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1. Introduction

In this paper we consider spaces A%, pe[1,2], and multipliers (47, A7),
pe(1,2], qe[1,2]. In 4.4 and 6.1 we identify (47, 4% for pe[1,2], ge[p,2],
and in 7.3 we identify (4%,4"). In 7.1 we give a sufficient condition, and in 7.5
a necessary condition, for membership of (4%, 49, pe(1,2), q€[1, p). We give,
in 7.2, a necessary condition for membership of (42, 49, g€[1,2). We include
constructive proofs of some strict inclusion results for A%, pe[1,2], (3.1 and 3.2),
and also, in 5.3, for (47, 47), pe[1,2].

The author would like to thank Professor Robert Edwards for his many
helpful suggestions and for his constant guidance during the work for this paper.

2. Preliminaries
2.1 We consider functions on the circle group 7T, and write
AP = {feC(T):JeP(2)),  pell,0);

compare here the author’s paper [1]. It is known that A7 is a Banach space under
the norm
N, b il + (4, = Bl + M,(h).

We define e, to be the function e ¢ on T and note that, for he A2,
@.1) N(e,h) = N,(h); My(e,h) = M,(h).
The spectrum of he L'(T) s defined by

sp(h) = {neZ : h(n) # O}.

If ¢, ¢ are positive functions on {0,1,2,-:-}, we write ¢ ~ y if and only if
0 <inf ¢~y <sup ¢~y < o0.
319
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2,2 In [4], p. 33, the Rudin-Shapiro polynomials P, (m = 0,1,2,--.) are
defined by

2m-—1
P, = X ex(n)e,,
n=90
where the ¢,(n) € {—1,1} are chosen in such a way that
(2.2) |P| < 220 M (P, =2, m=0,1,2,-.
2.3 By a multiplier from 4”to A%, pe[1,2], g €[1,2], we mean a continuous
linear operator T : A” — A? which commutes with translations. As can be seen

from [2], 16.3.1, to each multiplier T : A” — A? there corresponds a unique dis-
tribution ¢ such that T is (the restriction to A? of) the operator T, defined by

(2.3) Tof = ¢+f.
We denote the space of such distributions ¢ by (47, A% and refer to ¢ (47, A9)
as a multiplier from A? to A% A distribution ¢ belongs to (4?, 4%) if and only if
(2.4) N/ (¢ =*f) < const. N(f), Vfe TP,

where TP denotes the space of trigonometric polynomials on T. In particular, a
distribution ¢ belongs to (4%, C) = (4%, A?) if and only if

(2.5) |¢*f||. < const. N(f), VfeTP;
or, what is equivalent, if and only if
(2.6) |¢=f(1)] < const. N,(f), Vfe TP.

2.4 We denote by PM the space of pseudomeasures on T, and those pseudo-
measures having Fourier transforms in /*,k € (0, 0], we denote by PM*. PM* is
identifiable with 4 = A', PM? with L?, and PM* with PM. We denote by M
the space of Radon measures on T, and by M* those measures having Fourier
transforms in /%, k €(0, 00]. M? is identifiable with L2,

2.5 We write p’ for the conjugate exponent of pe[l,00). p’ is such that
I/p+1/p =1 pe(l,0),and p’ = 0 if p = 1.

2.6 We define (47)’ to be the set of linear functionals / on TP such that

(2.7 [I(f)| £ const. N(f), VfeTP.

Since TP is dense in AP, the restriction from A” to TP gives a 1 — 1 map of the
dual of AP onto (A47)".
2.7 For a e T, we define translation operators 7, by

(2.8) 1.f x> flax), VxeT.
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3. Strict inclusion results for A?, pe[1,2]

In this section we will prove constructively the following strict inclusions:

(3.1) U 47 g 4%if ge(1,2],
pell,g)
and
(3.2) A N Arifqe[l,2).
pe(q.2]

CoNnsTRUCTION 3.1 The strict inclusion (3.1).
Consider a given q&(1,2]. Define f, € TP by

(33) fk = ﬁk,quevk’ k= 0, 132’ Ty

where the sequences (8, ) and (v,) will be chosen appropriately, the latter in
such a way to ensure that the S, = sp(f;) are disjoint, Now, from (2.1), (2.2) and

(3.3) we have

(3.4) NS ~ Bra?t, ae(1,2],
and

3.5 N, ~ Bea 2", pe[1,a).

Define f = X2, f. Since N(f) £ X720 N(fy) it follows from (3.4) that a suf-
ficient condition for fe A?is that

(3.6) 2 B2t < 0, qe(1,2].
k=0
Choose
(3.7 Beg=(k+1)227%4, K =0,1,2,--.

Then (3.6) is satisfied since
Y B2= % (k+1)"? < .
k=0 k=0

We will now show that, with (8, ;) as in (3.7), f¢l,e11.4 A" Since the series
defining f converges in 49,

.fk(n) néSk’ k=0,1,2,-~-,
3.8 =
@9 ' f(n) {0 n¢ Uk Sk
where
gm)(k+1D~22-%1  pes,
(3.9) YOREN s
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Also, for f; defined as in (3.3),
(3.10) S, ={neZ:v, Sngv+2x-1},
so each S, is a finite set with cardinality
(3.11) |Se| = 2%,
Thus, making use of (3.8), (3.9) and (3.11),
M= I [fml
E % | fm)?

k=0 ne Sk

I

o©
= 3 (k+ 1)~2r2-kle2k

k=0

E (k + 1)—2p2"(1—p/q)
k=0

oo for ge(1,2], pe[l,q),

and so f¢ U, 1.9 4%
We still need to choose (v,) appropriately. It is sufficient to choose (v,) to

be a strictly monotonic increasing sequence such that

(3.12) Vipr >V + 25— 1, k=012,

to ensure that the S,, k = 0,1,2, .-, are disjoint. (3.12) is satisfied by the choice
(3.13) v = 28+ k=20,1,2,-,

and our construction is completed.

ConsTtRUCTION 3.2. The strict inclusion (3.2).
The method employed here is the same as in 3.1. Similar reasoning shows

that, given g €[1,2),
(e}
f= Z fk’
k=0

where
fk = (k + 1)—1/‘12-k/que2"*1, k= 0’1’2"" >
B o

is such that f¢ A%, but fe N, ¢ (q,274"
4. The multipliers (47, 4?), p € [1,2]

LeMMA 4.1. (4P, 4) = (4%,C), pe[1,2].

PRrOOF. Since, for pe[1,2], A” < C with a continuous injection,
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4.1) (47, 47) < (47,C).
Conversely, suppose ¢ €(A4?,C), pe[1,2]. Then
(4.2) |¢3f]. < const. ||f]., Vfe TP.
Also, using (2.5),
4.3) [$(n) - f(m)| < |@#f|w < const. N(f), ¥fe TP, VneZ.
Put f = ¢, in (4.3) to get
(4.9) |$(n)| < const., VneZ.
Thus ¢ € PM, and so
@3) 1871, < 18l l7], < 0, VFesr

Hence, combination of (4.2) and (4.5) shows that

N (¢ +f) < const. N,(f)
and so by (2.4) ¢ €(A?, AF). Thus
(4.6) (47,C) < (47, 47).

Combination of (4.1) and (4.6) completes our proof.
4.2 In view of what was said in 2.3 and 2.6, there is a 1 — 1 correspondence
I &> ¢ between (4%)’ and (A%, C) under which

4.7 I(f) = ¢f(1), YfeTP.
This is equivalent to
4.8) I(z.f) = ¢*f(x), VfeTP, ¥xeT.

LeMMA 4.3. To every le(AP) corresponds pe M and o € PM?' such that
4.9) I(fy=u*f()+o=f(1), VfeTP.

The converse is also true.

ProoF. Consider the mapping f+ (f,f), fe TP, and define

(4.10) S={(f,f)eCx I?:feTP}.
Take le(A?)’ and define a map !’ on S by
(4.11) I :(f, H = 1().

I’ is well-defined since

(LN =& = =9

V' is clearly linear; and since
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(4.12) |1 )| = [10)| < const. N(f) = const. (||| + [ 7],

I’ is continuous on S as a subspace of C x I”. Thus, by the Hahn-Banach Theorem,
I’ can be extended to a continuous linear functional! on the whole of C x I,
Denote this extension by I’ also. We can now write

(4.13) ) = V(L) + 'O, /), VfeTP.

The mapping le’(( £,0)) is a continuous linear functional on C, so it can
be represented by a measure, p € M, such that

(4.14) ((f,00) = GLFY = paf(t), VfeC.

Also, 8- 1'((0,0)) is a continuous linear functional on 17, pe[1,2], so it can be
represented by an element, a e I”', such that

(4.15) I'((0,0)) = X «(n)b(n).

neZ

Define 6 € PM”" by

(4.16) é(n) = a(n), VneZ.
Then, for fe TP,

4.17) oxf = X 8(n)f(n)e,.
. neZ

Thus, by (4.15), we can write
(4.18) oxf(1) = X a(n)f(n) = 1'(0,f)), VfeTP.

neZ
Combination of (4.13), (4.14) and (4‘.’18) gives A -
I(f) = uf(1) + o xf(), VTP,

where pe M and e PM?. _ N
Conversely, suppose peM and ¢ PMP'. Consider the map I :fe uxf(1)
+ o +f(1) on TP. We see that, for every fe TP,

D] £ [uxfO] + |o*fV] < |usf]o + [lo*f]w
. < el Il + I8l 17,
< conmst. N(f).
Thus I €(47)". "
THEOREM 4.4. (4%,C) = (47, A?) = M + PM*, pe[1,2].

PrOOF. By 4.1, (47, 47) = (47,C) for pe[1,2]. By 4.2, ¢ (4%,C) if and
only if ¢ is such that ;
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+f(x) = (zf), VfeTP, VxeT,

for some [ € (4?)". Thus, by 4.3, ¢ € (4%, C) if and only if there exist u€ M, 6 € PM?’
such that, for every fe TP and every xeT,

¢ *f(x) = I(z,f) = pr7 f(1) + o %7, f(1)
= pu*f(x) + o f(x).
This signifies that ¢ = u + o.

5. Strict inclusion results for (47, A7), pefl,2]

Firstly, we will prove the following strict inclusion results:

(5.1) (49 Z ([11 )(A”)'ifq€(1,2],
rell.g
and
(5.2) U 4P Z 49 if qe[1,2).
pe(q,2]

We note here that the wide inclusion ‘<’ in (5.1) and (5.2) is trivial, since N, is
stronger than N, if r < s.

CoNSTRUCTION 5.1. The strict inclusion (5.1).

Consider a given g e(1,2]. We wish to construct a linear functional, ! say,
on the space TP, such that
(53) ()= X cjm), feTP,

neZ

where (c,) is chosen so that I is not continuous in the topology induced by A7,
but ] is continuous in the topology induced by AP, for every pe[1,9). For pe(l,q)
it is sufficient to choose (c,) € I”, for then, for every fe TP,

L Zz )| £ ()] M) < (el N,()-

Now define
(54) fk = ﬁk,quevk’ k = 0’1’25"'1

where (B ,) and (v,) will be chosen appropriately, the latter to ensure that the
S, = sp(f,) are disjoint. We have |

A y . s,
(5.5 fdn) = {Z (m)Bx, :ZS
k-*
Put
(5.6) ¢, = {bk,.,Sgnfk(n) Fm|t  nes,

0 néUiSi
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where (b, ;) is a sequence of positive terms which will be chosen appropriately.
Then (c,) € 1”" if and only if

ez’ = Z |e|” = Z b2, Z|AMWE " <0;
neZ k=0 neSk
which is equivalent to
X)) l(e]® = ):ob,f,',, (VP S, < 0.
k=

To ensure that ! is not continuous in the topology induced by A7, we seek to
arrange that

LA\
(5.8) sup (Nq(fk)) =
By (2.1), (2.2) and (5.4),

Nq(fk) ~ ﬁk,q 2k/q .
Also,

[1(f)| = |"§Z cafu(m)| = ":Zsk biq | ful(m)|® = by 4 BLo| Sil -
Thus (5.8) can be replaced by the condition
sup (———bk’qﬂz’qlskl) = ©;
k

ﬁk,qzqu
that is, by
(5.9) sup (b B8, V27 | S |) = 0.
(3.10) and (3.11) apply herek, so (5.9) becomes
(5.10) S:‘lp (b B3, 27H92%) = .
Choose
(5.11) biy=(k+ 1)V B = (k+1)*27%,  k=0,1,2,.

Then (5.7) is satisfied, since

I
Mg

([Ch] (k + 1)771 (k4 1)@= Dp'la g =ka=Dp'lagk

k=0

I
" M8

(k + l)p'/q’z—k(p’/q'—l)
k=0
< ® for pe(1,9).

Also, (5.9) is satisfied, since
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sup((k + l)_l/"l(k + l)z(q’l)/qz-k(q-l)/q?_-k/qzk)
k
=sup[(k+ 1)"] =0 forqe(1,2].
k

As in 3.1 we can choose (v,) such that

(5.12) v, = 2kt k=0,1,2,---.
For the case g €(1,2] and p = 1, it is sufficient to have (c,) € I”. From (5.6)
and (5.11),
”(c,,)"m> = sup lc,,l = sup((k + 1)!/9' 274,
neZ k
Since

(k+)W27H" < 1, Yk 20, ge(1,2],

we see that |[(c,,)||m =1 < o0, and so (c,) € I°,and our construction is completed.

CoNSTRUCTION 5.2. The strict inclusion (5.2).
Consider a given g €(1,2). The method employed here is the same as in 5.1,
and similar reasoning shows that the linear functional, I, on TP, defined by

(5.13) Ify= X c,fn),
neZ
where
(5.14) ¢ = {bk,q Sgnik(")lfk(n)l nes,
0 n ¢ Ui Sk,
(5'15) fk = ﬂk,quevk’ k = 0, 1’2s Ty
(5.16) big=(k+1D)"Y B =+ 127 k=0,1,2,,

is such that [ is continuous in the topology induced by A%, g €(1,2), but I is not
continuous in the topology induced by A for every pe(q,2].

We now consider the case ¢ = 1. We want to construct a suitable linear
functional, I, on TP, of the form given in (5.13). (¢,) €I® is a sufficient condition
for I to be continuous in the topology induced by 4* = 4. Choose

b sgn fi(n nes
(5.17) ¢ = ‘ x 581 fi(n) k
0 n ¢S,
where (b,) is a sequence of positive terms which we will choose appropriately,
and
(5.18) fi = Pye,,, k=0,1,2,--.
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To ensure that ! is not continuous in the topology induced by A?, pe(1,2], we
seek to arrange that

LeAIA
(5.19) sup (N,,(':fk)) —w, Vpe(,2].
By (2.1), (2.2) and (5.18),
Np(fk) ~ 2k/p 5

and
1] = | Z eim)| = Z beljum)| = bilS,

so we can replace (5.19) by

(5.20) sup(b;|S;[27%7") = 0,  Vpe(1,2].
k

(3.10) and (3.11) apply here, so (5.20) becomes

(5.21) sup [b,2(1-1P] = 0, Vpe(1,2].
k

Choose

(5.22) by=1,k=0,1,2,---.

Then (c,) € I since
e e = suglc,,l =1<0o;
and (5.21) is satisfied since

Sup(zk(l_llp)) = 0, Vp € (1’ 2]'
k

Again, as in 3.1, we can choose (v,) such that
v =2 k=0,1,2,-,
and our construction is completed.

THEOREM 5.3. The following strict inclusions hold:

(5.23) (45,49 S ) (42,47 if ge(1,2],
ell.q)
and Pt
(5.24) U (47,47 5 (4%, 49 if q€[1,2).
pe(g-2)

Proor. By 5.1,if g € (1,2], then 3l €, ¢ 11,4 (A7) I ¢(A?)'. Let ¢ correspond
to I as in 4.2. Then ¢ (4%, C),Vpe[l,q) and ¢ ¢ (4% C). Use of 4.1 gives the
result (5.23). : '
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Similar resoning can be used to derive (5.24) from 5.2.

6. The multipliers (47, A9, pe[1,2], q<[p, 2]
THEOREM 6.1. (A%, A7) = (A7, A?) = M + PM”, pe[1,2], qe[p, 2].
Proor. For qe[p,2], A? = A? with continuous injection, so
6.1) (47,49 =2 (4%, 4P), pell,2], g€[p, 2].
Conversely, since 47 = C with continuous injection,
(6.2) (47,49 < (47,C), pe[l,2], q<lp, 2].
Use of 4.1 with (6.2) gives
(6.3) (AP, A% < (47, 47), pe(1,2], 9€[p,2].
Combine (6.1) and (6.3) and then use 4.4 to deduce the required result.

7. The multipliers (47, 49), pe[1,2], q€[1, p).
THEOREM 7.1. MPV®=D < (47, A9, pe[l,2], q€[l, p).
Proor. Consider yte MP¥/(®-9, Then, since peM,
a1 sl s [ul Ifha. WeTP, pel1,2].
Also, Holder’s inequality gives for every fe TP

Bt (zpior] o)

1/s’

For s = p/q, s’ = p/(p — q), this becomes

(p—e)/pq

g q/p /
02 Tlamiwls (1 fwl)"s (Zlawpe)" " vreTp.
neZ neZ / neZ :
By (7.1) and (7.2), we have for fe TP

Nus) = sl + i),
< el 171 + |2l paco-o [ Fll, < const. N(f).
Now refer to (2.4).
THEOREM 7.2. pe(Ad?, A9 = ¢l ge[l,2).

ProoF. From [3], Corollary 2.3, p.468 it follows that, if ¢ - fe 1%(Z),q € [1,2),
for each fe C(T), then ¢ € 129/ ~D, Since A> = C, our result follows directly.

THEOREM 7.3. (C, A) = L%
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ProoF. From 7.1,
(1.3) L* = M? € (4%2,4") = (C, A).

Conversely, suppose ¢ €(C,4). Then, by 7.2, l? and so ¢eL? Thus
(C,4) = L~

7.4 We now establish preliminary results leading to a necessary condition
for pe(A4?,4Y, pe[1,2], q<[1,p).

Consider

(7.9 S={(c)el: T |c,|*log'**|n| <o, e>0}.
Z\{0}

ne

Then, from [2], 14.3.6, p. 205, for (c,) €S, almost all the series
z r[n](t)cnen
neZ

are the Fourier series of continuous functions. (In fact, of functions in 47). If
(4%, 4%, pe[1,2], pe[1,2], ge[l, p), then

¢oxfec Al VfeA?,
and so

R i/q
( Z|¢(n)c,,l") <, Ye=(c)eS.
\neZ
Define a map Q,: S~ 7 by
Q4 (c) P (d(n)c,).
Q, is clearly linear. It is not hard to see that S is a Banach space under the norm
1/p 2
L Is:eam( Zlal) "+ ( 2 |altiog*|n])
neZ k neZ\{0} k

An application of the Closed Graph Theorem shows that Q, is a continuous map
from S to 19, so we have

(7.5) (n}z‘,zlé(n)cnlq)l/"g K[(Ez'c"l’)l/p.;.( ) |C,.|210g””|n|)”2]’

neZ\{0}

1/2

where K = K(¢,¢) is a constant.
THEOREM 7.5. If pe(A?, A%, pe[1,2], qe[1,p), then for every ¢ >0,
3 ld;(n)lpq/(p—q) < max[1,(K(1 + JR))""/(”"")J,

ISR
where K = K(¢,¢) is independent of R and
(7.6) Je= max (|§(m)|? P Dlog!+e|p|).

0<|n|SR
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ProOF. Suppose ¢ € (4P, A9, pe[1,2], ge[1, p). Then (7.5) holds. Choose
(¢,) €S such that

{I$(n)|q/(p—q) I"I <R
Cp =
0 |n| >R,

and consider J as defined in (7.6). Then, on writing og = X5 x| d;(n)ll"l/(l"‘l),
(7.5) yields

ox* < K(o¥/™+ Jro}l™);
that is,
o.'lzlq—llpé K( +JR0,11(/2—1/,;).
It follows that
or S max[1,(K(1 + Jg))Pa/P-],
CoROLLARY 7.6. If ¢ (A%, AY), pe[1,2], qe[1,p), then
T | $(m /-9 = 0 {(logR)*},

in|SR
where A = (1 + &)pq/2(p — q), and ¢ > 0.

PrROOF. Suppose ¢p€(A4?,47), pe(1,2], ge[1, p). Then ¢e(4,C)=PM,
and it follows that J; = O{(log R)**+*/2}, where J, is defined in (7.6). Applica-
tion of 7.5 now gives the desired result.

CoroLLARY 7.7. If pe(A4?,AY), pe[1,2], q€[1,p), and Jg = O(1), where
Jg is defined in (7.6), then § € [P2/(P-0,

ProoF. This result follows directly from 7.5.
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