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Abstract

A probabilistic convergence structure assigns a probability that a given filter converges to a given element
of the space. The role of the ¢-norm (triangle norm) in the study of regularity of probabilistic convergence
spaces is investigated. Given a probabilistic convergence space, there exists a finest T-regular space
which is coarser than the given space, and is referred to as the ‘T -regular modification’. Moreover, for
each probabilistic convergence space, there is a sequence of spaces, indexed by nonnegative ordinals,
whose first term is the given space and whose last term is its T-regular modification. The T-regular
modification is illustrated in the example involving ‘convergence with probability A’ for several -norms.
Suitable function space structures in terms of a given ¢-norm are also considered.
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1. Introduction

Menger [11] suggested that due to inherent uncertainties of measurements in physical
situations, the distance d(p, q) should be replaced by a probability distribution func-
tion F,,(x), where the latter is interpreted as ‘the probability that the distance between
p and ¢ is less than x’. This led to the development of the area now called ‘probab-
ilistic metric spaces’. An excellent reference on the development of this subject can
be found in Schweizer and Sklar [14]. Floresque {7] replaced the probabilistic metric
concept by assigning a probability that a given net converges to a given element of
the space. Replacing nets by filters permits a more manageable theory and has res-
ulted in the study of probabilistic convergence spaces by Richardson and Kent [13].
Connections between probabilistic convergence spaces and generalized metric spaces
introduced by E. Lowen and R. Lowen [9], and R. Lowen [10], have been given by
Brock and Kent [2].
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A t-norm, denoted by T, permits one to define a triangle-type inequality in the
probabilistic metric space setting. Also, the f-norm has been the fundamental tool
used in defining ‘diagonal’ and ‘regular’ probabilistic convergence spaces. The former
was investigated in {13] and the latter was studied by Brock and Kent [3]. Both of
the above notions have their origins in definitions given by Cook and Fisher [6] in
the convergence space setting. The z-norm permits one to extend these ideas to the
probabilistic convergence space setting where there is a collection of convergence
spaces which approximates (in the probabilistic sense) the true state.

Basic definitions and notations pertaining to convergence and probabilistic con-
vergence spaces are given in Section 2. In Section 3, the T -regular sequence for a
given probabilistic convergence space is defined and is shown to terminate with the
T -regular modification of the given space. The behavior of the T-regular sequence
with regard to various z-norms is investigated. An example illustrating the T -regular
modification is given in Section 4, and it shows the importance of selecting an appro-
priate t-norm. Given the r-norm T, function space structures defined in terms of T
and possessing desirable properties are considered in Section 5.

2. Preliminaries

The aim of the theory of convergence spaces is to generalize traditional general
topology to include convergences one often encounters in analysis without the ‘local
coherence condition’ required of topologies. This represents a point of view of
analysis rather than geometry. Intuitively, a convergence structure on a set is merely
a rule indicating which filters converge to which points. More precisely, if F(X)
denotes the set of all filters (proper) on X, a convergence structure on X is a function
g : F(X) — 2% satisfying:

(CS)1 x € g(x) foreach x € X, where x denotes the ultrafilter containing {x}
(CS), & <¥ (thatis, & C &) implies g(&F) C q(¥)
(CS)s q(F)Ng(@) S q(FNY).

The pair (X, ¢) is called a convergence space and .% is said to g-converge to x when
x € g(F) and is denoted by F — x. Let C(X) denote the set of all convergence
structures on X and define a partial order by p < g if and only if & 5 x implies
Z 25 x. Then (C(X), <) is a complete lattice whose largest (smallest) member is
the discrete (indiscrete) topology, respectively.

Given a convergence space (X, ¢) and A C X, the closure (interior) operator is
definedbycl, A={x e X : & ~5 x for some .Z containing A} LA={xeX:
F L ximplies A € F}), respectively. If ¢ € F(X), then cl, ¢ denotes the filter on
X whose base is {cl, A : A € ¥}. Moreover, (X, q) is called regular when % x
implies cl, # -5 x. Fix x € X; then Y,(x) ={V € X : x € [,V}is called the g-
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neighborhood filter at x and A C X is said to be g-open if A € ¥, (x) foreach x € A.
The convergence structure g for X is called a pseudo-topology (pretopology, topology)
if -5 x when each ultrafilter containing .# g-converges to x (¥, (x) 25 x for
each x € X, g is a pretopology and ¥,(x) has a base of g-open subsets of X),
respectively. A map f : (X, q) — (¥, p) between two convergence spaces is said to
be continuous if F —> x implies f.F —> f(x), where f.& denotes the filter on
Y whose base is {f(F) : F € #}. Let CONYV denote the category whose objects
are the collection of convergence spaces and whose morphisms are the continuous
functions. The collection of objects of CONV is denoted by |[CON V.

Denote I = [0,1]. A probabilistic convergence structure g for X is a map
g : F(X) x I - 2% satisfying:
(PCS), G(ZF,r) = q:(F), where (X,q,) € [CONV|
(PCS), g, <g.whenu <A, u,rel.

The pair (X, q) is called a probabilistic convergence space and, more intuitively,
x € ¢, (&) is denoted by .% 5 x, where the latter is interpreted as ‘the probability
that & g-converges to x is at least A°. The probability that # g-converges to x is
defined to be sup IA el : 5 x} and {g, : A € I} can be viewed as a collection
of convergence structures approximating ¢,. A map f : (X, g) — (Y, p) between
two probabilistic convergence spaces is called continuous if f : (X, q;) — (¥, p.)
is a morphism in CONYV, for each A € [. The category whose objects consist
of the collection of probabilistic convergence spaces and whose morphisms are the
continuous maps is denoted by PCONYV. The collection of objects in PCONYV is
designated by |[PCONYV/|. Let PC(X) be the set of all probabilistic convergence
structures on set X, and define the partial order g < p if and only if ¢; < p, for each
A € I; then PC(X) is a complete lattice. Also g € PC(X) is said to be constant
when ¢, = p € C(X) for each 0 < A < 1. Indeed, this correspondence shows that
CONYV is isomorphic to a subcategory of PCONYV . It is known that PCONYV has
initial and final structures (topological category) and suitable function space structures
(Cartesian closed); in particular, products and coproducts exist in PCONYV as will
be needed later.

A t-norm (triangle norm) is a binary operation T : /7 — [ which is associative,
commutative, increasing in each variable, and satisfies 7(a,1) = a foralla € I.
Given t-norms T, and T, define T} < T, by T1(a, b) < Ty(a,b) foreacha, b € I.
There exist a smallest and a largest 7-norm, and the latter is given by Ty(a, b) =
min{a, b}. Let T be a t-norm. Then (X, g) € |PCONYV)| is called T-regular if
ZF L5 x implies cl, F T, x. Brock and Kent [3] defined the notion of a
T -regular space and proved it was equivalent to the above simpler condition. Note
that if ¢ is a constant probabilistic convergence structure for X, then (X, q) is T-
regular if and only if (X, ¢;) is a regular convergence space, where ¢ = (g,), A € I.
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Moreover, Brock and Kent (3] proved that when T = Ty, (X, q) is T-regular if and
only if (X, g;) is a regular convergence space, for each A € /. They also showed that
‘T -regular’ is an initial property, and thus for any given (X, g) € |PCON V| there
exists a finest T -regular object in | PC O N V| which is coarser than (X, g).

3. T-regular sequences

Without further mention, all results will be relative to an assumed ¢-norm 7. Quite
often it is convenient to denote T (A, u) by Ax u. Given (X, g) € |[PCON V|; assume
that (X, p) € [PCONV| is T-regular and p < g. Observe that if 4 LN x, then
cl,, g I, x, and thus cl, & 2, x when 8 < A * u. The latter follows since

Ps < P When 8 < A x u. More generally, cl, cl, ...cl, ¢ 25 x when
8 < Ak *uy*---*xu,. The preceding is motivation for the following definition of
a sequence of objects in |PCON V| beginning with (X, ¢) and terminating with the
finest T -regular object which is coarser than (X, g).

Fix (X,q) €-|PCONYV/|, where ¢ = (¢:), » € I. The T-regular sequence

{(X, g)}, where g, = (qas), 8 € I, is defined recursively as follows:

(1) go =g (thatis, gos = q; foreach § € I)

(2) if g4 has been defined for each original 0 < 8 < «, then g, = (q,s) is defined
by .Z > x if and only if there exist an integern > 1, B < « and ¢ 25 x for
which & >cl,, cl, —...cl, Gandd < A* g * pho* - %,

In order to condense the notation in (2), cl
are denoted by cl

9Bun
asn Slag | o Cloy, Fand Ak perxpuak- -k pt,
% and T(A; u, — WU,), respectively.

GBiu|—nn

PROPOSITION 3.1. Assume that {(X, q,)} is the T-regular sequence for (X, q) €
|[PCONV|. Then

(@) (X,q,) € |PCONV|.

(b) Gu < g wheno > B.

() Gos1 = G implies that (X, q,,) is the finest T-regular object in |PC ON V| which
is coarser than (X, q).

PROOF. Verification of (a) and (b) is straightforward. Assume that g, = g,. First,

Fiwp

consider the case when & = 0. Observe that & ——> x implies that cly, F —— x

Goinu

¥ —— x. Hence (X, qo) is T -regular. Next, assume

thate > 0 and & —“> x: it must be shown that cl,, & 5 x. Since F 5 x,

there exist¥ ——> x,n > 1, 8 < a for which % > cl Gandr < T(A; iy —iy,).
Ga+).ras

F >cl 4 —— xsince T(r,s) < T(A;s, i, — 1,) and,

according to the hypothesis, cl,, £, x. Therefore (X, q,) is T-regular.

and Since ¢o ju; = G1sup> €l

oy

4By —pn

It follows that cl

Gas Gocrsopty ~sin
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Suppose that (X, p) is T-regular and p < g; it must be shown that p < gq,.
Transfinite induction is used to verify this result. Note that above is valid whena = 0
since p < § = §o. Assume that p < gz for each B < « and that & 2, x. Then
F >l

Then £ -2 x follows from the induction hypothesis and the T-regularity of p, and
thus p < g,. Hence g, is the finest T-regular object in | PC O N V| which is coarser
than q.

a5y F fOrsome g < @, n > 1,and ¢ Dy x, where § < T\ iy — ).

The least original number « for which Proposition 3.1(c) is valid is called the length
of the T-regular sequence and is denoted by €z, (¢) = . Given a convergence space
(X, 0); aregular sequence {(X, r,0)} for (X, o) was defined by Richardson and Kent
[12] as follows:

1) ro=0¢ 4
(2) If rgo has been defined for each B < «, then F L%, x if and only if
F > cl,’_'w%,forsomeg s x,n> 1,and 8 < a.

Assume that (X, g) € [PCONV|is constant withg, = o forQ < A < 1. Then (X, q)
is T-regular if and only if (X, o) is regular and, moreover, each term in the T-regular
sequence {(X, g,)} of (X, g) is constant; indeed, g, = 1,0 when 0 < § < 1. It
follows that £5,(q) = €x(c), where the latter denotes the length of the regular series
for the convergence space (X, o). Recall that Ty (a, b) = min{a, b} is the largest
possible ¢-norm.

PROPOSITION 3.2. Suppose that (X, q) has a T(T\)-regular sequence {(X, q.)}
({(X, p)}), respectively. Then
(@) T <T, implies @, > Dq-
(b) T = T, implies q, = roq and Lg,(q) = sup{lr(gs) : 0 < & < 1}, where
roq = (raqos), 0 <8 < L.
(©) Go = 1aq.
(d) gy = r.q when g is constant, where q, = o, 0 < A < 1, and, moreover,
Lr,(q) = Lr(0).

PROOF. Transfinite induction is used to verify (a)-(b).

(a): Assume that g5 > pg for each 8 < a, where @ > 0, and let & 2, x. Then

F > clqﬂ:“_un & forsome ¥ 25 x,n >1,8 <a,whered < T(\; u, — i,). Since

T <T,8 < Ti(x; u — u,) and the induction hypothesis implies that & L2 x

Hence g, > p,.

(b): Assume that @ > 0 and §s = rsg for each B < . If & 5 x, then
F > S & for some ¢ -2 x, n > 1, B < a, where § < Ta(A; by — Wy).
It follows that 8 < A and 8§ < u;, 1 < i < n, and thus F > clI” ¥. Hence

— TTrsqm
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F ™, x. The converse is proved similarly because of the special nature of T},
and thus g, = r,g is valid. The second assertion of (b) clearly follows from the first
part.

(c): Since T < Ty, (a) implies that g, > p,, where {(X, p,)} is the Ty-regular
sequence for (X, g). However (b) implies that p, = r,q and thus g, > r,q.

(d): Validity of this result follows by the remarks made preceding this proposition.

Recall that (C(X), <) and (PC(X), <) are complete lattices. Indeed, if p =
sup;¢, ¢; in C(X), then F L, x if and only if & 2, x foreach j ¢ J. Likewise,
p = sup;., g, in PC(X) if and only if p, = sup,, g;, in C(X), for each component
A € I. Moreover, (X, g) € |PCONV|iscalled left-continuous provided sup,, _; q, =
g, in C(X),foreach0 < A < 1. Let LCPCONV (RyfPCONV,RrLCPCONY)
denote the full subcategory of PC O NV whose objects are left-continuous (T -regular,
T-regular and left-continuous), respectively. Given (X, g) € |PCONYV/{, define
0 = cq as follows:

(1) o, =supgq,,0<r <1

pu<k
(2) oy = indiscrete topology.

PROPOSITION 3.3. Suppose that (X, q) € |PCONV | and let 0 = cq be as defined
above. Then

(a) (X, cq) is the finest object in |LC PCONYV | which is coarser than (X, q).

(b) (X,q) € |[RrPCONV| implies (X,cq) € |RrPCONV| when T is a left-
CONtinUouUs t-norm.

(¢c) RrPCONV,LCPCONV (RfLCPCONY) is a bireflective subcategory of
PCONYV (provided T is left-continuous), respectively. More generally, continuity is
preserved under the corresponding T -regular series as well as with respect to taking
left-continuous modifications.

PROOF. (a): It follows easily that (X, cq) € |ILCPCONYV|. Assume that (X, g) €
ILCPCONV]and p < g. Then, forO <A <1, p, =sup,_, p, <SUp,_,qu = 0x
and thus p < cg. Hence (a) is valid.

(b): Suppose that % 2 x:itis shown that cls, F "5 x. The latter clearly holds
when X % 4 = 0. Assume that A * u > 0; it suffices to show that cl, & 25 x for
eachO < 8 < A*u. Fix0 < 8 < A x u, then since T is left-continuous, there exists
8 > 0 for which 8 < (A — 8) * (u — 8). However, F 2> x, cy, F >cl, , &,
and (X, q) € |[RrPCONYV/| implies that cl,, F — x in (X, go-swu-s)- Since
B<(h—8x%(u—238),cl, L5 xandthus (X,c§) € |[RrPCONV]|.

(c): Let f : (X, g) — (Y, p) be acontinuous map between two objects in |[PCON V.
Itisshownthat f : (X, cq) — (Y,cp)and f : (X, q,) — (Y, p,) are also continuous,
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where {(X, ¢,)} and {(Y, p,)} denote the T-regular sequences for (X, g) and (Y, p).
The first part is easily verified; transfinite induction is used to prove the second
assertion. The hypothesis guarantees the result is valid when @ = 0. Assume that f :
(X, gg) — (Y, pp) is continuous for each 8 < « and suppose that % ', x. Then
F >cl

The induction hypothesis implies that f.# > cl

,g forsomen > 1,8 < o, and ¢ LN x,where § < T(A; puy — i,).
9, f49 2> f(x), and thus

fF BN f(x). Hence f : (X,q,) — (Y, p,) is a continuous and the second
assertion is valid. These results combined with (b) give the desired conclusion.

GB:p) —

P8y —un

The behavior of the T-regular sequence relative to the basic constructions of
retractions, products, and coproducts is listed below. The proofs are similar to those
given in [12] for the regular sequence of a convergence space and are omitted.

PROPOSITION 3.4. (a) The property of f : (X, q) — (Y, p) being a retraction is
preserved under the corresponding T -regular sequences.
(b) (X, éa) = ]_[jel(X" qju)r where (X, é) = I_Ijgj(X_/'ﬂ ‘ij)r and {(Xv éa)} and
{(X}, gjo)} denote the T-regular sequences for (X, q) and (X;, g;), respectively, j €
J. Moreover, £g,(q) > €g,(q;) for each j € J.
©) X,q,) = UjeJ(Xj’ Gjo), Where (X, q) = ]_L'eJ(Xf- q,) denotes the coproduct
(disjoint union) of (X;,q;), j € J,and £g,(q) = sup{fg,(¢;) : j € J}.

4. Example

A probabilistic convergence space describing convergence with probability A is
considered below. The example fails to be Ty,-regular but is T -regular for an appro-
priately chosen T. The T -regular modification is found for both T = T, and the
product T-norm, defined by Tpr(a, b) = ab.

Let I = [0, 1}, P denote Lebesgue measure on /, and let X be the set of all real-
valued, Lebesgue measurable functions defined on /. Define ¢ = (¢,) as follows:
go is the indiscrete topology and, for 0 < A < 1, ¢ — f if and only if for each
0 <8 < danda > 0, thereexists A € ¢ for which g € A implies P{|g— f| < a} > 4.
Then (X, g) € |PCONV| and it is shown in [13] that (X, ¢) is a pretopology with
neighborhood filter ¥, (f) generated by {#,(f) : 0 < é < A,a > 0}, where
Y (f)={geX:Pllg—flsal =8, 0<i <L

LEMMA 4.1. Let u, A € I and f € X. Then
(@) A+ u < limpliescl,, ¥, (f) = X = {X}.
(b) )\' + M > 1 lmplles Clqu %A(f) = ’%Inuvl(f)-
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PROOE. (a): Observe that (a) is valid when either 4 = 0 or A = 0 since gy is the
indiscrete topology. Assume that0 < u,A < landlet0 <& < A, a > 0. It suffices
to show that cl,, Vs,(f) = X. Suppose that g € X and let A be any subset of / for
which P(A) = 4. Defineh = f - 14+ g- 14, where A =1 — A and 1, denotes the
indicator (characteristic) function for A. Then P{lh — f| < a} > P(A) = § and, for
b>0,P{lh—gl<b}>PA)Y=1—-8>1—A> pusince A+ u < 1. It follows
that i € V5, (f) N V,,(g) foreach 0 < p < u and thus g € cl,, Vs,(f). The desired
conclusion follows since g is any element in X.

(b):  Assume that A + p > 1; it must be shown that cl, ¥, (f) = ¥, (f).
A typical base member of ¥, (f) (¥,,,,, () is Vsa(f) (Vurs—1.a(f)), respectively,
where 0 < 8 < A and a > 0. It suffices to show that cl;, Vs.(f) = V,s5-1.(f).
Suppose that g € cl,, Vs,(f) and 0 < p < p and b > 0. Then there exists
h € V,,(8) N Vi, (f), where h depends on p and b; hence P{|h — g| < b} > p and
P{lh — f| < a} = 8. Without loss of generality, assume that p +5 — | > 0, and
thus —b < h — g < band —a < f — h < a on a set of probability measures at least
p+ 38— 1. Itfollowsthat P{|f —g| <a+b}>p+85—1,foreachb > 0. Since
{If —gl<a+byl{lf—gl<alashb |0, P{lf—gl<a}>=p+é—1,foreach
0 <p<pu Hence P{If —gl <a} >2u+38—1andthus g € cly, V,y5-1.(f);
therefore cl,, Vs, (f) € Viis—1.a(f)-

Conversely, suppose that g € V151 ,(f) and let us show that g € cl,, Vs, (f).
It must be shown that V,,(g) N Vs (f) # ¢ foreach 0 < p < pand b > 0.
Since V,,(g) € V,,(g), it suffices to show that V,,,(g) N Vs, (f) # ¢ when b > 0.
Now g € V,5_1.(f) implies that P{|g — f| <a} > pu+5—1=a > 0 and let
A = {|g—f| < a}. Thereexist B C A for which P(B) = « and disjoint subsets C and
Dsuchthat/ —B = CUD, P(C) = u—a,and P(D) = § —«. Note that {B, C, D} is
apartitionof /. Defineh = f-1p+g-1pyc. Then P{lh— f| < a} = P(B)+ P(D) =
a+ (8 —«a)=38and P{Jh —g| <b} > P(B)+ P(C) = a + (u — a) = u. Hence
h € V,,(g) N Vs (f) and thus g € cl,, Vi, (g); therefore cly, Vs, (f) = V,y5-1..(f)
and the desired result follows.

Define the t-norm Tp(a,b) = max{a + b — 1,0} and recall Tpg(a,b) = ab,
abel.

PROPOSITION 4.2. Let (X, q) be the example described above, where g = (q,).
Then
(@) (X, q)is Te-regular.
(b) the Ty-regular modification of (X, q) is (X, p), where p = (p,) is defined by
Di. = q) when . = 1, otherwise p, is the indiscrete topology. Moreover, £z(q) = 1.
(c) (X, 0) is the finest left-continuous, Tpg-regular object in |PCON V| which is
coarser than (X, q), where & = (0,) is defined by 0, = qi1¢,, when A € [e™', 1],
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otherwise, it is the indiscrete topology.
(d) the topological modification of (X, q) is also (X, p).

PROOF. (a): Thisresulthasbeen proved directly by Brock and Kent ([3, Example
3.6]) but it is also follows from Lemma 4.1 above.

(b): Since T = Ty, the T-regular modification reduces to finding the regular
modification component-wise for each convergence space. If 0 < A < % then by
Lemma4.1(a), cl,, ¥, (f) = X. Next, assume that % < A < 1; then by Lemma 4.1(b),
cl, ¥, (f) =%, ,(f)and, in particular, cl,, ¥, (f) = ¥, (f) when A = 1. Suppose
that % <A<l If3x—-1 <1, then clfh Vo lf) =cl, ¥, () = X by Lemma
4.1(a); otherwise, cl(zh Yo (f) = Y, ,(f) according to Lemma 4.1(b). Let k denote
the smallest positive integer for which (k + 1)A — (k — 1) < 1; then cl’q‘k Yo (f) = X.
It follows that (X, g,) is the indiscrete topology when % < A < 1. Hence the Ty-
regular sequence of (X, ¢) terminates with (X, g,) (one iteration), where q, = (¢,,)
and q,; = q; when A = 1 and, otherwise, ¢, is the indiscrete topology. Indeed, it is
well-known that (X, g;) is metrizable when one identifies elements equal P-almost
surely ([4, p. 67]).

(c): Observe that for 8 € I, X —=» f if and only if for some n > 1, there exist

A, i € 1,1 <i < n,such that the following are satisfied:

(D) Ay =Appa---py > 8

i) B, =2+ +ur+---+pu,—n<0.
Indeed, in this case, Clqulw Y. (f) = x 2, f since A, > dand B, < 0. If
conditions (i)—(ii) are valid, then

)“+Ml+,u/2+"'+,un< n
n+1 T n+1

s/ < A,ll/("w <

since the geometric mean is no larger than the arithmetic mean. Hence § < (n/(n +
D) 4 elasn — oo. Fix$ € [0,e7!) and choose A = u;, = n/(n + 1),
1 < i < n. It follows from the above result that conditions (i)—(ii) are satisfied
when £ is sufficiently large, and thus g,; is the indiscrete topology when § € [0, e7}).
Also, this implies that cq,, is the indiscrete topology when § = ¢~!; hence 05 = cqy;
provided § € [0, e”'].

Fix 8 € (e7', 1]. First, it is shown that o5 > ¢qys. Let p € [0,8), e = 1 +1In§, and
choose A = u; = (n+¢€)/(n+1),1 <i <n. Since

n+l1 n+1
1 —
(nii) =<1_ +j> fei=8 as n-oo
n n

it follows that cl,, . Y. (f) = Y, (f), A, = p for n sufficiently large, and thus

qip

Yo () LN f. This shows that ¥, (f) — f for each 0 < p < § and thus
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Y5, (f) LN f. It follows that o5 > cq;s when § € (e”!, 1]. Next, it is shown
that (X, 0) is Tpg-regular; that is, cl,, %, (f) > ¥, (f). Since 0,, is the indiscrete
topology when Ay < e”', assume that Ay > e™'. Recall that 03, = @141, and a
typical base member of ¥, (f)is V,.(f) ={g € X : P{lg— f| < a} > y} for some
a>0and0 <y < 1+ In(Au). Choose b > 0 for whichd < 1 +In(Apt) — y and let
pbesuchthatl +InA —5/2 < p <1+ 1nk Then V,.n(f) € ¥, (f) and it can be
verified that cl,, V,.2(f) € V,.(f) and thus cl,, %, (f) > ¥, (f). Hence (X, 5) is
Tpp-regular.

Fix L € (¢7',1]. Since 1 +InA < A, 05 = ¢iymr < ¢», and thus & < §. The
T -regularity of (X, o) implies that 6 < §¢,. Moreover, ¢ is defined in terms of g and
hence the left-continuity of & follows from that of g. Therefore ¢ < cg; and from the
earlier result, 0 = ¢q.

(d): As mentioned above (X, g;) is pseudo-metrizable when A = 1. The details
are deleted here but it can be verified that when 0 < X < 1, X is the only nonempty
closed subset and thus g, is the indiscrete topology in this case.

The example (X, §) above is also a Tp-probabilistic convergence vector space over
R in the sense that for each fixed A, u € I, addition is a continuous operation from
(X, q.) x (X,q) - (X, ¢,) and scalar multiplication is a continuous map from
R x (X.,q,) — (X,q,). Furthermore, Proposition 4.2(c) can be improved at the
expense of a slightly more technical argument. The results are listed below.

REMARK 4.3. Suppose that (X, ¢) is the same space as in the example above and
let {(X, q,)} be its Tpg-regular sequence. Then g, is the indiscrete topology when
5€[0,e7),qs =¢q whend = 1,and ¢ —— f ifand only if ¢ > ¥, (f) for
some 1 > & when 8§ € [e”!, 1). Moreover, ¢ # qi; Wwhen § € [e™', 1) and thus
£r, (@) > 1 when T = Tpp.

5. Function space structures

A fundamental paper in the search for suitable topologies for function spaces is due
to Arens [1]. Cook and Fisher [5] showed that more satisfactory results can be obtained
in the larger category of convergence spaces. Given a z-norm T, appropriate function
space structures in the category of probabilistic convergence spaces are considered in
this section.

Assume (X, g), (Y, p) € |[PCONYV|; define Hom(X, Y) to be the set of all con-
tinuous maps from (X, g) into (Y, p). If (Z,7) € |PCONV|,thenamap f : (X, ) x

(Y. p) = (Z,F) is T-continuous provided f(F x 4) —=> f(x,y) when & 2> x
and¥ 2 y. Observe that T-continuity of f reduces to continuity when 7' = T,. A
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probabilistic convergence structure & for Hom(X, Y) is called T-splitting if for every
(Z,r) e |PCONV|, T- cont1nu1tyoff (X, q)x(Z,r) — (Y, p) implies cont1nu1ty
of f*:(Z,r) - (Hom(X,Y), ), where [ (@) (x) = f(x,z). Moreover, 6 is said
to be T-admissible if the evaluation map ¢ : (X, ¢) x (Hom(X,Y), 0) — (Y, D),
defined by e(x, f) = f(x), is T-continuous.

PROPOSITION 5.1. Let (X, q), (Y, p) € |PCONYV|; then there exists 6 which is
both the finest T -splitting and coarsest T -admissible probabilistic convergence struc-
ture for Hom(X, Y).

PROOF Define 6§ = 8,), A € I, as follows: ¢ AN f if and only if when
F s x uel, p(F) =2 f(x), where ¢(F) has a base of subsets of the form
A(F)=1{g(z) g€ A,z € F}, A e ¢, F € &#. ltis straightforward to show that
(Hom(X, Y),0) € |PCON V| and 6 has the desired properties.

Given the f-norm T'; let us conclude by giving some basic properties of (Y, p)
which are inherited by (Hom(X, Y), 9).

PROPOSITION 5.2. (a) (Hom(X,Y),8) is T -regular (left-continuous, pseudo-to-
pological) when (Y, p) is T-regular (left-continuous, pseudo-topological), respect-
ively.

(b)y (Hom(X,Y),0) is constant when (Y, p) is constant, provided ab > 0 implies
T(a,b) > 0.

PROOF. (a) Suppose that ¢ N f; itmust be shown that cly, ¢ TN f. Assume
that # —~> x for some § € I; then ¢ (F) 2> f(x) and since (Y, p) is T-regular,

cl, ¢(F) —— Lt £(x). It is shown that (cly, PI(F) = cl,, ¢(F). Indeed, if g €
cly, A, then there exists IR g with A € ¢. However, x 5 randthus ¢ (x) —
g(x); it follows that g(x) € cl,, A(x) and g(F) C cl,, A(F). Hence (cl,, A)(F) C

cl,, A(F) and thus (cly, )(F) > cl,, ¢(F). Therefore (cly, p)(F) —— Pt — f(x)
and cly, ¢ —> f; hence (Hom(X, Y), 0) is T -regular.

Assume that (Y, p) is left-continuous. It is shown that sup,_, 6, = 6, when
0 < A < 1. Suppose that ¢ IR f for each u < i and % —> x. Then
H(F) 25 f(x) for each u < A and the left-continuity of (Y, p) implies that
P(F) AN f(x). Hence ¢ AN f and it follows that (Hom(X, Y),9) is also
left-continuous. Proof of the last part of (a) is deleted since it closely resembles that

given in the convergence space setting [8].
(b) Suppose that p = (p,) is constant. It must be shown thatif0 < u < * < 1, then

6, = 6,. Assume that ¢ ——> fand.F 2> x,8 € 1. If§ = 0, then p(F) "> f(x)
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since py is the indiscrete topology. Suppose that § > 0; then ¢ (%) e, f(x) and,
by hypothesis, u * § > 0 and thus ¢ (%) LN f(x) since p is constant. Hence

A oo
¢ —— f and therefore 6 is constant.

References

[1] R.E Arens, ‘A topology for spaces of transformations’, Ann. of Math. 47 (1946), 480-495.
[2] P.Brock and D. Kent, ‘Approach spaces, limit tower spaces and probabilistic convergence spaces’,
Appl. Categorical Structures 5 (1997), 99-110.
[3] ——, ‘Probabilistic convergence spaces and regularity’, Internat. J. Math. Math. Sci. 20 (1997),
637-646.
[4] K. L. Chung, A course in probability theory (Academic Press, New York, 1974).
[5] C. Cook and H. Fisher, ‘On equicontinuity and continuous convergence’, Math. Ann. 159 (1965),
94-104.
[6] , ‘Regular convergence spaces’, Math. Ann. 174 (1967), 1-7.
[7] L. Floresque, ‘Probabilistic convergence structures’, Aequationes Math. 38 (1989), 123-145.
[8] D. Kent, K. McKennon, G. Richardson and M. Schroder, *‘Continuous convergence in C(X)’,
Pacific J. Math. 52 (1974), 271-279.
[9] E. Lowen and R. Lowen, ‘A quasi topos containing CONV and MET as full subcategories’,
Internat. J. Math. Math. Sci. 11 (1988), 417-438.
[10] R. Lowen, ‘Approach spaces: A common subcategory of TOP and MET’, Math. Nachr. 141
(1989), 183-226.
[11] K. Menger, ‘Statistical metrics’, Proc. Nat. Acad. Sci. 28 (1942), 535-537.
[12] G. Richardson and D. Kent, ‘The regularity series of a convergence space’, Bull. Austral. Math.
Soc. 13 (1975), 21-44.
[13] , ‘Probabilistic convergent spaces’, J. Austral. Math. Soc. (Series A) 61 (1996), 1-21.
[14] B. Schweizer and A. Sklar, Probabilistic metric spaces (North-Holland, New York, 1983).

Department of Mathematics

University of Central Florida

Orlando, FL 32816-1364

USA

e-mail address: garyr@pegasus.cc.ucf.edu

https://doi.org/10.1017/51446788700001701 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001701

