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LEXICOGRAPHIC DIRECT SUMS OF ELEMENTARY
C*-ALGEBRAS

HORST BEHNCKE AND GEORGE A. ELLIOTT

1. Introduction. Besides the simple ones, there are several other kinds of
C*-algebras which it has proved interesting to try to classify. For instance,
a large body of results relates to the extensions of one given C*-algebra,
possibly simple, by another. Extrapolating in this direction, we have
considered the class of C*-algebras which can be decomposed in the
strongest possible nontrivial sense in terms of their simple subquotients,
and such that these simple subquotients in turn are as uncomplicated as
possible.

We have found that the classification of these C*-algebras, namely, the
lexicographic direct sums of elementary C*-algebras, is to a large degree
tractable, and yet involves an interesting new invariant in the antiliminary
case, which is the case of no minimal ideals. Even the postliminary case,
which is the case that the ordered set of simple subquotients satisfies the
decreasing chain condition, is not without interest as an extension of
the case of finitely many simple subquotients, analysed in the earlier
papers [1] and [2].

This new invariant, being a generalized integer (or a family of
generalized integers), resembles in a striking way the invariant introduced
by Glimm in [13] to classify uniformly hyperfinite C*-algebras, which are
simple and apparently unrelated to lexicographic direct sums of elementa-
ry C*-algebras.

Lexicographic direct sums of elementary C*-algebras are, it is easy to
show, approximately finite-dimensional. Their dimension groups, as
defined in [9], turn out to be lexicographic direct sums of copies of Z
(2.8).

We recall that the lexicographic direct sum of an ordered family of
ordered abelian groups (G,), < p. which we shall denote by

lcx@.\’e PG.\"

is the direct sum group @, ¢ »G,, with a nonzero element positive if for
each x € P maximal such that the coordinate at x is not zero, that co-
ordinate is positive in G. By 3.10 of [10], the lexicographic direct sum of
an ordered family of dimension groups is a dimension group. (We shall use
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the definition of dimension group given in 3.10 of [10], namely, the
ordered group direct limit of a net of finite ordered group direct sums of
copies of Z.)

In the case that the dimension group G is equal to Z for every x € P,
we shall write Z'") instead of @ . ,Z, and ZP' instead of D 2.
It is easily seen that the ideals of Z! 70X gre precisely the subgroups
Z'®) with R an ideal of P, and that this correspondence is an isomorphism
of the ideal lattice of Z"'* and the ideal lattice of P (cf. Section 5.2 of
(10]).

We recall that an ideal of a dimension group is a positively generated
subgroup such that if 0 = g = h and 4 is in the subgroup then g is, too.
The quotient of a dimension group by an ideal, ordered by the image of
the positive part, is again a dimension group. A dimension group is prime
if it 1s nonzero and does not have two nonzero ideals with intersection
zero. A prime ideal is an ideal with respect to which the quotient is prime.
We shall use similar terminology for ordered sets: an ideal is a subset such
that if x = y and y belongs to the subset then x does, too; an ordered set is
prime if it is nonempty and does not have two nonempty ideals with
empty intersection; a prime ideal is an ideal with respect to which the
quotient, 1.e., the complement, is prime. Incidentally, we shall also use
similar terminology for algebras, which is however completely standard,
except that we shall say ideal instead of two-sided ideal.

The prime ideal spectrum of an ordered set or of a dimension group will
mean the space of prime ideals with the Jacobson (or hull-kernel)
topology, with the proviso that for dimension groups the kernel of a
collection of ideals is the ideal whose positive part is the intersection of the
positive parts of the ideals in the collection. (The intersection of the ideals
themselves may fail to be positively generated, as shown in [12].) We shall
denote the prime ideal spectrum of a dimension group G by Spec G.

While on the subject of ideals, we should like briefly to mention an error
in [5]: in Theorem 6 the conditions given are insufficient for a topological
space to be the primitive spectrum of a separable postliminary approxi-
mately finite-dimensional C*-algebra; this was pointed out to the second
author by B. Blackadar and L. Brown. Blackadar and Brown have proved
sufficiency with the additional (necessary) condition that the space be
almost Hausdorff.

As shown in [9], the additional information which determines a
separable approximately finite-dimensional C*-algebra, besides the
dimension group, is the range of the dimension. This is an upward
directed, generating subset of the positive part of the dimension group,
such that if 0 = g = A and 4 is in the subset then g is, too. Follow-
ing Handelman in [15], we shall refer to such a subset of a dimension
group simply as an interval. By [9], at least in a countable dimen-
sion group, every interval arises as the dimension range of an approxi-
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mately finite-dimensional C*-algebra. The image of an interval in a
quotient of a dimension group is an interval.

Our main results are as follows. We shall show that an interval in Z")X
is determined by knowing when its image in a prime quotient has a largest
element, and also what that element is (3.5). We shall summarize this
latter information by means of a function from P to Z U {+co}, the
defector of the interval, much as in the case of finite P considered in [1]
and [2] (3.9).

We shall show that the dimension range of a lexicographic direct sum of
elementary C*-algebras is an interval with positive defector (a positive
defector is one with positive values), with a largest element in any prime
quotient where this is permitted by the defector (2.8, 3.6).

Conversely, we shall show that every such interval is the dimension
range of a lexicographic direct sum of elementary C*-algebras. Further-
more, we shall do this by a construction which is functorial, from the
category of such intervals in lexicographic direct sums of copies of Z, with
isomorphisms, to the category of C*-algebras, with isomorphisms (2.6,
2.9). By 4.3 of [9], it follows that every separable lexicographic direct sum
of elementary C*-algebras is isomorphic to one of the algebras given by
this construction. This leads to a characterization of postliminary
C*-algebras in this class (5.5).

Finally, we shall introduce a divisor invariant of the defector of an
interval, which is a function from certain prime ideals of the ordered set to
generalized integers (4.12). We shall show that for intervals in z! Nl
with defector equal to 1 at 0, this invariant, a single generalized integer, is
complete (4.13).

2. Lexicographic direct sum C*-algebras.

2.1. Definition. Let P be an ordered set, and let (B,),cp be a family of
nonzero simple C*-algebras. Let 4 be a C*-algebra. We shall say that 4 is
a lexicographic direct sum (or an external lexicographic direct sum) of the
ordered family of simple C*-algebras (B,),cp if there exists a linearly
independent family (4, ), < p of sub-C*-algebras of 4, with A, isomorphic
to B, for each x € P, with the following properties:

(1) If x, y € P are not comparable, then 4.4, = 0.

(i) If x, y € Pand x < y then A, A, C A and A, is the unique nonzero
proper closed ideal of A4, + A4,.

(iii) X, cpA, is dense in 4.

In these circumstances we shall also say that A4 is the internal lexicographic
direct sum of the ordered family of simple sub-C*-algebras (4,), cp. (We
use the indefinite article in referring to an external lexicographic direct
sum because this in general is not unique.)

2.2. THEOREM. Let A be a C*-algebra, let P be an ordered set, and suppose
that A is the internal lexicographic direct sum of the ordered family of simple

https://doi.org/10.4153/CJM-1987-012-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-012-3

260 H. BEHNCKE AND G. A. ELLIOTT

sub-C*-algebras (A,),c p. It follows that the lattice of closed ideals of A is
isomorphic to the lattice of ideals of P. More precisely, if R is an ideal of P
then the closure of 2 c p A, is an ideal of A, and the map

R— (X crd)

from the lattice of ideals of P to the lattice of closed ideals of A is an order
isomorphism. Furthermore, if R is an ideal of P, then the restriction of the
quotient map

A=A/
10 the sub-C*-algebra (2, < prAy)  is an isomorphism.

Proof. Note first that by (i) and (ii), for any x, y € P, A A, is contained
either in A, or in 4. Thus, X .,4, is a subalgebra of 4 for any
Q CP

Let R be an ideal of P. Fix x € Rand y € P\R. Then either x and y are
not comparable, or x < y (if y = x then y € R). In the first case, by (i),
AA, = 0. In the second case, by (i), 4.4, S A, Thus, in either
case, A A, S A,. It follows that 2 . gA, is an ideal of X pA4,. Hence
(Z,crA,) is an ideal of (2, cpA4,)", which by (iii) is equal to 4.

Let R, and R, be ideals of P. Clearly, if R; € R,, then

(E_xER]A‘\-)i < (2,\-eR2AA\-)7-

Suppose that
(DierAd) S (SierAd) -

To show that R; € R,, let us first show that the quotient map
A=A/ (ZerA)

is isometric on X o P&, Ac- This will also establish the last statement
of the theorem. It is sufficient to show that for each a € X _p\g 4, and
b e E‘\‘ERfA.\"

llall = lla + bl|.

Passing to a finite subset Q of 4 such that both a and b belong to 2, cody
to show that ||a|| = |la + b|| we may suppose that P is finite. In this case,
as we shall show below, X . A, and e mrAc are closed. Since the
quotient map

% A/Z.VGRZA.\'

with respect to the closed ideal X . &,A. 1s, by independence, injective on
the sub-C*-algebra EYE},\RZAX, by 1.8.3 of [7] it is isometric there.
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Hence

llall = lla + ZcpAdl = lla + Bl
It follows that

(ZiemprA) N (Zierd) =0

(whether P is finite or not). Hence, as

Z,\’ER]AX - (ZXGRZAX)¥’

R, € R, (x € R\\R, would imply 4, = 0).

In what precedes we stated that certain finite sums of A4,’s are closed.
We shall in fact prove that any finite sum of A4,’s is closed (whether P is
finite or not). Let Q be a finite subset of P. Choose y maximal in Q.

By induction, we may suppose that E,\—eQ\( 34, 1s closed. It is then a

closed ideal of the C*-algebra (EerAx)A- By 1.8.4 of [7], the sum of
the closed ideal Eer\{ yy4, and the sub-C*-algebra A, is closed. Thus we
see that 2 ¢ 54, is closed. '

Finally, let I be an arbitrary closed ideal of A, and let us show that

I = (E,VERAX)i

for some ideal R of P. As A is the direct limit of the net of
sub-C*-algebras

(Z_\-eQA,x )OC P, O finites
by the proof of 1.4 of [8] (see also 3.1 of [4] ) we have
I'=(Ugcp grinied N Zicod,) -

From this we see that it is sufficient to show, for each finite subset Q of P,
that I N X £ 4, is equal to

ZXER(Q)Ax

for some ideal R(Q) of Q. (Then R(Q,) € R(Q,) whenever Q; € 0O,. so
UpR(Q) is an ideal of P; clearly

I =2, Ugr@yA) )

Thus, it suffices to consider the case that P is finite. Then the ordered set P
has a finite composition series of ideals

6—P,CPC.. . CP =P

with each subquotient (i.e., difference) P, , |\ F, a single point. Hence the
sequence of ideals

0C XepAd C...C Xcpd, =4

1s a composition series for 4, with subquotients isomorphic to
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API\P()’ Apz\Pl’ Tt AP,,\P,, 1
and therefore simple. It follows that the primitive spectrum of A is fi-
nite and in particular every proper closed ideal of A4 is contained in a
maximal (proper) closed ideal. If / = A, then

I = 2,\ EI’A.\"

Assume that I # A. We shall show that I is contained in 2,\»eQA,y for some
proper subset Q of P; the desired conclusion then holds by induction on
the number of elements of P. For this purpose we may replace / by a
maximal closed ideal of 4 containing I (that such exists was shown above).
Choose y maximal in P. Then

Z,\‘ eP\{» }A\

is a maximal closed ideal of 4 (the quotient is isomorphic to the simple
nonzero C*-algebra A,). Either the two maximal closed ideals / and
EA\e/'\{b,»)A,\— are equal, or their intersection is a maximal closed ideal of
each of them. In the first case we are finished. In the second case, by
induction there exists a maximal element z of P\{y} such that

In 2.\‘6[’\(}'}’4.\' = ZA\'EP\{_V.: )A\

Hence we may pass to the quotient of 4 by the closed ideal

2.\ eP\{r.: }A.\*’

modulo which 4, and A, are independent and satisfy conditions (i), (ii),
and (iii) of 2.1 with { y, z} in place of P. If y and z are incomparable, then
A.A. = 0, so the only nonzero proper closed ideals of 4 (now equal
toA, + A.)are A, and A_. If y and z are comparable, then z << y (since y is
maximal in P, and z € P\{y}); hence in this case, by (ii), 4. is the
unique nonzero proper closed ideal of A.

2.3. Remark. In Definition 2.1, independence of the family (4,), cp
together with properties (i) and (ii) could be replaced by the following two
properties:

(iv) For any subset Q of P and any ideal R of Q, 2 54, is a subalgebra
of A and X <A, is an ideal of 3 ¢4,

(v) For any subset Q of P, the map

Ri> (X cpd,)”

from the lattice of ideals of Q to the lattice of closed ideals of (2, cp4,)
is a bijection.

That (iv) follows from 2.1 is immediate; that (v) follows from 2.1 is part
of 2.2. Conversely, bearing in mind that 4, and 4 are simple, x,y € P, we
see that (i) of 2.1 is just a reformulation of (iv) and (v) with Q = {x,y}, x
and y not comparable, and that (ii) of 2.1 is a reformulation of (iv) and (v)
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with Q = {x, y}, x < y. It remains only to show that (iv) and (v) imply
independence of the family (4, ), < p. Let O be a finite subset of P and let y
be maximal in Q. Then Q and R = Q\{ y} are distinct ideals of Q, so by
injectivity in (v), 4, is not contained in the ideal (X, czA4,) of
(2.cpA,) . Since A, is simple and (X czA4,) s closed (actually,
2 crA, is itself closed) it follows that

A, 0 (2erd) =0,
and in particular
A). m Z\‘ERA,\' = O.

If we assume inductively that (4, ), <y 1s independent, it then follows that
(A), e is independent.

It is clear from the proof that it is sufficient to have properties (iv) and
(v) for finite subsets Q of P.

2.4. Remark. If A is the internal lexicographic direct sum of the ordered
family of simple sub-C*-algebras (4,).cp then for any pair Q,, O, of
disjoint subsets of P,

(E.\'EQIA,\‘)_ N (EYEQZA.\)7 = 0
(E.\'EQlA_\‘)_ + (2.\‘€Q2A.\‘)v = (E\EQ,UQu Ay

To see this, set

= {x € Q; x <yforsomey € Q,}.

Then R is an ideal of Q, and of O, U Q,, and Q, is an ideal of (Q,\R) U
0,. Hence, by three applications of the last statement of 2.2,

(2.\'€Q|UQ2A.\')~ = (z\‘ERA.\‘) V
+ ((E\QQMA_)" +(2ZicoA) )
- (E\GQI X + (E\€Q7 A%

2.5. Remark. As is well known, a lexicographic direct sum of the ordered
family of simple C*-algebras (B,), < p is not necessarily unique. (Consider
the case P = {x, y} with x < y, B, infinite elementary, i.e., isomorphic to
the algebra of compact operators on a Hilbert space of infinite dimension,
and B, = C. See also [1].) Furthermore, there may not even exist such a
sum. (Consider P as before with B, = C, B. = C.)

If each B, is an infinite elementary C*-algebra, of order

¢, = Nycard{y € P;y = x},

then the construction which follows shows that there does exist a lexico-
graphic direct sum of the ordered family (B, ), < p; in fact, a canonical one.
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If for each x € P theset {y € P;y = x} is countable, i.e., ¢, = N, then
it seems reasonable to expect that a lexicographic direct sum of the family
(B.),cp 1S unique.

If P itself is countable, then, as follows from 2.8 below, together with
4.3 of [9], uniqueness holds. (In 2.8, if each A, is infinite, necessarily
d(P) = {+o0}.) Uniqueness in the case that P is finite is a consequence of
Theorem 3 of [2]. In the case that P is countable and every subset of P has
at least one minimal element, and at most finitely many, uniqueness was
shown in 5.2 of [10].

2.6. TuroreM. There exists a functor P +> Ay, from the category of
ordered sets and injections which are order isomorphisms onto their images.
to the category of C*-algebras and injective morphisms, such that for each
ordered set P, Ap is a lexicographic direct sum of elementary C*-algebras of
order

¢, = 8,card{y € P,y = x}, x € P.

Proof. We remark that for the category of totally ordered sets this was
proved in [3]. (See 4.7.17 of [7] for the case P = N.) Denote by Z'7) the set
of finitely nonzero functions from P into Z. (We shall ignore for the time
being the group structure of this direct sum group.) For each fixed x € P,
define a C*-algebra 4, on the Hilbert space 1%(Z'") as follows.

For each g € Z'") denote also by g the vector in 122"y which is 1 at g
and O elsewhere. For each pair g, g’ € 7" denote by g* ® g’ the partial
isometry of rank one £ — (§|g)g’ on 1XZ'")). Denote by S, the set of pairs
(g. g) In Z'”) with the following three properties:

g(y) = 0 = g'(y) unless x and y are comparable;
glx) # 0, g'(x) # 0;
g(y) = g'(y)forall y < x.

Say that (g, g’) and (h, ") are equivalent in S if (g, g") € S\, (h, h') € S,
and g(») = h(y), g(y) = h'(y) for all y = x. For each pair (g, g') € S..
the orthogonal sum

2{h* @ k', (h, i) is equivalent to (g, g') in S, }

is a partial isometry on /%(Z'"); denote it by (8. &) It (f.f) € S, and
(g. &) € S, then from

(f*®f)g* ®F) = 8, /*®g

it follows that the product (f, /) (g, £), is equal to (f, /'), if there exists
(h, ') equivalent to (g, g’) in S, with &7 = f”, and otherwise is equal to 0.
Furthermore, if (g, g’) € S, then

(8. 8= (. 2.
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This shows that the closure in norm of the linear span of the set of
operators

{(g.¢8): (g g) €S}

is a C*-algebra. We shall denote this C*-algebra of operators on 12"
by A,. Clearly A, is isomorphic to the C*-algebra of compact operators on
the Hilbert space

IZ(Z( {)E[’li\} ))
of dimension
¢, = Nycard{y € P;y = x}.
Fix x, y € P with x > y, and let us show that 4 4. € A Let (/. /') be
in S, and (g, g’) be in S‘ If '
S8 &), # 0.

then there exist (h, #’) equivalent to (f, f”) in S, and (k, k") equivalent to
(g. &) in S, such that A’ = k. Since the support of 4’ contains x, and the
support of k is comparable with y, this requires that x be comparable with
y, which means, as x 3 y, that x = y. It follows that (h, k') € S..
Furthermore,

S8 &)y = (h W) (ko K, = (b ),

This shows that 4.4, € A (whenever x + y).

It follows that property 2.3 (iv) holds. Let us next verify property 2.3
(v). First fix x and y in P with x < y, and fix g € Z'") with (g, g) € S,
Then (g, g), is a projection in 4,

(g, g)\A\(g’ g)L g A.\"

and, moreover, the family of finite sums of projections in the infinite
orthogonal set

{(h, h) (b, h) € S, N S, and (h, h), = (g, ), }

is an approximate unit for the C*-algebra (g, g),4,(g, g),. To see this, note
that if (h, h) € S, and (h, h) (g, g), # 0, then (h, h) € S, (h, h) is
equivalent to (g, g) in S, and hence - '

(h h)(g. 8), = (A h) (A h), = (b h),.

As pointed out at the end of 2.3, to verify 2.3 (v) it suffices to do so in
the case of a finite subset of P. We remark that, as shown before, it follows
from 2.3 (iv) (by 1.8.4 of [7]) that E_KEQAV\. is closed in A4 for any finite
subset Q of P. Let us show first that if Q is a finite subset of P, and R, and
R, are ideals of Q such that

EveRlA.\' < Z.\'ERZA\"
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then R, € R,. For this we must show that if R is an ideal of Q and
y € QO\R then
Ay A Z.\‘ERAX’

To show this it is sufficient to show that for fixed g € 7" with (g.8) €
S,, and for fixed a € X g4, there exists a nonzero projection p =
(8. ), such that || pal| is arbitrarily small. Choose z maximal in R; then
R\{z} is also an ideal of Q. Write

a= X .cpa, wherea, € A.

Suppose first that z << y. By the preceding paragraph, there exists h € 7"

such that

(hh) € S., (h h). € (8 g)4.(& &)
and || (h, h).a.ll (= || (h, h).(g, g),a.ll ) is arbitrarily small. By induction on
the number of elements in R, we may suppose that there exists a nonzero
projection ¢ = (h, h), such that

“qzxeR\{z )a,\’”

is arbitrarily small. Since also ||ga.l| (= |lg(h, h).a.|| ) is arbitrarily small,
and

(b h). = (g 8),
we have ¢ = (g, g), and [|gal| is arbitrarily small.
Suppose next that z and y are not comparable. Then
(8, 8)a. = 0.

By induction on the number of elements in R, we may suppose that there
exists a nonzero projection

q = (8 8),
such that [|gX < R\{:}4/ 18 arbitrarily small. Since

qa. = q(g. g),a. = 0,

llgal is arbitrarily small.
To finish verifying 2.3 (v), we must show that if Q is a finite subset of P
and [ is a closed ideal of 2 A4, then

1 = ExERA,\’

for some ideal R of Q. It is sufficient to consider the case that I is the
closed ideal of X . ,A4, generated by a single element

a = ZYEQaX’

where a, € A,. Note that the decomposition a = X cpa, is unique,
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as independence of the family (4,),cp follows (as shown in 2.3) from
2.3 (iv) and injectivity in 2.3 (v), which we have already established. We
shall prove in this case the slightly sharper fact that

I = 2.\'ERA,\'
where R is the ideal of Q generated by

support(a) = {x € Q; a, # 0}.

We shall argue by induction on card(support(a) ). We must show that
A, € I for all y in R. Note that 2.1 (i) follows from 2.3 (iv) and injectiv-
ity in 2.3 (v), which we have already established. Recall that, as shown
above, x < y implies A A, # 0. It follows that it is sufficient to show that
A, € I for all y maximal in R, i.e., for all y maximal in support(a). Fix y
maximal in support(a). In order to show that 4, € I, replacing a by aay,
and a, by a.a* for each x € Q, we may suppose that ¢. = 0, and that
a, = 0 unless x = y. (By 2.1 (i), injectivity in 2.3 (v), and simplicity of
A, for x € Q, we have 4.4, = 0if x and y are not comparable.) Since
0 = a, # 0in A, there exists g € Z") such that

(8.8) € S, and (g, g),4,(8. &), # 0.

Since (g, g), is a minimal projection in the elementary C*-algebra 4,
we may replace a by a scalar multiple of (g, g),a(g, g), and suppose that
a, = (g &) and, further, that

(8. 8),a,(8 g), = a, foreachx € Q

(recall that either a, = 0 or x = y). If support(a) = {y}, then, as 4,
is simple, I = A,. If support(a) # {y} then, as now support(a) = y, we
may choose z € support(a) maximal such that z < y. As before, there
exists h € Z) such that (h, h) € S, (h, h). = (g g),, and
Il (h, h).a]l is arbitrarily small. By the inductive hypothesis, since
support( (h, h),a) is contained in support(a) and omits y, the closed ideal
of 2,\-eQAx generated by (h, h).a is equal to 2\.6RIA_\. for some ideal R, of
Q. Since y is the only element of support(a) greater than z, and a, =
(8. 8),» we have '

((h, h).a), = (h. h).(a, + a.) = (h h). + (h h).a..

Choosing 4 so that

Il (h, h).a|l <1,
we have
((h, h),a). # 0.

By independence (see above), it follows that z € R,. It follows that 4. is
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contained in the closed ideal of X . A4, generated by (h, /).a, and hence
in that generated by @, namely, /. In particular, a. and

2.\'6(_),.\'#:(1,\‘ =a— a
belong to /. Since a. # 0, by the inductive hypothesis the closed ideal of
2, cpA, generated by X ) ..a, contains 4,. Hence /, the closed ideal
of 2 c A, generated by a. and a — a_, contains 4,.

Denote by A4, the C*-algebra generated by 2 c pA4,. We have shown
that 2.3 (iv) and 2.3 (v) hold, and it follows by 2.3 that A, is the internal
direct sum of the ordered family of simple sub-C*-algebras (4,),c p. As we
have remarked, 4, is elementary of order

¢, = 8ycard{y € P,y = x}.

Finally, let P, and P, be ordered sets, and let ¢:P; — P, be an injec-
tion which is an order isomorphism onto its image. If g € Z'™), define
$(g) € 2" by

#(8) [9(P)) = g9 ',

&(g) [P, \¢(P)) = 0.

This map ¢ from 7" into 77 clearly has the property that if x € P; and
(g. h) € S, then

(@(g). ¢(h)) € Sy

Hence there is an isomorphism ¢ from A4, onto a hereditary sub-
(*-algebra of A, such that for each pair (g, h) € S,

(8. 1)) = (&), d(h) gy

Extension of ¢ to Eb\.eplAr\. by linearity is easily seen to be an injective
*-algebra morphism. Since each finite sum 2,\‘€QA,\' is a C*-algebra, by
1.8.3 of [7] ¢ is isometric on finite sums and hence extends to an isometric
morphism from Ap into Ap. This correspondence from ¢:P, — P, to
$:Ap — Ap, clearly takes the identity map into the identity map, and
compositions into compositions. In other words, it is a functor.

2.7. Definition. Let P be an ordered set, and let d be a function from P to
YAV { + oo} with the following two properties:

(1) If d(x) = 0 then d(y) > 0 for some y > x.

(i) If d(x) < +oothend(y) < +ocoforall y > x and d(y) = 0 for all
except finitely many y > x.

We shall say that d is a positive defector on P.

Set

D(P.d)={ge 2P 0=g=d)

where g = d means that if g(x) > d(x) then g(y) < d(y) for some y > x.
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For each finite subset Q of P such that 4(Q) € Z, denote by dg the
function on P defined by

_Jd(x)if x = yforsomey € Q,

do(x) = {0 otherwise.

Then by (ii), dp(P) € Z" and d, € Z'". It follows that
dQ c (Z(P)]CX)+.

It is immediate from the definition of dQ that a’Q = d. Hence
a’Q € D(P, d).

Furthermore, g € D(P, d) if and only if for some such Q C
0 = g = dy (Given g € D(P, d), take Q to be the set {x €
g(x) # 0, d(x) < +o00}.)

It follows that D(P, d) is an interval in Z")'*_(If 9, € Q, are subsets
as above then it is immediate that dQl =d )5 this shows that D(P, d) is
upward directed. D(P, d) generates the group Z'”) by (i).)

P,
P;

2.8. THEOREM. Let A be a C*-algebra, let P be an ordered set, and suppose
that A is the internal lexicographic direct sum of the ordered family of
elementary sub-C*-algebras (A,),cp- It follows that A is approximately
finite-dimensional, and that the ordered group Ky(A) is isomorphic to
the lexicographic direct sum Z"V* In fact, Ky(A) is equal to the internal
lexicographic direct sum of the ordered family of sub ordered groups
(K((A,) ), cp With respect to this identification of Ky(A) as Z\"'"*, the
dimension range of A is equal to the interval D(P, d) in (Z"")" for some
positive defector d.

Proof. To prove that A is approximately finite-dimensional it is
sufficient to consider the case that P is finite. In this case the assertion was
proved in 5.2 of [10].

Again, to prove that K(4) is the internal lexicographic direct sum of
the ordered family of sub ordered groups (Ky(A4,) ), p, it is sufficient to
consider the case that P is finite, and in this case the assertion was proved
in 5.2 of [10].

To compute the dimension range, D(A4), of A, let us first prove that
every element of D(A4) is majorized by an element of D(4) which, as an
element of Z", has only positive coordinates. Clearly, to prove this it is
sufficient to consider the case that P is finite. If no subalgebra 4, with x
maximal in P has a unit, then for each x maximal in P there exist elements
of D(A) with arbitrarily large coordinate at x, and it follows that D(4) is
all of (Z(P)'CX)Jr; in particular, in this case, the assertion to be verified
holds. Suppose that, for some y maximal in P, 4, has a unit, e. Denote by
P’ the set of x € P such that '

(1 — e)d, # 0.
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Since y is maximal in P,
ed. € A, forevery x € P,
and it follows that

(1 —e)yd (1 —e) & A, foreveryx € P'.

RY
Hence (1 — e)A(1 — e) is the internal lexicographic direct sum of the
ordered family of elementary sub-C*-algebras

(I =e)A (1 — e))ep

(Recall that by 1.6 of [17], the lattice of closed ideals of a hereditary
sub-C*-algebra is naturally identified with that of the closed ideal it
generates.) Since P’ is a proper subset of P, we may assume, inductively,
that the assertion to be proved holds for (1 — e)4(1 — e). Since D(A4) is
upward directed, if g € D(A) then there exists » € D(A) with h = g and
h = [e]. Then

h —[e] € D((1 — e)A(l — e)),

so there exists k € D((1 — e)A(1 — e) ) such that k = h — [e] and k has
only positive coordinates in Z'7'°*. Hence

§=h=k+ e

in D(A), and k + [e] has only positive coordinates in .

Define a positive defector d on P as follows. Fix x € P, and denote the
ideal {y € P; y £ x} of P by R_. If the image of D(A) in the quotient
2/ P\RIlex op Z(PIX qoes not have a largest element, set d(x) = ~+oo. If
this image of D(A4) has a largest element, say d,, set d(x) = d (x). It is
immediate that J4 defined in this way satisfies 2.7 (i) and 2.7 (ii).
Furthermore, by the result of the preceding paragraph, we have

d(P)y € 2" U {+co}).

Therefore d is a positive defector on P.

Let us show that D(4) = D(P, d). Fix g € (Z" " It is immediate
from the definition of D(P, d) in 2.7 that g € D(P,d) if and only if g = d
in any quotient Z"\RIX with d(x) < + oo, where as above

R . ={yePyzxx)

By the definition of d in the preceding paragraph, d(x) < +co if and only
if the image of D(A) in the quotient Z" \*II™ hag a largest element. It
follows that g € D(P, d) if and only if g € D(4) in any quotient
Z!"\RO in which D(A) has a largest element. Clearly, if g € D(A) then
g € D(A) in any quotient of Z'"'*_ It remains to show that if g € D(A)
in any quotient ZPNRIX i which D(A) has a largest element, then
g € D(A). Denote by Q the set
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{x € P;d(x) < +coand g(x) # 0},
and set

MyeoR, = R.
Since D(A) has a largest element in the quotient Z/ N for each x € 0,
and g € D(A) in each such quotient, it follows, as Q is finite and D(A4) is
upward directed, that D(A4) has an element /4 such that 4 = g in each such
quotient Z "R “and hence, by the definition of lexicographical direct
sum order, such that # = g in ZPNRlex, By 3.1 below, if d(x) = +oo
then

1, + D(4) € D(A),

where 1_denotes the element of Z") equal to 1 at x and 0 elsewhere.
Hence, changing /4 at each x € R such that h(x) % g(x), that is, at finitely
many x € P such that d(x) = +oo, we have h = g in Z""*, whence
g € D(A).

2.9. THEOREM. There exists a functor (P, d) > A(P, d) from the category
of ordered sets with positive defectors, and arrows (P, d) — (P, d') consist-
ing of maps ¢:P — P’ such that ¢ is an order isomorphism onto its image and
the function ¢(d) on P’ which is equal to dqbfl on ¢(P) and to O on P'\$(P)
satisfies p(d) = d', in the sense that if $(d)(x) > d'(x) then H(d)(y) < d'(y)
Jfor some y > x, to the category of C*-algebras and injective morphisms, such
that A(P, d) is a lexicographic direct sum of elementary C*-algebras of
order

¢, = Nycard{y € P,y = x}, x not maximal in P,
d(x), x maximal in P,
and, moreover, D(A(P, d)) = D(P, d).

Proof. We shall construct 4 (P, d) as a hereditary sub-C*-algebra of the
C*-algebra A, constructed in 2.6. If d(P) = {+o0}, take A(P, d) = A).
Suppose that d(P) € Z™ . For each x € P and eachn € Z+\{O}, denote
by n, the function on P equal to n at x and 0 elsewhere, so that

n, e 27 < P,

and note that, in the notation of the construction of 2.6, (n, n,) € S, so
that (n,, n.), is a projection in A,. (Here A4, is as in 2.6.) For each x € P
consider the projection

ey = 20<n§d(x)(nx’ n.x).vc € A.\'*

and note that if x # y then e, = 0. For each finite subset 9 € P
consider the projection '

eQ = ZXEQeX <€ E.VEQA.\"
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Denote by A(P, d) the closure of the union of the upward directed
collection of hereditary sub-C*-algebras {eyApey; Q@ S P. Q finite}.
If. now, d is an arbitrary positive defector on P, then the set

R = {x € P;d(x) = +o0}

is an ideal of the ordered set P, and the restriction of d to P\ R is a positive
defector with values in Z". Denote by A(P, d) the inverse image in A4,
under the quotient map

Ap = Ap\r

of the hereditary sub-C*-algebra 4(P\R, d| (P\R)) defined as in the
preceding paragraph.

This construction is easily seen to be functorial in the specified sense.

Let us show that A(P, d) is a lexicographic direct sum of elementary
C*-algebras. We shall show that A(P, d) is the internal lexicographic
direct sum of a family of hereditary sub-C*-algebras of the family
(A,). e p- In the case d(P) € 7", this follows from the algebraic identity,
for each finite Q C P,

(2o N Zhepd N2 e ge:)
= el Diepyze)4 (.o =€)

Thus, if, in this case, for each x € P we denote by C, the closure of the
union of the collection of hereditary sub-C*-algebras

{epdep: O S P, Q finite, Q = x}
of A, then A(P, d) is the internal lexicographic direct sum of the family
(C,),ep- (Independence and properties 2.1 (i) and 2.1 (iii) are verified
immediately, as is the first part of property 2.1 (ii); the second part of 2.1
(ii) follows from the same property of the family (A4,),cp by 1.6 of [17].) It
follows that the assertion holds in the case that d is an arbitrary positive
defector: use that the quotient map

Ap = Ap\r

with R as defined above is injective on (2, c p\ g4,)  (by 2.2) to define a
hereditary sub-C*-algebra C, of 4, for each x € P\R such that 2.1 (i) and
2.1 (ii) are verified for C, and C, w1th x and y in P\R, and take C, = A4,
for each x € R. (A second appllcatlon of 1.6 of [17] verifies the second
part of 2.1 (ii) for C_and C, with x € Rand y € P\R))

If x € R, then C, = A, and so C, has order

¢, = Nycard{y € P,y = x}.

If x € P\R then C_ contains the nonzero hereditary subalgebra e 4. e for
any y = x in P. Smce A, has order ¢, and e A e, is infinite 1fy > x, it
follows that if x € P\R and X is not max1mal in P then C has order c,
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also. If x is maximal in P it is clear that C has order d(x).
Finally, let us show that

D(A(P, d)) = D(P, d).

By 2.8, D(A(P, d)) = D(P, d) for some positive defector & on P.
Consider first the case d(P) = {+oo}. Then for each x maximal in P,
as C, has order d(x) = +oo, it follows that d'(x) = +oo. Hence
d’(P) = {+oco}. (If d'(x) < +oo, then by 2.7 (i) and 2.7 (i1), d'(y) < +oo
for some y = x with y maximal in P.) Thus, in this case, & = d. Now
consider the general case. If d(x) < +oo then, by 2.7 (ii),

d| (P\R,) € Z"\RY,
where

={yepry*x)
and by construction d| (P\R,) is the largest element of the image of
D(AP, d) ) in Z7NRIX If g(x) = +oo, then, as A(P, d) is the preimage
in Ap of A(P\R, d| (P\R) ) where

= {x € P;d(x) = +too},

so that D(A(P, d) ) is the preimage in D(A4,) of a subset of ZPNBex and
since it was shown above that

D(Ap) = D(P, +o0) = (27,
we have

.+ D(A(P, d)) € D(A(P, d))

where 1 is the element of Z'") equal to 1 at x and 0 elsewhere. Thus, we

have shown that the image of D(A(P, d)) in Z PRI hag a largest
element if and only if d(x) < +o0, and in this case the largest element is
equal to d| (P\R,). On the other hand, it is immediate from the definition
of D(P, &) in 2.7 that the image of D(P, &) in Z" R hag a largest
element if and only if &'(x) < +o0, and in this case the largest element is
equal to d'| (P\R,). Since

D(A(P,d)) = D(P, d),
it follows from the preceding two sentences that &’ = d, and so
D(A(P,d)) = D(P, d).

2.10. Remark. In case P is finite, a C*-algebra was constructed in
Theorem 2 of [2], corresponding to a given positive defector d on P, which
is a lexicographic direct sum of separable elementary C*-algebras indexed
by P, and which can be shown to have dimension range equal to the
interval D(P, d) in Z\"'*_ (By 4.3 of [9], it is therefore isomorphic to
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the algebra A (P, d) of 2.9.) This construction is not obviously functorial in
the sense of 2.6 and 2.9 above, and does not obviously extend to the case
that P is infinite. On the other hand, it is clear that the construction in 2.6
and 2.9 above is a modification of the construction in [2].

2.11. Remark. The functorial nature of the constructions in 2.6 and 2.9
implies that any automorphism of the ordered set P leads naturally to an
automorphism of the C*-algebra Ap, and that any automorphism of the
ordered set P leaving invariant the positive defector d leads naturally to an
automorphism of the C*-algebra 4 (P, d).

It would appear to be interesting to consider the C*-algebra crossed
product of Ap by the group of automorphisms of P, considered as a
discrete group. For instance, if P = Z, this crossed product is stably
isomorphic to the C*-algebra O, considered by Cuntz in [6]. If P is
countable, if no proper nonempty ideal of P is invariant under all
automorphisms, and if no nonempty ideal of P is fixed pointwise by any
nontrivial automorphism of P, then by [11] the crossed product C*-algebra
is simple.

3. Description of the intervals.

3.1. LEMMA. Let P be an ordered set and let D be an interval in the
lexicographic direct sum 2PV For each x € P, the Jfollowing two properties
are equivalent.

(i) The image of D in the quotient Z & SPY =X does not have a largest
element.

(i)D + 1, C D.

Proof. (ii) = (i) is immediate. (Recall that 1 denotes the function on P
equal to 1 at x and O elsewhere.)

(1) = (i1). We use an idea from the proof of Proposition 7.5 of [14].

Fix g € D, and denote by [ the ideal of Z"'** generated by {h € D;
g + h € D}. It follows that g + I is the largest element of the image of D
in the quotient by I: if k € D then with f € D such that k = fand g = /,
we have f — g € I, and so

k+I1I=f+1=g+ L
Hence if (i) holds, the image of I in the quotient

VA {yePy=x})

is not zero. This says that 1, € [I; this in turn is equivalent to (ii).

3.2. THEOREM. Let P be an ordered set and let D be an interval in Z'7)"X.
Denote by P\U the set of elements x € P such that the image of D in the
quotient
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Z({yEPy=x})lex

has a largest element. It follows that U is an ideal of P and D is determined
by U together with the image of D in the quotient Z"\V'™X,

Proof. It is the same to say that D is equal to the preimage in (Z"')"
of the image of D in the quotient Z/ VX To see that these statements
are the same. note that this preimage is also an interval in Z¥ Jlex has the
same image as D in /38 \U)le", and has the same set of elements x € P such
that the image in

Z({yEPy=x})lex

has a largest element (this uses only the trivial part of 3.1).

That D is equal to the preimage in @ )l‘”‘)Jr of the image of D in
the quotient ZMVX follows from 3.1. (Let g € (ZP')™ be such that
g=h+ kwithh € Dandk € ZV. Writek = k* — k~ where k", k™
belong to Z'Y) and have positive coordinates. By 3.1, h + k™ & D.
Since

0=g=h+k" —k =h+ k"
and D is hereditary, g € D.)

3.3. LEMMA. Let P be an ordered set, and let D be an interval in ZPlex,
D is determined by the family of its images in prime quotients of 271,

Proof. It is sufficient to show that if g is an element of Z") such that g
belongs to D modulo each prime ideal of ZP'X then g belongs to D.

Suppose that g € Z) and g & D. By Zorn’s lemma, choose an ideal /
of Z") such that g € D modulo I, and such that / is maximal with this
property. Then I is prime. Otherwise, passing to the quotient by I, we
would have two ideals J; and J, with J; N J, = 0, but neither J; = 0 nor
J, = 0. Hence, by maximality of I, g € D modulo J; and g € D mod-
ulo J,. Thus, as D is upward directed, there exists 4 € D such that

0=g=hmoduloJ,i=1,2.

Since J; = Z®) where R, R, are ideals of P with R, N R, = @, it follows
that 0 = g = h. Since D is hereditary, g € D. This contradicts the choice
of I such that g € D modulo /. (Note that I is now assumed to be 0.) This
proves the implication of the preceding paragraph (or, rather, its
contrapositive).

3.4. THEOREM. Let P be an ordered set, and let D be an interval in Z7*.
Let g € (Z7'"YY It follows that g belongs to D if and only if, in each prime
quotient of ZP' in which the image of D has a least upper bound, the image
of g is majorized by this least upper bound, and majorized strictly if this least
upper bound does not belong to the image of D.
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Proof. Necessity of the condition is clear.

By 3.2, to prove the theorem we may pass to the quotient, Z("\V* we
may therefore suppose that for each x & P the image of D in the
quotient

Z( {yePy=x}lex

has a largest element. It follows that there is a function d from P into Z
such that for each x € P the restriction of dto {y € P; y = x} belongs
to

VA {yeP;y=x})lex

and is the largest element of the image of D in this quotient. (For each
x € P take d(x) to be the coordinate at x of the largest element of the
image of D in the corresponding quotient.)

Let us show that if d € ZP'® i if d(x) = 0 for all except finitely
many x € P, then d is the least upper bound of D in Z'¥ lex Suppose that
de 27" Thend = D (if g € D and d(x) < g(x), then by definition of
d, d(y) > g(y) for some y > x). Furthermore, if & E'Z({J)lex and i = D,
then h = d (if h(x) < d(x) then, as the images D, h, and d in the

quotient

Z( {yePy=x})lex
satisfy d € D = h, there exists y > x in P with A(y) > d(y) ). This shows
that d is the least upper bound of D.

Now let us prove sufficiency of the condition. Suppose that the
condition holds, and assume that g & D. Set

R ={x € P;3y = xwithd(y) > g(») }
Ris anideal of P. Let x & R. Then d(x) = g(x). With D and g the images
of D and g in the prime quotient Z{ {¥SPW=x}),
J:dl{yEP;yix}

is the largest element of D. Hence by the condition on g, g = d. Thus, if
d(x) << g(x) then there exists y > x in P such that d(y) > g(y). This
conclusion contradicts x & R. Therefore, if x & R, d(x) = g(x).

Next, let us show that g & D holds also after passing to the quotient
ZP\RVlex of ZIPIX Denote by S the largest ideal of P on which g is zero.
Then

P\S = {y € P; y = x for some x with g(x) # 0}.

Since g(x) # O for only finitely many x € P, and since D is upward
directed, it follows from the definition of d that there exists » € D with

hl (P\S) = d| (P\S).
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Furthermore, we may suppose that & majorizes any given element of D.
Recalling that g| (P\R) = d| (P\R), we have

h—g =k +k, + ks
where

ky = EXESFW(P\R)h(x)lx’

ky = Ziesarh(Ol,,

ky = 2iems)nrdx) — g1,

(Here 1, € Z\") is the function equal to 1 at x and 0 elsewhere.) Note that
ki, ks, ky € ZP'* and ky = 0. Denote by T the largest ideal of P on
which both g and 4 are zero. We have T € S. As above, with now T in
place of S, choose /' € D with

| (P\T) = d| (P\T).

We may choose 4’ so that i’ = h.
Let us show that

Denote the element i’ — h + k, + k; by k. Suppose that k(x) < 0. We
must find y > x with k(y) > 0. Since T C S,

(B — m)(P\S) = (d — d)(P\S) = 0.

Also, k,(P\S) = 0. Therefore, if x € P\S ‘then ky(x) < 0; in particular,
x € R. By definition of R there exists y = x in R with d(y) > g(y). Since
also y € P\ S, we have

k(y) =d(y) — g(y) > 0.
If, on the other hand, x € S, then either
(W — h)(x) <0 or (W — h)x)=0.

Assume first that (" — h)(x) = 0. This combined with k(x) << 0 gives
k5(x) < 0. We shall show that whenever ky(x) # 0,i.e, x € § N R and
h(x) # 0, then k(y) > 0 for some y = x. By the definition of R, there
exists y 2 x in R with d(y) > g(y). Ilf y € P\S, then k;(y) < 0, and as
shown above there exists y/ > y = x such that k(y’) > 0. If y € S, then
g(y) = 0,s0d(y) > 0. As h(x) # 0, we have x € P\T and therefore
y € P\T,soh(y) = d(y). Thus, if y € S, #'(y) > 0, and hence

k(y) = (0 — h)(y) + h(y) = K'(y) > 0.
Now assume that (" — h)(x) < 0. Then, as
"W —h=0 and (K — h)(P\S) = 0,
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there exists y; > x in S such that (W' — h)(y,) > 0. If k(y,) > 0, we may
take y = y,. If k(y,) = 0, then necessarily k,(y,) < 0. By what precedes,
this implies that k(y) > 0 for some y = y,.

It follows that k; & 0. Otherwise,

W—g=HW—h+h—g="—h+k +k +k =0,

so g € D; this contradicts our assumption g &€ D. Since k| is the image of
h — g in the quotient ZP\RIex e deduce that the image of 4 — g in
ZPA\R)lex 56 not positive. Since, as remarked above, & may be chosen
greater than or equal to any given element of D, it follows that the image
of gin ZPA\RIX goes not belong to the image of D. This is the conclusion
announced above.

On the other hand, as shown earlier, the image of g in the quotient
Z(P\Rlex equal to the image of d, i.e., to d| (P\R). Hence, as shown
above, the least upper bound of the image of D in Z(PNRIX oxists and is
equal to the image of d, and to the image of g. Furthermore, the same
argument shows that this holds also in any prime quotient of ZPARlex,
Hence by the condition of the theorem, the image of g in any prime
quotient of Z"\PIX pelongs to the image of D. Hence by 3.3, or rather the
first sentence of the proof of 3.3 (applied to the images of g and D in
ZP\RYexy the image of g in ZNOIX belongs to the image of D. This is
in direct contradiction with the conclusion of the preceding paragraph.
Since that conclusion is based on the assumption g & D, it follows that
g € D.

.5. COROLLARY. Let P be an ordered set, and let D be an interval in
2P Define a function d:P — Z U {+00} as follows. Fix x € P. If the
image of D in the quotient

Z( {yePy=x})lex

has a largest element, set the coordinate of this element at x equal to d(x).
Otherwise, set +co = d(x). We shall refer to d as the defector of D.

D is determined by its defector, together with the set of prime ideals of
2P not of the form 2V EPY ¥ modulo which D has a largest

element.

Proof. This is immediate from the following modified form of 3.4 which
is also established by the proof of 3.4.

Let g € (ZV')" It follows that g belongs to D if and only if for each
prime ideal R of P such that d| (P\R) € 2PN the i images g, D, and d of
g D, and d in the prime quotient ZPA\RIX qatisfy the relations § = d and,
moreover, g < difd ¢ D.

(In fact, this is just a restatement of 3.4. The condition d € 77" s
equivalent to the condition that D have a least upper bound in v AR
(This also holds of course in any quotient Z"\B) ) To see this, note that
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one implication is immediate. Let us prove the other, i.e., that if D has a
least upper bound b in 2PV thend € ZP). We prove b = d. First, let us
show that b = d, in the sense that if b(x) << d(x) then b(y) > d(y)
for some y > x. If d(x) < +oo this is clear from the definition of d. If
d(x) = +oo,thenby3.1,1, + D € D,sob — 1, 1is an upper bound of D,
an absurdity. (So always d(x) < +o00.) Hence, if b # d, then b(y) > d(yp)
for any y. If y is minimal in P then b — 1, = d = D, and if x < y then
b — 1, = d = D. In either case we have an absurdity, so b = d.)

3.6. Some obvious questions concerning defectors as defined in 3.5 are
the following.

What functions are defectors? Of course, a positive defector in the sense
of 2.7 is a defector. (A positive defector d is the defector of the interval
D(P, d).)

Exactly when is a defector equivalent to a positive defector? If d is a
defector, and if the set

D(P, d) = {g € ZP'*, 0 = g = d)

is an interval (i.e., if this set is upward directed), then is d equivalent to a
positive defector? (By 2.7 this condition is necessary for 4 to be equivalent
to a positive defector.)

4. Classification of the intervals.

4.1. Let P be an ordered set. By 5.6 of [9], two intervals in ZPNex gre
isomorphic as abstract abelian local semigroups if and oan/ if they are
conjugate by an automorphism of the ordered group 7P’ We shall
express this by saying that the two intervals belong to the same orbit of the
action of this automorphism group (on the set of intervals).

Any automorphism of the ordered set P gives rise to an automorphism
of the ordered group z(P)lex by permuting the standard basis (1,), cp.
Accordingly, in classifying the intervals in ZPVex e shall consider
only automorphisms of the ordered group ZP** which induce the identity
automorphism of the ordered set P (considered as a sub ordered set of the
prime ideal spectrum of Z* )lex). In other words, we shall consider only
the group of ideal-preserving automorphisms of 2P and we are inter-
ested in the orbit of an interval under this group.

Let d be a function from P to Z U {+oco} with the property 2.7 (ii): If
d(x) < +oo then d(y) < +oo for all y > x and d(y) = 0 for all except
finitely many y > x. Any defector as defined in 3.5 has this property. Let
a be an ideal-preserving automorphism of ZP* Note that the matrix
entry a, (i.e., the coordinate at x of al,) can be nonzero only if y > x.
Hence we may define a function ad from P to Z U {+o00} as follows:

2_v>xax‘yd(y) if d(x) < +oo,

ad(x) = {+oo if d(x) — +oo.
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If d is the defector of the interval D, it follows easily that ad is the defector
of the interval ad. We shall say that ad and d are equivalent defectors.

4.2. Remark. The class of lexicographic direct sums of ordered families
of elementary C*-algebras is not closed under passing to hereditary
sub-C*-algebras. This is seen by using defectors as follows.

Consider the ordered set P = —N, the positive defectord = (- - -, 0, 0,
1), and the interval D = [0, d[. By 2.9, there is a lexicographic direct sum
of elementary C*-algebras 4 = A(P, d) with dimension range D(P, d).
Clearly d € D(P, d), so

D = [0, d[ € D(P, d).

It follows that there is a hereditary sub-C*-algebra B of A with dimension
range D. Suppose that B is a lexicographic direct sum of elementary
C*-algebras. By 2.8, the dimension range of B, i.e., D, is isomorphic to
D(P, d&') for some positive defector d'. It is easy to see that the defector of
D = [0, d[ is equal to d. It is not difficult to check (using 3.1) that the
defector of the interval D(P, d’) is &'. (This holds for any positive defector
in place of d'; see the proof of 4.7.) Hence, d’ is equivalent to 4, and, in
particular, & € Z"). By definition of D(P, d') it follows that

D(P, d) = [0, d].

Clearly, however, the intervals [0, d[ and [0, d’] are not isomorphic. (One
has a largest element, and one not.) This contradiction shows that the
hereditary sub-C*-algebra B of 4(P, d) is not a lexicographic direct sum
of elementary C*-algebras.

4.3. THEOREM. Let P be an ordered set, and let D be an interval in 7"
The orbit of D (under the group of ideal-preserving automorphisms of
Z'PV%Y s determined by the orbit of the defector of D, together with the set
of prime ideals of Z"" not of the form

Z({yEPyFx})
modulo which D has a largest element.
Proof. This is immediate from 3.5.

4.4. LEMMA. Let P be an ordered set satisfying the decreasing chain
condition. Let a be an endomorphism of the ordered group Z'7'* taking each
ideal into itself and inducing the identity in each simple subquotient. It
follows that o is an automorphism of the ordered group Z"'* 1aking each
ideal onto itself.

Proof. The decreasing chain condition, restated, says that every subset
of P has a minimal element. It follows that P has a composition series with
singleton relative differences, i.e., a well-ordered family of ideals
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(P))y=y=p, Where B is some ordinal number, P, = 9, Pg =P P, S P,
= Ups<,Ps if v is a limit ordinal and

card(P, ; \P) = 1.

Y

By transfinite induction, it suffices to establish the conclusion assuming
that it holds with P, in place of P for all y < B. Hence we may assume that
B =7y + 1 and write P = P, U {x}.

Thus, by inductive assumption the restriction of « to the ideal Z
an ideal-preserving isomorphism of the ordered group ZPex Since

2P =72 + 721, and 1, — al, € ZM,

X

(Py)lcx is

it follows immediately that « is injective and surjective, i.e., a IS an
automorphism of the group Z".

It remains to show that a ' is an endomorphism of the ordered group
Z'7** taking each ideal into itself. Suppose that

g e (Z(P)lcx)+

Then g = g, + g, where
gl I= (Z(PY)]CX)+ and
& = a,\‘l,\‘ + 2A\‘<,\'ay‘\'

with a, > 0 (this implies g = 0). To show a 'g = 0 it is sufficient to
show that « gj = 0, since o lg = 0 by the inductive assumption. By
the hypotheses of the lemma,

1, —al, €2, al =0,

AY

and al, belongs to the ideal generated by 1. Therefore,
al, =1+ X b1

Hence
a =1, - X _ba 'l

and by the inductive assumption « ! 1, belongs to the ideal generated by
1, for each y < x, so A

a 1.=1 + 2),<v\.ct‘,l“,
and, furthermore,
—1
a g =al, + 2y<\-d\-1y-

This shows that a ! is positive. At the same time we see that of]l‘\
belongs to the ideal generated by 1,. Since, as pointed out, by assumption

, belongs to the ideal generated by 1. for every y € P,, and since
every ideal of 271" is generated (as an 1deal and in fact as a subgroup)
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by the set {1; y € R} for some ideal R of P, it follows that «  takes

every ideal of Z"* into itself.

4.5. Remark. The decreasing chain condition on P in 4.4 may not be
dropped. (Consider the case P = —N, and define a by

al_, =1, +1 n=2012....

—n —n—1

a is not surjective as the sum of the coordinates of ag is even for any
geZ’)

4.6. COROLLARY. Let P be an ordered set satisfying the decreasing chain
condition. Let d and d' be functions from P to Z U {+oo} such that
d(x) < +oo if and only if d'(x) < +oo. Suppose that if d(x) < +oo
then d(y) < +oo for all y > x, and d(y) = 0O for all except finitely many
y > x. Suppose that, furthermore, if x < +oco then

d(x) = d(x) + 2,.~.a,.d(y)

where a.,. € Z; this sum, by the preceding hypothesis, is a finite one.
Suppose that for eachy € P, a,,, = 0 for all except finitely many x.

It follows that d is a defector if and only if d' is a defector. In case d and d'
are defectors, they are equivalent. (Of course, if d and d' are equivalent

defectors, the hypotheses hold.)
Proof. This is immediate from 4.1 and 4.4.

4.7. LEMMA. Let P be an ordered set and let D be an interval in T,
Suppose that the defector d of D is positive, and that for any prime ideal R of
P not of the form {y € P;y % x}, the restriction d| (P\R) does not belong
10 ZNR) gy Jollows that D is equal to the interval D(P, d).

Proof. As pointed out before, the defector of the interval D(P, d) is d.
Let us prove this. We must show that, for each x € P, d(x) < +ooif and
only if the image of D(P, d) in the quotient

Z( {repPy=x}lex
has a largest element, and that in this case the coordinate of this element
at x is equal to d(x). If d(x) < +oo, then by 2.7 (ii), the restriction
d{y e P,y = x}

belongs to Z! {7 SP»=Y})_ By definition of D(P, d), the function on P equal
todon {y € P; y = x} and equal to 0 elsewhere belongs to D(P, d), so
d {y € P;y = x} belongs to the image of D in

Z( {reP;y=x})lex

The element d| { y € P; y = x} is then clearly the largest element of this
image of D, and of course has coordinate d(x) at x. If d(x) = +oco, then
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by definition of D(P, d),
1, + D(P,d) € D(P, d).

Hence by 3.1, the image of D(P, d) in the quotient
7! {yePy=x})lex
does not have a largest element.
Thus, the intervals D and D(P, d) have the same defector d. To show

they are equal, by 3.5 it suffices to show that neither interval has a largest
element modulo any prime ideal of Z™'** not of the form

VA {(yepry*x} ).

If such a prime ideal is given, necessarily of the form Z® for some ideal R
p g

of P, by hypothesis

d (P\R) & Z"\P
Suppose that the image of D in the quotient ZP\RIX hag a largest element
g. Then for any x € P\R, the image of g in the quotient

g 8 q
VA {yePy=x})lex

must be the largest element of the image of D in this quotient, so

g = d| (P\R),

a contradiction. The same argument with D(P, d) in place of D shows that
also the image of D(P, d) in the quotient Z” \RIeX cannot have a largest
element. Therefore, by 3.5, D = D(P, d).

4.8. THEOREM. Let P be an ordered set satisfying the decreasing chain
condition. It follows that every interval in Z"'** is isomorphic to D(P, d) for
some positive defector d.

Proof. By 4.7, it is sufficient to show that any interval in ZPex g
isomorphic to an interval with positive defector. (By 4.7, as P satisfies the
decreasing chain condition D(P, d) is the only interval with positive
defector d.) Let D be an interval in Z¥ Nex,

By 3.2, we may suppose that the image of D in any quotient

VA {yePy=x})lex

has a largest element. Choose an increasing sequence (g, g}, &, - - - ) in D
with g() =0 SuCh that

uIo. g,1 = D.

For each x € P, the sequence of integers (g,(x) ) is eventually constant
(and equal to d(x) where d is the defector of D).
Foreachn = 0, 1, 2, ... define subsets X,, Y, of P as follows:

n’
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Xn = {X € P’ (g,,+[ - g,,)(x) < O}a

Y, ={x € P (8,41 — 8)x) > 0}.
For each x € X, choose w(x) € Y, with w(x) > x (recall that g, ,, —

n>

g, = 0). This defines a map
wX = UX,—> Y= UY CP
Note that w“l(y) is finite for each y € Y. Indeed, for each y € Y, as
(g,(y) ) converges, y can belong to Y, for only finitely many n. As, for each
n,w (YY) € X, and X, is finite, it follows that w™!(y) is finite.
For each x € X, as (g,(x) ) converges,
inf(g, ., — g,)(x) > —oo.
Set
inf(g,  — g,)(x) = h(x), x € X.
Define an endomorphism a of the group Z'") as follows:

al, =1, + X o iolh(x) 11,
(Recall that w l(z) 1s finite for each z € P.) As x < w(x) for each x € X,
it follows that « 1s an endomorphism of the ordered group zZ\Plex taking
each ideal into itself. Clearly « induces the identity in each simple
subquotient of ZP'* Hence by 4.4, « is an automorphism of the ordered
group Z"°X taking each ideal onto itself.

If x € X then

a(gn+| o gn)(x) = (gn+l - gn)(x) + Ih(x)l(g;1+l - g")(W(X))

If x & X then

a(gn+l - gn)(x) = (gn+l - gn)(x)

Hence, by the definition of X, w, and A, for any x € P,
a(gn+l - gn)(x) ; 0.

Therefore the defector of aD is positive.

4.9. Remark. 4.8 implies in particular that if P satisfies the decreasing
chain condition then every defector is equivalent to a positive defector.

This does not hold if P is an arbitrary ordered set. To see this consider
the defector

/|
%
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where the numbers indicate the values of the function at the correspond-
ing points of P, and the order among points of P decreases downwards
along the connecting lines. It is not difficult to see that this function is
indeed the defector of an interval (in fact, by 3.5 (cf. proof of 4.7), the
defector of a unique interval). (Consider the finite sums of the element

1
—1—1

and its translates downwards.) It is obvious that this defector is not
equivalent to a positive defector. (It does not even satisfy the equations of
4.6 with a positive defector &’ and a,, € Z as in 4.6, since the value 1 at
the top would have to be added at infinitely many positions.)

We note that this gives a second example showing that the class of
lexicographic direct sums of elementary C*-algebras is not closed under
passing to hereditary sub-C*-algebras. (Cf. 4.2.) (Use 2.6 and 2.8.)

If a hereditary sub-C*-algebra of a separable lexicographic direct sum
of elementary C*-algebras has a unit, it must again belong to this class. To
see this, note that any defector which is equal to 0 at all except finitely
many points is equivalent to a positive defector (see 4.6 and 4.10). Note
also that if D is an interval in Z"'* such that D has a largest element, and
the defector d of D is positive, then d € Z") and

D = [0, d] = D(P, d)

(cf. 4.2). Then use 2.9 and the isomorphism theorem 4.3 of [9].
Another condition which is sufficient for a defector to be equivalent to a
positive defector is given in Theorem 4.11 which follows.

4.10. LEMMA. Let P be an ordered set, and let (P),c; be a partition of P
into subsets. For each i € I, let a; be an ideal-preserving automorphism of the
ordered group Z"**. Define an endomorphism a of the group Z') by

al, = a1, x € P.

It follows that « is an ideal-preserving automorphism of the ordered group
27X We shall say that a is of block form.

Proof. 1t is immediate that « is an automorphism of the group y A

It follows from the definition of Z"'** that « is an endomorphism of the
ordered group Z(Pllex Similarly, this holds for o . It follows from the fact
that each ideal of Z”'** is generated (as an ideal, and in fact as a
subgroup) by a subset of {1 ; x € P} that a takes each ideal of Z"'** into
itself. Similarly, this holds for o !. This shows that a is an ideal-
preserving automorphism of Z1ex,

4.11. THEOREM. Let P be an ordered set, and let d be a defector on P.
Denote by P’ the subset {x € P; d(x) # 0}, with the relative order. Suppose
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that every x € P’ covers only finitely many y € P’ with d(y) < 0. It
Jollows that d is equivalent to a positive defector.

Proof. By the definition of a defector, for each x € P’ the set {y € P’;
y = x} is finite. For each x € P’, denote by length(x) the length of the set
{y € P'; y = x}, i.e., the length of the longest chain in this set.
Partition P into the sets P\ P’ and

PlUP, P3UP,...,
where P, denotes the set

{x € P’; length(x) = n}.
Define an ideal-preserving automorphism a of Z"'* of block form as
follows. On Z"\") |« is the identity. On 2720 o is the identity. For each
x & P2,n—]’

alx = lx + 2_v<x,yEP:’Z",d(_y)<0ay.xl_v
where a, € Z is such that

a, d(x) +d(y) = 0.
By hypothesis, the sum is a finite one. Defined in this way, « is an
ideal-preserving automorphism of each of the ordered groups

Z(P\P’)]ex and

Z(P£n~_|UP£")1CX’ n = 1, 2, .

.

and therefore by 4.10 is an ideal-preserving automorphism of Z*,
Furthermore,

ad(UP;,) € 77,

adl UPZ/n—l = d‘ UPﬁn—l‘

Note that d(P]) & Z" (in fact, d(P)) ¢ Z+\{O}, aseach x € P| is
maximal in P” and therefore also in P). Hence, partitioning P into the sets
(P\P’) U P{ and

Py UP, PjUPL....

we may in a similar way, using 4.10, define an ideal-preserving auto-
morphism g of Z PV of block form (with respect to this second partition),
such that

Bad|UP;, = ad|UP;,,
Bad(UP;, ) € Z".

Here we use that for each x € P;,, ad(y) < 0 for only finitely many
y € Py, with y < x (recall that for such y, ad(y) = d(y) ). Since

ad(UP;,) € 77,
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it follows that
Bad(P) C ZV,
i.e., Bad is a positive defector.

4.12. Definition. Let P be an ordered set, and let d be a defector on P.
Let R be a prime ideal of P, not of the form {y € P; y % x}, such that
d(P\R) € Z, and such that d(x) is nonzero for infinitely many x € P\R.
Define a generalized integer

n o= 2M3m5m7 0 (n, =0,1,2,..., +00)

as follows: m divides » if and only if m divides d(x) for all except finitely
many x € P\R. We shall refer to n as the ultimate divisor of d at the prime
ideal R. Clearly, any defector equivalent to d will have the same ultimate
divisor at R. (If & is equivalent to d and m divides d(x) for all except
finitely many x € P\R, then for all except finitely many x € P\R,

d'(x) = d(x) (mod m)

(see (4.6) ), and hence for all except finitely many x € P\R, m divides
d'(x).)

In the case that P is the totally ordered set —N, the only prime ideal of
P not of the form {y € P; y % x} is the empty set. Thus, a finite-valued
defector with infinite support has just one ultimate divisor. This, together
with the additional information consisting of the orbit of the defector on
each quotient of P of the form {y € N; y = x}, is, as we shall now show,
a complete invariant.

4.13. THEOREM. Let d be a defector on the ordered set —N. If d(x) €
Z\{0} for only finitely many x € —N, then there is a unique positive
defector d’ in the orbit of d such that, for each x € —N, d'(x) either is equal
to +oo or is strictly less than the greatest common divisor of the set

{d(y);y > x and d(y) € Z1}.
We shall call this the normalized form of d.
If d(x) € Z\{O} for infinitely many x € —N (in this case d(—N) € Z),
then the orbit of d is determined by the ultimate divisor of d (at the prime

ideal B), together with the normalized form of the top part of d, an invariant
defined as follows. The top part of d is the finite sequence

d(—1),...,dx))

where x € —N is such that the greatest common divisor of the set
{d(y):y > x}

is equal to the greatest common divisor of all of d(—N), and, moreover, x is

maximal such (x defined in this way is clearly invariant under equivalence, so
the normalized form of the top part of d is an invariant).
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Proof. The first statement follows immediately from 3.2, 4.6, and 4.10.

Before proving the second statement, by 4.11 we may suppose that dis a
positive defector.

By 4.6 and 4.10, we may normalize the top part of d by acting on d with
an (ideal-preserving) automorphism of Z! ~NJlex - Gince the greatest
common divisor of the top part of d divides all of d, we may divide by this
and suppose it is equal to 1. We may then act on 4 by an automorphism
(see 4.6 and 4.10) so that the first coefficient of 4 after the top part of d is
equal to 1.

In this way (by now neglecting the top part of d) the problem is reduced
to the case that 4(0) = 1. In this case we must show that the orbit of d
is determined by the ultimate divisor of d. Choose a sequence 0 = x;, >
X; > x5, >...in —N such that for each k = 0, 1, 2,..., the greatest
common divisor of the set

d({XA - 1,...,Xk+1 + l})
is equal to the greatest common divisor of the set
d({x, — L,x, —2,...}),
say n; .. Then by an application of 4.10 with the blocks

oL {L,....x; L, {x; + 1,....,x} ...,

we may act on d by an automorphism of Z! ~NJlex of block form in such a
way as to replace d(x,) by n;, for each k = 1, 2, ..., keeping the other
coefficients of d fixed. Hence by another application of 2.10, with the
blocks

{0, . ..x; — 1 {xp, .. ooxy — 1}, .00,

—N)lex

we may act on d by an automorphism of Z! of block form to obtain

the equivalent defector
(1,0,...,0,n,0,...,0,mn,,0,...).

Note that n, divides n; | foreachk = 1,2, ..., so the ultimate divisor of
d, say n, is just the least common multiple of {n,, n, ...}, among
generalized integers.

We must show that if (n], n5,...) is a sequence of nonzero positive
integers with nj dividing nj , | for each &, such that also the least common
multiple of {n}, n, ...} is n, then d is equivalent to the defector

(1,0,...,0,7.,0,....0,10,...)

where the blocks of zeros are of arbitrary length.

Using 4.6 and 4.10, by an automorphism of block form we may
transform any coinfinite subsequence of the nonzero coordinates of the
defector
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d=(1,0,...,0,I‘l|,0,...,0,n2,0,...)
to zero, and similarly for the defector
d=(1.0,...,0,n,0,...,0,n50,...).

Note that we are not keeping track of how long the blocks of zeros are.
Therefore we may replace (n;, n,,...) and (n), n5, ... ) by subsequences.
We now do so, choosing subsequences such that, after changing notation,
we have the divisibility relations

mylninylnsl ..o,

and, furthermore, the position of n in ¢’ lies strictly between the positions
of n, and n;, ., in d, for each k = 1, 2,... . Then 4 and & are both
subsequences of the intertwined defector

(1,0,...,0,n.0,....0,1.0,....0,ny,0,....0.1.0,...).

As the nonzero coefficients of this defector divide one another successive-
ly, we see as before that 4 and 4’ are both equivalent to this defector, and
are therefore equivalent to each other. This shows that the orbit of d (with
d(0) = 1) depends only on the ultimate divisor n.

4.14. Remarks. In 4.13 the case d(0) = 1 is particularly simple; the
normalized form of the top part of d is just the one-term sequence (1), so
all information about the orbit of d is contained in the ultimate divisor
of d.

The analysis in 4.13 is easily extended to any totally ordered set P.
While P may have more than one prime ideal not of the form {y € P;
» % x}, a defector can have an ultimate divisor at no more than one such
prime ideal; this, together with the normalized top part defined in a
similar way, is again a complete invariant. Of course, if P does not have
a largest element, any defector is identically infinite.

Let us consider an example similar to that of 4.13 but in which P is not
totally ordered. For P consider the union of two copies of —N with
intertwining relations as follows:

N
N
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There are two prime ideals of P not of the form {y € P;y = x}, namely,
@ and the right hand column, R. Let D be an interval in Z! Nex - with
defector d. If d is infinite somewhere, the classification is reduced by 3.2 to
the case that either the left or the right column (or both) is cut off at a
finite stage. This is the case that the ordered set is either —N or a finite
perturbation of —N (or is finite), and is dealt with as in 4.13. Assume that
d takes on only finite values. As in the totally ordered case (using 4.6, 4.10,
and 4.11), we may suppose that d is positive with normalized top part. If d
has infinite support on the left side then the ultimate divisors of d at # and
at R are both defined. The second of these divides the first, but otherwise
they are arbitrary. Together with the normalized top part of d, they
determine the orbit of 4 under equivalence. (This is proved much as in
4.13.) If d has finite support on the left side and infinite support on the
right side, then only the ultimate divisor of d at # is defined, but this
together with the normalized top part of d determines the orbit of d. If d
has finite support on all of P then d can be normalized, and its orbit is
determined by the normalized form.

Finally, by 3.5, D is determined by d and the additional information
whether D or the image of D in Z ' hag a largest element. Such a
largest element can exist if, and only if, the support of d is finite in the
first case, and the support of d in P\R (the left column) is finite in
the second case.

5. The postliminary case.

5.1. THEOREM. Let G be a dimension group. The following two statements
are equivalent.

(1) Each simple subquotient of G is isomorphic to L, and a subset of the
prime ideal spectrum Spec G is closed if it contains the closure of each of its
points (that is, the Jacobson topology in Spec G is determined by the inclusion
order relation).

(i1) G is isomorphic to the lexicographic direct sum
ordered index set P satisfies the decreasing chain condition.

7N Sohere the

Proof. (ii) = (i). This follows immediately from the description of the
ideals of a lexicographic direct sum of ordered groups Z7'X which was
given in the Introduction.

(i) = (i1). First let us show that if the second condition of (i) holds then
Spec G, ordered by inclusion, satisfies the decreasing chain condition. Let
t; 2 t, = ... be a decreasing chain of prime ideals of G. Then the ideal ¢
of G with 1" = ﬂt;r 1s prime, and by definition the closures of the sets
{r} and {r,. 1, ... } in Spec G in the Jacobson topology are the same. By
hypothesis, any union of closed subsets of Spec G is closed, and, in
particular, the closure of the set {7, 1,, ...} is equal to the union of the
closures of the sets {1,}, {t,}. ... . It follows that forsomen = 1,2, ..., t
is in the closure of the set {7,}, i.e., t = t,. Hence
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L =1ty = (:[)

This shows that the chain #; = ¢, = ... is finite.
Now suppose that (i) holds. We shall prove that G is isomorphic to
Z'P'X where P = Spec G. By the preceding paragraph. this proves (ii).
For each t € P = Spec G, choose a sub ordered group G, of G
isomorphic to Z as follows. Consider the ideals of G with spectra the open
sets

{s€eP;s=1t} and {s € P;s <t}

The quotient of the first ideal by the second has spectrum {¢}. so by
hypothesis is isomorphic to Z. Choose G, to be a lifting of this quotient,
i.e., to be the subgroup generated by a positive element of the first ideal
mapping onto the positive generator of the quotient.

Let us now show that the family of subgroups (G,),c p is independent
with sum G, and that the resulting direct sum decomposition G = 3G,
defines an isomorphism of G with the ordered group Z/'*.

For this purpose we define a composition series (/))y<,<, for G as
follows: Iy = 0, and if I, # G, I,,,/1, is the sum of the minimal nonzero
ideals of G/1,. That G (or G/1,) has a minimal nonzero ideal if it is not
already zero is seen as follows. P has a minimal element by the chain
condition. Any minimal point of P is in the complement of the closure of
every other point of P, and hence (as by (i), any intersection of open sets is
open) is isolated. This shows that P has an isolated point; this constitutes
the spectrum of a minimal nonzero ideal of G. (The same argument is valid
with a nonempty closed subspace of P in place of P, and shows that the
quotient G/I, has a minimal nonzero ideal if it is not zero.)

Fix t € P, and denote by p the unique ordinal such that

t € Spec 1, and ¢ & Spec I,

Then {s € P; s = t} is contained in Spec /,,,, but not in Spec I,
Furthermore, Spec 1, ,,/1, is discrete, so {s € P; s < 1} is contained in
Spec 1,. By definition, the sum of G, and the ideal of G with spectrum
{s € P; s <t} is the ideal with spectrum {s € P; s = t}. Hence G, is
contained in I, | and the image of G, in 1, /1, is the minimal nonzero
ideal with spectrum {t}.

Since each 1,,,/1, is the sum of its minimal nonzero ideals, and by
distributivity these are independent, it follows from the preceding
paragraph that the family (G,),c p is independent and 2G, = G.

By (1), the open subsets of P (=Spec G) are the same as the ideals of P
in the inclusion ordering. Let us show that the ideal of G = X, . ,G, which
corresponds to the ideal S of P is just 2, ¢G,. It is enough to consider the
case that S is singly generated, i.e., for some s € P,

S={re Pt =s}
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Moreover, if p is such that
s € Spec 1, and s & Spec [,

we may assume inductively that the statement holds for any ideal of P
contained in Spec 1, As above, we have

{t € Pt <s} C Specl,
so the ideal of G with spectrum {r € P; ¢+ < s} is by the inductive

assumption equal to 2, G,. Hence by definition of G,, the ideal of G with
spectrum {t € P; t = s} is
G, + 2t<sGl = Zréscr’

Now let us show that the order in G = 3G, is the lexicographic order.
This means that if g = Xg, with g, € G, then g is positive in G if and only
if g, is positive in G, for each  maximal in P such that g, # 0. If g = Xg, is
an element of G, denote by S the ideal of P consisting of those elements
strictly less than some r € P with g, # 0, and denote by / the ideal
2,cqG,of G.If g =0, theng + I = 0, and since g, + [ is zero unless ¢ is
minimal in P\ S, in which case the ordered group G, maps isomorphically
onto a minimal nonzero ideal of G/I, we see that for each sucht, g, + 1 =
0 and hence g, = 0; in particular, g, = 0 for each ¢ maximal with
g, * 0.

Suppose, conversely, that g, = 0 for each r maximal with g, # 0, and let
us prove that g = 0. The hypothesis may be restated as follows:

8 ZreSgl = 0.

(Here S is as defined above.) The conclusion may be strengthened (in fact,
just restated) as follows:

g—h=0 foranyh € I

(Here I = X, - ¢G,, as above.) Replacing g by g — X, ¢g, does not change

this statement of the conclusion, and it transforms the hypothesis into the

more convenient form g = 0 (the original form of the conclusion).
Suppose, then, that

g =g =0
and that

h=,esh, €1

(with § and I as above), and let us show that g — 4 = 0. Since I = 17—
1", we may suppose that # = 0. Then by what we proved above, 4 is also
positive in the lexicographic order. Denote by T the ideal of P consisting
of those elements strictly less than some r € P with 4, # 0, and denote by
J the ideal of X, .G, of G; we have J € I C I It is sufficient to show
thatg — A + J 2 0in G/J. For then, using this with 2/ in place of h, we
have
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g —2h+ k=0 forsomek € J.

Since then both 4 and k belong to I, and & — k is positive in the
lexicographic order (as 4 is, and k € J), by the inductive assumption it
follows that h — k = 0. Adding this to the inequality g — 2h + kK = 0
givesg — h = 0.

To show that g — h = 0, then, we may suppose that J = 0. In this case
each A, is a positive multiple of an atom of 1" (i.e., of a minimal nonzero
element of I*) and so 4 is a finite sum of atoms of 1™, say

h=h +...+h,

Now consider the ideals of G containing g. Since every ideal of G is the
sum of certain subgroups G, (namely, those subgroups G, for which ¢ is in
the spectrum of the ideal), and since the family (G,) is independent, any
ideal containing g = g, must contain G, for all # with g, # 0. Hence
any ideal of G containing g contains

1 == ZIESGI'

On the other hand, the set of all positive elements of G majorized by some
positive multiple of g is the positive part of an ideal of G. This ideal
contains g since g is positive, and therefore it contains /. In particular, as
h, € I, we have h, = mg for some m = 1, 2,... . Hence by Riesz
decomposition,

hy=g +...+g, wthlO=g =g
Since I is an ideal of G, each g, belongs to 1. Since /, is an atom of I, A, is
equal to some g;; in particular, g — h; = 0. Replacing g by g — h, we
obtain, in the same way,
g — h —h, 0.
Repeating this yields after n steps the desired inequality
g—h=g—h —...—h, =0

5.2. Remark. The decreasing chain condition on the ordered set P may
be reformulated as follows: the complement of any prime ideal of P has a
smallest element. In this way one sees that the decreasing chain condition
on P is equivalent to the condition on the ordered group Z'”'** that each
prime quotient have an ideal isomorphic to Z. One also sees directly the
fact established in the course of the proof of 5.1 that in this case the prime
ideal spectrum of Z"1** is equal to P.

5.3. Remark. In 5.1 the proof of (i) = (ii) does not use that G is
unperforated. Therefore this property is a consequence of (i) in an ordered
abelian group with the Riesz decomposition property.

5.4. Remark. The lexicographic direct sum Z'7* cannot in general be
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characterized by its simple subquotients (all equal to Z) and its ideal
lattice (the ideal lattice of P). (5.1 implies that it can when P satisfies the
decreasing chain condition.) A counterexample is the case P = Z; see 4.8
of [10].

5.5. COROLLARY. Let A be a separable C*-algebra. The following three
statements are equivalent.

(i) Each simple subquotient of A is elementary, and a subset of the
primitive ideal spectrum Prim A is closed if it contains the closure of each of
its points.

(ii) 4 is approximately finite-dimensional and the dimension group of A is
isomorphic to the lexicographic direct sum 2P \ohere P satisfies the
decreasing chain condition.

(iii) 4 is a lexicographic direct sum of a family of elementary C*-algebras
(B,)cp where P satisfies the decreasing chain condition.

Proof. (i) = (ii). Suppose that (i) holds and let us show first that Prim A4
satisfies the decreasing chain condition. Let 1; = ¢, = ... be a decreasing
chain in Prim 4. Then in particular each ¢, is a prime ideal, so the
intersection t = (¢, is also a prime closed two-sided ideal of 4. Let us
pass to the quotient and change notation so that t = 0, Prim 1 = 0.
Suppose that no ¢, is equal to 0. Then, as 4 is prime, each Prim ¢, is dense
in Prim A, whence by 3.4.13 of [7], MPrim ¢, is dense in A. But by (i),
MPrim ¢, is open, so

MAPrim ¢, = Prim ¢ = @.

This contradiction shows that some ¢, is equal to 0, i.e., the decreasing
chain r; = t, = ... is finite.

As in the proof of (i) = (i1) of 5.1, it follows by further use of (i) that
every nonempty closed subspace of Prim 4 has an isolated point and
hence that 4 has a composition series with elementary subquotients. By
7 of [5] combined with transfinite induction, it follows that A4 is
approximately finite-dimensional.

By 5.1 of [10] the lattice of closed ideals of 4 is isomorphic to the lattice
of ideals of the dimension group K(4). Since, by 3.9.1 of [7], every prime
closed ideal of A4 is primitive, it follows that Prim 4 is homeomorphic to
Spec K)(A4). Hence Ky(A) satisfies 5.1 (i), and therefore 5.1 (ii), from
which condition (ii) of the corollary follows.

(i1) = (ii1). Suppose that (ii) holds. By 4.8, the dimension range of A4, an
interval in Z1 s isomorphic to D(P, d) for some positive defector d.
By 2.10, there is a separable C*-algebra 4 (P, d) which is a lexicographic
direct sum of a family of elementary C*-algebras (B,),cp, and which is
therefore by 2.8 approximately finite-dimensional, such that the dimen-
sion range of A is isomorphic to D(P, d). By 4.3 of [9], 4 is isomorphic to
A(P, d).
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(111) = (1). Suppose that (ii1) holds. By 2.2, the lattice of closed ideals of
A is naturally isomorphic to the lattice of ideals of P. In particular, it
follows that every simple subquotient of A4 is elementary. By hypothesis,
the complement of any prime ideal of P has a smallest element (see 5.2).
Thus, the prime ideal spectrum of P is equal to P, and the open sets are the
ideals of P. Since Prim A4 is homeomorphic to the prime ideal spectrum of
P, ie., to P with open sets the ideals of P, (i) follows.

5.6. Remark. While the implication (iil) = (i) in 5.5 does not need the
assumption that A4 is separable, and the implications (i) = (ii) and also
(i1) = (1) are easily proved without this assumption (using 5.1), it is not
clear how to prove the implication (i1) = (iii) without assuming that A4 is
separable.

5.7. Remark. The classification of separable postliminary lexicographic
direct sums of elementary C*-algebras follows, in principle, from 4.6 and
4.8. Thus, only the defector need be considered, and equivalence of
defectors may be described in an explicit way.

Of course, one might hope for a simple parametrization of the
equivalence classes, which is after all possible in the case of the ordered set
—N (see 4.13), in which case the dimension group is not postliminary.

If a defector can be put in normalized form then this is a canonical label
for the equivalence class. As follows from 3.2, 4.6, and 4.10 (cf. 4.13), this
is possible for a defector with only finitely many nonzero (finite
coordinates (see also [1], [2] ). As shown recently by Jensen in [16], a
defector can be put in normalized form if, more generally, every point at
which it is finite and nonzero majorizes only finitely many other such
points.

REFERENCES

1. H. Behncke and H. Leptin, C*-algebras with a two-point dual, J. Functional Analysis 10
(1972), 330-335.

Classification of C*-algebras with a finite dual, J. Functional Analysis /6 (1974).
241-257.

3. H. Behncke, F. Krauss and H. Leptin, C*-algebren mit geordneten ldeal Folgen, J.
Functional Analysis 710 (1972), 204-211.

4. O. Bratteli, Inductive limits of finite dimensional C*-algebras, Trans. Amer. Math. Soc.
171 (1972). 195-234.

S. O. Bratteli and G. A. Elliott, Structure spaces of approximately finite-dimensional
C*-algebras, 11, J. Functional Analysis 30 (1978), 74-82.

6. J. Cuntz, Simple C*-algebras generated by isomerries, Comm. Math. Phys. 57 (1977).

N

173-185.

7. 1. Dixmier, Les C*-algebres et leurs représentations, 2¢ édition (Gauthier-Villars, Paris.
1969).

8. On some C*-ualgebras considered by Glimm, J. Functional Analysis 7 (1967).
182-203.

https://doi.org/10.4153/CJM-1987-012-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-012-3

296 H. BEHNCKE AND G. A. ELLIOTT

10.

12.
13.

14.

. G. A Elliott, On the classification of inductive limits of sequences of semisimple
Sinite-dimensional algebras. J. Algebra 38 (1976), 29-44.

On totally ordered groups, and K, Ring Theory Waterloo (1978), 1-49: Lecture

Notes in Mathematics 734 (Springer-Verlag, New York, 1979).

Some simple C*-algebras constructed as crossed products with discrete outer
automorphism groups, Publ. Res. Inst. Math. Sci. 76 (1980), 299-311.

L. Fuchs, Riesz groups, Ann. Scuola Norm. Pisa 79 (1965). 1-34.

1. Glimm, On « certain class of operator algebras, Trans. Amer. Math. Soc. 95 (1960).
318-340.

K. R. Goodearl and D. E. Handelman, Stenosis of dimension groups and AF C*-algebras.,
J. Reine Angew. Math. 332 (1982), 1-99.

. D. E. Handelman, Extensions for AF C*-algebras and dimension groups, Trans. Amer.

Math. Soc. 271 (1982), 537-573.
. H. E. Jensen, Scattered C*-algebras with almost finite spectrum. J. Functional Analysis 50
(1983), 127-132.
. G. K. Pedersen, Measure theory for C*-algebras 11, Math. Scand. 22 (1968), 63-74.

University of Osnabriick,
Osnabriick, West Germany;,

U

niversity of Toronto,

Toronto, Ontario

https://doi.org/10.4153/CJM-1987-012-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1987-012-3

