue length process of
the M/G/1 queue. We therefore refer to {L(¢)} as a double M/G/1-type process.

Let R be the set of all real numbers. Similar to Z,, let R} be the all nonnegative real
numbers. We denote the moment generating functions of X*) and X® by y and y, that is,
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for = (61, 6,) € R?,
y®) =EE®X), @) =EE®X), k=012,

where (a, b) denotes the inner product of vectors @ and b. As usual, R? is considered to be
a metric space with Euclidean norm |ja|| = +/{a, a). In this paper we assume the following
conditions.

(1) The random walk {Y (£)} is irreducible and aperiodic.
(i1) The reflecting process {L(¢)} is irreducible and aperiodic.

(iii) For each § e R? satisfying 61 > 0 or 8, > 0, there exist# > 0 and # > 0 such that
1 <y@f) <ococand 1 < y () <ocofork =0,1,2.

(iv) Either E(X\") # 0 or E(X$P) # 0 for XH = (x (P, x{P),

Conditions (i) and (iii) are stronger than those actually required, but we use them to simplify
arguments. For example, except for the exact asymptotics, (iii) can be weakened to the following
condition (see Remark 2).

(iii") y (@) and y4(#) for k = 0, 1, 2 are finite for some 6 > 0.

In the rest of this section we discuss three basic topics. First, we consider necessary and
sufficient conditions for stability of the reflecting random walk {L(£)}, that is, the existence of
its stationary distribution, and explain why (iv) is assumed. We then formally define rough and
exact asymptotics.

2.1. Stability condition and tail asymptotics

Fayolle et al. [12] claimed to obtain necessary and sufficient conditions for stability (see
Theorem 3.3.1 therein). However, the proof of their Theorem 3.3.1 is incomplete because
important steps are omitted. A better proof can be found in [10]. Furthermore, some exceptional
cases are missing as we will see. Nevertheless, their necessary and sufficient conditions can be
made to be valid under a minor amendment.

In [12], the necessary and sufficient conditions are separately considered according to
whether all the mean drifts are null, that is, E(X §+)) = E(X;r)) = 0 or not. One may easily
guess that the null drift implies that the stationary distribution has a heavy tail in all directions,
that is, the tail decay rates in all directions vanish. We formally prove this fact in Remark 7.
Thus, we can assume that (iv) holds when studying the light tail asymptotics.

We now present the stability conditions of [12] under condition (iv). We will consider their
geometric interpretations. For this, we introduce some notation. For k = 1, 2, let

1 1 2 2
mp=EX?),  m’=Ex"), md=Ex?.

Define the vectors

m= (mi.m 1 1 2 2 2
( 1s 2)7 m(l) - (mi ), m; )), m( ) . (mg ), mz( )),
1 1 1 2 2 2

Note that m # 0 by condition (iv). Obviously, mﬁc) is orthogonal to m® for each k = 1, 2.
Below we present the stability conditions of [12] using these vectors, in which we make some
minor corrections for the missing cases.
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Lemma 1. (Corrected Theorem 3.3.1 of [12].) If m # 0, the reflecting random walk {Z(£)}
has the stationary distribution, that is, it is stable, if and only if one of the following assertions
holds.

D m; <0,my <0, (m, m(ll)) < 0, and (m, mf)) < 0.

Q1)) mlzz 0,my <0, (m, mﬂ)) < 0. In addition to these conditions, méz) < 0 is required if

m(1 ) = 0.
I m; <0,my >0, (m, mf)) < 0. In addition to these conditions, m(ll) < 0 is required if
(1)
my’ =0.

) 0 for m(z) = 0in (IT) and mgl) < O for mgl) =0

in (IIT) are missing in Theorem 3.3.1 of [12]. To see their necessity, let us assume that m(2) =0
in (II). This implies that the reflecting random walk cannot escape from the second coordmate
axis except for the origin once it hits the axis. On the other hand, méz) may take any value
because there is no constraint on mg in the first three conditions of (II). Hence, m( ) < 0is
necessary for stability. By symmetry, the extra condition is similarly required for (III) It is not
hard to see the sufficiency of these conditions if the proof in [10] and [12] is traced, and so we
omit its verification.

Remark 1. The additional conditions .,

We will see that the stability conditions are closely related to the curves y(#) = 1 and
¥k (0) = 1. We therefore introduce the following notation:

Fr={#cR*y@ <1}, I ={0ecR*y@®) =1},
={0 R, p@) <1}, x={0cRpu@ =1}, k=12

Remark 2. (a) I" and I'y are convex sets because y and yj are convex functions. Furthermore,
I' is a bounded set by condition (i).

(b) By condition (iii), dI" and o'y are continuous curves. If we replace (iii) by the weaker
assumption (iii’) then dT" and 3T may be empty sets. In these cases, we redefine them as
the boundaries of I" and I'y, respectively. This does not change our arguments as long as the
solution of y(#) = 1 or (@) = 1 is not analytically used. Thus, we will see that the rough
asymptotics are still valid under (iii’), but this is not the case for the exact asymptotics.

Note that m and m® are normal to the tangents of 8" and 9T at the origin and toward the
outside of I and I'k, respectively (see Figure 1). From this observation, we obtain the following
lemma, which gives a geometric interpretation of the stability condition.

Lemma 2. Under conditions (iii) and (iv), the reflecting random walk { L (£)} has the stationary
distribution if and only if I’ N Ty contains a vector 0 such that 6, > 0 for each k = 1, 2.
Furthermore, if this is the case, at least for either k = 1, 2, there exists a @ € I’ N\ Ty such that
Or > 0and 63— <O.

Proof. See Appendix A.

Throughout the paper, we assume stability, that is, we assume that either stability condition
(D, D), or (IIT) holds, in addition to conditions (i)—(iv). We are now ready to formally introduce
tail asymptotics for the stationary distribution of the double M/G/1-type process. We denote this
stationary distribution by v. Let L = (L1, L») be the random vector subject to the distribution
v, that is,

v(i)=P(L =1i), ies.
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FIGURE 1: Vectors for conditions (I) and (II).

We are interested in the tail asymptotic behavior of this distribution. For this, we define the
rough and exact asymptotics. We refer to vector ¢ € R? as a direction vector if ||¢|| = 1. For
an arbitrary direction vector ¢ > 0, we define «, as

o = — lim l logP({c, L) > x),
X—00 X
as long as it exists. This «, is referred to as a decay rate in the direction ¢. Thus, if the decay rate
o exists, P((c, L) > x) is lower and upper bounded by e~ (@ t)* and e~ (% —)* respectively,
for any ¢ > 0 and sufficiently large x € R. If there exists a function f and a positive constant
b such that P({c, L) > x) ~ bf (x), that is,

. P((e, L) = x)
Iim — =

= b, 1
x—00 f(x) ( )

then P({c, L) > x) is said to have exact asymptotic f(x). In particular, if f is exponential,
that is, f(x) = e~** for some o > 0, then it is called an exactly exponential asymptotic. It
is worth noting that the random variable (¢, L) only takes a countable number of real values.
Hence, we must be careful about their periodicity.

Definition 1. (a) A countable set A of real numbers is said to be §-arithmetic at co for some
8 > 0if § is the largest number such that, for some xg > 0, {x € A; x > xo} is a subset of
{én; n € Z4}. Onthe other hand, A is said to be asymptotically dense at oo if there is a positive
number a for each ¢ > 0 such that, forall x > a, |x — y| < ¢ for some y € A.

(b) A random variable X taking countably many real values at most is said to be §-arithmetic
for some integer § > 0 if § is the largest positive number such that {x € R; P(X = x) > 0} C
{6n;n € Z}.

The following fact is an easy consequence of Lemma 2 and the corollary in [13, Section V.4a],
but we prove it in Appendix B for completeness.

Lemma 3. For a directional vector ¢ > 0, let K, = {{c,n); n € Zi}. Then K. is asymptoti-
cally dense at oo if and only if neither c| nor ¢y vanishes and cy/c; is irrational. Otherwise,
K. is arithmetic at oo.
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Owing to this lemma, the x in (1) runs over either arithmetic numbers §n for some § > 0
or real numbers. In particular, if K, is 1-arithmetic at co then we replace x by integer n. For
example, this n is used for the asymptotics P(Ly = n, Lz_x = i) ~ f(n,i) for each fixed
i € Z+.

2.2. Moment generating function and stationary equation

There are two typical approaches to represent the stationary distribution of the double M/G/1-
type process. One is a traditional expression using either generating or moment generating
functions. Another is a matrix-analytic expression viewing one of the coordinates as a
background state. In this paper we will use both approaches because they have their own
merits. We first consider the stationary equation using moment generating functions. Since the
states are vectors of nonnegative integers, it is natural to ask why moment generating functions
are not used. This question will be answered at the end of this section.

We denote the moment generating function of the stationary random vector L by

00 =E@E%L), 9 eR>.

We define a light tail for the stationary distribution v as in [26].

Definition 2. The stationary distribution v is said to have a light tail in all directions if there
is a positive # € R? such that ¢(@) < oo. Otherwise, it is said to have a heavy tail in some
direction.

Define the convergence domain £ of the moment generating function ¢ as
D = the interior of {# € R; p(#) < oo}.

Then, we can expect that the tail asymptotic of the stationary distribution is obtained through
the boundary of the domain &£. Obviously, £ is a convex set because ¢ is a convex function
on R2. Let us derive the stationary equation for this D. Let

9+(0) =EE® 1L > 0)),
okO) =EE* 1Ly > 1, Liy =0)),  k=1,2,

where 1(-) is the indicator function. Then
@(0) = ¢+ (0) + ¢1(61) + 92(62) + ¢0(0),
where ¢o(0) = P(L = 0). From this relation and the stationary equation,

LZL+XPULesy)+ Z XOUL e S, )
ke{0,1,2}

where ‘2’ denotes equality in distribution and the random vectors on the right-hand side are
assumed to be independent, we have

(1 —-y(0)ei(0) = Z (Ve (@) — Dr(6r) + (v0(0) — Dgo(0), 3)
ke{l,2)

as long as (@) < oo. This equation holds at least for § < 0.
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Equation (3) is equivalent to the stationary equation of the Markov chain {L(¢)} and,
therefore, characterizes the stationary distribution. Thus, the stationary distribution can be
obtained if we can solve (3) for the unknown function ¢, or, equivalently, ¢4, ¢1, @2, and ¢g.
However, this is known to be a notoriously difficult problem. The problem is somewhat
simplified when the jumps are skip free (see, e.g. [11], [20], and [26]). This point is detailed
below.

Remark 3. (The kernel method and generating function.) To obtain useful information from
(3), itis key to consider it on the surface obtained from 1 —y (@) = 0. This enables us to express
¢; (6;) in terms of the other ¢;(6;) under the constraint that 1 — y () = 0. We can then apply
analytic extensions for ¢; (6;) using complex variables for . This analytic approach is called the
kernel method (see, e.g. [18], [23], and [26]). In the kernel method, the generating function is
more convenient to use than the moment generating function. Let y (z1, z2) = y (logz1, log z2).
Then y(z1, z2) is the generating function corresponding to y (@). Note that z;z27(z1, z2) is a
polynomial in z; and z. In particular, for the skip-free, two-dimensional reflecting random
walk, z1z2(1 — Y (z1, z2)) = 0, which corresponds to 1 — y(#) = 0, is a quadratic equation in
z; for each fixed z3_;. Hence, it can be solved algebraically; see [11]. However, the problem
becomes more difficult if the random walk is not skip free. If the jumps are unbounded, the
equation 1 — y(z1, z2) = 0 has infinitely many solutions in the complex number field for each
fixed z» (or z1), and there may be no hope to solve the equation. Even if these roots are found,
it would be difficult to analytically extend ¢; (z;).

As the kernel method based on complex analysis is difficult to use for the M/G/1-type process,
we look at the problem differently, and consider the equation 1 — ¢ (#) = 0 in the real number
field. In this case, it has at most two solutions of ; for each fixed 65_; because y () is a
two variable convex function. However, the stationary equation (3) is only valid for § < 0.
We therefore introduce a new tool, called the stationary inequality, and work on I" and 'y for
k =1, 2. For this, moment generating functions are more convenient because in this case I" and
I'y will be convex. This is not necessarily true for generating functions because two variable
generating functions may not be convex.

Although we mainly use moment generating functions, we do not exclude the use of
generating functions. In fact, they are convenient when considering the tail asymptotics in
coordinate directions. For other directions, we again need moment generating functions because
c1L1 + ¢2 L, may not be periodic.

3. Convergence domain and main results

The aim of this section is to present the main results on the domain £ and the tail asymptotics.
The proofs are given in Section 4. We first give a key tool for finding the domain D, which
allows us to extend the valid region of (3) from {# € R?; § < 0}.

Lemmad. For @ € R? ¢(@) < oo and (3) holds if either of the following conditions is
satisfied:

(@) 0 €T and pr(0) < 0 fork =1, 2,
(b) 0§ e T NI and p2(62) < 00,

(¢) @ eI"' NIy and ¢1(01) < oo.
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FIGURE 2: Typical figures for (D1).

This lemma is related to Lemma 6.1 of [26] and proved in Appendix C. It suggests that
finding I', ' N 'y, and I" N I'y is important for ensuring that ¢ (@) is finite. These sets are not
empty by Lemma 2, and are obviously convex. Let us denote their extreme points by

9 %m0 — aro max {6;; y (61, 62) = 1}, 0*min) — arg min {6;; y (61, 62) = 1},
(01,02) (01,02)

ko — arg sup {0k; 0 € T N Ty}, 9% — arg max {6;; 0 € T N AT},
(01,62) (01,62)

where the superscripts ¢ and e stand for the convergence parameter and edge, respectively
(see Figure 2). Their meanings will be clarified in the context of the Markov additive process
A O

It is easy to see that, fork = 1, 2,

0(k,e)’ J/',{(a(k,max)) - 1’

gko —
o(k,max)’ J/k(e(k,max)) <1.

Using these points, we classify their configurations into three categories:
D1) 67 <69 and 69 < 6>,

(D2) 92 < 9.0,

(D3) U9 <929,

We have excluded the case in which 91(2,c) > Hl(l’c) and 92(1’0) > 02(2’0) because it is impossible
(see Figures 2 and 3). These categories were first introduced in [25] for double quasi-birth-
and-death processes, and shown to be useful for tail asymptotic problems.

Using this classification, we define the vector T = (11, 72) as

(el(l,c)’ ez(z,c)) if (D1) holds,
T = (51(92(2’0)),92(2’C)) if (D2) holds, @
01", E20{")) if (D3) holds,

where £, and &, are defined as

£1(62) = max{60; y (0, 62) = 1}, £,(61) = max{6; y (61, 6) = 1}.

https://doi.org/10.1239/aap/1401369699 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1401369699

374 M. KOBAYASHI AND M. MIYAZAWA

0> gmad _ g(2.)
02 (2:max) P SR
(07, & (927 = 0%
or H (1,max)
glimax) i s 0
(L,e) )
ar, LAY |
or. . - o :
ol ze T 012~ (€, (65°),05) ; or
= (1,4,(m) i
i ral 0
0 1 ! 0 ory H !
. 7o) _ g(e) _ glle)
FIGURE 3: Typical figures for (D2) and (D3).
We also define

§,(62) = min{fy; y (61, 62) = 1}, §,(61) = min{6a; y (61, 62) = 1}.
The domain D is then obtained as follows.

Theorem 1. Under conditions (i)—(iv) and the stability condition, we have
D ={0 € I'max; 0 < 7}, &)
where Tmax = {0 € R?; there exists 0 € T, 0 < 0'}. Furthermore, fork = 1,2,
T, = sup{fx > 0; ¢ () < 00}. (6)

Remark 4. Theorem 1 is more general than Theorem 3.1 of [25] because it fully identifies the
domain and relaxes the skip-free condition given in [25].

We now consider the decay rate of P({c, L) > x) as x goes to co. In some cases, we also
derive its exact asymptotic. From the domain £ obtained in Theorem 1, we can expect that
this decay rate is given by

o = sup{x > 0; xc € D}. @)

One may consider this to be immediate, claiming that the tail decay rate of a distribution on
[0, co) is obtained by the convergence parameter of its moment generating function. This claim
has been used in the literature, but it is not true (see Appendix D for a counterexample). Thus,
we do need to prove (7).

We simplify the notation o, to o for ey = (1, 0) and e; = (0, 1). Note that

o] =

7, &5(11) > 0, o — ifz, £1(r2) >0, ®)

B1, &5(1)) <0, B2, £1(m) <0,

where By is the positive solution x of y(xer) = 1 (see Figure 4).
In the next two theorems we present asymptotic results, which we prove in the next section.

Theorem 2. Under conditions (i)—(iv) and the stability condition, we have,

1
lim —logP(Ly > n, L3y =1i) = —1, i€Zy, k=12 9)
n—oon
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FIGURE 4: Typical figures for «; = 71 and o) = S (the shaded regions represent the domains).

Furthermore, if T, # ngk’max) and if the Markov additive kernel {Afzk); n > —1} is 1-arithmetic,
then we have the following asymptotics for some constant by; > 0:

liminf e*"P(Ly > n, Ly_x =i) > by, i€Z4y, k=1,2.

n—oo
In particular, for (D1) with k = 1,2, (D2) with k = 2, and (D3) with k = 1, this is refined as

lim e*"P(Ly >n, Ly_; =1i) = cii, i € Zy for some cy; > 0.
n—>oo

Remark 5. (a) In the case (D1), if 7y = ngk’max) and @ %-max) # 0%2)  then we can show that
lim e*"P(Ly > n, Ly_; =i) =0. (10)
n—>0o0

This is immediate from Remark 6(b) below. We conjecture that (10) also holds for 7y = 9,§k’max)
and @ (k-max) — g(k.e),

(b) When we apply the kernel method to the skip-free case, ¢ (z) with complex variable z (or
the corresponding generating function) has a branch point at z = 7} for 7 = Glfk’max) under
the case (D1), which is a dominant singular point of ¢ (z) (see [20]). Thus, the rightmost
point #*M2) corresponds with a branch point of the complex analysis. This is also the reason
why (10) holds because P(Ly = n, L3_; = i) has exact asymptotics of the form ne™ ™" with
c= —%,—‘7 asn — oo.

Theorem 3. Under the conditions of Theorem 2, we have, for any directional vector ¢ > 0,

1
lim —logP({c, L) > x) = —c,, (11)
X—>00 X
where we recall that o = sup{x > 0;xc € D}. Furthermore, assume that y(a.c) = 1,
yk(aee) # 1, and accr # ti for k = 1, 2. Then we have, for some positive constant b,

lim e**P((c, L) > x) = b, (12)

X—> 00

where x runs over {8n; n € Z.} if (¢, X\P)) is 8-arithmetic for some 8 > 0, while it runs over
R+ otherwise, which is equivalent to ¢ # 0 and c¢1/ca not rational.

Remark 6. (a) Since o may be less than i, the decay rate of P(L; > n) may be different
from that of P(Ly > n, L3_; = 0).
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(b) Similar to Remark 5, if oy = ngk’max) and §%m2) £ 9%.©)  then we can show that
@(@* ™)) < o6 using expression (33) below. This implies that

lim e**"P(L; > n) =0.
n—oQ

This obviously implies (10).

(c) For the jumps that are skip free, finer exact asymptotics were obtained for coordinate
directions in [20], where the kernel method discussed in Section 2.2 was partially used. One
may think to apply the same approach as in [20]. Unfortunately, this approach does not work
because of the same reason discussed in Remark 3.

We now consider how the decay rates 73 and «, are influenced by the modeling primitives.
Obviously, if y(8), y1(0), and y»(0) are increased by changing the modeling primitives, then
the open sets I', I'1, and I'> are diminished.

Lemma 5. Under the assumptions of Theorem 2, if the distributions of X7, XV, and X®
are changed to increase y (0), y1(0), and y»(0) for each fixed 0 € R?, then the decay rates T
and o, are decreased.

Here decreasing and increasing are used in the weaker sense. This convention will be used
throughout the paper. To materialize the monotone property in Lemma 5, we use the following
stochastic order for random vectors.

Definition 3. (/30].) (a) For random variables X and Y, the distribution of X is said to be less
than the distribution of Y in the convex order, denoted by X <. Y, if, for any convex function
f from R to R,

E(f (X)) = E(f(Y)),
as long as the expectations exist.

(b) For two-dimensional random vectors X and Y, if (8, X) <c, (0, Y) for all @ € R? then the
distribution of X is said to be less than the distribution of Y in the linear convex order, denoted
by X <ix Y.

For the linear convex order, Koshevoy and Mosler [22] gave several equivalent conditions
(see also [34]), such as Strassen’s characterization for the convex order which characterizes the
variability of this order (see Theorem 2.6.6 of [30]). That is, X <jcx Y if and only if there is a
random variable Uy for each @ € R? such that E(Up | (9, X)) = 0 and

0,Y) = (0, X)+ Uy. (13)

Since e* is a convex function, the following fact is immediate from Theorems 2 and 3 and
Lemma 5.

Corollary 1. If the distributions of X, XV and X® are increased in the linear convex
order; then the decay rates Ty and o, are decreased for k = 1, 2 and any direction ¢ > 0, where
the stability condition is unchanged due to (13).

This corollary shows how the decay rates are degraded by increasing the variability of the
transition jumps X, X and X @,
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4. Proofs of the theorems

The aim of this section is to prove Theorems 1, 2, and 3. Before we present these proofs, we
need two auxiliary results: another representation of the stationary distribution using a Markov
additive process, and an iteration algorithm for deriving the convergence domain D.

4.1. Occupation measure and Markov additive process

We first represent the stationary distribution using a so-called censoring. That is, the
stationary probability of each state is computed as the expected number of visiting times to
that state between the returning times to the boundary or its face. The set of these expected
numbers is called an occupation measure.

Let U be a subset of S, and let oV = inf{¢ > 1; L(¢) € U}. For this U, define the
distribution gU of the first return state and the occupation measure 7V as

¢V, )H)=PWLY)=j, oV <00 | L00) =), i,jeU,
oV—1
Y, j) =E<1(UU < 00) Z 1(L(0) = j) ‘ L(0) = i>, i,jeS\U.

=0

Let GY and HY be the matrices whose (i, j)th entries are gV (i, j) and hY (i, j), respectively.
The matrix HY may also be considered a potential kernel (see, e.g. [32, Section 2.1] for this
kernel). Note that GV is stochastic since {L(¢)} has the stationary distribution v. Let v¥ be
the stationary distribution of GV, which is uniquely determined up to a constant multiplier
by vWGY =Y. By E,u (0¥) we denote the expectation of oV with respect to vU. By the
existence of the stationary distribution, E, v (oY) is finite. Then, as discussed in Section 2 of
[29], it follows from censoring on the set U that

YY) Y p.knU k. j),  jeS\U, (14)

icU keS\U

where p(i, k) =P(L(1) =k | L(0) =1i).

We here need the distribution v¥ because U may not be a singleton. The censored process
is particularly useful when the occupation measure is simple. For example, if we choose 95
for U then 1Y (i, j) is obtained from the random walk {¥ (£)}, which is simpler than {L(£)}.

We next choose U = SoU S, for HV = {hY (i, j); i, j € S\ U}. This occupation measure
has been used to find the tail asymptotics of the marginal stationary distribution (see, e.g. [21],
[25], and [28]). For each m,n > £ > 1, we denote the Z x Z matrix whose (i, j)th entry
is hUt((m. i), (n, j)) by Hpy, where Up = {0, 1,.... £ — 1} x Zy. Since this H\\"""} = does
not depend on m > ¢, we simply denote it by H, ) forn > 0, where Hél) is the identity matrix.

For nonnegative integers m, n > 0, let

, 1
TR

rD((m, i), m +n, j))
= ZIP’(L(E) =m+n,j),m<Li() <min(L{(1),..., L1 —1)) | L) = (m,1i)).
=1

15)

Form > 1, r(l)((m, i), (m + n, j)) does not depend on m, so, for each n > 1, we denote the
matrix whose (i, j)th entry is rD(m, i), (m +n, j)) by R,(,l) for n > 1. On the other hand,
for m = 0, we denote the corresponding matrix by R(()L) forn > 1.
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For each n > 0, let v, () be the vector whose ith entry is v(n, i). Similar to (14), it follows
from censoring with respect to U = U, that

v! ”R})}}JFZ MR, a1 (16)

Using the well-known identity

o) o) —1
S HD = (1 - anmw)

n n ’
n=0

n=1

(16) can be written as

n
o =S RYHD, =B n= . a7
=1
These formulae can also be found in [28] and [29]. Thus, v, ) is given in terms of v(l) {R(l)}

and {H,El)}, expressions which will now also be useful.

We consider a Markov additive process generated from the reflecting process {L({)} by
removing the boundary transitions on So U S, and present a useful identity called the Wiener—
Hopf factorization.

Denote the Markov additive process by {Z(V(£)}. Specifically, let {A ;n > —1} be its
Markov additive kernel, that is, the (i, j)th entry of matrix A(l) is defined as

AV =PV U+ D) =m+n, )| ZVW@ = m, i), nmeZi jel.

Obviously, the right-hand side is independent of m, and

+ _ . . . . .
[A(l)]”: P(X(l)_(n»]_l))v l Z 11 .].Zl_l»
]P)(X()Z(l’l,]_l)), l=07]20,
forn > —1, where n and i, j are referred to as the level and background states, respectively.
Define matrix A (t) for ¢t > 0 by

9]
(AL O = Y0 "MAP L. >0, j € Zy,

n=—1

as long as they exist. This matrix is called a matrix generating function of the transition
kernel A, 28 Similarly, we denote the matrix generating function R,(l by R* (t) Note that
(15) is also valid for Z( (¢) instead of L(¢). Hence, Ril)(t) is well defined for the Markov
additive process {Z1(¢)}. Then, we have the Wiener—Hopf factorization

1-AP®) = - RPN -G, (18)
where Gil) (¢) is the Z x Z matrix whose (i, j)th entry is given by
¢V, ) =EBeA @1z 0% = jy 1 280) = i),

where al =inf{{ >1;Z (1)(2) < 0}. Factorization (18) goes back to [1], but ¢ is limited to a
complex number satisfying |¢| < 1 for simplicity. The present version is valid as long as A( )(t)
exists. This fact was formally proved in [29], but has often been ignored in the literature (see,
e.g. [28]), even though it is crucial to the tail asymptotic problem.
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4.2, Tteration algorithm and bounds

To prove Theorem 1, we prepare a series of lemmas. The main body of the proof will be
given in the next section. We first construct a sequence in the closure of £, denoted by D, that
converges to T defined in (4). For this, we rewrite (3) as

(1 —y0)e+(0) + (1 — v (0) i (0k)
= (Y3-1(0) — D@3 (63—1) + (20(0) — Deo(0). (19)

We expand the confirmed region of ¢(#) < oo using (3) and (19) with the help of Lemma 4.

Le tF ={0 €', NI'; 03¢ < 0} for k = 1, 2. Note that I'; O is not empty by Lemma 2.
Obv10usly, (p3_k (93 k) is finite for @ € I’ (O). Hence, by Lemma 4, 94(0) and @i (6;) are

finite for @ € F . Thus, ¢(0), ¢1(61), and ¢;(8;) are finite for 0 € F(O) U F(O) We define
o(A 0) — (O(A 0) G(A 0))b

6%0 = sup(6y; 61,62) e TV}, k=1,2.

By Lemma 2, at least one of QI(A’O) and GZ(A’O) is positive under condition (iv).

We now define 82" = (QI(A’"), QZ(A’")) forn > 1 by

0" = sup{fr; 0 € Ty N T, 634 < 63577V},

Then 84" is nondecreasing in n, and 0(&1m) < eMaX from our definition. Thus, the sequence
0> converges to a finite positive vector because 8> > 0. Denote this limit by

02 = (9(A +00) G(A OO)) Since I';y N T is a bounded convex set, we can see that

0.5 = sup(6r; 0 € TL NT, 654 <65}, k=1,2. (20)

This can be considered as a fixed-point equation, and we have the following solution.

Lemma 6. 02 = 1, and ¢() is finite for all @ < 0% for k = 1,2, where
012 = 0%, £,6"°7), 05 = ¢, 6,7, 6,7,

Proof. See Appendix E.

We need two more lemmas. Recall that ¢ € R? is called a direction vector if |c|| = 1. Let 1
be the vector of 1s. The dimension of 1 is either 2 or oo; the distinction will be clear from the
context.

Lemma 7. Let A(a) = {x € R*;0 < x < a) fora > 1. Then, under conditions (i), (ii), and
(iii), we have, for any direction vector ¢ > 0 and any a > 1,

1
liminf — logP(L € xc + A(a)) = —sup{(f, c); y(0) < 1}; (21)
X—00 X

therefore, () is infinite for 0 & T max, where Tmay is the closure of T pax.

Remark 7. Lemma 7 is valid without condition (iv). Hence, it can be used for E(X (+))
IE(X2 ) = 0. In this case, the right-hand side of (21) is 0, so the stationary distribution v
cannot have a light tail.
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The first part of Lemma 7 is obtained in Theorem 3.1 of [5] (see also Theorem 1.6 therein).
However, these theorems use Theorem 1.2 therein, whose proof is largely omitted for the lower
bound. We therefore give a self-contained proof of Lemma 7 in Appendix F. We need one
more lemma.

Lemma 8. Foreachk =1, 2,
1
liminf —logP(Ly > n, Ly =i) > -0\, i€Zy, (22)
n—oo n

and, therefore, 0y > Glgk’c) implies that @y (6x) = 00, so p(0) = 0o

Proof. By symmetry, it is sufficient to prove the lemma for k = 1. From (17), we have

o0 o0
. 1 1 1 .
P(Ly=n Ly=i)=Y [v\]; = [v(g 'R S HY >] . ieZy.
i

l=n t=n—1
Hence, (22) follows from Theorem 4.1 of [21].
We are now ready to prove Theorem 1.

4.3. Proof of Theorem 1

We first prove that {# € Tmax; @ < T} C D. Since @ € Iy« implies the existence of @' € T
such that 8’ > 8, it is sufficient to prove that

'y=0el’;0 <t} CD.

For cases (D2) and (D3), this 'y is a subset of {§ € R%; 0 < §%°}and {# € R?; 0 < (1%},
respectively, on which ¢(#) is finite by Lemma 6. Hence, we only need to consider the case
(D1). In this case, @ () < oo for 6 < 9 ) t, k = 1,2, and, therefore, ¢(f) < oo for
0 € I' by Lemma 4. Thus, we have I'; C i) ObViously, this also implies that

o = 6" < sup{6 = 0; g (k) < oo} (23)

We now prove that D C {f# € ['ynax; @ < t}. Because of the symmetric roles of 8; and 6,
it is sufficient to prove that either 6y > 71 or y(0) > 1 with @ & I'n,x implies that ¢(0) =
The latter is immediate from Lemma 7, and so we only need to prove that

>t = @101 =00, (24)

which together with (23) verifies (6). We prove (24) for the cases (D1), (D2), and (D3)
separately.

We first consider the case in which (D1) or (D3) holds. In this case, 01(1’00) = 91(1’6), and,
therefore, Lemma 8 verifies the claim.

We now consider the case in which (D2) holds. In this case, 9(1 =& 0, (Z’C)) and G(Z’C)
0(2 Then, apply1n§ the same argument for 0y, we have <p(0) = oo and ¢,(62) = oo for
0 9(2 OO). If 91 9(1 ) then Lemma 8 again verifies (24). Hence, we assume that
0(1 00) 9(1 C)

In what follows we consider the stationary equation (3) for 6 € (0, 9(1 OO)) Let 6, =
E (61). Since ¢(0) < oo for this 0, (3) is valid, and yields

(I = y1(01,,01))¢1(61)
= (12061, §,(01)) — De2(§,(01)) + (0 (01, §,(01)) — Dgo(0). (25)
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We increase 6] to 9( ) in this equation. Note that we can find &g > O suchthat y; (6, § 61)) #

Land y5(01.&,(61)) # 1 for 6y € [0 °” — e0.6{"“]. Since &,(0]°”) = 65> and & (0)

(l,00)

is increasing for 6 € (6, 0, Gl(l’c)), we have, for any ¢ € (0, &g),

lim — ¢(§,(61) = o0
6116{" +e

This and (25) verify (24). This completes the proof.
4.4. Proof of Theorem 2

The proof of Theorem 2 is immediate from the following two lemmas that provide suitable
bounds for the tail probabilities.

Lemma 9. Under the assumptions of Theorem 1,

1
llmsup—logIP’(Lk>n Ly =1i) < —1, i€Zy, k=1,2, (26)

n—oo

and, for any directional vector ¢ > 0,

1
limsup — log P({c, L) > x) < —sup{u > 0; uc € D}. 27
x—oo X
Proof. Equation (26) is immediate from (5) and (6). To see (27), we use the Markov
inequality
e“P((e, L) > x) < E(eeL)y, u>0,n=0,1,....

Taking the logarithm of both sides, dividing by x > 0, and letting x — oo yields (27).

Lemma 10. Under the assumptions of Theorem 1,

liminfllogIP’(Ll >n, Ly =1i) > —1, i €Z4. (28)
n—-oo n
Furthermore, assume that the Markov additive kernel {An in > —1} is 1-arithmetic concern-
ing the additive component. If either (DI) with T) = 9 (L.o) Ql(l’max) or (D3) holds then, for
some positive vector b,
lim e""v{) = b, (29)

n—oo

while, if (D2) with T1 < 91(1’0) holds then, for some constants b’ > 0,

liminfe™"v(" > b'x, (30)

n—od
where the limit is taken componentwise and x is the left-invariant vector of Afk]) (11).

Proof. If 11 = Gfl’max) then we obviously have (28) by Lemma 7. Otherwise, (28) follows
from (29) and (30) or their §-arithmetic versions for each positive integer §. Thus, it remains
to prove (29) and (30).

We first consider the case where either (D1) with 91(1 9 9(1 M) (e (D3) holds. In this case,
we have 1] = 9(1 ® 9(1 ©) and, therefore, 13 < 0(1 n;“x) by the definition of 71 given in (4).
By Lemma 4.2 of [21], we already know that A (691 ) is positive recurrent Furthermore,

@2(62) < oo for B, < 1 and y; (0(1 e)) = 1. Hence, using the notation vn ) of Section 2, we
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can verify all the conditions of Theorem 4.1 of [28] since {Af,k)} is l-arithmetic. Thus, we
obtain (29).

We now consider the case where (D2) with 7] < Gl(l’c) holds. We use the same idea applied
to the double quasi-birth-and-death process, a special case of the double M/G/1-type process,
in [25] (see Proposition 3.1 therein and Lemma 2.2.1 of [24]). However, the skip-free condition
for the reflecting process is crucial to the arguments in [24] and [25], and, therefore we cannot
directly use these arguments since the skip-free condition is not satisfied for the present model.
Thus, we need some more ideas.

Similar to the case (D3) for k = 1, (D2) implies that 75 = 9( and, for a positive constant
b(z) foreach ¢ € Z,

lim e v(¢,i) = b,

i—00
Furthermore, let x; be the ith entry of the left-invariant vector x of Afkl) (e™), where 1o = Sl(rl).
Then it follows from Theorem A.1 and (A.11) of [21] that the complex variable genErating
function x4 (z) = Z?io zfxs hasa simple pole at z = 1> and no other pole on |z| = 1 because
of the 1-arithmetic condition; therefore, for some positive constant cg,

lim e x; = co. (31)
i—00
Hence, we have
lim v{"()x ! = = co lim e (L, i) = cobl?, ey

i—00
Recall the Markov additive process {Z " (£)} introduced in Section 4.1. We now change the
measure of this process using 71 and x in such a way that the new kernel is defined as

AP =A@ AN Ay nz

where A, is the diagonal matrix whose ith diagonal entry is x;. Obviously, A(l)(i Jj)isa
nondefective Markov additive kernel. We denote the Markov additive process with this kernel
by (ZV(0)} = (2] (0. 23" ©)). Let

which is the transition probability matrix of the background process {Zél) (n)}. By LemmaA.2
of [21], AM must be transient because T < Ol(l’c) = 91(1’6). Under this change of measure,

R(l) and H, M are similarly changed to R(l) and I?,El) . Namely,
k(l) — A_l(etlnR(l))TAx, n z 1, FI(I) — A—l(eflnH(l))TA s n 2 0'

It is worth noting that R') = h R(l) is stochastic because x is also the left-invariant
vector of R(l)(efl) by the W1ener—H0pf factorization (18). Forn = 1,2, ..., let 0’1(1)(0) =0
and

sPm) =infle=6"m—1; 200w - ZP6E - 1) = 1.

Then we can see, from a version of (18) for {An}, that R,(l ) is the transition probability matrix
at the first ascending ladder epoch, that is, its (i, j)th entry is given by

iVG ) =P W) - 200 =0, 0GPy =1 2P0 =h,  nz1.
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Since R(l) is stochastic, this implies that 7 1 (a )(n)) drifts to oo as n — oo with probability 1.
Let h( (i, j) be the (i, j)th entry of H(]) Since

n o0
WG, ) =100= 001+ Y Y 7 G kY k. ),

=1 k=0

we have, forn > 1,

RV, ) =Y P61 @) - 200 =n, V6P @) = j 1 25 ©0) =)
=1

—P(U{Z“%&f”(m) 200 =n (2" 6" ) = }‘Z“)m) )

(=1

where the second equality follows because Z gl) (61(1)(6)) is increasing in £. Thus, ﬁf,l)(i ,Jj)is
obtained as the solution of the Markov renewal equation, which is uniformly bounded by 1.
However, we cannot apply the standard Markov renewal theorem because its background kernel
AW is transient. Nevertheless, we can show that, for some constant a > 0,

1
lim AV1=-1. (32)

n— 00 a

Intuitively, this may be obvious because both entries of ZV) (1) go to oo as n — oo and they
behave like a random walk asymptotically when they become large. However, we need to
prove (32). Since this proof is quite technical, we defer it to Appendix G.

It follows from (17) using the vector row y = {e_fzg; £ > 0} that

eV > vV A A H AT A = et (A BV AT o)) T
Hence, applying the bounded convergence theorem, (31), and (32), we obtain (30). This
completes the proof.

Proof of Theorem 2. Because of symmetry, we need only prove the k = 1 case. The rough
asymptotic (9) is immediate from Lemmas 9 and 10. The remaining part is also immediate
from the second part of Lemma 10.

4.5. Proof of Theorem 3

We first consider where the ray x¢ with x > 0 intersects O in the (61, 6»)-plane. By
Theorem 1, there are three possibilities.

(a) It intersects the vertical line 61 = ;.
(b) It intersects the horizontal line 6, = 1.
(c) Itintersects d['max = the boundary of 'nmax (see Figure 5).

Possibilities (a) and (b) are symmetric, so we only need to consider possibilities (a) and (c).
We first consider possibility (a), for which

2 2 1
A = (f1)2+(—n) = —1,
C1l C1l
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FIGURE 5: Typical figures for possibility (c).

because (¢, ¢) = 1. On the other hand, it follows from (28) that

v

1 1 1
liminf — logP({c, L) > x) > — liminf a 10g]P’<L1 > —x, Ly = 0)
X—00 X C1l

cl Xx—>o0 x

1
> ——T].
1

Hence, combining this with the upper bound (27) of Lemma 9, we have (11).
We now consider possibility (c), for which (11) is immediate from Lemmas 7 and 9.

It remains to prove (12). For this, we consider a singular point of the analytic function ¢(zc)
obtained from the moment generating function of (¢, L). From (3),

2

(1 —y)e(ze) = Y (i (ze) — ¥ (ze)gr(cr2) + (no(ze) — ¥ (ze))po(0)  (33)
k=1

for (Re z)c € . From the assumptions on «,, we first observe that the right-hand side of (33)
is analytic for Re z <= min(ry/c1, 172/c2), which is greater than «, (see Figure 5).

Let us consider the root of equation 1 — y(z¢) = 0 for Re z = o, in the complex number
field. We first note that the root z = «, is simple because y (¢¢) is a convex function of r € R
and y(0) = 1. If (¢, XP)) is 8-arithmetic for some § > 0 then (¢, X))/ is integer valued
and 1-arithmetic, and, therefore, the roots are of the form that o, + 27ik/$ for k € Z, where
i=+/—1. Ifthere isno 8§ > 0 for (¢, XV)) to be §-arithmetic then we can see that there is no
root other than z = «, because y (z) is the function of e*.

We now consider the two possibilities separately. First assume that (¢, X)) is §-arithmetic
for some integer 8 > 0. Since (¢, X(*))/§ is integer valued, we consider generating functions
instead of moment generating functions. That is, we change the complex variable z to w = e’?
in ¢(zc), ¢r(ckz), ¥ (zc), and yx(zc), respectively denoted by f(w), fr(w), g(w), and g (w),
which are generating functions. Since the analytic properties of the original functions are
transformed to these generating functions, we can see that f(w) is analytic for |w| < e, and
there is no singular point on the circle |w| = ¥ except for w = e’®. Since the circle in the
complex plane is compact and g(w) = 1 has a simple root at w = e’®, we can analytically
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expand f(w) given by
| 2
fw) = T—ew) <Z(gk(w) — gw)) fr(w) + (go(we) — g(w))wo(0)>
k=1

to the region {w € C; |w| < e%* + ¢} for some & > 0 except for w = e’*. Since & must
be singular at w = e’ and 1 — g(w) = O has a single root there, f(w) has a simple pole at
w = e’ Hence, we can apply the asymptotic inversion technique for a generating function
of a 1-arithmetic distribution (see, e.g. Theorem VL5 of [14]). Thus, we have (12).

We now assume that (¢, X)) is not §-arithmetic for any 6 > 0. In this case, we return to
the moment generating function. We already observed that y(z¢) = 1 has no other root for
Re z = «, than z = o, in the complex number field. Moreover, the circle {e* € C; Re z = «,}
is a compact set and 1 = |y (z¢)| < y(Re ze). Hence, for any sequence of complex numbers
zy forn = 1,2, ... such that y(z,¢) = 1, we have Re z,, > «,, and Re z,, cannot converge to
ac as n — oo. If it was a converging sequence then {e** € C;n = 1,2, ...} has a converging
subsequence, and, therefore, y (z¢) = 1forall z € Cby the uniqueness of the analytic extension,
which is a contradiction. This proves that 1 — y(z¢) = 0 has a single root at z = «, in the
complex region {z € C; 0 < Rez < a, + ¢} for some ¢ > 0. Hence, ¢(zc) is analytically
extendable for Re z < «, + ¢ except at the simple pole at z = «,. To this analytic function, we
apply Lemma 6.2 of [7], which is an adaptation of the asymptotic inversion due to Doetsch [8].
This yields (12).

5. Application to queueing networks

In this section we consider a two-node Markovian network with batch arrivals. This network
generalizes the Jackson network so that each node may have batch arrivals at once. By applying
Theorem 3, itis easy to compute the decay rates at least numerically not only for this modification
but also for the further modification in which the service rates are changed when either one of
the nodes is empty because they can be formulated as the double M/G/1-type process. Note
that special cases of these models have been studied in the literature (see, e.g. [15], [17], [18],
[19], and [20]), where the exact asymptotics have been studied. In Theorem 3 we only examine
the rough asymptotics.

The aim of this section is twofold. First, we consider the influence of the variability of the
batch size distributions on the decay rates. Second, we examine whether the upper bound in [27]
for the stationary distribution is tight for the decay rate, assuming that there is no simultaneous
arrival as in [27]. This tightness has never been considered.

5.1. Two-node Markovian network with batch arrivals

Consider a continuous-time Markovian network with two nodes, numbered 1 and 2. We
assume the following arrivals and service. Batches of customers arrive either at one of the
two nodes or simultaneously at both nodes from outside, which we describe by a compound
Poisson process with rate A > 0 and joint batch size distribution F. The service times at
node k (k = 1, 2) are independent and have common exponential distribution with mean ,u,,?l,
which are also independent of the batch arrivals. Because of this exponential assumption, the
service discipline is irrelevant as long as servers are busy. A customer who completes service
at node 1 moves to node 2 with probability pis or leaves the network with probability 1 — py».
Similarly, a departing customer from node 2 goes to node 1 with probability p,; or outside with
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probability 1 — p»;. To exclude trivial cases, we assume that
(Al) 0<pip<land0 < py < 1.

We assume without loss of generality that A + | + pup = 1.
Let B = (Bj, By) be a random vector subject to the joint batch size distribution F, and
denote its moment generating function by F'. We assume that

(A2) for each nonzero 6§ > 0, sup{t > 0; ﬁ(tO) < 00} = oo.

Thus, F has light tails. The simplest model of this type is two parallel queues with two
simultaneous arrivals (no batch arrival at each node), whose exact tail asymptotics were studied
in [15]. This result was recently generalized to a network without batch arrival in [20]. The
present batch arrival network is more general than these models, but we can only derive the
decay rates in some cases.

Let L, be the queue length of node k at time #. Clearly, (L1, Ls2) is a continuous-time
Markov chain. We assume the intuitive stability condition,

_ Ab1 +b2p21)

A2+ bip12)
1= — <1, o)
(I = pr2p20)ut

e VT (34)
(1 = pr2p21)u2

where by = E(By). One can verify that this condition is identical to the stability condition
given in Lemma 1 using fact that
1
(m, m?) = p2(A(b1 + bap21) — pi1(1 — prap21)),
2
(m,mP) = 11 (L(ba + b1 p12) — ta(l = prapan)).
Thus, (34) is indeed the stability condition for (L1, L;>) to have the stationary distribution,
which is denoted by v.

By the well-known uniformization, we reformulate the continuous-time Markov chain
{(L¢1, Lyp); t > 0} as adiscrete-time Markov chain with the same stationary distribution v. This
discrete-time Markov chain is a double M/G/1-type process, denoted by {(L1(£), L2(¥)); £ =
0,1,...}.

This queueing network is more general than the model studied in [27] in the sense that
simultaneous arrivals at both nodes may occur. If there is no simultaneous arrival at both nodes
then the model becomes a special case of the network in [27] because batch departures are not
allowed. We will consider this special case in Section 5.3 when examining the quality of the
upper bound in [27].

It is known that batch arrivals and/or simultaneous arrivals make it very difficult to obtain the
stationary distribution, while it is straightforward if there is no such arrival. The latter network
is the Jackson network, which has the stationary distribution of a product form as is well known.

5.2. Influence of batch size distributions

For the double M/G/1-type process for the batch arrival network, we compute y (f) and
k(@) fork =1, 2:

Y (@) = AF0) + e (1 = p1a + p12e®) + uae (1 — pay + pare®),  (35)
Y1(0) = AF @) + e (1 — pia + p1oe®”) + o, (36)
y2(8) = AF0) + 1 + pae (1 — par + pare™). (37)
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Hence, if the distribution of B is increased in the linear convex order then y (8), (@), and
¥2(0) are increased for each fixed # € R? as long as they exist. Corollary 1 then yields the
following result.

Proposition 1. For the batch arrival Markovian network satisfying conditions (Al), (A2), and
(34), if the distribution of B is increased in the linear convex order then the decay rates 11, T2
in Theorem 2, and o in Theorem 3 are decreased.

To obtain the decay rates, we need to find 0*©) and *-Ma%) for k = 1, 2, which are the roots
of the equations y (#) = yx(#) = 1 and y (@) = 1 satisfying db;/d63_; = 0, respectively. We
note that y(0) = y1(0) = 1 is equivalent to y1(#) = 1 and

e® =1— pay + pare”,

which follows from y (#) = y1(0). Thus, the numerical values of the decay rates are easily
computed using, e.g. MATHEMATICA®, but their analytical expressions are difficult to obtain
except in the skip-free case. The model studied by Flatto and Hahn [15] is the simplest skip-free
case. Theorems 2 and 3 are fully compatible with their asymptotic results.

5.3. Stochastic upper bound of Miyazawa and Taylor

We consider the stochastic upper bound for the stationary distribution v, obtained by
Miyazawa and Taylor [27]. Since their model does not allow for simultaneous arrival, we
assume that either B or B is 0. Thus, the joint batch size distribution F' can be written as

F(x1,x2) = F(x1,0) + F(0, x2), x1,x2 > 0.

Let Fi(x) = F(x,0)/F(00,0) and F2(x) = F(0,x)/F(0, 00), and let .1 = AF (o0, 0) and
Ay = AF(0,00). For computational convenience, we switch to generating functions from
moment generating functions. Let Fj be the generating functions of F. We present the upper
bound of [27] using our notation.

Proposition 2. (Corollary 3.2 and Theorem 4.1 of [27].) If (Al), (A2), and the stability
condition (34) hold, then the equations

M (Fi(s) = 1)+ pasy ' (U= s1) = maparsy ' (1= s1), (38)
Ma(Fa(s2) = D)+ pasy (1= 2) = pprasy (1= s2) (39)
have solutions (s1, s3) > 0. Let (hy, ho) be the maximal solution. Then
P(L > n) <h"'hy™,  n=(n;,n2) >0,
where L is a random vector subject to the stationary distribution v.
To compare A with the decay rate, we let
n, = log hg, k=1,2.

By Theorem 3 and Proposition 2, we have n; < oy, where we recall that oy = o, .
Let s; = e in (35), (36), and (37). Then y(#), y1(6), and y»(#) can be written as

MFi(s1) + pasy (L= pra + p1as2) + A Fa(s2) + pasy '(1— par + pais)) = 1, (40)
M Fi(s1) + Mlel(l — p12+ p1252) + Ao Fals2) + o = 1, 41
MFi(s1) + i1 + 2 Fa(s2) + pasy ' (1= po1 + parsy) = 1.
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Note that (38) and (39) imply (40). That is, (h1, hy) satisfies (40) for variable (s1, s2). In
other words, the point (71, 172) is on the curve 9T".

The question to be answered is: when is (11, 172) identical to (1, a2)? That is, when does the
upper bounds agree with the decay rates of the marginal distributions in coordinate directions?
We provide the answer in the following theorem.

Theorem 4. Under (Al), (A2), and the stability condition (34), the decay rate ny = log ty of
the stochastic upper bound in [27] is identical to the decay rate ay for k = 1,2 if and only if
both nodes have no batch arrival.

Proof. The sufficiency of the single arrivals is immediate from the well-known product-
form solution for the Jackson network. Thus, we only need to prove the necessity. Assume that
1, M) = (o1, @2). As we already observed, this implies that (¢, «p) € dI'. Hence, from
Theorem 3 and (8), we can see that neither ; = 1 nor oy = B, is possible because oy = Bi
implies that ar_; = 0, where S is defined after (8). Furthermore, we cannot simultaneously

have o) = Ql(l’max) and o = Qz(z’max) because (o[, a2) € 9. Hence, we must have either
o] = 91(1'6) or oy = 92(2’6).
Suppose that o = 91(1’8), which implies that n; = 91(1’6) by our assumption. For conve-

nience, we introduce the notation

(k.e)
159 =l k=12

Then ) = 91(1’8) is equivalent to i = tl(l’e), and (tl(l’e), tz(l’e)) is the solution of (40) and (41)
for variable (s1, s2). Thus, it follows from (40) and (41) that
5" =1~ por + pur"®. (42)

Substituting (42) into (41) with (s1, s2) = ¢\, £8"°9), we have

MFL ) = 1) 4+ 2 (Fa(1 = par + paut™) = 1) + (1 = prapan) (@)™ = 1) = 0.

Thus, tl(l’e) is obtained as the unique positive solution of this equation. Since h| = tl(l’e), this
implies that

M (Fi(hy) = 1)+ A (Fa(1 = par + parhy) — D) + py (1 — 17121721)(}11_1 -1)=0. 43
From (38) with (s1, s3) = (h1, h2) and (43), we have
M Fr(1 = pat + paihi) = pipraparhy (1= hy) — waparhs ' (1 — hy).

This yields

21:"2(1 — p21 + paihy) — 1
(1 = p21 + pa1hy) — 1

On the other hand, it follows from (39) with (s1, s3) = (h1, h2) that

A

= wohy' — pipihy!.

Fy(hy) — 1 _ _
A————— = Mzhzl — n1p1zh) L
hy — 1

Hence, we must have

F(1 — po1 + parhy) — 1 _ Fa(hy) — 1
(I = p21 + p21h1) — 1 hy—1 °
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Since 1:"2(s) is a strictly increasing convex function, this equation holds only when either
F>(s) = s, which is equivalent to no batch arrivals at node 2, or

hy =1— pa1 + par1hy. (44)

Suppose that node 2 has batch arrivals. Then (44) holds and, therefore, (42) implies that
hy = tz(l’e). This is equivalent to (11, 72) = 01-©) . Hence, the assumption that (11, n2) =

(or1, a2) implies that we must have the case (DZ),~ which in turn implies that i, = tél ) — tz(z’e).
Hence, by the same arguments, we have either F(s) = s or
hy =1—p2+ pr2ha. (45)

Howeyver, if~ both of (44) and (45) hold, then &y = hy = 1, which is impossible. Hence, we
must have F(s) = s, that is, node 1 has no batch arrivals.
Applying Fi(h1) = hy to (41) with (s1, s2) = (h1, h2) and using the fact that 1 > 1, we
have
Mlhf] =X +M2P21h£]. (46)

On the other hand, from (39) with (s, s2) = (h1, h2) and (44), we have

A (Fa(ha) — 1) = i piahy (1 = ho) — pohy ' (1 — ho)
= (1 — ha) (1] p1a — ahy ")
= (1 — h2)((h1 + p2parhy Dpi2 — wahy b,

where the last equality is obtained by substituting (46). Rearranging terms in this equation and
recalling that pp = (A1 + A2p12)/((1 — p12p21)i1), we have

A (Fa(ha) — ha) = (1 — ha) (A2 + A1 p12) — (1 = par pra)pahy )
= (1 —h)(1 = parpi)pa(ps — hy'). 47)

Since this p; is identical to the geometric decay rate of the Jackson network with single arrivals
at both nodes, we obviously have p, < h, I Thus, the right-hand side of (47) is not positive,
but its left-hand side must be positive because node 2 has batch arrivals, which implies that
Fz (hy) — ho > 0. This is a contradiction, and node 2 cannot have batch arrivals. We therefore
conclude that both nodes do not have batch arrivals. By symmetry, we have the same conclusion
for oy = 02(2’6) . This completes the proof.

Theorem 4 shows that the stochastic bound in [27] cannot be tight even for the decay rates.
However, this may not exclude the case where one of the upper bounds is tight. In our proof, the
tightness leads to a contradiction if either node 2 has batch arrivals or (D2) holds. This suggests
that, if node 2 has no batch arrivals and if (D2) does not hold, then node 1 with 1 = o] may
have batch arrivals. The following corollary confirms this observation.

Corollary 2. Under the same assumptions of Theorem 4, n1 = o« holds if there is no batch
arrival at node 2 and either (D1) with (V™) & T\ or (D3) holds. These conditions are also
necessary for n1 = oy if node 1 has batch arrivals. Similarly, n, = ay holds if and only if
there is no batch arrival at node 1 and either (D1) with 02-max) =4 T2 or (D2) holds. These
conditions are also necessary if node 2 has batch arrivals.
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Proof. By symmetry, we only need to prove the first two claims. If there is no batch arrival
at node 2 then (h1, hy) is obtained as the solution of (38) and (39) with F>(s3) = s, that is,

M(Fi(s1) — 1) + pasy N1 = k1) = paparsy (1= s1), (48)
Mzsz_l =AM+ M1P12S1_1~ 49)

Substituting (49) into (48) implies that
M(Fi(sD) — 1) = aapan (1= s1) + pi(1 = prapan)(1 = sp)sp ' =0,

On the other hand, this equation also follows from (40), (41), and the single arrivals at node 2;
therefore, we have h| = tl(l’e), or, equivalently, n; = 0, ') Hence, n1 = o1 holds if either
(D1) with (™) & Ty or (D3) holds because these conditions imply that o = 91(1’6). This
proves the first claim. To prove the necessity, we note that n; = o implies that o] = 91(1’6).
Assume that node 1 has batch arrivals. Then at node 2 it is not possible to have batch arrivals or
for (D2) to hold, as shown in the proof of Theorem 4. Hence, it is required that node 2 has no
batch arrivals and (D2) does not hold. The latter together with a1 = 91(1’e) implies that either
(D1) with (™) & Ty or (D3) holds. Thus, the second claim is proved.

6. Concluding remarks

In this paper we studied the tail decay asymptotics of the marginal stationary distributions
for an arbitrary direction under conditions (i)—(iv) and the stability condition. Among these
conditions, (i) is the most restrictive for applications. For example, it excludes a priority queue
with two classes of customer. However, it can be relaxed as remarked in Section 7 of [25].
Hence, (i) is not a crucial restriction. As we noted, condition (iii) can also be relaxed to (iii") for
obtaining the decay rate. Thus, the rough tail asymptotics can be obtained under the minimum
requisites.

What we have not studied in this paper is other types of asymptotic behaviors of the stationary
distribution. In particular, we have not fully studied exact asymptotics. We have recently studied
this problem for the skip-free reflecting random walk in [20]. For the unbounded jump case,
this is a challenging problem. We hope that the convergence domain obtained in this paper
will be helpful for the kernel method, as it proved to be in [20]. (Additional note) There are
crucial errors in references [18] and [19], and an erratum has been announced in (2014) Letter
to editors, Queueing Systems 76, 105-107.

Appendix A. Proof of Lemma 2
We first claim that, for each k = 1, 2, there is a @ € I" N [’y such that 6; > 0 if and only if

0,my <0, (®,m®) <0, and 6 >0. (50)
Because of symmetry, we only prove this for k = 1. Define the functions f and f; as
F) =EEOX™), fia) =EEOX), ueR,
as long as f(u) is finite for each fixed # € R. Obviously, by condition (iii),

E(0, X)) = o, E(X\ ") + 6EXST)
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exists and is finite for any # € R. Choose a # € R such that ; > 0 and f(1), f1(1) < oo.
This @ exists by (iii). Since f(0) = 1 and f(u) is convex in u,

0, m)y =E(8, X)) = £'(0) <0 (51)

is necessary and sufficient for f(u#p) < 1 for some ug > 0, which is equivalent to upf € I'
and ugf; > 0. Let @' = upf. Then (51) is equivalent to (', m) < 0. Using this §’, we apply
the same arguments to function f; and can see that (§’, m1) < 0 holds if and only if there is
auy > Osuchthat 10’ € I'y and u16; > 0. This implies that min(1, u1)8’ € I' N Ty since I'
and I'y are convex sets. Thus, the claim is proved.

We now show that (50) for k = 1 follows from either stability condition (I), (II), or (IIT). We
first assume that (I) holds. Since m( ) > 0, we consider the possibility that ngl = 0. In this
case, m1 < 0 by the first 1nequa11ty in(I) and my < 0. Hence, I'y = {0 € R~; ¢1(0) < 1} is
the region between the two straight lines 6 = 0 and 0; = a for some a > 0. Since I' is not
empty by (iii), we must have (50) for some 6 such that 8; > 0 and 6, < 0. Assume now that

m$"” > 0. Set 8 = (61, 6) with

(e))
1) —m;’ =g, my >0,
91 =m,’, 92 =
2 —&, m(ll) <0,
where ¢ > 0 is chosen so that (m, mj_)) —emy < 0and mél)ml — emy < 0, which is possible

by (I) and m; < 0. Note that 8; > 0 and 6> < O in this definition. Then, we have
0, m)y =mm; — (P +e)1m" = 0) + el(m‘” < 0)my

= ((m,m'"y —em)1mY > 0) + " my — ema)1(m" < 0)
<0,

0, mV)y =mPmY — (" +)10n" = 0) + e10n!"” < 0))ml"

= mg)mll)l(m(l) <0) — smg)
< 0.

Thus, we have (50) for k = 1.
Let us assume that (II) holds. We consider the possibility that m; = 0. In this case, we set
0 = (61, 62) with
91=—In2—8, 9228

where ¢ > 0 is chosen so that —my — ¢ > 0 and (m, mj})) s(mﬁl) — mg)) < 0, which is

possible by (II). In this case, 01, 8, > 0. Then, we have
0, m) = —(ma+e)my +emy =emy <0,

(O,m(l)) (m2+£)m(1) +£m§1) (m, mf)) e(m (1) m(zl)) < 0.

Thus, we can assume that m| > 0. We choose ¢ > 0 such that (m, mi)) +emq < 0, which is

possible by (II), and set
0 = mgl) + &, 6y = —mgl).

Then 6; > 0 and 6, > 0 since mé )

> 0 and m(l) < 0 by (II). Hence, we have
(0, m) = (m(l) +e)my — mg )mz = (m, mj_)) +em; <0,

0, mVy = (m(l) + z~:)m1 - mil)mgl) = smil) < 0.
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Finally, assume that (III) holds. In this case, if mg) = 0 then m(ll) < 0, and, therefore, I'}
is the region between 81 = 0 and 67 = b for some b > 0. Since m; < 0 and my > 0, we can
easily see that (50) holds for 6; > 0 and 6, < 0. Thus, we can assume that mgl) > 0, and,
therefore, we can choose ¢ > 0 such that

(1

smgl) +m, 'm; <0,
and set @ = (¢, m). Then9; > 0,6, < 0, and
(@,m) =emy +mmy <0, (6, m(l)) = 8m(ll) + mlmgl) < 0.

Thus, we have shown (50) for k = 1. Furthermore, 6, < 0 for (I) and (III). By symmetric
arguments, we obtain (50) for k = 2, and 8; < 0 for (I) and (I). Thus, either one of the stability
conditions of Lemma 1 implies (50). The converse is immediate from (50) and the observation
presented just before this lemma.

Appendix B. Proof of Lemma 3

Obviously, if either ¢ or ¢, vanishes then K, is arithmetic. Hence, we assume that ¢; # 0
and ¢z # 0. If ¢y /c; is rational, we obviously see that K, is arithmetic. Thus, we only need
to prove that K, is asymptotically dense at oo if ¢1/c; is irrational. For this, we combine the
ideas which were used in the proofs of Lemma 2 and the corollary in Section V.4a of [13].

Assume that c1/c is irrational and that ¢; < c¢;. The latter assumption holds without loss
of generality because the roles of ¢; and ¢, are symmetric. For each positive integer n, let

A(n) = {cim1 — coma; 0 < cymy — comp < ¢, my < n, my,my € Z4}.

Then the number of elements of A(n) is strictly increased as n is increased because of the
irrationality. Hence, for each ¢ > 0, we can find a positive integer n such that there exist
u,u’ € A(n) such that [u — u’| < & because A(n) is a subset of the interval [0, c2]. Since we
can find my, ma, m\, m5 such that my > m\, u = cymy — coma, and u’ = cym', — com), we
have

le1(my —m}) — ca(my —mb)| = u —u'| <.

Since m; > m/1 we obviously require that m, > m’2 Hence, setting a = c(my — m’z), for
each x > a, we have |x — y| < ¢ forsome y € K.
Appendix C. The proof of Lemma 4

‘We only prove this lemma when condition (a) is satisfied because the other cases are similarly
proved. We immediately have (3) if ¢4 () < oo. To prove this finiteness, we apply truncation
arguments for (2). Foreachn = 1,2, .., let

Su(x) = min(x, n), xeR.
If x < nthen f,(x+y) < x+y = f,(x)+y. Otherwise, if x > nthen f,(x+y) < n = f,(x).

Hence, for any x > O and y € R,

s xX=<n
Fx ) < i)+ 170
0, X > n.
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From (2) we have

(0.L) Z (0. L)+ (0. X I(LesH+ Y (0. X)L e Sp.
ke{0,1,2}

Hence, we have, using the independence of L, X@ X and X®,
E(en(0L)y < B @LD (L ¢ S, (0, L) < n)Ee/(@-XD)
+ E@"C DL es,, 0, L) >n)

+ Y EEOIIL € S, (0. L) < n)EeH X))
kef{0,1,2}

+ Y EEOPIL e s, (6.L) > n).
kef{0,1,2}

Rewriting the left-hand side as

E(ef,,((o,L))l(L €S+ Z ]E(efn((o,L))l(L € S,
ke{0,1,2}

we have
(1 - B X EEeh LD (L € S, (0. L) < n))

< 3 EEMOXD) _DEENOIDIL € Sy, (8, L) <n).
ke{0,1,2)

Let n go to oo for this inequality. Then the monotone convergence theorem and the finiteness
of ¢1(0) and ¢ (0) yield

0<0—-y@)es(0) < Z Yk (@) — D (6r) + (v0(0) — Dgo(0),
ke(l,2)

since @ € I' and f;,(x) is nondecreasing in x. Since the right-hand side of this inequality is
finite and 1 — y (@) > 0, we must have ¢4 () < co.

Appendix D. Convergence parameter and decay rate

Let us consider a nonnegative integer-valued random variable Z with a light tail. Let
a* = sup{a > 0; Eexp(aZ) < oo}. (52)
By the light tail condition, «* > 0. We give the example that
lim x 'logP(Z > x) = —a*
xX—>00

is not true. One can easily see that

1
lim sup — log P(Z > x) = —a™.
x—oo X
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Hence, the problem is the limit infimum. Define the distribution function F of arandom variable
Z by

Foo) 1, x =<1,
X) = *An
e 92 m=l <2 p=1,...,

’

where F(x) = 1 — F(x). Then,
lim L1o FQ2") = lim L(—of“z'l) = —a*
n—o0 2N g n—o00 2N ’

(—a*2" Ty = —20*.

. 1 = .
lim m IOg F(2n + 1) = nhm

n—oo —o0 2 4 ]

Thus, (52) holds, but we have

1 1
liminf — logP(Z > x) = —2a™ < —a™® = limsup — log P(Z > x).
X—00 X x>0 X
The distribution function F (x) is a little tricky because its increasing points are sparse as x goes

to co. However, it is not very difficult to make a small change for it to increase at all positive
integers. Similar examples are obtained in the literature (see, e.g. Section 2.3 of [31]).

Appendix E. Proof of Lemma 6

We first prove 8(2-°) = t for the three cases separately. For (D1), suppose that 6> <
69 for k = 1,2. Note that 6% < 6"° and 6" < 6{*°” hold by (D1). Since
010 < (2.2 5pd 9(2.00) < 9(A.%9) 4t Jeast one of 01(1’00) and 02(2’00) must be increased by
the ri%ht—hand side of (20). This contradicts the supposition. Hence, either 91(1’00) = 91(1’C) or
052° = > holds. Suppose that 6"° = "9 and 6,>° < 6{>°. Then, from condition
(D1), 92(2’00) must be increased again by the right-hand side of (20). This is a contradic-
tion. Similarly, it is impossible for 91(]’00) < Ql(l’c) but 92(2’00) = Gz(z’c). Thus, we must have
6% = 6*9 fork = 1,2.

For (D2), we can apply similar arguments as above if we replace Gl(]’c) by &, (92(2’C)). For
(D3), we replace 92(2’0) by £, (Gl(l’c)). Thus, we obtain (4) for all the three cases since 71 = 6, :00)
and 1p = 92(2’00).

The remaining part of this lemma is immediate since ¢(f) < oo for all 8 < (GI(A’"),
£, (GI(A’”))) andall @ < (§, (QZ(A’n), GZ(A’")) is inductively obtained by Lemma 4.

Appendix F. The proof of Lemma 7

We will use the random walk {Y (£)} introduced in Section 2. We apply the permutation
arguments in Lemma 5.6 of [5] twice. Then, we have, for any positive integer n and any x > 0,

]P’(Y(n) €x+Aa), min Y; >0, min Yy >0 ‘ Y (0) = 0)
1<t<n 1<t<n

> lIP(Y(n) € x+A@), min Yo >0 ‘ Y(0) = 0)
n 1<t<n

> %P(Y(n) cx+ A | Y0) =0). (53)
n
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We note the well-known Cramér theorem (see, e.g. Theorem 2 of [4] and Section 3.5 of [9]):
1
lim —logP(Y(n) € nx + A(a))) = —A(x),
n—oon

where A(x) = supycp2{(0, x) —log ¢(0)}.
Since the random walk {Y (¢)} is identical to that of {L(¢£)} as long as they are inside the
quadrant S, (53) can be written as, for y € Sy,

P(L(n) € x + A(a), o9 > n | L(0) =y)
1
> mIE”(Y(n) ex—y+Aa)|Y(0)=0),
where op = inf{¢ > 1; L(¢) € 3S}. It follows from representation (14) with B = 9§ for the

stationary distribution that there are some yy € 9.5 and y; € S such that p(yo, y1) > 0 and,
foranym > 1,

P(L € nc + A(a))

1 o
DY v»p(,¥) Y PULE) € ne+ Aa), op > £ | L(0) = y')

Ey(00) ye€dS y'eSy =1

z P(L(m) € nc+ A(a), oo > m | L(0) = y1)v(yo)p(yo, y1)
E, (00)

> ———P¥(m) € nc — y1 + Aa) | Y(0) = 0)v(yo) p(y0, y1).
m=E, (09)

Thus, for each ¢ > 0, letting m, n — oo in such a way that n/m — t, we have

1 1
lim —logP(L € nc + A(a)) > lim ﬂ—logP(Y(m) € mﬁc -y + A(a))
n—-oo n m m

n—oon
= —lA(tc).
t
Since ¢ > 0 can be arbitrary, this implies that
lim llog]P’(L € nc+ A(a)) > —inf lA(tc) = —sup{(@, c); y(0) < 1},
n—oon t>0 t

where the last equality is obtainEd from Theorem 1 of [3] (see also Theorem 13.5 of [33]).
It remains to prove that @ ¢ ', implies that ¢(6) = oco. Define the cone Cpax as

Crmax = {x € R% x = s01m) 4 ;gm0 [ ¢ > 0},

If @ & Crax \ Tmax then either 6; > Ol(l’max) or 6, > 92(2’max) holds. Hence, ¢(#) = oo in this
case by Lemma 8. Thus, we only need to consider @ € Cpax \ ['max-

Since T is a closed convex set that contains 0, there exists a unique 3 € T that maximizes
(n, c¢) for each c. Denote this 5 by n(c). That is,

(n(c), ¢) = sup{(n, c); y(n) < 1}.

Let c(w) = (cos w, sin w). Then the 7(c(w)) continuously move on T N Cpax from 41-max)
to §maX) a9 o is increased on (—%n, 7). As can been seen from Figure 6, there is an
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0(2,max)

¢(wo)

or 0

7(c(wo))

0 g (Lmax)

FIGURE 6: The positions of 8, c(wp), n(c(wp)), and the cone Crax (shaded region).

wo € (—%TL’, ) for @ € Cpax \Fmax such that n(c(wp)) has the same direction as @, which
implies that @ = an(c(wp)) for some a > 1. For this wg, we have

(0, c(wo)) = a(n(c(wop)), c(wo)) > (n(c(wo)), c(wp)).
Hence, Markov’s inequality,
9(0) > " COP(L € ne(wo) + Aa)),
and (21) yield

L]
liminf —log ¢(0) = (6, c(wo)) — (n(c(wo)), ¢(wo)) > 0.
n—oo n

This concludes ¢(0) = oo, which completes the proof.

Appendix G. Proof of (32)
For changing measures for the random walk {Y (¢)}, we define {17'(1)(6)} by
PEDE+1) =) | YD) = m. ) = e RODPED = (0= m, — (i = )))),
which is well defined since y () = 1 because of (D2). Note that, for k = 1, 2,
- A _ ) 1 0
EFL @+ 1700 =0) = (D TEXT ) = (1) =y 0)
89k =1
is finite and positive because of (D2) and the assumption that 7] < 91(1’0). We denote this
expectation by .
Recall that 61(])(11) is the nth ingreasing instant of the Markov additive process {Z(l)(i)}.
We introduce similar instants for {Y (£)}. Let

&P =inffe = & —0: 7V 0) - ¥V E - 1) = 1.

For convenience, we also introduce the following events. For | <ng <n,m > 1, and j > 0,

let
AZ m. k) = {2V @) — ZD 6" (n0)) = (m, k),
AY k) = {FVE"0) - YV E " (10)) = (m, b)),
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Bl (m) = U U AZ (m, k),

{=no+1 k=0

n o
gin,m= ) | Ay.cmh,

l=no+1 k=—o0

. (1 (1) ~ (1 .
co.p={, it~ Zw0=z1 2600 =),
5" (o) <t<a" ()

. 51 5() 2 (1 .
c,fgn(1>={” inf 7021, 50 0o = .
i moy<e<t{V o)
Since AD is transient, Z, 7(! )(n) goes to +00 as n — oo with probability 1. Similarly, for
k=1,2, Y(l)(n) dlverges asn — oo by ux > 0. Hence, we can find a positive integer n¢ for
any i, jo, ko, £o > 1 such that, for any n > ny,

Y PCR2,() 12O =) > 1—e, (54)
Jj=Jjo
Y Y PER, () Em) =k [ FP©0) =0) > 1, (55)
Jj=Jjo k=ko
PZVE ") = W, jo) | 25V (0) =i) > 1 —e. (56)

We further choose n1 > ng such that, for any n > ny,
P(BJL () | Z30(0) =) <, (57)
because Z\" (5" (no)) is finite with probability 1.

We now compute, forn > ng and j > 1,

P(B72,m) N CE2,(j) | Z3P(0) = i)

ny,n

=Y PBZ,m)NC2,3) | ZV " (o) = (. )
>1

x P(Z(l)(51(1)(no)) = )1 2570 =)

=22 Z 0 N R L ()
£>1 k>1 s=no+1
x P(Z(l)(afl)(no)) =) | 23V =), (58)

wAhere the last equality follows from the definitions of {ZM ()} and {IA/(I)(n)} and the fact that
(YD ()} is a random walk.
We now consider application of the renewal theorem. For this, let

D =@y | 7o) = 0).

Then /L((;I) is finite because ¥ 1(1) (n) drifts to 400 since u! > 0, and its increments have a finite
expectation (see Theorem 2.4 of [2, Chapter VIII]). Hence, it follows from the renewal theorem
that

n
A1) A 1
: (D 2(1) _ _
nll_zgo E Py, (6,7 0) =n) = NOE

£=1 Ho
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Obviously, this yields, for each fixed ng > 0,

~ 1
; Y _
nlgréo ]P’(Bno’n(n)) = /1,((,1)‘ 59)

From (54) and (57), it follows that, for sufficiently large n,

‘P(énzo{n(n) | POy =)= Y PBE, N CE L) | Z5)0) = )| <e. (60)
Jj=Jjo
Similarly,
‘P(élg,n(n» = > PBYLmNEN L ()| < (61)

j=Jjo
By (31), we can choose sufficiently large jg, ko such that

e~ n2k X

e*TZj

'1— <e, Jj = jo, k> ko.

Xk

We then sum both sides of (58) overall j > jg. Furthermore, using (55) and (56) for sufficiently
large £¢, we apply (59) to the sum as n — oo, and then let ¢ — 0 to obtain

- ~ ~ 1

. Z Z Zi ¢ ) — i) =

nli>n;o ]P)(Bnol’n (n) m Cnol’n (.]) | Zz (O) - l) - (1) .
Jzjo Ko

Hence, by (57), (60), and (61), we have

P(BZ,(n) | ZV(0) = i) — IR

lim sup o ,u(g)

n—oo

Equation (32) follows by letting ¢ |, 0.
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