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DECAYING SOLUTIONS OF 2mth
ORDER ELLIPTIC PROBLEMS

W. ALLEGRETTO AND L. S. YU

ABSTRACT. We consider a semilinear elliptic problem (—A)"u = f(x,u) in R",
(n > 2m). Under suitable conditions on f, we show the existence of a decaying posi-
tive solution. We do not employ radial arguments. Our main tools are weighted spaces,
various applications of the Mountain Pass Theorem and L regularity estimates of Ag-
mon. We answer an open question of Kusano, Naito and Swanson [Canad. J. Math.
40(1988), 1281-1300] in the superlinear case: |f(x,u)] < g(x)u® (1 < s < ;’izz',"n ), and
improve the results of Dalmasso [C. R. Acad. Sci. Paris 308(1989), 411-414] for the
casem = 2,f(x,u) = g(|x| )’ (1 < s < 2ty

n—

1. Introduction. We are concerned in this paper with the existence of nontrivial
positive decaying solutions to the 2m™ order elliptic problem:

Lu=f(x,u), x€ER"
n {

| llim ulx) =0
where £ = (—A)", A denotes the Laplacean and n > 2m. Of special interest to us is the
case of f(x, t) purely superlinear with subcritical growth:

lf(x,0)] < glo)r’

for 1 < s < (n+2m)/(n— 2m) and some g(x) to be specified below. At the end of the
paper, however, we indicate the simple changes needed to deal with purely sublinear or
mixed sublinear-superlinear problems.

Unlike the case m = 1 there are few studies of higher order problems such as (1).
We mention, in particular, the results of Dalmasso, [6,7], Fukagai, [8], Kusano, Naito
and Swanson, [10,11,12], Kusano and Swanson, [13], and Usami, [16] and the refer-
ences therein. Most of these results were obtained for radially symmetric cases: f(x, ) =
f(lx], ), whence approaches using ordinary differential equations were applicable. The
most closely related paper to this work is [6], where the superlinear case is studied and
the existence of a positive decaying solution is obtained for

Au=g(xDu’, x€R"

withl < s < (n+4) / (n — 4), under the assumption f§° IS g(r)dr < co. Motivation for
our manuscript also came from [12] where sublinear and mixed sublinear-superlinear
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problems were considered. Finally we mention that higher order elliptic problems in
non-radial cases were studied in the paper of Allegretto and Huang, [3] and the paper
of Bernis, [5]. In [3], however only the existence of solutions bounded above and below
by positive constants was considered, and the approach used did not seem at all suited
to the problem of decaying solutions, while in [5], different 2m™ order problems were
considered.

We wish to establish general non-radial conditions under which (1) has a positive de-
caying solution. Our main tools are weighted spaces, various applications of the Moun-
tain Pass Theorem, L” existence and regularity estimates. The general philosophy follows
the one given in [4] for second order problems although the details are quite different.
After some preliminary discussions, we present our main results. In particular, we show
that (1) has solutions in the subcritical case if |f(x,?)] < g(x)|f|* with g € LPo N L®
for some py. We conclude the paper with some remarks, extensions and presentation of
illustrative examples which explicitly compare our results to earlier work. For example,
we show that the integration condition

/Ooorsg(r)dr< 00

given in [6] is much stronger than our condition even in some radial cases. Finally, we
note that our examples answer an open question raised in [12, p. 1298] for the superlinear
case.

2. Notation and preliminary results. For any Banach space, we denote by B,(x)
the ball of radius r centered at x, with BréBr(O). Let o(x) = (1 +|x|>)~L.

LEMMA Q. Let ¢ € C3(R"). Then, for n > 2i > 2:
(@) ¢Jpmaip? < Jrna |Vl
(b) ¢l a™ |V p]? < fma?|Ap]?,

where ¢ = c(n, i) is a constant independent of ¢.

PROOF.
(a) By the Divergence Theorem:

i 1 i 2 i . x2
/naapzz—;/Rnx-V(anpz):—;/Rn[aq)x-VLp—la [ cpz},

1+ |x|2
yielding:
2 i 22 i1 ||
(l n)/"O'gp _n/ng 'l‘pllvwl\/w
2 i i1
<2 [ (otlel)- (o 1V o).

and the first inequality is immediate.
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(b) Applying again the Divergence Theorem gives
/Rn o Vp|r=— [ @%:Dj(ai_lego)
_ /Rnaifl(p(—Ago') +(i— 1);/anwujwixj
= fRn o p(—=Ap) + (i — 1);/” Di(¢)o'x;
= [ o e=ap) =i =D [ ¢ jzujw"x,»)

P ; 2ix|?
_ i—1 _ (1 il 2
._/Rna p(—Ap) — (i 1)/Rna[n 1+|x]3]

< [ o e=ap) < [ (oflel) (03" Ap]).

Inequality (b) now follows from Holder’s Inequality and (a).

With the aid of Lemma 0 and some elementary limit arguments we can set up weighted
spaces suitable for the consideration of (1). Let W*” denote the Sobolev spaces of func-
tions with k weak derivatives in L?. The space W{:;’c’ is defined in the usual way. In W]’g'f
we introduce

N+1 o N . .
Z/ UM‘2'|A'¢[2+Z/ oDV (Alp)*ifm=2N+1)
lel? =457 "
- N N
m=2i| Ai 12 m—(2i+1) ioV2 e
i:Zo/R"U [Ap| +§)/Rna [V (A'p)| ifm=2N+1

andlet £ = {¢ | ||¢|| < oo}. We note that E is a Hilbert space (for completeness we
need only recall the completeness of weighted L? spaces and the fact that V and A are
closed maps) with the obvious inner product. Let E be the closure of C3°(R") in E with
respect to || ||. To establish properties of E it is useful to recall:

LEMMA 1. Let v € W'2(B,) be a weak solution of —Av = f. Iff € W**(B,) then for
¥ < rwe have v € W*2(B,) and

IVllweazi,) < CLIVI 2, + I llweas) }
where C = C(n, k,r, 7).

PROOF. In fact this lemma is [9, Theorem 8.10]. We need only observe that || v|| 1.
in [9, Theorem 8.10] may be replaced by ||v||.2. See, e.g., the remark after the proof of
[9, Theorem 8.8].

We note the following properties of E:

LEMMA 2. Foranyu € E,
(a) Alu € WARY, fori=0,...,N.

ocC

N s e A2 m = 2N+ 1)
(b) ”u“ ”M“[, where “”Hz - fR" lVANHIZ m=2N+1
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(c) u € W"(B,) and
lullwms,) < Cllull, €= Cn,m,r)

(d) u€ L2 "=2(R"), and ||ul| -2 gey < Cllul].

PROOF. Part (a) is immediate by the definition of E. Applying Lemma 0 and a limit
argument N times (for the case m = 2(N + 1), the other case is similar) gives:
1
lall? = 5 [,
> 1
Z 5 Jpr

1
AN+1u|2+ §A IAN+1MI2

AN+1u|2+§/R”U|VANu|2

N+1 ]/ o\m=2i o N 1 /cy\m—Qit) , 4
> iy m—=2i| Al |2 - (_) m—(2i+1) i 2
_izzoz(z) /"0 |A'ul +i:0 5 /”0 |V (A'w)| %,
whence ||ul|¢ > Cl|u||. We conclude that (b) holds. To prove (c), choose ro > r, and
note that u € W™2(B,) by construction. If m = 2(N + 1), then let v = AVu, f = AM*'u.
Observing that f € L?>(R") and applying Lemma 1, we obtain ANu € W>%(B,,) (r <
n < r()) and

AV ullweais, ) < CLINANU]| s, ) + 1AM ull 25, } -

Iterating this process yields u € W>®*D-2(B,) and

N+1 X
l[ullweovsnags,y < C,X% 18wllz>s,,)
i=

N+1 .
s faule,,, ,®)
< Cllul

where C = C(n,m,r).If m = 2N+1, we start withv = AV "', f = ANy andf € W X(R")

loc

by Part (a). It follows from Lemma 1 that AN~y € W32(B,,) (r < r; < rp) and
“AN*IMHWM(B,I) < “ANvl"”B(B,O) + “AN””U(B,O) + “V(AN”)”LZ(BQ,)}

The rest of the proof is the same as above, and (c) holds. Finally to prove (d), note
that by Sobolev’s Inequality, for u € C3°(R"):

C/R,, lAN+lu|2

el Zoinomry < € f, 20 1D <
[2n] (n=2m) (Rm) ‘/R"|a|=m C/I;,,IV(AN”)P

< Cllull?
for some constant C independent of u.
We note that Lemma 2 implies that:
(i) ||ul¢ is an equivalent norm on E;
(i) E can be imbedded into W{*2(R") N L2/ ("=2m(R").

loc
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3. Results. We now state our hypotheses of f:
(1°) f € CE(R" X R), f(x,0) = 0,0 < f(x,t) in Q X R* for some open set Q C R";
0<f(x,)inR" X R*.
(2°) |f, D] <fo)+AE)|151 < s < 222 fy € L°NL2_.(R"),fi € L°NLP(RY),
2

n—2m
— n .
Po= 2n—(s+1)(n—2m)’ N
(3°) Either fy = 0in (2) or lim, o, £%0 = 0 uniformly w.r.t. x in R".

(4°) There exists 4 > 2 such that
wF(x, 1) <tf(x, 1) for (x,1) € R" X R*,

where F(x,1) = f{f(x,€)d¢.
Let G(u) = Jg» F(x,u) and J(u) = ||u||} — G(w) for u € E. Under our assumptions
on f and by Lemma 2(d) G and J are well-defined.

LEMMA 3.
(a) G and J are weakly lower semicontinuous on E with G'(u)(¢) = [p f(x, ) p.
(b) G'is continuous and compact from E to E.

PROOF.  Since the proof follows the lines of the one given in [4] for m = 1, we only
sketch the basic ideas.
(a) Let uy — u weakly in E. Then { u;} is bounded in E and we observe:

|Gl = G < [, |Fee.ue) = Flx.u)|
+C{ ”fOHLg,m(R"\B,)(”“k“Z +|ulle)

|aaell "+ [ ull 2}

The weak lower semicontinuity of G now follows by the boundedness of { g} in
W™2(B,) (see Lemma 2) and the compactness of W"?(B,) < L*(B,) for1 < p < -2
(see, e.g. [1, Theorem 6.2]). The semicontinuity of J is then obvious.

For differentiability of G, we show that: given any ¢ > 0, thereexistsad = 6 (e, u) >
0 such that

+ [ fill o o\ B, (

‘/R"F(x,u +p)— fRn F(x,u) — /Rnf(x,u)ga‘ < ellelle
for all ¢ € E with || ]|, <. Observe thatfy € L N L2_.(R"), f; € L”*(R") and
’ /R"\B, F(‘x’ u+ (P) - F(.X, L{) _f(xa u)‘pl
< foo, Hol el A1l + 1o o] +filul o]
< C{Ifolliz_, 5,y + Willown s lullz + 1o 1D} o lle

3
<ol

for sufficiently large r and || ¢||¢ < 1. To estimate the integral on the bounded domain:

| [ Feeu+9) = Fo —fexe| < Slelle
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we need only follow the arguments in [15, Prop. B10], since they are the same in nature.

(b)Letii = G'(u), thatis: (i, ¢) = [z f(x, u), where (-, -) denotes the inner product
induced by || - ||¢. For continuity, it suffices to show that for any sequence ux — u
in E there exists a subsequence {uy} such that ii;, — & in E. Note that {u;} has a
subsequence Uy — U pointwise in R” and

Nl —alle < CLIFCw) — )] paamg,)
+ ”f0“L§~,,,(R"\B,) + | fill ooy (a7 + 11 ull )} -

The continuity of G’ follows from |f(x,7)|2"/ 2™ < €| + C,|t| >/ 2™ in B, with

1 < n%';‘; < nf’z'm and the continuity properties of the Nemytskii operator. To show

compactness, note:

(@,¢) = /B,f(x’”)‘P +/Rn\8rf(x,u)cp.

The first term defines a map from E to E : Gl.(u)(¢) = [p, f(x,u)p. G.(-) is obviously
compact. Indeed, we again note that any bounded sequence { u;} in E has a Cauchy sub-
sequence in LP(B,) with 1 < p < nf——;;, say {ux} itself. The compactness immediately
follows from the estimate below:

|G — Gruplle < CIFCow) — £Coup)l

We estimate the second term by

LZ"/("*Z'"’(B,) .

| S50 | < C(Ufoliz_yiaer + Wil - ) e

Therefore, G'(u) is a limit map of a sequence of compact maps under the norm || - ||,
whence G'(u) is also compact.
The critical points of J, i.e., u € E such that

Jw)(p) = (u, ¢) —/ fx,u)p =0
R’!
are the weak solutions of £ u = f(x, u). We state our main result.

THEOREM 4. Under conditions (1°)—(4°) on f, (1) has a positive classical solution u
with D*u — 0 as |x| — oo for |a| <2m — 1.

PROOF. In view of Lemma 3 we can apply Mountain Pass Theorem arguments by
suitably modifying the procedure given in [15]. Without loss of generality, we set
f,t)=0ift <0.If fy =0, then:

1 1 w1 -
I 2 Sl = 5 LAl = Sl = Il

n+2m
—2,
n=2m

If lim, o+ Z55. = 0 uniformly w.rt. x € R”, then |f(x,0)| < ea™(x)|t| + C(e)|t
C(¢e) independent of x. It follows that:

1 n n—:im
Ju) > (E —eC(n))||uu§ — Ce.m)|uf) 2 2.
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Hence the conditions (2°) and (3°) yield J(u) > « for all u € dB,(0), some p,a > 0.
From assumptions (1°) and (4°) we have: 0 < pF(x,7) < tf(x,t)forallx € Qandt > 0.
We may assume €2 is bounded. Integrating shows that there exist a;,a; > 0 such that
F(x,t) > ait* —ap forx € Q,t > 0.Let w € CP(Q2) with w(x) > 0,# 0, and let 3 be a
positive number. We observe that

1
JBw) < B2 (wllf =" [ ar” +as|Q|

yields J(Bw) < 0 for 8 large. Finally, to verify the PS condition, let {u} C E with
J(up) < Cand J'(u)(-) — 0. We observe that:

1
C 2 slwll = [ Feew)

1 1
EH”k“z - o (x)>0f(x’ Uy

<_ B _)“ w|7 — _(“ wlli = /ux)zof(x’ uk)uk)

1

- (5 - —)Huk“ 2 —J’(ukxuk)

It follows that { u;} is bounded. Note that uy = G'(ux) +J'(u). The PS condition is now
immediate from the compactness of G'. We conclude that J(-) has a nontrivial critical
point, say u. Lemma 5 below shows that u € C?*™(R") and D*u — 0 as |x| — oo for
|| < 2m — 1. To see that u is positive, we observe that f(x,u) > 0 and (—A)" 'uisa
solution of the following problem:
{ (=4 = f(x,u)
lim v=0.
|x]—00

If we choose xy and apply the Maximum Principle on B,, r large, we conclude: v(xp) >
inf|_, v(x). Letting r — 00, we obtain: (—A)""'y > 0. Similarly, we can show that
(—AY"2u > 0,...,—Au > 0 and u > 0. Since u is nontrivial, by the Mountain Pass
Theorem, then u > 0 by [9, Th. 8.18].

LEMMA 5. Let u be any critical point of J(-).
(a) uis a classical solution of (—A)"u = f(x, u) and furthermore, for some p = p(q),

140 e ) < (1 ) Wil )

H is a continuous function, dependent on n, m, q and ||fi|| L,

where q > = 2m’
with H(0,0) = 0.
(b) D*u— 0 as |x| — oo for|a| <2m—1.

PROOF. Let u be a critical point of J:

—/Rnf(x,u)gozo, ¢ €EE.
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Suppose§ = "2m _ ¢ < | (thecase § > 1 will be discussed below) and u € L% (B,‘ (x))

n—2m

with go = 2n/[(n — 2m)(1 — &)'] for some integer i and 1 < r; < 2. Note that this is
true for i = 0 by construction. Observe that for any ¢ € C8°(B,[ (x)),

(e are)| = [ )| = | [, fewe]

< N
<, flel +hlullel

<c{ ”fOHU’(B,,.(x)) + Hu”lsﬂo (B,,.(x))} [ ‘PHL(/ (B,i(x))

where p > ¢,¢ : s+ 5 = 1,4 = 2, and C = C(n,m,||fi|1=). We obtain by the
regularity theorem [2, Th. 6.1] that:

u € W4(B,, (x), 1< rim <ri
(o) = L 3 10) 10 ) D)

54MM@wHM%mw+M%ww}

Consequently, it follows from Sobolev’s Embedding Theorem [1, Th. 5.4] that u €
L7 (B, (x)) with:
. 2n

(n—2m)(1 —8) 252 — 6] — 4m

n—2m

qi

unless the denominator is nonpositive, in which case clearly u € L7 for g large. Note that
this must occur for i > iy, some iy = io(n,m,§). If § > 1, then iy = 0. However, we
find in any case:

e Z i rHi: 4m
(n —2m)(1 —6)’ n—am '—6 — m-

> 2n -
— (n—2m)(1 — §)+!

We conclude that for any large chosen ¢ we can show by iterating a finite number of
times (depending on ¢) that u € W?™9_ It follows that u € C*™! and, consequently,
f(xu(x)) € Cg. Setting v = (—AY"~'u and employing [9, Th. 9.19] we conclude
v € C? and, consequently, u € C?". The function H consists of sums and products and
is constructed merely by keeping track of the bound on |||
steps.

It follows from (a) that

wene: 10 €ach of the iteration

Du € W lol4(By(v), |a| <2m—1,

f"”u(azm)) :

19 o) (4 )
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(b) is an immediate consequence of Sobolev’s Embedding Theorems on B;(x) and the
observation that

|lllm ||u |IL2"/(" Zm)(B (x)) “fo“ (B()) =0,

for any large p.

4. Examples and comparison. We conclude with illustrative examples showing
the connection with earlier work. For simplicity we assume all coefficients are in C*
unless otherwise mentioned.

EXAMPLE 1. Consider the superlinear biharmonic problem

1" lim u=0
|x|—00

{Azu = g(|xDhu*, x€R"

wheren > 5,1 < s < 2 ¢ € L®,0< g(|x]) = O(]x| ~*) at 0o. The conditions (1°),
(3°) and (4°) are satisfied. We conclude that (1’) has a positive solution by our theorem
if: W > nie.a> "_4{;’*““ — s] 1= a(s). The graph of a.(s) is a straight line
with4 = a,(1) > a.(s) > a.(2%) = 0for | < s < 24,

As mentioned before, to the best of our knowledge only Dalmasso studied in [6] the
superlinear biharmonic problem. The existence of a positive solution to (1’) is obtained
there by the assumption:

/000 r3g(r) dr < oo.

If g(Jx|) = O(|x| =), the integration condition implies a > 4, which is much stronger
than our condition in this case: a > % [:%t - s}.

EXAMPLE 2. Consider the general superlinear pluriharmonic problem

(=A)"u = gx)u’, x €ER"
@) lim Du=0, 0<|a|<2m—1
: | x|—00
where n > 2m, 1 < s < 2280 < g(x) € L® N I = 5=t In this case, the

conditions of our theorem are satisfied, thus (2) has a classical positive solution. We note
in passing that if we replace u* by u|u|*~! in (2), since J in this case is an even functional,
then the corresponding problem has infinitely many solutions, of which at least one is
positive, as a consequence of results in [15, Theorem 9.12]. Observe that this example
answers the open question posed in [12, p. 1298].

EXAMPLE 3. In[12] various other problems were considered. One such was the sub-
linear problem:

3) (—=A)"u = g(|x)u’

https://doi.org/10.4153/CJM-1991-027-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1991-027-8

458 W. ALLEGRETTO AND L. S. YU

for —1 < v < 1,n > 2m + 1. With some modifications, we can consider problems
similar to (3) in case 0 <Y < 1. Specifically, consider

(=A)"u = f(x,u)
“

lim u=0.
x| —00

Assume f is nonnegative, smooth and
1) f(x,0) > g1 ast — 0%, f(x, 1) < ga(x)" fort > 0 with 0 < 7vy,7, < 1.
(i) g1(x) >0,%# 0,and gx(x) € L® N L7, pg = mﬁ(n,—z—m—)
While Mountain Pass arguments do not apply (since we cannot guarantee that J(¢) > a

for ¢ € dB,, some p > 0, a > 0), we note that J is bounded below. Indeed,
1
> —|lul|? —
Ty = Sullf ~
1 2
>
> Sllull - =

a7 (Gt = =S el )

where f(x, 1) = 0 for t < 0 is assumed. Also J and G are weakly lower semicontinuous,
and G’ is compact by (ii) and the proof of Lemma 3. (Note that in this case, the estimates
in the proof of Lemma 3 are even simpler. For instance, | G(ux) — G(u)| < [ |F(x,ux) —
F(x,u)| + CHg2||Lp(,(Rn\Br) (||uk||72+1 +| uHZZ“).) We observe that:

ﬁ“/wl
Y +1

gzcx)|u|7z+l

"7 +1

'Yﬂ+!

S lsallpollu

J(ﬁw)sﬂwll?—

for some ¢ € Cz°(R") if § is small enough. Therefore (4) has a positive solution u such
that J(u) = inf{J(v) | v € E} < 0. The case ¥ < 0 does not seem accessible to our
methods.

[, s1@lp" <0

EXAMPLE4. Another situation considered in [12] was a mixed sublinear-superlinear
problem. We can also consider these problems as follows. Let:

(—=A)"u = f(x,u) = g™ + h(x)u”
with0< a < 1< 8 <2 0<gel®NLl,g= 2 —— 0<helL®NL’,

n—2m> 2n—(a+1)(n—2m)’
p= Z:(_B;ZT';("__Z'T), and h # 0. We are still able to employ the Mountain Pass Theorem
to obtain the existence of a decaying positive solution. In this case J is weakly lower
semicontinuous and differentiable, while G’ is compact in the same way as mentioned in

Example 3. Observe that for some (0 <) w € C5°(R"),

Jowy < Sl = 2 [ et < 0
(W) < Wil = 577 Jeu ™
for large ¢+ > 0, and that the (PS) condition follows from the estimate
—(1_ B a+l
J=(3-73 el + 5w @+ D@D I
1 ! _ C(B —a) a+l
> (5~ 3+1>“ ullf + 577/ @ = gy lellllule
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But the step J(¢) > a for ¢ € dB,, some p > 0, a > 0 no longer follows as before.
Observe, however, that for some Cy, C,,

K> > 3lolE = Cillllllolls = Callnll o118
= %IMI?{ 1=2C gl llellE ™" =2 rllsll o177}
2 a,
for all ¢ € dB,(0), if for some p > 0:
1=2Cigllgp™ " —2Col|All,p° " = H(p) > 0.
Elementary differentiation shows that the maximum for H(p) is attained at py =
((l—a)Clllguq

B-DC|[A],
0,ie.,

1
) °~ We obtain the existence of u by Mountain Pass arguments if H(pgp) >

8-1
B-1 la —1)7= l—a)\f=
el @l (73] +(525) ] <t

In order to apply this result, we need estimates on Cj, C,. Such estimates are known and
essentially given explicitly in [14, p. 56]:

Cr = 1 n—(m+1)/2(n — 1)'"F(n/2 —m)r+1
T arl N I(n/2) ’
C =1 n—<mﬂ>/z(n—1)'"F<n/2—m>r*‘
2T B+l W) /2 ’

where v, is the volume of B; (0). This result does not seem easily comparable to [12, Th. 5]
since they are different. We observe that for this example some embedding estimates are
important in general. Note, however, that if g = 0 then we recover the superlinear result
of Theorem 4.
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