
Macroeconomic Dynamics (2023), 27, pp. 1866–1892
doi:10.1017/S1365100522000499

ARTICLE

Implementing the commitment solution via
discretionary policy-making∗

Volker Hahn

University of Konstanz
Email: volker.hahn@uni-konstanz.de

Abstract
This paper demonstrates that, in a large class of linear-quadratic models with rational expectations, losses
due to time-inconsistency problems can be avoided, as the commitment solution can be implemented
by a policy-maker who acts under discretion. We focus on two approaches. First, we show that a non-
Markovian, reputational equilibrium that implements the commitment solution always exists. Second, we
show how delegation to a policy-maker with an additional objective for the policy instrument can be used
to implement the commitment solution via a standard discretionaryMarkov equilibrium. Implementation
is facilitated by the fact that the commitment outcome can be attained irrespective of the weight that the
policy-maker assigns to the additional target. Using the standard new Keynesian model as an example, we
study the dynamics of the economy under optimal additional output targets as well as optimal interest-rate
targets for central banks.
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1. Introduction
In August 2020, the Federal Reserve revised its monetary policy strategy. Since then, the Fed seeks
to achieve its inflation objective of 2% on average over time.1 Notably, the Fed intends to pur-
sue a history-dependent policy as, after longer periods of inflation below 2%, “monetary policy
will likely aim to achieve inflation moderately above 2% for some time.” The revised strategy can
be seen in light of the well-known theoretical finding that a central bank that could commit to a
specific policy in the future would choose a policy that is history-dependent (Clarida et al. 1999).
A history-dependent policy has the advantage that it may enable the central bank to influence
expectations in a desirable way (Woodford, 2003).2 However, it is not obvious how a central bank
that can re-optimize its policy in every period can credibly pursue such a history-dependent pol-
icy. Why should the Fed find it optimal ex post to achieve higher inflation rates after periods
of unusually low inflation? This paper demonstrates that a policy-maker that acts purely under
discretion, that is, a policy-maker that cannot commit to a specific future behavior but chooses
its instrument optimally every period, taking its own future behavior as given, can often imple-
ment the optimal solution under commitment. Thus, the Fed’s revised strategy may well lead to
improved monetary policy.

In particular, the present paper shows the implementability of the commitment solution by
a discretionary policy-maker for the large class of linear models with rational expectations con-
sidered by Blanchard and Kahn (1980) and a quadratic objective function.3,4 Hence, the social
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losses stemming from the time-inconsistency problem in models where current economic vari-
ables depend on expectations about future variables can be avoided. The class of models to
which our approach can be applied includes the canonical new Keynesian model with a purely
forward-looking Phillips curve (Clarida et al. 1999), models with lagged endogenous variables
in the Phillips curve [see Steinsson (2003), among others], and even complex DSGE models like
Christiano et al. (2005) and Smets and Wouters (2007).

We follow two different approaches to implementing the commitment solution: reputational
equilibria and optimal delegation.5 In our first approach, we focus on discretionary equilibria
that are not Markov-perfect but where the optimal behavior of all agents including the policy-
maker is dependent on payoff-irrelevant histories.6 We prove that such reputational equilibria
enable the exact implementation of the commitment solution by a discretionary policy-maker in
a large class of linear-quadratic models with backward-looking and forward-looking variables (see
Propositions 1 and 3).

As it is well known, whenMarkov perfection is imposed, a discretionary policy-maker typically
does not find it optimal to set non-predetermined variables to the values implied by the commit-
ment solution because, even if the private sector believed that the policy-maker would do so, the
policy-maker would later find it optimal to deviate. In the discretionary equilibrium that imple-
ments the commitment solution, the policy-maker’s current choice of instrument affects future
non-predetermined variables but not current non-predetermined variables. As a consequence,
the policy-maker can ensure in every period that the non-predetermined variables in the next
period are expected to be equal to the values implied by the commitment solution. It is rational
for the private sector to have such expectations because the policy-maker cannot influence the
non-predetermined variables later.

It is crucial to note that the inability to influence current non-predetermined variables is
not imposed by assumption. By contrast, it is a property of the discretionary equilibrium that
implements the commitment solution and, in particular, a consequence of the way how the
rational expectations evolve in equilibrium. In equilibrium, it is impossible to influence cur-
rent non-predetermined variables because the direct effect of a change in the instrument on
the current non-predetermined variables is exactly offset by an indirect effect. This indirect
effect arises because changes in the instrument lead to changes in expectations about future
non-predetermined variables.

In our analysis of the second approach, we prove that delegation to a policy-maker whose
preferences differ from those of society can always ensure the exact implementation of the com-
mitment solution via a standard discretionary Markov equilibrium (see Propositions 2 and 4).
In particular, optimal delegation can be achieved if the policy-maker cares not only about welfare
but also about a specific time-varying objective for the policy instrument, which itself depends on
past choices of the instrument. This approach is related to Woodford (2003), and a more recent
paper by Bilbiie (2014). Woodford (2003) shows that delegating monetary policy to a central bank
that pursues an interest-rate smoothing objective can be socially desirable even in a model where
interest-rate smoothing is not socially desirable per se. Bilbiie (2014) sharpens this result by prov-
ing that an appropriately designed loss function enables exact implementation of the commitment
solution by a discretionary central bank in the standard new Keynesian model. Our approach
extends these previous findings in different directions.

First and most importantly, our result about delegation is applicable to a large class of linear
models with forward-looking variables, whereas Woodford (2003) as well as Bilbiie (2014) con-
sider only the standard new Keynesian model. It may be interesting to note that, with regard
to models such as Christiano et al. (2005) and Smets and Wouters (2007), Bilbiie (2014, p. 75)
writes that “it is likely that in more empirically realistic models . . .exact implementation of the
timeless-optimal commitment solution will be impossible. . .” The present paper proves that the
commitment solution can be implemented in these models as well.
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Second, in contrast with existing approaches like Bilbiie (2014) or Woodford (2003), our
approach to optimal delegation involves that the weight that the central bank puts on the addi-
tional objective can be chosen arbitrarily and, in particular, can be very small. In practice, it may
be difficult to determine the weights that the policy-maker assigns to conflicting objectives with
high precision. Thus, this property of our approach would facilitate implementation. At the same
time, the additional target that the policy-maker has to pursue may be comparably complex.
However, all the information regarding the additional objective can be condensed into a single
index. This index is straightforward to compute and could be given an interpretation as a measure
of “dynamic policy performance.”

How can it be ensured that the policy-maker, for example, a central bank, cares about the addi-
tional targets for the instrument or the performance index in addition to its existing objectives?
One possibility are official statements that the central bank intends to take an additional target into
account when conducting monetary policy. As a result, deviations from this target may involve
some, possibly small, costs in the future. These costs may be psychological, as the communica-
tion of an additional target can be interpreted as implying promises about future behavior, and
individuals, all else being equal, may prefer to keep their promises to some degree. Moreover,
deviations from an official monetary policy strategy may lead to a loss in prestige. Gersbach and
Hahn (2011) discuss anecdotal evidence for costs of deviating from statements about one’s own
future decisions. For example, according to Svensson (2009), members of the Swedish monetary
policy committee agreed not to signal likely future interest-rate decisions, as such signals might
“pre-commit” committee members. An alternative path to optimal delegation is to use incentive
contracts that make the policy-maker’s pay dependent on deviations of the instrument from the
target.7 Importantly, as has been mentioned before, even very small additional incentives are suf-
ficient to guarantee that a policy-maker acting under discretion can implement the commitment
solution via a Markov equilibrium.

The paper is related to several other strands of literature. Potential gains from commitment
have been identified in the classic literature on the inflation bias [Kydland and Prescott (1977) and
Barro and Gordon (1983)]. Kydland and Prescott (1977) and Stokey (1989) demonstrate the time
inconsistency of optimal government policies in other fields like taxation or patent protection.
In the standard new Keynesian model, another time-inconsistency problem arises, the so-called
stabilization bias [Clarida et al. (1999) and Woodford (1999)]. Papers that aim to quantify the
gains from commitment for central banks find that they are potentially sizable [Dennis and
Söderström (2006) and Levine et al. (2008)]. As a consequence, it is important to answer the
question how the gains from commitment can be achieved.

A recent paper by Debortoli et al. (2018) assumes that the central bank can implement the com-
mitment solution for a given loss function that captures a specific mandate. Debortoli et al. (2014)
and Debortoli and Lakdawala (2016) find empirical evidence that the Federal Reserve operates
with a high degree of commitment. These papers leave open the question how central banks can
implement the commitment solution. The present paper lays out such a mechanism.

A related paper by Hahn (2021) shows the existence of non-Markov-perfect discretionary equi-
libria and points out the potential for them to be welfare enhancing. In contrast with the present
paper, Hahn (2021) focuses exclusively on the canonical new Keynesian model. Moreover, for the
class of equilibria considered by Hahn (2021), a discretionary central bank can never implement
the optimal commitment solution. By contrast, the present paper shows that exact implementa-
tion of the commitment solution is possible under discretionary policy-making in a large class of
models. Hahn (2021) also does not consider optimal delegation to an independent policy-maker.

Reputation can also be modeled with the help of the sustainable equilibrium concept (Chari
and Kehoe, 1990, 1993), which, like our approach, relies on strategies that violate the Markov
property and thus depend on payoff-irrelevant histories.8 Compared to the sustainable equilib-
rium concept, the discretionary equilibrium allows only for one-shot deviations by the policy-
maker in each period rather than deviations which specify policies for all possible future histories.
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One advantage of our approach is that it guarantees that the commitment solution can be imple-
mented in a large class of models. By contrast, there is no comparably general result that ensures
that the commitment solution (or Ramsey policy) can be supported by a sustainable equilibrium.

The game-theoretic literature has considered various variants of the Folk theorem, which
implies that for infinitely repeated games all individually rational payoff combinations can be
achieved for sufficiently high discount factors [see (Fudenberg and Maskin, 1986), for one partic-
ular variant of the Folk theorem].9 In contrast with the present paper, these analyses do not allow
for the possibility that the different periods are connected via forward-looking and backward-
looking variables. Reputational equilibria have also been considered in macroeconomic models
[see, e.g., Barro and Gordon (1983), Loisel (2008), Levine et al. (2008) and Abreu et al. (1990)].

Our approach differs from existing analyses of reputational equilibria in two respects. First,
existing analyses typically rely on trigger strategies to construct reputational equilibria. While
mathematically convenient, trigger strategies may often involve an implausibly harsh punishment
in response to minor deviations [al Nowaihi and Levine (1994)]. By contrast, the reputational
equilibria constructed in this paper have the advantage that small policy errors or small mea-
surement errors for economic variables do not lead to large consequences in future periods.
In particular, we show that these equilibria are compatible with “proportional punishment,”
where small deviations only lead to small and temporary increases in losses in future periods.
Second, existing approaches to modeling reputational equilibria typically only guarantee the
implementability of the socially optimal solution when the discount factor is sufficiently large.
By contrast, our finding about the implementability of the commitment solution holds for arbi-
trary discount factors. This is a consequence of the fact that deviations by the policy-maker
are not punished by a reversal to the standard discretionary equilibrium but by proportional
punishments, which lead to outcomes slightly worse than the equilibrium outcome.10

It is convenient to formulate the history-dependent behaviors in our reputational equilib-
ria with the help of additional state variables that, on the equilibrium path, are identical to the
Lagrange multipliers associated with the constraints for the non-predetermined (or forward-
looking) variables in the corresponding problem under commitment. Thus, our approach may
be reminiscent of Marcet and Marimon (2019), who show how the solution to the planner’s
problem in nonlinear models with forward-looking constraints can be obtained via a recursive
saddle-point functional equation that involves co-state variables that are introduced recursively as
functions of the Lagrange multipliers associated with the forward-looking constraints.11 The aim
of their paper is completely different from ours. They develop an elegant, computationally advan-
tageous method to determine the solution to social planning problems when the optimal policy
is not time-consistent, whereas we demonstrate how the commitment solution can be imple-
mented by policy-makers acting under discretion. At the danger of oversimplification, one could
say that Marcet and Marimon show how time-inconsistent policies can be computed, while the
present paper shows how time-inconsistent policies can be turned into time-consistent ones (e.g.,
by delegation to a policy-maker with an additional objective for the instrument).12 Another key
difference between our approach and theirs is that the endogenous additional state variables intro-
duced by our approach effectively turn non-predetermined variables into predetermined ones,
which will be explained in more detail in Section 2.3.

This paper is organized as follows. In Section 2, we illustrate the main mechanism behind our
results with the help of the canonical new Keynesian model. In particular, Section 2.6 shows how
the commitment solution can be implemented by delegation of monetary policy to a central bank
that has an additional time-varying target for the output gap. Section 3 generalizes our results
to a large class of linear-quadratic models with rational expectations. As an application of our
approach, we show that the optimal commitment policy in the new Keynesian model can also be
implemented by delegation to a discretionary policy-maker that faces an additional interest-rate
objective. Section 4 concludes.
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2. Simple new Keynesian model
2.1 Framework
To illustrate the main mechanisms behind our results, we now use the simple new Keynesian
model as an example [Clarida et al. (1999)]. The general results for a broad class of models will be
derived in Section 3.

In every period t = 0, 1, 2, . . ., the private sector’s behavior is summarized by:

πt = βEtπt+1 + κut + ξt , (1)

ξt+1 = ρξt + εt+1, (2)

where β ∈ (0, 1) is a common discount factor, κ > 0, ρ ∈ (0, 1), and the εt ’s are i.i.d. shocks that
are drawn from a normal distribution with mean zero. πt is the inflation rate and ut is the output
gap. Equation (1) is the new Keynesian Phillips curve and (2) describes the evolution of markup
shocks. The initial value of ξt , ξ0, is exogenously given. Taking (1) and (2) into account, the central
bank minimizes the expected discounted sum of losses:

l(πt , ut)= 1
2
π2
t + a

2
u2t (3)

with a> 0. In our setup, ut constitutes the central bank’s instrument. πt is a forward-looking or
non-predetermined variable. ξt is a predetermined variable.13 The IS curve is omitted to simplify
the exposition.

2.2 Optimal commitment
We first construct the optimal commitment solution, which enables us to show later how a discre-
tionary policy-maker can achieve this solution. The optimal commitment solution can be obtained
by setting up the Lagrangian:

L0 =E0

∞∑
t=0

βt
[
1
2
π2
t + a

2
u2t + λt+1

(
β−1πt − πt+1 − κβ−1ut − β−1ξt

)]
, (4)

where λt (t = 1, 2, . . .) are the multipliers associated with the new Keynesian Phillips curve.
As it is well known [Clarida et al. (1999) andWoodford (1999)], the commitment solution can

be characterized by:

ut+1 − ut = −κ

a
πt+1 for t=0,1,2, ... (5)

u0 = −κ

a
π0 (6)

together with (1) and (2).
In line with Backus and Driffill (1986) and Söderlind (1999), the commitment solution can

be described by equations that specify the joint evolution of ξt and λt as well as by equations
that state how the non-predetermined variable πt and the instrument ut depend on the current
values of ξt and λt . With the help of the optimal commitment solution in Clarida et al. (1999), it
is straightforward to show that, for the simple new Keynesian model under consideration, these
equations are ⎛⎝ξt+1

λt+1

⎞⎠=
⎛⎝ ρ 0

− βδ
1−δβρ

δ

⎞⎠⎛⎝ξt

λt

⎞⎠+
⎛⎝εt+1

0

⎞⎠ , (7)
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where

δ =
1+ β + κ2

a −
√
(1− β)2 + 2(1+ β) κ2

a + κ4

a2

2β
∈ (0, 1), (8)

as well as ⎛⎝πt

ut

⎞⎠=
⎛⎝ δ

1−δβρ
1−δ
β

− κδ
a(1−δβρ)

κδ
aβ

⎞⎠⎛⎝ξt

λt

⎞⎠ . (9)

For exogenous values of ξ0 and λ0 = 0, (7) and (9) describe the entire dynamics of the sys-
tem. Loosely speaking, equation (7) can be interpreted as introducing a new predetermined state
variable in addition to ξt : the Lagrange multiplier on the forward-looking constraint, λt .

2.3 Discretionary policy-making
Abandoning the restriction to Markov-perfect strategies for the time being, we now construct a
discretionary equilibrium that implements the commitment solution. This equilibrium involves
an additional state variable. A general law of motion for the additional state variable st is

st+1 = φξ ξt + φsst + φuut , (10)

with a given initial value s0. It is clear that, in every period t, st can be written exclusively as a
function of past shocks and past values of the instrument. Thus, decisions made by the policy-
maker or other agents that depend on st are influenced by past events that are not payoff-relevant.
This is a typical feature of reputational equilibria such as those considered by Chari and Kehoe
(1990, 1993). In classic analyses of reputational equilibria in the inflation bias literature [Barro and
Gordon (1983)], inflation expectations are specified to be functions of past deviations of inflation
from some optimal level.

A discretionary equilibrium for the economy under consideration can be defined as follows:

Definition 1. Consider a central bank with instrument ut, loss function (3), and discount factor β,
which faces the constraints (1), (2), as well as the law of motion (10) for the payoff-irrelevant state
variable st, where φu, φξ , φs, and s0 are given. Then⎛⎝πt

ut

⎞⎠=M

⎛⎝ξt

st

⎞⎠ (11)

with 2× 2-dimensional matrix M describes a discretionary equilibrium if the following properties
hold:

1. The path of {πt , ut , ξt}∞t=0 implied by (2), (10), and (11) satisfies (1).
2. In each period t, no profitable deviation exists for the central bank, that is, the choice of

ut implied by (11) is optimal given (1), where the central bank takes the process by which
rational inflation expectations Etπt+1 are formed as given.

3. Rational expectations Etπt+1 are formed in line with (2), (10), and (11).

This definition is identical to the one used in the literature [see e.g., Backus and Driffill (1986)]
with the only modification that the additional state variable st , which is not payoff-relevant, is
introduced.14

For payoff-relevant state variables, the coefficients in the law of motion are typically exoge-
nously given. By contrast, st is an auxiliary variable that is used to describe how decisions and
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expectations are affected by payoff-irrelevant past events. Note that in our paper as in other anal-
yses of reputational mechanisms, there aremultiple equilibria.15 Thus, the φ’s in the law ofmotion
for st , (10), are coefficients that will be pinned down in order to obtain the equilibrium of inter-
est, namely the one implementing the commitment outcome. Other choices of the coefficients
would lead to other reputational equilibria or may not result in reputational equilibria at all.
The flexibility with which the additional state variable can be introduced may be reminiscent
of sunspots.16 A major difference between the two concepts is the fact that sunspot variables are
exogenous stochastic processes, whereas the state variable that we introduce is endogenous and
can be influenced by the policy-maker, in particular.

We make use of the flexibility with which st can be introduced and set s0 = 0 as well as

φu = − κ

1− δ
, (12)

φξ = − 1
1− δβρ

, (13)

φs = 1
β
. (14)

It may be instructive to give an intuition for how the parameters for the law of motion for st
are chosen and why the central bank cannot profitably deviate in the discretionary equilibrium
implementing the commitment solution that we are constructing.

In the Markov-perfect equilibrium of the standard new Keynesian model where the central
bank minimizes social losses, there is no endogenous state variable, and inflation in all periods
is only a function of the current markup shock. Hence, inflation expectations Etπt+1 cannot be
influenced by the central bank’s choice of ut , as the future markup shock ξt+1 is exogenous to
monetary policy. Together with this observation, the Phillips curve (1) implies that an increase in
ut affects current inflation only via the traditional marginal-cost channel, where an increase of ut
by �u entails an increase in inflation by κ�u.

In a discretionary equilibrium that violates the Markov property, changes in the instrument ut
may lead to changes in inflation expectations because changes in ut influence st+1, which affects
expectations about inflation in the future. These inflation expectations, in turn, influence current
inflation, according to the new Keynesian Phillips curve. Thus, the central bank can affect current
inflation πt not only via the traditional marginal-cost channel, which we have described above,
but also via an expectations channel. As will be shown formally later, the particular choice of φu in
(12) guarantees that the effects of a change in ut on inflation via the marginal-cost channel and the
expectations channel exactly offset each other. As a consequence, inflation πt effectively becomes
a predetermined variable, which cannot be influenced by the central bank’s choice in period t.

This observation is key to understanding how the discretionary equilibrium we are construct-
ing can implement the commitment solution. The central bank can choose its current instrument
in a way such that inflation is expected to correspond to the value compatible with the commit-
ment solution in the next period because, in the next period, it will not be possible for the central
bank to influence inflation in that period. By contrast, a central bank in the discretionary equilib-
rium without an additional payoff-irrelevant state variable can always influence the current value
of inflation and thereby implement a policy such that inflation differs from the value implied by
the commitment solution.17

Finally, we discuss how the remaining parameters are set. Obviously, s0 = 0 ensures s0 = λ0.18
The parameter choices for φξ and φs weremade in a way such that, for the value of φu given in (12)
and s0 = 0, the evolution of the variables πt , ut , and st equals the evolution of the corresponding
variables πt , ut , and λt in the commitment solution. Why the specific value of φs is required to
implement the commitment solution is discussed in more detail in Section 2.4. In Appendix A, we
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comment on a potential concern that, together with (10), φs > 1 could involve explosive dynamics
for st .

The following proposition shows that the commitment solution of the standard new Keynesian
model can be implemented via a discretionary equilibrium:

Proposition 1. Consider a central bank with instrument ut, loss function (3), and discount factor
β, which faces the constraints (1), (2), as well as the following law of motion for the payoff-irrelevant
state variable st:19

st+1 = 1
β
st − 1

1− δβρ
ξt − κ

1− δ
ut , with s0 = 0. (15)

Then ⎛⎝πt

ut

⎞⎠=
⎛⎝ δ

1−δβρ
1−δ
β

− κδ
a(1−δβρ)

κδ
aβ

⎞⎠⎛⎝ξt

st

⎞⎠ (16)

describes a discretionary equilibrium. This equilibrium implements the commitment solution.

While it is easy to confirm the statement of the proposition for specific parameter combinations
with standard software routines that can be used to compute discretionary equilibria (Söderlind,
1999), it is instructive to also consider a formal proof.

Proof. As a preliminary step, we note that the dynamics of πt and ut equal those in the commit-
ment solution. This can be seen by comparing (15) and (16) to (7) and (9). In particular, plugging
the expression for ut given in (16) into (15) yields an expression for st+1 as a function of ξt and st .
With the help of (8) as well as s0 = λ0 = 0, it is straightforward to show that this equation for
st+1 yields dynamics for the additional state variable st that are identical to the dynamics for the
Lagrange multiplier in the commitment solution, which are described by (7).

To prove that (16) describes a discretionary equilibrium, we show that, first, together with (2)
and (15), it is compatible with the Phillips curve (1) and that, second, the central bank’s choice of
ut in every period t is optimal subject to the new Keynesian Phillips curve in this period t, given
the rational inflation expectations Etπt+1 that are formed in line with (2), (15), and (16).

The candidate equilibrium is compatible with the new Keynesian Phillips curve, because (i)
the economy evolves as in the commitment solution and (ii) the commitment solution satisfies
the new Keynesian Phillips curve. To prove that the central bank behaves optimally requires
a few steps. First, we calculate inflation expectations, as they enter the new Keynesian Phillips
curve, which represents a constraint for the central bank. Using (2), (15), and (16), we obtain the
following expression:

Etπt+1 = 1
1− δβρ

(
δρ − 1− δ

β

)
ξt + 1− δ

β2 st − κ

β
ut . (17)

As we have argued before, it is crucial that inflation expectations are a function of ut . This
property stems from the fact that the central bank’s choice of ut affects st+1, which in turn affects
inflation in period t + 1.

As a next step, we plug the inflation expectations (17) into the new Keynesian Phillips curve
(1) and obtain

πt = δ

1− δβρ
ξt + 1− δ

β
st . (18)

It is noteworthy that the central bank’s choice of ut has no influence on inflation in the
same period. As has been explained before, this is a property of the particular equilibrium under
consideration and is a consequence of the specific choice of φu. Section 2.5 studies a case where,
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due to small deviations from rational expectations, the influence of ut on πt is not zero but small.
In this case, outcomes close to the commitment outcome can still be implemented.

Consider optimal central bank behavior in a particular period t. For this purpose, we set up the
corresponding Bellman equation:

W(ξt , st)=min
ut

{
1
2
π2
t + a

2
u2t + βEtW(ξt+1, st+1)

}
subject to (2), (15), (18). (19)

We obtain the following first-order condition as well as a condition that results from the
envelope theorem:

0= aut − κ

1− δ
βEtWs(ξt+1, st+1), (20)

Ws(ξt , st)= 1− δ

β
πt +EtWs(ξt+1, st+1), (21)

where the subscript s stands for the respective partial derivative. Equations (20) and (21) can be
combined to

Etut+1 − ut = −κ

a
Etπt+1 for t=0,1,2,... (22)

This condition characterizes optimal central bank behavior in the candidate discretionary equi-
librium. As the paths of πt and ut satisfy the condition for optimal central bank behavior under
commitment, (5), they also satisfy (22). Q.E.D.

The additional state variable st can be interpreted as the burden of past promises. To make
this more precise, note that (16) implies that the central bank’s instrument ut is an increasing
function of st in equilibrium. Thus, a positive value of st represents a promise to choose a rather
expansionarymonetary policy, while a negative value represents a promise to choose a comparably
contractionary policy. As (15) entails that st+1 is a decreasing function of ut , current expansionary
monetary policy tends to entail the promise of contractionary monetary policy in the future. As a
consequence, the central bank behaves as in the commitment solution. In the commitment solu-
tion, a negative markup shock calls for expansionary policy in the same period but contractionary
policy in the next period.

2.4 Dynamic response to policy errors
We continue our discussion of the standard new Keynesian model by illustrating the dynamics
of the economy if the central bank deviates from its optimal choice of ut in period 0 but not in
future periods. We set the parameters as follows: κ = 0.3, β = 0.99, ρ = 0.9, a= 0.05, and ξ0 = 0,
in addition to s0 = 0. Moreover, assume that the central bank chooses u0 = 1 rather than u0 = 0,
which would be optimal.

Figure 1 illustrates the dynamics of the system in the absence of markup shocks ξt , that is, for
εt = 0 in t = 1, 2, 3, . . .. The deviation of the central bank cannot influence inflation (displayed
as a solid line) in period 0, as the discretionary equilibrium under consideration involves that
inflation is effectively predetermined.20 According to the dash-dotted line, which displays st , the
suboptimally high level of u0 drives s1 below zero (compare (10) and (12)). Because st+1 depends
positively on st on the equilibrium path (st+1 = δst), st stays negative in the consecutive periods
t = 2, 3, ... As inflation and output are increasing functions of st (compare (9) for st = λt), both
output and inflation are negative from period 1 onward.

The figure shows that deviations from the equilibrium behavior in a particular period lead to
changes in the additional state variable s in future periods and thereby to increases in losses in
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Figure 1. Impulse responses of inflation (solid line), the output gap (dashed line), and the additional state variable st (dash-
dotted line) in response to a one-time deviation of the output gap. Markup shocks have been set to zero in all periods.

these periods. It may be interesting to contrast the consequences of a deviation in this paper and
the respective consequences in papers that use trigger strategies to overcome time-inconsistency
problems [see, e.g., Loisel (2008) and Levine et al. (2008)].21 Compared to equilibria with trig-
ger strategies, a small deviation of the central bank only has small, transitory consequences for
the economy. As can be seen easily, the response of the economy after a deviation is always
proportional to the magnitude of the deviation.22

It may also be instructive to consider the situation where st differs from zero in one period t,
there are no markup shocks, that is ξt = 0, and the central bank ignores the burden of past
“promises,” st , by setting ut = 0 in this period. In this case, st+1 = β−1st would hold. Thus, the
burden of past “promises” would grow by a factor β−1. This mild increase in st deters deviations
in the first place. It might also be noteworthy that the factor β−1 decreases with β . This is plausible,
as larger discount factors require smaller punishments in the future.

2.5 Deviations from rational expectations
In a sense, the discretionary equilibrium implementing the commitment solution represents a
knife-edge case in which the effects of changes in the central bank’s instrument on inflation via
the marginal-cost channel and the expectations channel cancel each other exactly. This may raise
questions about the robustness of our approach.

To study this issue, we consider small deviations from rational expectations. In particular, we
assume that inflation expectations are not given by (17) but by

Etπt+1 = 1
1− δβρ

(
δρ − 1− δ

β

)
ξt + 1− δ

β2 st −
(

κ

β
+ ε

)
ut , (23)

where we use Et to denote expectations that may not be fully rational, and ε is a parameter that
describes the magnitude of deviations from rationality. Obviously, for ε = 0, (23) is identical
to (17). Under the assumption that private sector expectations are governed by (23), the Phillips
curve (1) implies that inflation is given by:

πt = δ

1− δβρ
ξt + 1− δ

β
st − βεut , (24)

which is a generalization to (18). Importantly, for ε �= 0, it is no longer true that the central bank
cannot influence current inflation by changing its instrument ut . However, for small values of ε,
the effect of changes in the instrument ut on πt is small.

As a next step, we analyze the dynamic consequences of this departure from rational expecta-
tions. To complete the description of the variant of the model, we assume that the central bank
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Figure 2. Impulse responses of inflation (left panel) and the output gap (right) panel for a markup shock with ε0 = 1. The
solid lines represent the impulse responses when inflation expectations are perfectly rational (ε = 0). The dashed lines show
the impulse responses when inflation expectations not perfectly rational, that is, they are given by (23) with ε = 0.01.

knows that expectations are formed in line with (23) and that st still evolves according to (15).
Figure 2 shows the impulse responses of inflation (left panel) and the output gap (right panel) to a
markup shock. The solid lines stand for ε = 0, that is, rational expectations, and the dashed lines
for small deviations from rational expectations where we have set ε = 0.01.

The figure shows that small deviations from rational expectations only have a small effect on
the dynamics of the economy. The reason for this finding is that, while changes in the instrument
affect current inflation for small but nonzero values of ε and thus inflation cannot be interpreted
as an effectively predetermined variable, non-negligible changes in inflation require very large
changes in the instrument, which tend to be costly for the central bank. Hence, small deviations
from rational expectations allow the implementation of an equilibrium with social losses that are
close to the losses under commitment.

While we have only studied a very specific deviation from the equilibrium implementing the
commitment outcome, the conclusions from this analysis hold more generally: Small deviations
from the equilibrium implementing the commitment solution lead to equilibria that involve social
losses very close to the ones implied by the commitment solution. Consider, for example, a discre-
tionary equilibrium where the central bank responds to the state variable st but where st follows
a law of motion (10) with coefficients φu, φξ , and φs slightly different from the ones specified in
(12)–(14). Note that inflation and output in equilibrium can always be expressed as functions of
current and laggedmarkup shocks and that the coefficients in front of these realizations ofmarkup
shocks are continuous functions of the φ’s. As a consequence, small changes in the φ’s only have
small effects on the dynamic response of the economy to shocks and therefore only small effects
on social losses.

2.6 Implementation through delegation
As a next step, we show that the commitment solution can also be implemented by a standard
discretionary Markov equilibrium when monetary policy is delegated to a central bank with a
loss function that is different from the social loss function.23 Our approach is related to the result
by Woodford (2003) that the delegation of monetary policy to a central bank with an interest-
rate smoothing objective can be socially desirable even if interest-rate smoothing is not socially
desirable per se. It extends this finding in two dimensions. First, our approach implements the
commitment solution and thus allows the central bank to reap all of the welfare gains that are
theoretically possible. By contrast, interest-rate smoothing typically allows the central bank to
achieve only a part of the possible welfare gains. Second, our approach is more general as it can
be applied to the broad class of linear models considered in Section 3 and is not restricted to the
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standard new Keynesian model. Optimal interest-rate targets that facilitate the implementation of
the commitment solution in the new Keynesian model are derived in Section 3.4.

The following proposition is shown in Appendix C:

Proposition 2. Suppose that monetary policy-making is delegated to a central bank whose instan-
taneous losses are

lCB(πt , ut , st)= 1
2
π2
t + a

2
u2t + b

2
(ut − u∗

t )
2, (25)

where

u∗
t = − κδ

a(1− δβρ)
ξt + κδ

aβ
st (26)

and b is an arbitrary parameter with b> 0. st is given by (15). The central bank discounts its future
losses with the same discount factor β as society. Then the commitment solution associated with the
social loss function (3) can be implemented by a discretionary Markov equilibrium.

Compared to the social loss function, the central bank loss function (25) includes the additional
term b(ut − u∗

t )2/2, which penalizes deviations of the central bank’s instrument from the time-
varying target u∗

t . u∗
t mimics the evolution of ut in the discretionary equilibrium implementing the

commitment solution (compare (16)). Thus, on the equilibrium path, u∗
t equals the central bank’s

choice of instrument for the commitment solution. In this sense, the central bank’s modified loss
function punishes deviations from the commitment solution.24

While it is perhaps unsurprising that large costs of deviations from the commitment solution
ensure that the central bank implements this solution, the proposition implies that even small
incentives, that is, arbitrarily small values of b, are sufficient. Loosely speaking, the reason why
small values of b are sufficient to ensure that the central bank behaves as under optimal commit-
ment is that the term b(ut − u∗

t )2/2 does not alter the incentives of the central bank compared
to the equilibrium discussed in Proposition 1, as the central bank already chooses ut = u∗

t in this
equilibrium. The purpose of the additional term in the central bank’s loss function is to add an
additional state variable to the central bank’s optimization problem.

It may also be noteworthy that it is possible to completely eliminate st from the central bank’s
optimization problem, as it is straightforward to formulate u∗

t as a function of the current value of
ξt as well as lagged values of u∗

t and ut . More specifically, we can write

u∗
t = 1

β
u∗
t−1 − κδ

a(1− δβρ)
ξt − κ2δ

aβ(1− δ)
ut−1. (27)

Onemight think that the coefficient 1
β
implies explosive dynamics for the output-gap target u∗

t .
However, it is easy to see that this is not the case. For this purpose, we rewrite (27) as:

u∗
t = 1

β

[
1− κ2δ

a(1− δ)

]
u∗
t−1 − κδ

a(1− δβρ)
ξt − κ2δ

aβ(1− δ)
(ut−1 − u∗

t−1) (28)

and note that, in equilibrium, ut = u∗
t holds for all periods and that the coefficient in front of u∗

t−1
is smaller than 1 (and positive) for all admissible parameter values.

For the parameter values, we have used before (κ = 0.3, β = 0.99, ρ = 0.9, and a= 0.05), we
obtain

u∗
t = 0.2851u∗

t−1 − 2.2929ξt − 0.7250(ut−1 − u∗
t−1). (29)

The property that the target value u∗
t depends on lagged values of the central bank’s instrument

is crucial for the implementability of the commitment solution. In particular, it is responsible for
the key feature of our approach that non-predetermined economic variables are effectively turned
into predetermined ones.
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Figure 3. Impulse responses of the equilibrium output gap and the corresponding target in response to a markup shock
with ε0 = 1 (solid line); the output gap in response to the markup shock with a deviation in period 0 (dashed line), and the
output-gap target for the deviation (dotted line).

Figure 3 illustrates the dynamics of the output-gap target u∗
t for a markup shock with ε0 = 1

and εt = 0 for t = 1, 2, 3, . . ..25 The evolution of the output gap under commitment is identical to
the evolution of the output-gap target as well as the output gap chosen by a discretionary central
bank under optimal delegation (solid line). In addition, we show the dynamics of the output-gap
target (dotted line) if the central bank deviates in period 0 and chooses only 50% of the optimal
value for the output gap but implements the optimal policy thereafter. As a consequence of this
deviation, the output-gap target drops in period 1 but quickly returns toward the equilibrium path.
The output gap (dashed line) differs from its target in period 0 by construction but corresponds
to the target in all remaining periods. We have confirmed that, in line with our theoretical results,
the value of b, which describes the intensity of the additional incentives to align output with the
additional target u∗

t , does not affect the equilibrium outcomes under delegation.
At this point, it is instructive to discuss the relationship to the interest-rate smoothing objec-

tive considered by Woodford (2003) in more detail. Woodford augments the central bank’s loss
function by terms that are proportional to (it)2 and (it − it−1)2, where the central bank’s instru-
ment it is the deviation of the nominal interest rate from its long-run level. These additional
terms in the loss function can be interpreted as introducing an additional objective for the central
bank’s instrument, where the target value i∗t is proportional to it−1. This is obviously related to our
approach, where the target u∗

t depends on lagged values of the instrument ut as well. By adding
an IS curve to the new Keynesian model studied in this section, one can easily specify an optimal
interest-rate target i∗t that allows for the commitment solution to be implemented. This approach
is pursued in Section 3.4.

How could one ensure that the central bank cares about deviations from an additional output
target, that is, that b(ut − u∗

t )2/2 enters its loss function? First, following Walsh (1995), incentive
contracts could be used and central banker’s pay could depend on deviations of their policies from
the targets u∗

t . Importantly, the monetary incentives can be arbitrarily small. Second, as has been
discussed in the Introduction, it is plausible that a public announcement that the central bank
intends to set its instrument in line with u∗

t will entail small direct costs for the central bank if it
deviates from this announcement at a later stage.26

3. General results
3.1 Setup
In the following, we generalize the results for the simple new Keynesian model to a broad class
of linear-quadratic models with rational expectations. There are nx predetermined variables,
contained in the column vector xt , and ny non-predetermined variables, contained in the
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vector yt . Let zt be the (nx + ny)-dimensional vector that contains all predetermined and all
non-predetermined variables, where the predetermined variables come first. There is also a
k-dimensional vector of instruments ut .

Social losses are described by:

L=E0

∞∑
t=0

βt (z′tQzt + 2z′tUut + u′tRut
)
, (30)

where β ∈ (0, 1). Q is an (nx + ny)× (nx + ny)-dimensional matrix, U is an (nx + ny)× k-
dimensional matrix, and R is a (k× k)-dimensional matrix. Without loss of generality, we assume
Q and R to be symmetric. For the time being, we assume that the policy-maker’s loss func-
tion is identical to the social loss function. In Section 3.4, we will examine the case where the
policy-maker’s losses include an additional term that involves target values for the instruments ut .

The predetermined and non-predetermined variables evolve according to
xt+1 =Axxxt +Axyyt + Bxut + εx,t+1, (31)

Etyt+1 =Ayxxt +Ayyyt + Byut , (32)
whereAxx,Axy,Ayx,Ayy, Bx, and By are givenmatrices whose coefficients have been obtained from
log-linearized equations describing the private sector equilibrium, for example. The nx compo-
nents of εx,t+1 describe the innovations to the predetermined variables xt+1. They have zero mean
and covariance matrix 
.

As is well known, models with lagged variables and expectations more than one period ahead
can also be cast in the form considered here. The same is also be true for some models with lagged
expectations of present and future variables [see Blanchard and Kahn (1980)].

3.2 Commitment
The commitment solution can be obtained by setting up the Lagrangian [Backus and Driffill
(1986) and Söderlind (1999)]:

L0 =E0

∞∑
t=0

βt [z′tQzt + 2z′tUut + u′tRut + 2ρ′t+1 (Azt + But − zt+1)
]
, (33)

where

A=
⎛⎝Axx Axy

Ayx Ayy

⎞⎠ , B=
⎛⎝Bx
By

⎞⎠ , (34)

and ρt is an (nx + ny)-dimensional vector of Lagrange multipliers (t = 1, 2, 3, . . .). The first-order
conditions with respect to zt and ut are

βA′
Etρt+1 = −βQzt − βUut + ρt , (35)

−B′
Etρt+1 =U ′zt + Rut . (36)

We assume that the commitment solution exists and involves unique paths of zt and ut . As
shown by Backus and Driffill (1986), the commitment solution can then be described by an
equation that specifies the evolution of the predetermined variables xt and the multipliers ρy,t
associated with the non-predetermined variables:⎛⎝ xt+1

ρy,t+1

⎞⎠=H

⎛⎝ xt

ρy,t

⎞⎠+
⎛⎝εt+1

0

⎞⎠ , (37)
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where H is an (nx + ny)× (nx + ny)-dimensional matrix. The initial values of the predetermined
variables xt are exogenously given. The initial values of the elements in ρy,t are zero, because the
non-predetermined variables can be chosen freely in t = 0. The non-predetermined variables yt ,
the Lagrange multipliers ρx,t associated with the predetermined variables, and the policy-makers’
instruments ut can be expressed as functions of the current values of xt and ρy,t . In particular, yt
can be written as:

yt = C

⎛⎝ xt

ρy,t

⎞⎠ . (38)

C is an ny × (nx + ny)-dimensional matrix that can be decomposed as C =
(
Cx, Cρy

)
, where

Cx has dimensions ny × nx and Cρy has size ny × ny.

3.3 Discretionary policy-making
We are now in a position to formulate a generalization of Proposition 1 to a large class of models:27

Proposition 3. Consider the unique commitment solution of the model characterized by (31),
(32) and loss function (30). Let C = (Cx, Cρy) be the matrix that describes how yt depends on
xt as well as ρy,t (see (38)). Then Cρy is invertible. For the discretionary policy-maker, introduce
an ny-dimensional vector of additional state variables, st. In the initial period, set s0 = 0ny .28 For
t = 0, 1, 2, . . ., assume that st evolves according to

st+1 =Asxxt +Assst + Bsut , (39)

where the matrices Bs, Asx, and Ass are given by:

Bs = C−1
ρy

(
By − CxBx

)
, (40)

Asx = C−1
ρy

[(
Ayy − CxAxy

)
Cx − CxAxx +Ayx

]
, (41)

Ass = C−1
ρy

(
Ayy − CxAxy

)
Cρy . (42)

Then a discretionary equilibrium for (31), (32), (39), and loss function (30) exists that implements
the commitment solution.

The proof is given in Appendix D.
The main idea for the proof of the general result is similar to the one for the new Keynesian

model. First, the fact that the commitment solution can be described by the joint dynamics
of xt and ρy,t suggests that ny additional state variables should be added to the discretionary
policy-maker’s problem in addition to the payoff-relevant state variables xt . These additional state
variables are the components of st . Second, to ensure that the policy-maker does not renege on past
promises, the dynamics of st are specified in a way such that, in every period t, the policy-maker
cannot influence current non-predetermined variables (as opposed to future non-predetermined
variables). This is achieved by (40), which is a straightforward generalization to (12). Third, (41)
and (42) specify the matrices Ass and Asx in a manner such that the dynamics of st on the equi-
librium path of the discretionary equilibrium equal those of ρy,t in the commitment solution.
Finally, one needs to show that the discretionary policy-maker does not wish to deviate. At this
point of the proof, it is helpful that the value function of the discretionary policy-maker can be
constructed from the commitment solution under the assumption that both approaches lead to
identical dynamics.29
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Proposition 3 shows that policy-makers that lack a means of commitment can nevertheless
implement socially desirable policies that could not be supported in a Markov-perfect equilib-
rium. Thus, our approach clarifies that it is possible to implement history-dependent strategies
like average inflation targeting, which was discussed at the beginning of the Introduction.

It may also be interesting to relate Proposition 3 to a theorem in Backus and Driffill (1986)
that examines whether the commitment solution can be supported by trigger strategies.30 In par-
ticular, they consider the case where deviations from the commitment solution are punished by
a grim trigger, that is, a permanent switch to the standard Markov-perfect discretionary equilib-
rium. According to their theorem, the commitment solution can be sustained (i) if the support of
shocks is bounded and (ii) if the discount factor is sufficiently large. By contrast, the discretionary
equilibria constructed in this paper always allow for the implementation of the commitment solu-
tion, irrespective of the magnitude of the discount factor and for an arbitrary support of shocks.31
This result stems from the fact that, loosely speaking, the punishment for deviations from the
commitment solution is not restricted to a switch to the standard discretionary equilibrium.

3.4 Implementation through delegation
Having shown that the commitment solution can be implemented by a discretionary non-
Markovian equilibrium, we proceed by showing that the finding of Section 2.6 about optimal
delegation and the implementation of the commitment solution by a discretionary Markov equi-
librium can be generalized to the broad class of models specified in Section 3.1. For this purpose,
we consider a policy-maker whose loss function is identical to the social loss function, except for
an additional term that penalizes deviations of the instrument from an additional target for the
instrument.

In Appendix E, we show:

Proposition 4. Suppose that policy-making is delegated to a policy-maker whose instantaneous
loss is

Ldel = z′tQzt + 2z′tUut + u′tRut + (ut − u∗
t )′B(ut − u∗

t ), (43)

where u∗
t = −F

(
xt
st

)
and st is given by (39). F is the matrix that describes how the instrument ut is

set as a function of xt and ρy,t in the commitment solution, that is, it satisfies ut = −F

(
xt
ρy,t

)
.32 B is

an arbitrary k× k-dimensional positive definite matrix. The policy-maker discounts its future losses
with the same discount factor β as society. Then the commitment solution associated with the social
loss function can be implemented by a discretionary Markov equilibrium.

For the standard new Keynesian model, we have shown that the additional incentives for the
policy-maker that are necessary to ensure the implementation of the commitment solution can be
very small. Importantly, this finding extends to the general setup considered here. Formally, this
is an implication of the fact that B is an arbitrary positive definite matrix. As a consequence, it is
possible to choose a matrix B with very small positive eigenvalues.33

In the following, we explain in more detail how delegation of monetary policy to a central
bank with an optimally designed interest-rate target can implement the commitment solution
in the new Keynesian model. For this purpose, we augment the standard new Keynesian model
discussed in Section 2 by an IS curve:

yt = −σ−1 (it −Et[πt+1]) +Et[yt+1], (44)
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where it , the central bank’s instrument, is the nominal interest rate net of the natural real rate of
interest, σ is a positive parameter, and we use yt rather than ut for the output gap, as the output
gap does not correspond to the instrument in this variant of the model. Henceforth, we will call it
the nominal interest rate for simplicity.

We select σ = 1 and set the remaining parameter values to the levels used before. As there is
only one instrument, B corresponds to an arbitrary positive number, whose value does not affect
our results. It is straightforward to describe the dynamics of the two auxiliary variables st with
the help of (39), where, to compute Ass, Asx, and Bs, we have to use matrices A and B that take
the IS curve into account. The additional interest-rate target is then given by i∗t = −F(xt ′, st ′)′,
where F is defined as in Proposition 4. The loss function under optimal delegation incorporates
the additional interest-rate target in the following way:

lCB,i(πt , ut , i∗t )=
1
2
π2
t + a

2
y2t + b

2
(it − i∗t )2, (45)

where b is an arbitrary positive number.
It is easy to show that the central bank’s optimization problem can be formulated without the

auxiliary variables st . More specifically, the interest-rate target i∗t can be written as i∗t = I∗t + �t
with the properties that I∗t = it and �t = 0 on the equilibrium path and where, for our parameter
values and an arbitrary positive value of b, the dynamics of I∗t and �t are governed by:

I∗t+1 = 0.353645 ξt+1 + 0.490248 ξt + 0.285081 I∗t − 1.443798 (it − I∗t ), (46)

�t+1 = 0.584252 (�t + I∗t − it), (47)

with initial values I∗0 = 0.353645 ξ0 and �0 = 0.
It is noteworthy that�t+1 = 0 whenever the central bank set its instrument in line with its over-

all target i∗t = I∗t + �t in the previous period. Thus, optimal delegation involves that the central
bank faces an interest-rate target i∗t that can be decomposed into a long-term component I∗t , which
evolves recursively and is a decreasing function of the lagged instrument, as well as a short-term
component �t , which affects the central bank’s overall target only in periods following deviations
of the central bank’s instrument it from the overall target i∗t = I∗t + �t . In particular, whenever the
central bank’s choice of instrument it is too high compared to the target i∗t , then �t+1 < 0, that is,
the target for period t + 1 is pushed below I∗t+1.

The dynamics of the economy after a markup shock are illustrated in Figure 4.34 The left panel
shows inflation (black solid line) and output (gray solid line) under optimal delegation, which
correspond to the respective values under commitment. The corresponding dashed lines show the
dynamics of output and inflation after a deviation in period 0 where the central bank selects only
50% of the optimal value in that period and implements the optimal policy in subsequent periods.
As has beenmentioned before, our construction turns non-predetermined variables (inflation and
output in this case), into predetermined ones. This explains why output and inflation correspond
to their optimal levels in the period of the deviation. From period 1 onward, they differ from
the values under optimal commitment. However, these differences become very small after a few
periods.

The right panel of the figure illustrates the dynamics of the interest rate in more detail. The
solid line stands for the interest rate under optimal delegation and optimal commitment. The
interest-rate path for the one-time deviation described above corresponds to the dashed line.
�t differs from zero only in period 1 (dotted line). In particular, it is negative due to the fact
that the interest-rate set by the central bank in period 0 was too high under the deviation. The
overall interest-rate target i∗t is the sum of �t (dotted line) and I∗t (the dash-dotted line). One can
see that, following the deviation in period 0, the interest rate and the overall interest-rate target i∗t
tend to move back to their equilibrium values over time.
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Figure 4. Dynamic responses to a markup shock under optimal delegation to a central bank with an interest-rate target.
Left panel: inflation (solid black line) and output (solid gray line) under optimal delegation as well as optimal commitment;
inflation (dashed black line) and output (dashed gray line) under delegation when the central bank chooses a level of i0
that corresponds to only 50% of the optimal level. Right panel: the interest-rate target i∗t = I∗t + �t and the interest rate it in
equilibrium (solid line), the nominal interest rate under the deviation in the first period (dashed line), the component I∗t of
the interest-rate target (dash-dotted line) and�t , the second component of the interest-rate target (dotted line).

3.5 Optimal delegation in practice
In general, one may be concerned that the additional targets for the central bank may be complex
while other approaches to optimal delegation involve objectives that may be easier to interpret.
For example, in Woodford (2003), the central bank is assigned four objectives: (1) an inflation
stabilization objective, (2) an output stabilization objective, (3) an interest-rate stabilization objec-
tive, and (4) an objective to stabilize changes in interest rates (see equation 4.1 in his paper). While
these objectives have straightforward interpretations, optimal delegation involves that one has to
set the relative weights that the central bank attaches to these four targets to specific values.

In practice, hiring a central banker who attaches the right weights to these different objectives
may be challenging. As a consequence, onemay design incentive contracts that specify how central
bankers’ pay depends on the degree to which the different targets are met. However, even such
an approach may be problematic as central bankers are plausible to be intrinsically motivated as
well and, as an additional complication, the intrinsic motivation may interact with the extrinsic
incentives in non-obvious ways. To sum up, it appears challenging to ensure that, in practice, a
central bank acts in line with a loss function with specific, optimally selected weights on different
targets.

By contrast, the approach proposed in this paper does not involve this problem as the weight
that the central bank attaches to the additional target compared to its other objectives is irrele-
vant. The specification of the additional target may be complex, but measuring this target and the
central bank’s performance with respect to meeting this target is straightforward.

Even for a comparably rich model like the one by Smets and Wouters (2007), the term
(ut − u∗

t )′B(ut − u∗
t ) in Proposition 4 can be condensed into a one-dimensional index that can

be calculated in a straightforward manner. This index could be given an interpretation as a mea-
sure of “dynamic central bank performance” and could be published on a regular basis. This
performance index would take a value of zero when the central bank acts as in the equilibrium
implementing the commitment solution and would take higher values otherwise.

The use of quality indices, which condense complex information in order to make it easier to
digest, is not uncommon in other areas. For example, in the EU, energy labels on an A-G scale
are used to provide summary information on the energy efficiency of appliances such as fridges.35
Moreover, many central banks publish inflation forecasts, which also condense various pieces of
information. These arguments suggest that the publication of an additional performance index,
which can be obtained by calculating (ut − u∗

t )′B(ut − u∗
t ), may be a way of implementing our

approach in practice.
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4. Conclusions
This paper has shown that the losses associated with time-inconsistency problems can often be
avoided. In particular, we have demonstrated the existence of discretionary equilibria implement-
ing the commitment solution, where the policy-maker responds to lagged variables that do not
enter the social loss function directly. Thus, our approach explains how history-dependent strate-
gies such as average inflation targeting can be implemented by a central bank that cannot commit
to a particular strategy.

An important task for the policy-maker is to help coordinate economic agents on the discre-
tionary equilibrium that facilitates the commitment outcome.36 A promising way in this regard
is the communication of a strategy that specifies how the policy-maker intends to behave in the
future and which economic variables are relevant for the conduct of the policy. The public is plau-
sible to believe that the policy-maker will behave in this way because, in this case, such behavior
will be optimal for the policy-maker in every future period. The implementation of the commit-
ment outcome does not require any direct costs of deviating from the communicated strategy.

To further ensure that the optimal commitment solution can be implemented, incentive con-
tracts can be used, which stipulate that the decision-maker’s pay depends on deviations of the
instruments from specific targets. Importantly, the weights that the policy-maker assigns to these
additional targets compared to its other objects are irrelevant for the implementability of the com-
mitment solution. Even small direct losses for the policy-maker caused by deviations from the
target values ensure that all of the theoretically possible welfare gains can be achieved by a discre-
tionary policy-maker in a standard Markov equilibrium. This property represents an advantage
over other approaches to delegation that typically require that the weights on additional objectives
have to be set optimally, which is arguably difficult to achieve in practice.

We have argued that, even for complex models, all relevant information about the additional
targets can be condensed into a single index, which is straightforward to calculate and can be
interpreted as an index of “dynamic policy performance.” The publication of this index on a reg-
ular basis can ensure the implementation of the commitment outcome by a central bank even if
the extent to which the central bank cares about this index compared to its other objectives may
be small.

Finally, one might wonder whether our approach might be applicable also to nonlinear mod-
els, for example, the new Keynesian model with a lower bound on nominal interest rates. While
it appears plausible that there are nonlinear models in which the commitment solution can be
implemented by a discretionary policy-maker as well, it would be difficult to obtain a general
theoretical result. The proofs of our propositions for general linear-quadratic rational expec-
tations models rely on the explicit solution to the commitment problem [Backus and Driffill
(1986)]. An analytical solution for the commitment problem typically does not exist for nonlin-
ear models. However, numerical analyses of the implementability of the commitment solution
by discretionary policy-makers in nonlinear models would be a promising avenue for future
research.37

Notes
1 See the “Statement on Longer-Run Goals andMonetary Policy Strategy,” amended effective August 27, 2020, available from
https://www.federalreserve.gov.
2 The commitment solution of the standard new Keynesian model (Clarida et al. 1999) has the property that periods of
below-target inflation that are caused by a negative markup shock should be followed by periods with inflation rates that
are higher than the ones chosen by a discretionary policy-maker. The optimal commitment solution in a liquidity trap is
analyzed by Eggertsson and Woodford (2003). It also implies that expectations about future inflation should be raised when
the economy experiences a low rate of inflation.
3 The discretionary solution and the commitment solution have been analyzed in Oudiz and Sachs (1985), Backus and Driffill
(1986), Currie and Levine (1993), and Söderlind (1999). Dennis (2007) presents solution algorithms.
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4 Waki et al. (2018) consider the optimal degree of discretion in a framework where society imposes dynamic constraints on
the policy-maker.
5 The delegation of monetary policy to a central bank whose preferences differ from the preferences of society has been
studied by Rogoff (1985), Woodford (2003), Walsh (2003), and Vestin (2006), among others.
6 Responding to payoff-irrelevant variables can be optimal in linear-quadratic models of discretionary policy-making if
current economic variables depend on expectations about future economic variables and if the payoff-irrelevant variables are
defined recursively [Hahn (2021)].
7 Incentive contracts for central bankers are introduced in Walsh (1995). While he derives the optimal contract for a
neoclassical one-period model, our analysis generates optimal contracts for a general class of dynamic linear-quadratic
models.
8 In the reputational equilibria considered in Section IV of Barro and Gordon (1983), the behaviors of private agents and the
central bank depend on past deviations of inflation from the socially optimal rate.
9 Abreu et al. (1986, 1990) introduce a method to study reputation in infinitely repeated games that focuses on sets of
continuation values as opposed to strategies.
10 In the linear-quadratic models considered in the present paper, it is always possible to achieve outcomes that are
slightly worse than the equilibrium outcome, because the set of admissible payoffs is not bounded (and thus not compact).
We consider this to be a plausible assumption in many macroeconomic applications because, for example, no maximum
value for the inflation rate exists. Appendix B considers the case of bounded shocks and shows that, in this case, endogenous
economic variables remain bounded as well, even if the policy-maker deviates to the standard discretionary equilibrium in an
arbitrary period.
11 Cole and Kubler (2012) extend Marcet and Marimon’s method to weakly concave Pareto sets. Gerali and Lippi (2003)
present a toolkit for solving the commitment solution in linear forward-looking economies.
12 Obviously, for every dynamic optimization problem involving forward-looking constraints, it is possible to specify some
optimization problem such that the discretionary solution to this optimization problem would be the commitment solution
to the original problem. For example, one could follow Marcet and Marimon’s approach to obtain a saddle-point functional
equation with additional state variables. In principle, a discretionary policy-maker who does not minimize the loss function
subject to the given constraints but solves the saddle-point functional equation in every period will automatically implement
the commitment solution. However, this approach does not provide an alternative solution to the main problem considered
in this paper, which is how a discretionary policy-maker who minimizes a given loss function subject to given constraints can
implement the commitment solution.
13 The definitions of predetermined variables and non-predetermined variables are in line with Backus and Driffill (1986)
and Söderlind (1999).
14 On p. 14, Backus and Driffill (1986) write that a discretionary policy-maker “cannot take as given either the non-
predetermined variables . . .or the artificial variables py,t which enabled it to sustain the commitments needed for the optimal
program.” One might have the impression that this quote suggests that the equilibrium concept used in this paper differs
from the one used in Backus and Driffill (1986). This, however, is not the case (except for the obvious difference that we
explicitly allow for choices to depend on payoff-irrelevant variables). According to our approach, the central bank does not
take the Lagrange multiplier (which correspond to py,t in the above quote) from the commitment solution as given but a
predetermined, payoff-irrelevant variable st with a specific law of motion.
15 See Walsh (2017, Sec. 6.3.1) for an analysis of multiple reputational equilibria in a classic model of the inflation bias.
16 See Cass and Shell (1983) for a seminal contribution and Farmer and Zabczyk (2022) for a recent application.
17 In Section 2.5, we show that, even if the effects of changes in the instrument on inflation via the marginal-cost channel
and the expectations channel do not cancel each other perfectly, it is still possible to achieve a discretionary equilibrium that
results in an outcome close to the one under commitment.
18 One might wonder whether a discretionary policy-maker could also implement the policy that is optimal from a timeless
perspective (Woodford, 1999). The timeless-perspective solution is identical to the commitment solution but imposes (5)
rather than (6) also in the initial period. A discretionary policy-maker could easily implement this solution for the appropriate
initial value s0.
19 Please recall our previous discussion of the size of the coefficient in front of st .
20 In principle, this property suggests a simple empirical test of whether the central bank is able to implement the com-
mitment solution. If the central bank is successful in this regard, monetary policy shocks will affect inflation only with a
lag.
21 Abreu et al. (1990) show that, under certain conditions, efficient sequential equilibria of infinitely repeated games have the
so-called bang-bang property, which involves that only extreme payoff combinations occur for all possible histories.
22 In a related analysis, Appendix B examines the case where the exogenous shocks are drawn from a distribution with finite
support.
23 In a seminal contribution, Rogoff (1985) advocates the delegation of monetary policy to a conservative central banker,
that is, an individual whose preferences differ from those of society.
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24 It may be noteworthy that the standard discretionary Markov equilibrium for a central bank minimizing the social loss
function, which involves ut = −{κ/[κ2 + a(1− βρ)]}ξt , does not correspond to a discretionary equilibrium in the case where
monetary policy is delegated to a central bank with loss function (25).
25 Matlab code for the simulations can be downloaded from https://www.wiwi.uni-konstanz.de/hahn/. The code utilizes the
routines provided by Söderlind (1999) to demonstrate that the equilibrium we have constructed does indeed correspond to a
discretionary equilibrium.
26 Gersbach and Hahn (2011) examine a model where the central bank’s prestige depends on the precision of its forecasts to
some extent.
27 The definition of a discretionary equilibrium is standard and a straightforward extension toDefinition 1. Loosely speaking,
the policy-maker chooses its set of instruments optimally in every period, taking its own behavior in future periods and the
process by which the public forms its rational expectations as given.
28 We use the definition that 0ny is an ny-dimensional column vector of zeros.
29 The equilibrium for the discretionary policy-maker’s problem specified in Proposition 3 is typically not unique (see also
our related discussion in Section 2.3). In all cases where the economy admits a Markov-perfect discretionary equilibrium, this
equilibrium will also correspond to an equilibrium for the economy where the additional state variables st have been added
via (39).
30 Currie and Levine (1993) find an analogous result for continuous-time models. A related finding for the new Keynesian
model is due to Kurozumi (2008).
31 Appendix B studies the case of bounded shocks.
32 Backus and Driffill (1986) show that ut can be written as ut = −F(xt ′, ρy,t ′)′ under optimal commitment. The equation is
a straightforward generalization to (9).
33 Onemay wonder whether the equilibrium implementing the commitment solution is the only discretionaryMarkov equi-
librium when the policy-maker’s loss function is (43). As shown in Blake and Kirsanova (2012), linear-quadratic models with
endogenous predetermined state variables may have multiple discretionary Markov equilibria. Together with the observation
that u∗

t (or st) correspond to such endogenous predetermined state variables, this implies that the uniqueness of the Markov
equilibrium under optimal delegation cannot be guaranteed. However, Blake and Kirsanova’s results typically imply local
uniqueness of the Markov equilibrium implementing the commitment outcome.
34 Our experiments suggest that, for arbitrary starting values, the routines presented in Söderlind (1999) converge to the
discretionary solution under optimal delegation with an output target. For an interest-rate target, these routines typically do
not converge if arbitrary starting values are used. However, by using the correct starting values, which can be constructed
from the commitment solution, one can utilize these routines to confirm the existence of the discretionary equilibrium under
optimal delegation with an interest-rate target and the finding that it implements the commitment solution. The fact that the
algorithm that computes discretionary equilibria is not guaranteed to converge is noted also by Söderlind. Matlab code for
the simulations can be downloaded from https://www.wiwi.uni-konstanz.de/hahn/.
35 See https://eur-lex.europa.eu/legal-content/EN/TXT/?qid=1575536811417&uri=CELEX:32019R2014.
36 Armenter (2016) shows how a specific interest-rate policy allows the central bank to ensure coordination on the socially
best equilibrium in a standard neoclassical model of the inflation bias.
37 It might also be interesting to examine whether solutions under intermediate degrees of commitment [Schaumburg and
Tambalotti (2007), Debortoli and Nunes (2010), Debortoli et al. (2014), and Guo and Krause (2014)], where the policy-
maker may renege on past promises with a constant probability every period, can be implemented by a fully discretionary
policy-maker as well.
38 It might be worth noting that, in the absence of shocks, the newKeynesian Phillips curve can be written as πt+1 = β−1πt −
β−1κut . Thus, the coefficient in front of πt is larger than one just like the coefficient in front of st in (10).
39 The standard Markovian discretionary solution involves ut = −{κ/[κ2 + a(1− βρ)]}ξt .
40 There appears to be a small mistake in Backus and Driffill (1986), as they omit the discount factor in the relationship
between ρt and Vzt . That (54) is correct can be confirmed by comparing (36) and the first-order condition for optimization
problem (53), which is U ′zt + Rut + βB′VEtzt+1 = 0.
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Appendix A. Potential concern that φs > 1
This appendix discusses a potential concern that, together with (10), φs > 1 might involve
explosive dynamics for st if, for example, the central bank set ut = 0 in every period.

First, we would like to stress that, while there are typically economic conditions, for example,
transversality conditions from the underlying nonlinear model, that rule out explosions in real
variables, there is no such condition that rules out explosions in the additional state variable st .
Second, it can be easily confirmed that, in the equilibrium implementing the commitment solu-
tion, which is described in the following analysis, the central bank sets its policy in a way such that
explosive dynamics of st as well as ut and πt do not occur.38

Appendix B. Bounded shocks
As has been highlighted in Section 2.4, one advantage of our approach is that the punishment
after a deviation is always in proportion to the deviation itself. To see this from a slightly dif-
ferent angle, assume that the shocks εt are drawn from a distribution with bounded support
[− ε,+ε]. It is then easy to see that the state variables ξt and st would remain bounded in equilib-
rium. In particular, ξt would lie in the interval [−ε/(1− ρ),+ε/(1− ρ)] in all periods, provided
that this is true for the initial value ξ0. As a consequence, the policy-maker’s choices of instru-
ment ut would also be bounded in all periods. As is straightforward to show, this would also be
true for all future periods if the policy-maker deviated to the standard (Markovian) discretionary
policy in a particular period.39 Moreover, inflation would remain bounded as well. The bounded-
ness of πt and ut is an immediate consequence of the observation that the state variable st remains
in a bounded set in all periods following a deviation to the choice that would be optimal in the
standard Markovian discretionary equilibrium. In this sense, our approach always relies only on
moderate punishments. Q.E.D.

Appendix C. Proof of Proposition 2
We focus on a particular period t and assume that, in all other periods t′ �= t, the central bank
chooses its instrument in line with the commitment solution, that is, it chooses ut′ = u∗

t′ , where
u∗
t′ is given by (26). Then we show that a central bank acting under discretion does not deviate

from the commitment solution in period t. As a consequence, we can conclude that the policy of
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a central bank that minimizes (25) under discretion is compatible with the commitment solution
in every period.

The central bank’s decision problem in period t can be formulated as:

W̃(ξt , st)=min
ut

{
1
2
π2
t + a

2
u2t + b

2
(ut − u∗

t )
2 + βEtW̃(ξt+1, st+1)

}
subject to (2), (15), (18), (26), ξt as well as st given, (48)

where we have used the fact that the new Keynesian Phillips curve (1) can be written as (18), as
the central bank is expected to behave as in the commitment solution in period t + 1.

We obtain the following first-order condition as well as a condition that results from the
envelope theorem:

0= aut + b(ut − u∗
t )−

κ

1− δ
βEtW̃s(ξt+1, st+1), (49)

W̃s(ξt , st)= 1− δ

β
πt − b

κδ

aβ
(ut − u∗

t )+EtW̃s(ξt+1, st+1), (50)

where the subscript s stands for the respective partial derivative. Equations (49) and (50) can be
combined to

Etut+1 − ut − b
a
(ut − u∗

t )= −κ

a
Etπt+1 − b

a

(
1− κ2

a
δ

1− δ

)
Et[ut+1 − u∗

t+1] for t=0,1,2, . . .

(51)
This condition characterizes optimal central bank behavior. The finding that ut = u∗

t is an opti-
mal policy for t = 0, 1, 2, . . . follows from the fact that, for ut = u∗

t and Etut+1 =Etu∗
t+1, (51)

collapses to (22), which holds for a path that implements the commitment solution (see (5)).
Thus we have shown the claim of the proposition. Q.E.D.

Appendix D. Proof of Proposition 3
It will be useful to note that the commitment solution can also be obtained by an alternative
approach outlined in Backus and Driffill (1986). They formulate (31) and (32) jointly as

zt+1 =Azt + But + εt+1, (52)
where the first nx elements of εt+1 are the exogenous disturbances εx,t+1 and the remaining
components are given by the endogenous expectational errors εy,t+1, which have to satisfy the
requirement that Etεy,t+1 = 0ny for t = 0, 1, 2, . . ..

In a first step of the alternative approach, the policy-maker takes zt as given when it makes
its choice regarding ut for t = 0, 1, 2, . . .. In a second step, it chooses the initial value of the non-
predetermined variable, y0, as well as the expectational errors εy,t for t = 1, 2, 3, . . ..

Thus, in the first step, the policy-maker selects ut to minimize
min
ut

{
z′tQzt + 2z′tUut + u′tRut + βEt

[
z′t+1Vzt+1 + k

]}
,

subject to (52), zt given, (53)

where z′t+1Vzt+1 + k is the cost-to-go at t + 1 with a (nx + ny)× (nx + ny)-dimensional symmet-
ric matrix V and a constant k. Importantly, V is related to the multipliers from the Lagrangian
approach via40

ρt = βVzt . (54)

We construct matrices Vxx, Vxy, Vyx, and Vyy by partitioning V conformably with xt and yt .
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In the second step, the policy-maker selects y0 as well as the endogenous forecast errors εy,t+1.
The latter choice is immaterial for our purposes and therefore omitted. The former choice is
obtained as a result of minimizing z′0Vz0 = x′

0Vxxx0 + 2x′
0Vxyy0 + y′

0Vyyy0 with respect to y0 for
given x0. The corresponding first-order condition is

Vyxx0 +Vyyy0 = 0. (55)

Since we have assumed that the commitment solution involves a unique path of all economic
variables, the optimal choice of y0 is unique. Thus, we can conclude that Vyy is invertible.

Comparing (38) and ρy,t = βVyxxt + βVyyyt (see (54)) leads to the implication that Cρy is
invertible as well and that

Vyx = −β−1C−1
ρy Cx, (56)

Vyy = β−1C−1
ρy . (57)

It will be useful to introduce matrix T as:

T =
⎛⎝ Inx 0nx×ny

βVyx βVyy

⎞⎠ , (58)

where Inx is the nx × nx-dimensional identity matrix and 0nx×ny is an nx × ny matrix of zeros.

Matrix T allows us to transform zt =
(
xt
yt

)
into

(
xt
ρy,t

)
:

⎛⎝ xt

ρy,t

⎞⎠= T

⎛⎝xt
yt

⎞⎠ (59)

We note that T is invertible with

T−1 =
⎛⎝ Inx 0nx×ny

−V−1
yy Vyx β−1V−1

yy

⎞⎠ . (60)

After these preliminary steps, we now begin to formulate the optimization problem under dis-
cretion, assuming that all variables zt and ut evolve as in the commitment solution and introducing
a vector of additional state variables st , which is always identical to ρy,t on the equilibrium path.
We postulate that, in period t + 1, yt+1, will depend on xt+1 and st+1 in the same way that yt+1
depends on xt+1 and ρy,t+1 in the commitment solution (compare (38)). In this case, (32) can be
formulated as:

EtC

⎛⎝xt+1

st+1

⎞⎠=Ayxxt +Ayyyt + Byut . (61)

Combining (31), (39), and (61) yields(
Ayy − CxAxy

)
yt =

(
CxAxx + CρyAsx −Ayx

)
xt + CρyAssst +

(
CxBx + CρyBs − By

)
ut . (62)

We choose Bs such that CxBx + CρyBs − By = 0, which is equivalent to (40). This entails that
the policy-maker cannot affect yt by changing ut :(

Ayy − CxAxy
)
yt =

(
CxAxx + CρyAsx −Ayx

)
xt + CρyAssst (63)
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Comparing with (38) yields(
Ayy − CxAxy

)
Cx = CxAxx + CρyAsx −Ayx, (64)(

Ayy − CxAxy
)
Cρy = CρyAss. (65)

These equations are equivalent to (41) and (42). They pin down Asx and Ass.
We introduce a symmetric (nx + ny)× (nx + ny)-dimensional matrixW such that, conditional

on optimal behavior by the policy-maker in every period, the present value of discounted losses is
(x′t , s′t)W(xt ′, st ′)′, up to a constant term. The discretionary policy-maker’s optimization problem
can then be stated as:

min
ut

⎧⎨⎩2 (x′t y′t
)
Uut + u′tRut + βEt

⎡⎣(x′t+1, s′t+1)W

⎛⎝xt+1

st+1

⎞⎠⎤⎦⎫⎬⎭
subject to (31), (39), xt, yt, and st given. (66)

It is noteworthy that the term z′tQzt from the loss function can be ignored in the minimiza-
tion problem, because xt is predetermined in t and yt , due to our choice of Bs, is effectively
predetermined as well.

As a next step, we note that the matrixW is related to V via the relation

W = (T−1)′ VT−1 (67)
because the candidate discretionary equilibrium we are constructing involves the same cost-to-go
as the commitment solution.

With the help of (67), we can state the first-order condition for optimization problem (66) as:

U ′zt + Rut + β
(
B′x B′s

) (
T−1)′ VT−1

Et

⎛⎝xt+1

st+1

⎞⎠= 0. (68)

Because of

T−1

⎛⎝xt+1

st+1

⎞⎠=
⎛⎝xt+1

yt+1

⎞⎠= zt+1, (69)

βVEtzt+1 =Etρt+1, (70)
and (

B′x B′s
) (

T−1)′ = (B′x B′y
)

= B′, (71)

the condition for optimal behavior by the discretionary policy-maker, (68), is equivalent to (36),
which holds for the commitment solution. Thus, we have constructed a discretionary equilibrium
that implements the commitment solution. Q.E.D.

Appendix E. Proof of Proposition 4
As in Appendix C we focus on a particular period t and assume that the policy-maker chooses
a policy compatible with the commitment policy in all other periods t′ �= t, that is, ut′ = u∗

t′ =

−F

(
xt′
st′

)
. Then we show that the policy-maker finds it optimal to choose a policy compatible

with commitment in period t. This allows us to conclude that the claim of the proposition holds.
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If the optimal commitment solution is implemented in periods t′ �= t and therefore ut′ = u∗
t′ ,

then the cost-to-go in period t + 1 will be identical to the one for the discretionary policy-making
problem considered in Appendix D. Moreover, we would like to remind the reader that the coef-
ficients in the law of motion (39) have been chosen in a way such that yt is effectively exogenously
given in this case.

Then, as a straightforward extension to (66), the policy-maker’s problem in period t with the
modified loss function (43) can be stated as:

min
ut

{
2(xt ′, yt ′)Uut + u′tRut+(ut − u∗

t )′B(ut − u∗
t )+ βEt

⎡⎣(x′t+1, st+1
′)W

⎛⎝xt+1

st+1

⎞⎠⎤⎦}

subject to (31), (39), u∗
t = −F

⎛⎝xt
st

⎞⎠, xt, yt, and st given, (72)

whereW, which describes the cost-to-go, is identical to the respective expression in Appendix D.
In Appendix D, we have already shown that ut = u∗

t solves this optimization problem if the
additional term (ut − u∗

t )′B(ut − u∗
t ) is absent. As the additional term (ut − u∗

t )′B(ut − u∗
t ) is

obviously minimal for ut = u∗
t , we can conclude that ut = u∗

t solves the minimization problem
(72) as well. Q.E.D.
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