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BERGMAN COMPLETENESS OF
HYPERCONVEX MANIFOLDS

BO-YONG CHEN*

Abstract. We proved that any hyperconvex manifold has a complete Bergman
metric.

§1. Introduction

Let M be an n—dimensional complex manifold. Let H denote the
Hilbert space of holomorphic n—forms on M such that | [ uf N fl < oo.

Let hg, h1,--- be a complete orthonormal basis for H. Then the 2n—form
defined on M x M given by K = Z?io hj A Bj is called the Bergman
kernel form of M. Let z = (z1,--- ,2,) be a local coordinate system in M

and let Ky(2) = Kj;(2)dzy A--- ANdzp ANdZy A -+ A dZ, where K}, is a
locally defined function. Then 3 := ddlog K}, is a well-defined Hermitian
form of bidegree (1,1), whenever K}, is nonzero. We call § the Bergman
metric if it is everywhere positive definite. Let us recall

DEFINITION. A complex manifold M is called hyperconvex if there
exists a strictly plurisubharmonic (psh) function p : M — [—1,0) such that
{z € M : p(x) < c} is relatively compact in M for every ¢ < 0.

The purpose of this note is to show the following

THEOREM 1. FEwvery hyperconvex manifold has a complete Bergman
metric.

Theorem 1 was conjectured by S. Kobayashi [11]. In the special case of
bounded hyperconvex domains 2 C C", it suffices to show that the volume
of {ga(,y) < —1} tends to zero as y — 02, where gq(-,y) denotes the
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pluricomplex Green function of Q (cf. Chen [3] and Herbort [8] indepen-

dently), and this property was verified by Blocki-Pflug [2] (independently

Herbort [8]). The case of hyperconvex Riemann surfaces was shown in [4].
Combining with a theorem of Ohsawa-Sibony [13], we obtain

COROLLARY 2. Ewvery bounded pseudoconvex domain with C? bound-
ary in a complex manifold with positive holomorphic bisectional curvature
(eg. P™) is Bergman complete.

Greene-Wu [7] proved the the existence of a bounded smooth strictly
psh exhaustion function under the following curvature condition. Hence

COROLLARY 3. Let M be a complete Kdahler manifold with a pole o
such that its sectional curvature K is non-positive and in addition satisfies
1+€

K< —
~ r2logr

for some constant € > 0 outside a compact subset of M, where r denotes
the distance function based at o. Then M has a complete Bergman metric.

In [7], Bergman completeness has been shown in the case when M is a
simply-connected complete Kahler manifold such that the sectional curva-
ture is suitably negatively pinched, for instance, pinched between negative
constants. Their result was extended in [4] by only assuming that the cur-
vature is bounded from above by —A/r?.

This work was done during the author’s stay at Nagoya University. He
would like to thank the Department of Mathematics for their hospitality,
especially to Professor Takeo Ohsawa for his constant encouragement and
discussion. The author also thanks the referee for valuable suggestions.

§2. Proof of Theorem 1

Let ga(-,y) be the pluricomplex Green function on M, i.e.,

gum(w,y) = sup{u(z)}

where the superum is taken over all negative functions v € PSH (M) sat-
isfying the property that the function u — log |z| is bounded from above in
a deleted neighborhood of y for some holomorphic local coordinates z cen-
tered at y, that is, z(y) = 0. Since M is hyperconvex, gas(-,y) is non-trivial
(cf. [4]). Set d =0+ 0, d° =i(0— ). It is easy to see that dd® = 2i9d. As
in [2], the following inequality of Blocki is again crucial.
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PROPOSITION 4. (cf.[1]) Let Q be a smooth bounded domain in a com-

plex manifold M. Assume that u,v € C*°(2) are non-positive psh functions
such that u=0 on Q. Then

/ " (dd°o)" < ol / o] (dd°u)".
Q Q

Proof. Note that

—u)" o\ = n _unflu Cy cvnfl
/Q< Py =n [ (o tdundo n (@

Q
=n / (=) tdv A du A (ddCv)™?
Q

=n / (—u)" Y (—v)ddu A (dd°v)" "
Q
+n(n—1) / (—u)" " 2vdu A d°u A (ddv)™
Q
< nllv]lo / (—u)"ddeu A (dd°v)™
Q

where the first and third equalities follow from Stokes’ theorem and the
second one from the fact that the (1,1) parts of du A dv and dv A d°u
coincide, the inequality follows from du A d°u = 2i0u A du > 0. The desired
inequality is obtained by repeating the argument n — 1 times.

LEMMA 5. Let M be a hyperconver manifold. For any y € M, the
following inequality holds:

/ g3 () [M(ddop)™ < n)(2m)" o(w).
M

Proof. For any positive integer j, we set M; = {x € M : p(z) < 1/j}.
Let y € M and let gp,(-,y) denote the pluricomplex Green function on
M; for all sufficiently large j. Since Mj is hyperconvex, for any fixed j,
the function max{ga;, (-,), —k} + (p — 1/4) is a continuous strictly psh
function and approaches to zero at 0M; for each integer k > 0 (cf. [6]).
According to a well-known theorem of Richberg [14], there is a smooth psh
function {g;x} on M; such that

1 , 1 _
gjx — max{gn; (-, y), —k} — %(p —1/5)| < ﬂ\p —1/4l,
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which implies gjr < 0, gjr(z) — 0 as * — IM; and g;x — gn, (- y) as
k — oo. Hence we can take a sequence of positive numbers {\;} with
A, — 0 as k — oo such that

Mj—l CcC Mj,k = {$ S Mj : ngg(J}) < —/\k} CcC Mj

and Mj j has a smooth boundary by Sard’s theorem. By Proposition 4, we
have

/ |9,k + A" (ddp)" < / |95,k + Ak|" (ddp)"™
Mj— Mj

<ul [ lplddg;)”

J.k

<ul [ lpl(adrg;)

M;

According to [6], letting k¥ — oo, we obtain

/ w%mm%wwxm/|mwmmww
M;_q P

J J

= n!(27)"|p(y)]

where the equality follows from (dd°gu;,(-,y))" = (27)"d, on M;. The
desired inequality is then obtained by letting j — oo since g, (-, y) \,

gM("y)'

Proof of Theorem 1. The existence of the Bergman metric of a hyper-
convex manifold was shown in [4]. Take a smooth function y on R such
that x =1 on (—oo0,—1] and x = 0 on [0,00). Let f €H and {yi}32, be a
sequence of points which has no adherent point in M. Set

nk = X (—log(—gn (-, yx) + 1) +1og2) f.
or = 2ngnm (-, yr) — log(—gn (- yr) + 1)

Let us first proceed the proof under the assumption that n, ¢, are smooth
and ¢y, is strictly psh. By the well-known L? estimates (cf. [5], [12]), we
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can solve the equation Ouj = dn; in such a way that

'/ up A\ e~ FF
M

S/ |5nk|§5%e—%dv¢k
M
A

Agn (-, yk)Ognr (-, yk)
(—gnCoyw) +1)2

<Cy

since

D0py, >

169

Here C; is a constant depending only on sup |x'| and Ay = {z € M :
gm (-, yk) < —1}. The general case follows from a standard limiting proce-
dure as follows: By a similar argument as in the proof of Lemma 5, one
can approximate gas(-,yx) by a sequence of negative smooth strictly psh
functions on M and solve the d—equation with gns(-,ys) replaced by such

functions, then take a limit.

Hence the function Fy = ni — ug is holomorphic on M which satisfies

Fr(ys) = f(yx) and | [,, Fu A Fy| < Cy (fAk f Aﬂ. It follows that

f k) A Flyk) —
Kot (un) [;fAﬂ'

For any € > 0, there is a relative compact subset M, so that

Jiaa

(1)

< O

(2)

By Lemma 5, we have

[ @< [ gty
McNAy M

< nl(27)"p(yr)|-
This shows that one can choose a k. such that for all & > k.,

Iy
(ddep)"

(3) ‘/mkaf' < sup

M.

. / (ddp)" < €
McNAg

since p(yr) — 0 as k — oo. By (1)-(3) and the well-known Kobayashi’s

criterion [10], the Bergman metric on M is complete.
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