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A CHARACTERIZATION OF REAL AND
COMPLEX HILBERT SPACES
AMONG ALL NORMED SPACES

J. VllKMAN

Let X be a real or complex normed space and L(X) the algebra

of all bounded linear operators on X . Suppose there exists a

*-algebra B(X) c L(X) which contains the identity operator J

and all bounded linear operators with finite-dimensional range.

The main result is: if each operator U € B(X) with the

property U*U = UU* = I has norm one then X is a Hilbert space.

In our terminology, an inner product is a real (complex) valued

function (•, •) defined for all pairs x, y on a real (complex) vector

space X so that the conditions

(i) (a1x1+a2a;2, y) = ajs^, y) + a2(x2, y) ,

(ii) (y, x) = (x, y) {(y, x) = (x, y) in the complex case)

are fulfilled. An inner product is said to be positive definite (negative

definite) if (x, x) > 0 for all x € X , x t 0 ((x, x) < 0 for all

x € X , x + 0 ).

Throughout this paper we denote by L(X) the algebra of all bounded

linear operators on a real or complex normed space X , and by X* the

dual space of X . We shall write x ® f for the bounded linear operator

defined by (x ® f)y = f(y)x , where f £ X* is a fixed functional and

x € X a fixed vector. We shall write B(X) for any subalgebra of L{X)

Received h January 1983-

339

https://doi.org/10.1017/S0004972700025855 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700025855


340 j. Vukman

which contains all bounded linear operators with finite-dimensional range.

By involution we mean a linear (in the complex case a conjugate linear)

mapping A t—»- A* on L{X) or B{X) such that (AB)* = B*A* and

A** = A . Let a B(X) equipped with an involution be given. An operator

U € B(X) will be called unitary if U*U = UU* = I , A € B(X) will be

called normal if A*A = AA* , and H € B U ) is hermitian if H* = H .

Let X be such a real or complex Banach ct>ace that there exists an

involution A i—• A* on L(X) satisfying the condition A*A $ 0 for each

nonzero A € £(.£) . According to the classical result of Kakutani and

Mackey (see [2] and [3]) there exists a positive definite inner product on

X such that the corresponding norm is equivalent to the given norm on X ,

and that A* is the adjoint of A relative to the inner product (see also

[/]). Some results in the sense of the Kakutani-Mackey theorem can be

found in our earlier paper [7]. The main purpose of this paper is to prove

the result below which characterizes real or complex Hilbert spaces among

all real or complex normed spaces in terms of involution on B(X) .

THEOREM 1. Let X be a real or complex normed space. Suppose there

exists an involution A i—• A* on some B{X) . If each unitary operator

has norm one then there exists a positive definite inner product (•, •)

on X such that the corresponding norm is equal to the given norm. For

each A € B{X) the relation (Ax, y) = (x, A*y) holds for all pairs

x, y € X .

REMARK. Since in the result above we did not require any completeness

assumption, let us point out that there exists a counter-example which

shows that the Kakutani-Mackey theorem cannot be proved without the

assumption that X is complete (see [2]).

Proof of Theorem 1. First we shall prove that for an arbitrary

projector P € B{X) the relation P*P = 0 implies P = 0 . Suppose on

the contrary that there exists P f 0 such that P*P = 0 . Then a routine

calculation shows that for any real number t the operator U, defined by

the relation

Ut = I + (exp t - 1)P + (exp(-t)-l)P* - !s(exp t + exp(-t) - 2)PP*

i s un i ta ry . Let e € X be such that Pe = e , \\e\\ = 1 . Then P*P = 0

implies P*e = 0 . Using th i s we obtain U.e = (exp t)e . Therefore
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||t/. || 5 ||y^.e|| = exp t . This inequality is in contradiction with the

requirement of the theorem that \\U || = 1 . So the implication

P*P = 0 =» P = 0 is proved.

Let H € B(X) be a one-dimensional hermitian operator. Let us denote
by L the left ideal B{X)H . Since H is one-dimensional and hermitian,
one can introduce an inner product into L as follows:

{A, B)H = B*A , A, B € L .

It is easy to check that (•, •) is indeed an inner product. The operator

H can be expressed in the form

(1) H = e® fQ

where e € X is a fixed nonzero vector, and f. € X* a fixed nontrivial

functional. Obviously, the left ideal L contains exactly those operators

which can be written in the form x ® /. , where / is the functional

from (l) and x € X an arbitrary vector. The isomorphism x i—*• x ® /.

allows us to introduce an inner product into X as follows:

(2) (x, y) = (x ® fQ, y ® fQ) , x, y € X .

Let us prove that

(3) (Ax, y) = (x, A*y)

holds for each A € B(X) and al l pairs x, y € X . Using the relation
Ux) ® fQ = A[x® fQ) , we obtain

(Ax, y)H = [{Ax) ® fQ, y ® fQ)H

= {A (X ® / 0 ) , y ® /0)ff = 0/ ® / 0 ) *A[x ® f0) •

On the other hand

(x, A*y)H = (x ® fQ, (A*y) ® fQ)f! = (x ® / Q , A*[y ® fQ))H

= ^"(2/ ® / 0 ) ) *{* ® / 0 ) = [y ® / 0 ) *^(x ® fQ) •

Now we intend to prove that for each y € X there corresponds a constant

C such that

(h) |(x, y)\ < <y|x||
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h o l d s f o r a l l x i X . Let e i X and / i X* be from ( l ) , and l e t

u i X be such t h a t / n ( " ) = 1 • Then

| ( x , y)\\\e\\ = | | (* , y)Hu\\ = | | ( x ® / 0 , y ® fQ)Hu\\

= II [y ® f0) *{* ® fQ)u\\ = II [y ® fQ) **|| 5 || [y ® fQ) *||Hsu .

Therefore | (x , y ) | 5 ||e ||"~ \\{y ® f) *\\\\x\\ which proves the r e l a t ion (h).

The inequal i ty (U) means that for each y £ X the l inea r functional

/ defined by f (x) = (x, y) is continuous. Let us prove the converse.
*? is

More p rec i se ly , we intend to show tha t each continuous l i nea r functional

fiX* can be wri t ten in the form f(x) = (x, y) for some fixed y i X .

Let therefore f € X* be a rb i t r a ry , and l e t us choose fixed vectors u

and v such tha t (w, u) = 1 . Then using the re la t ion (3) we obtain

/(*) = (U®/)x, v) = [x, (u®f)*v) .

Let us prove that (x, x) = 0 implies x = 0 . Suppose on the

contrary that there exists a nonzero vector u € X such that (u, w) = 0 .

Let fiX* be such that /(w) = 1 . Then P = u ® / / 0 . For al l pairs

x, y i X we have (P*Px, y) = (Px, Py) = (/(x)w, /(J/)M) = 0 . Therefore

P*P = 0 which is in contradiction with P t 0 since we have proved that

for a l l idempotents P i B(X) the implication P*P = 0 =» P = 0 is

fulfilled.

From the implication (x, x) = 0 =* x = 0 i t follows easily that the

inner product is positive or negative definite. We may assume that the

inner product is positive definite, since in the case of a negative

definite inner product we can introduce a positive definite inner product

(•, OQ by (x, y)Q = -(x, y) .

Therefore there are two norms on X , the original one, and the norm

induced by the inner product. We have to prove that there exists such an

inner product on X that the corresponding norm is equal to the given

norm. I t suffices to prove that the following implication

(5) [e±, e x ) = ( e 2 , «2) = 1 "» | |«1 II = 11̂ 11

holds for all e. , e2 € X . Let therefore e, , e? i X be such that
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(e , e ) = [e , e ) = l , and let us first assume that

(6) ( V e2) = 0 .

Let us define P and P by the relations P x = (x, e )e ,

P i = (x, e
2) e2 * ^ i s e a s v t o s e e that the idempotents P and Pp are

hermitian. From (6) we obtain P-.P2
 = PoPl = ° ' w h e n c e ^ follows that

the hermitian operator P = P + P^ is also idempotent. Obviously, e

and e are linearly independent. Denote by X the two-dimensional

subspace of X determined by e and e , and let a subspace Xc X be

such that X - X© X is a decomposition of X made by the projector

P . Then each x € X can be uniquely expressed in the form

x = X e + X e + x , x € X , which allows us to introduce a linear
1 .L il d C C Q

operator U by the re la t ion Ux = -Xoe + X e + x . I t i s not d i f f icu l t

to see tha t V i B(X) and that U i s uni tary . From the requirement of

the theorem tha t each unitary operator has norm one i t follows that

\\Ux\\ = ||x|| . Therefore since Ue = e we have ||e || = \\Ue \\ = ||e || ,

which proves the implication (5) for the specia l case [e , e ] = 0 . Let
1 , <i>

us prove the general case. Let therefore e , e € X be such vectors that

[e , e J = («„, e J = 1 . There exists a nontrivial functional f € X*

such that /(e-.) = /(ep) = 0 • Since we have proved that each continuous

linear functional can be represented by the inner product, i t follows that

there exists a nonzero vector e € X such that [e , e] = (ep, e) = 0 .

We may assume that (e, e) = 1 . Hence \\e || = ||e|| = ||e || which proves

the implication (5) in i t s full generality.

I t remains to show that X equipped with the inner product is not

only a pre-Hilbert but even a Hilbert space. This follows from the fact

that a pre-Hilbert space in which the Riesz representation theorem holds is

complete. The proof of the theorem is complete.

REMARK. Theorem 1 is proved in [£] using a different approach and the

stronger assumption that X is complete.
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COROLLARY 2. Let X be a real or complex normed space. Suppose

that there exists an involution A *—»• A* on some B(X) such that

2||4*i4|| = ||i4|| holds for all normal operators A € B(X) . In this case

there exists a positive definite inner product ( • , •) on X such that

the corresponding norm is equal to the given norm. For each A € B(X) the

relation {Ax, y) = (a;, A*y) is fulfilled for all pairs x, y € X .

REMARK. I t should be mentioned that the complex version of Corollary

2 was f i r s t proved by P r i j a t e l j [4] by a different method and stronger

assumptions. He required tha t X i s complete, tha t the re la t ion
o

\\A*A\\ = ||i4|| i s f u l f i l l e d for each A € L(X) , and used methods from B*-

algebra theory. Another improvement of P r i j a t e l j ' s resul t can be found in

161.
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