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Intreduction. The translational hull Q(S) of a semigroup § plays an important role in the
theory of ideal extensions of semigroups. In fact, every ideal extension of S by a semigroup T
with zero can be constructed using a certain partial homomorphism of 7\0 into Q(S); a
particular case of interest is when S is weakly reductive (see §4.4 of [3], [2], [7]). A theorem of
Gluskin [6, 1.7.1] states that if S is a weakly reductive semigroup and a densely embedded
ideal of a semigroup Q, then Q and Q(S) are isomorphic. A number of papers of Soviet
mathematicians deal with the abstract characteristic (abstract semigroup, satisfying certain
conditions, isomorphic to the given semigroup) of various classes of (partial) transformation
semigroups in terms of densely embedded ideals (see, e.g., [4]). In many of the cases studied,
the densely embedded ideal in question is a completely 0-simple semigroup, so that Gluskin’s
theorem mentioned above applies. This enhances the importance of the translational hull of a
weakly reductive, and in particular of a completely O-simple semigroup. Gluskin [5] applied
the theory of densely embedded ideals (which are completely 0-simple semigroups) .also to
semigroups and rings of endomorphisms of a linear manifold and to certain classes of abstract
rings.

It then seems evident that a great number of very different results can be brought under
the common roof of the translational hull of a completely 0-simple semigroup. This point of
view promises a variety of new results not only in the theory of semigroups (e.g., construction
of ideal extensions, representation of arbitrary or regular semigroups, embedding, the struc-
ture of various classes of binary relations on a set, etc.) but also in other branches of algebra
(as pioneered by Gluskin [5] in the theory of semigroups and. rings of endomorphisms of a
linear manifold). It is very likely that, with the further study of this subject, new applications
in various fields will be found.

The purpose of this work is to construct a faithful representation of the semigroups of
left and right translations of a completely 0-simple semigroup S, study its translational hull,

and derive certain of its properties. These will be useful in the applications to the study of
binary relations, semigroups of endomorphisms of a linear manifold, etc., which will be
treated in subsequent communications.

Summary. In §1 we construct a faithful representation of the semigroup of left [right]
translations of a completely 0-simple semigroup S by means of pairs of functions; this is
then used to characterize its translational hull Q(S). In this characterization of Q(S), we find
necessary and sufficient conditions on an element in order that it shall correspond to an ele-
ment of Q(S) of the form (4,, p,). §2 is devoted to the comparison of the construction in §1
with the representation of left and right translations by means of matrices due to Clifford.
§3 deals with the conditions on S that are necessary and sufficient in order that, e.g., to every
left translation of S there is at most one linked right translation of S. Finally, in §3 we discuss
some properties of the concepts studied in §1.

A
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Notation. Throughout the whole paper, S denotes a completely 0-simple semigroup
with the Rees representation S =.#%G; I, M; P); 1 denotes the identity of the group G.
We write left [right] translations as operators on the left [right]; A(S) [P(S)] denotes the
semigroup of all left [right] translation of S under multiplication: (A4")x = A(A'x) [x(pp")
= (xp)p’] for all xeS. The translations AeA(S), peP(S) are linked if x(1y) = (xp)y for all
x, yeS; Q(S) denotes the translational hull of S, that is, the subsemigroup of A(S) x P(S)
consisting of all pairs of linked translations. The subsemigroup of Q(S) consisting of all
pairs of the form (4,, p,) (recall, 1,x = ax, xp, = xa for all xe S) is denoted by II(S); the map-
ping a—(4,, p,) is an isomorphism of S onto II(S) since S is weakly reductive; further,
II(S) is a minimal ideal of Q(S).

Let K be a non-empty set. A function y of a subset of K (called the domain of y and
denoted by dy) onto a subset of K (called the range of y and denoted by ry) is called a partial
transformation on K. The cardinality of ry is called the rank of y and denoted by rank 7.
The set of all partial transformations on K written as operators on the left under multiplication:

diyy) = {xeK|xedy,y'xedy},
yy’x =y(y'x) if xed(yy),

is a semigroup denoted by W(K). The set of all partial transformations on K written as
operators on the right under multiplication:

d(»y) = {xeK|xedy, xyedy’},

xyy'=(xp)y’ if xed(yy),
is a semigroup denoted by W'(K). (Note that the identity mapping on the set W(K) is an anti-
isomorphism of W(K) onto W’'(K).)

The zero in any semigroup is denoted by 0; e.g., the zero of A(S) or P(S) is the trans-
formation mapping S onto its zero, the zero of II(S) and Q(S) is the pair (0, 0), while the
zero of W(K) and W'(K) is the empty partial transformation (thus d0 = r0 = [1J).

For all concepts and notation not defined in the paper, the reader is referred to [3].
We write functions as operators on either left or right as it is convenient in a particular case.
Multiplication is always (except in the proof of Proposition 1) denoted by juxtaposition.

1. Basic results. Let I be a non-empty set (elements of I are denoted by i, j, k, ...) and
let G be a group. Set
L(1,6) = {(2, ¢)| e W(I),a # 0, $: doc » G}LO 0))

with multiplication

(0, $) (o', ¢) = (o', ¢") if o’ #0, and O otherwise,} @)
(2, )0 =0(, ) = 0,
where
¢"i=(¢a'i)(¢"}) (ied(o)), (3)
(cf. [1], (4.4)). Observe that in («, ¢) both « and ¢ are written as operators on the Jeft. For
every 1e A(S), A #0, let .
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al=(x¢), a0=0, @)
where

AL, = (pisai,p) if A(L;i,p) #0. (%)
THEOREM 1. The function a is an isomorphism of A(S) onto L(I, G).

Proof. If A(1; i, p) # 0, then p,; # O for some jel and
M50, p) = A[A5 6 ) (Pt ds W] = [ 5 )Pyt d, 1) # 05

so M1; i, ) =(c; I, p) for some ce@, /el (that is, a left translation does not change pu).
If also A(1; i, v) = (d; k, v), then p,,, # O for some meland

(c;4,v) = (e, 1) (Pam 3 m, ¥) = [A(L5 4, )] (Pm 5, V)
= AL(L3 0, 1) (P s, 9)] = X154, %) = (d; k, v),
whence ¢ =d, I =k, that is to say, the functions « and ¢ defined by (5) do not depend on u
and are thus single-valued. Further, from (5) it follows that
da = {iel|A(1;i,u) # O},

and it is easy to see that in fact iedx if and only if A(a; i, u) # 0, where ae G and ue M are
arbitrary. It is now clear that ae W(I) and ¢:dx — G; thus a maps A(S) into L(/, G).

Let A, A’'e A(S) be different from zero and al = (x, ¢), ad’ = (o', ¢'). Then, if ieda’,
o'ieda,

XA 0, W] = M@'i; i, p) = ((p'D) (p'D); ct'i, p) = (¢85 e, 1),

where ¢’ is given by (3), while otherwise A[A'(1; i, x)] =0. Consequently a(A1") = (ax’, ¢"")
if aa’ # 0, and is 0 otherwise. Comparison of this with (2) proves that (ai)(al’) = a(44’) for
non-zero 4, A’. Since the last equation is clearly valid when 4 =0 or ' =0, we conclude that
a is a homomorphism. It is easy to see that al = al’ implies that A = 4'.

To show that a is onto, let («, ¢)e L(I, G). Define A:S5— S by
Aa;i, ) = ((¢pia;ai,p) if ieda, and O otherwise,}
A0=0.

©)

Then, if ieda, p,; # 0, we have

[4as i, 1] (b, ) = (($D)as i, ) (b3),v) = (($i)ap,;b iy ¥) = Map,;bs i, v)
= Al(a;i, ) (b;],v)],

while otherwise both [A(a;i, )](b;Jj,v) and A[(a;i, 1) (b;j,v)] are zero. Since A(xy) = (Ax)y
holds trivially when x =0 or y =0, we conclude that Ae A(S). It is clear that, for A defined
by (6), al = («, ¢). Consequently a is an isomorphism of A(S) onto L(/, G).
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Now let M be a non-empty set (elements of M are denoted by y, v, ...; M stands for
capital y) and let G be a group. Set

RM, G) = {(B,¥)| Be W'(M), B # 0,y :df —» G}UO )]
with multiplication
BVB . Y)=BB ¥ if BB #£0, and O otherwise,} ®
(B, ¥)0=0(8,¥) =0,
where
' = () (upy’)- &)

Note that in (8, ) both B and { are written as operators on the right. For every peP(S),
p #0, let
pb=(B,y¥), 0b=0, (10)
(i, mp = ;i up) if (136, u)p #0.
A proof entirely analogous to the proof of Theorem 1 establishes

THEOREM 2. The function b is an isomorphism of P(S) onto RM, G).

We only state the analogue of (6) (used to prove that bis onto), namely, for (8, ) e R(M, G),
define p:S— S by

(@31, 0)p = (a(u); i, up) if pedp, and O otherwise’} (1)
0p=0.

Then peP(S) and pb = (B, ).
For al = (a, ¢), pb = (B, ¥), we also have (see the proof of Theorem 1)

do = {iel|A(a;i,p) # 0}, (12
dp = {ueM|(a;i,p)p # 0}. 13)

THEOREM 3. For al = (a, ¢), pb = (B, V), A and p are linked if and only if the following
two conditions are satisfied.

i€dot, pyaiy #0 < pedp,pig #0 (iel,peM), (14)
Pucaiy (0D = (W)pepy i i€da, pyay # 0 (iel,ueM) (15)
(¢f. [11, (4.5)). Furthermore, if A and p are linked, A =0 if and only if p = 0.
Proof. The first statement follows directly from the following calculation.

s o ) @)pgpybij,v) if pedB, pgy # 0,
[(a,J,u)p](b,t,V)—{ 0 otherwise,

where

.s s _ (app(ai) (¢l)b;11 V) lf iEda’ py(ai) # 0’
(a:j, ) [Mb;i,v)] = { 0 otherwise.
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The second statement is easily checked.

Recall that, for any ae W(I), rank « is the cardinality of the range ra of «; similarly for
fe W'(M). To simplify notation, we define

rank (o, ¢) = ranka, rank(f,y¥) =rankf, rank0=0. (16)
THEOREM 4. For 0% (A, p)eQ(S), (4, p)elI(S) if and only if rank al = rank pb = 1.

Proof. Let al=(a,¢), pb=(B,¥).

Necessity. Let 0 # (4, p)eII(S); by the definition of II(S),

A=2ejws P=Pwijw amn
for some (b;j, v)eS. From (12) and (13), we obtain

do = {ieIvai # 0}, (18)

df = {ueM|p,,; + 0}. 19

For ieda, we have

J'(as i, ﬂ) = (b;J, v)(a; i, ll) = (bpvia;j, /i) = ((¢l)a;a" /1),

whence
pi=bp,, ai=j (ieda); (20)
the last equality implies that rank & = 1. An analogous calculation proves:
wy =p,;b, pp=v  (nedp); 21

again, the last equality implies that rank § = 1.

Sufficiency. By hypothesis, rank a =rankf =1; so ai = for all ieda and some jel,

similarly uf = v for all 4 edf and some ve M.
Suppose that p,; ¥ 0; then for any uedf we have

(A0, el (50, 1) = (s i,v) (158, 1) = (()pyi 3, 1) # O,

whence A(1;{, ) # 0, which, by (12), implies that i € da.
Suppose next that p,; =0. Let yeM be such that p,; # 0. Then, since p,; =0,

[Ai,9)p] (A0, 0) = Y3 ,9) A58, 1) =0
if y € df, and is zero otherwise; it is therefore zero in all cases. Consequently
0=(L;5,n [ 1, m] = (L35, ) (di55, 0

if ieda; this implies that i¢ du, since p,; # 0. This proves (18); (19) is established analogously.
Let i eda, pedf; then, by (18) and (19), we have p,;# 0 and p,; #0, and, by (15),
P, (di) = (u)p,;, whence (¢pi)p ! = p,; (uy). Since j and v are fixed, in the last equation
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the left-hand side depends only on i while the right-hand side depends only on p. Since
iedo and pedf are arbitrary, both sides must be equal to a constant, say b. Hence (20)
and (21) are satisfied; since also (18) and (19) have been established, we may reverse the
steps of the first part of the proof to see that (17) also holds. Thus (4, p) e II(S).

COROLLARY.

II(S) = {(4, p) € X(S) | rank ai < 1, rank pb < 1}
= {(4, p)e(S) | rank ad = rank pb = 1}0.

2. Matrix representation of translations. In [3, p. 116, exercise 3], the semigroup A(S)
is faithfully represented by the semigroup of all column-monomial M xM-matrices over
GP; the case of a completely simple semigroup is treated in [2] (see also [1, §4]). Analogously,
P(S) is faithfully represented by the semigroup of all row-monomial Ix I-matrices over G°.
We now compare the construction in §1 with the representation by matrices.

Let &/ be the semigroup of all column-monomial (in every column at most one non-
zero element) Ix I-matrices over G°. For every (o, ¢)e L(J, G), let

c(a, ¢} =(a;), c0=0
(the last 0 is the matrix with all entries zero), where (a;;) is an Ix I-matrix defined by
a;=¢j if jede, oj=1i, and O otherwise.

THEOREM 5. The function ¢ is an isomorphism of L(I, G) onto &.

Proof. Since a is single-valued, (a;))e/ and thus ¢:L(I,G) » /. Let c(a,¢) = (a;))
(o', ") = (a). Then

clae’, @) =(c;) if aa’#0,
c0=0 otherwise,

c((e, ) (@, ¢)) = {
where ¢" is given by (3), and ¢;; = ¢"’j if jed(xa’), aa’j = i, and is 0 otherwise. Further,

c(o, p)e(@’, ¢) = (ay)) (aip) = (dyy),

where

1
dij = Z Ay ;=
kel

@k)(@)) if kedaak =i,jeda’,a'j =k,
0 otherwise,

_ {(‘W’J) @) if jed(aa'),aa’j =i,

0 otherwise,

=C,'j.
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Consequently c((a, ¢) (', d")) = e(e, $)e(e’, ¢'), which obviously implies that ¢ is a homo-
morphism. If follows easily that ¢ is one-to-one.

If (a;;) € o, for every i, jeI, letaj =i and ¢j = a;; if a;; # 0. It is easy to see that
(o, #)eL(1,G) and (2, §) = (a;;). Hence ¢ is an isomorphism of L(J, G) onto &.

Let 4 be the semigroup of all row-monomial M x M-matrices over G° and for every

(B,¥)€ RM, G), let

B,¥)d= (buv)s 0d=0,
where

b,,=uwp if pedf, pp=v, andis O otherwise.

A proof analogous to the proof of Theorem 5 establishes

THEOREM 6. The function 4 is an isomorphism of R(M, G) onto 4.
The next theorem should be compared with condition (D3) in [2].

THEOREM 7. Let A A(S) and peP(S), and let A = cal, B = pbd. Then A and p are linked
if and only if PA = BP.,

Proof. Let A = (a,;), B=(b,,); we have PA =(c,;), BP = (d,;), where

_ _ pp(aj) (¢J) lf jEda, pu(aj) # 0’
Cur = E” wi i) = { 0 otherwise,

3 _ [ pggy; i pedB, pog; #0,
d,y= ,gd buv by = { 0 otherwise.

The theorem now follows by Theorem 3.

It follows from the above discussion that rank («,¢)(= ranka) is the number of non-
zero rows of ¢(x, ¢); similarly rank (B, ) (= rank B) is the number of non-zero columns of

B, ¥)d.

3. Uniqueness of linked translations. In this section we discuss the conditions under
which to every left translation of S there is at most one linked right translation, and related
questions. By 1, denote the identity mapping of a non-empty set 4, and by ¢, (also ¥
denote the mapping on A4 onto the identity 1 of the group G; note that (i;, ¢ ;) and (1y, ¥p)
are identities of L(/,G) and R(M, G), respectively. To simplify notation, in this section we
identify A(S) and P(S) with L(Z, G) and R(M, G), respectively.

THEOREM 8. On S the following conditions are equivalent:
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(a) To every left translation there is at most one linked right translation;

(b) the only right translation linked to the identity transformation as a left translation is
the identity transformation;
(¢) pyui = cp,; for some ceG and all iel implies that p = v,

(d) to every inner left translation there is at most {exactly] one linked inner right trans-
lation;

(e) S is right reductive.

Proof. (@)= (b). Obvious.

(b)=(c). Suppose that p,; = cp,; for some ceG and all iel. Define g and ¢
on M by

g1’ it y=u,. p=1c if y=up,
=1y otherwise {° Y T )1 otherwise |’

p, = P if y=pn], g B 7=
"7 1py otherwise [° TP T p. otherwise |’
thus p,; # 0<>p,sy; # 0, and, if p,; # 0,

CDyi if Y=4
- =p,l
(¥)Posy { Py otherwise} Pr

Then

By Theorem 3, it follows that (3, ¢;) and (B,y) are linked, which by hypothesis implies
B=uns, ¥ =yy. Butthen p=pp=pup=rv.
(¢)=(e). Suppose that

(a;i, ) (x;k,7) = (b;j,v)(x;k, ) ((x;k,9)€eS). (22)

For p,, #0 and x = 1, (22) yields ap,, = bp,,; whence p,, =a~'bp,,. It also follows from
(22) that p,, #0<>p,, #0, so that p,, = a”~'bp,, is valid for all kel. By (c), we have u = v,
which together with p,, = a™'bp,, implies a = b. Since (22) also implies i =j, we have
proved that (a;i,p) = (b;J, v).

(e)=(a). If A1is linked to p and p’, then, for all x, ye S, x(1p) = (xp)y = (xp")y, whence
xp = xp’, since S is right reductive. Thus p =p'.

(@)= (d). This follows from the fact that (4,, p,)€Q(S) for any yeS.

(d)=(a). Suppose that 4 is linked to p and p’. Then, for all x, yeS, x(Ay) = (xp)y
= (xp')y, so that 4,, = 4,,.. But then 4, is linked to both p,, and p,,., which, by (d) implies
that p., = p,,-. Consequently, for all x, yeS, y(xp) = y(xp), that is, (yx)p = (yx)p’. Since
$% =5, we have p =p'.

https://doi.org/10.1017/50017089500000239 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500000239

TRANSLATIONAL HULL OF (0-SIMPLE SEMIGROUP 9
Remark. 1t follows from the proof of Theorem 8 that (a)=(d) and (e¢)=>(a) in any
semigroup while (d) = (@) in any semigroup S for which S% = S.
Some of the conditions appearing in Theorem 8 may be phrased as follows:
(a) the projection mapping Q(S) — A(S) is one-to-one;
(¢) no two different rows of P are left proportional (cf. [3, p. 119, exercise 2]);
(d) the projection mapping I1(S) — I'(S) (inner left translations) is one-to-one;

(e) the mapping x — A, is one-to-one.
Since the mappings in (a), (d), (e) are always homomorphisms, we have

COROLLARY. If S is right reductive, then
Sx=L(S)=TII(S), A(S)=Q(S),
where A(S) is the projection of Q(S) into A(S).

THEOREM 9. On S the following conditions are equivalent:
(a) If (a, @) is linked to (B,) and to (B',\), then = f';
®) (4, @0, (B, ¥m)) €US) implies B = 1y;

(€) pyi=pyifor all iel, implies p = v.

Proof. (a)=>(b). This follows from ((i;, ¢;), (tx, ¥m) ) EQ(S).

(b)=>(c). Suppose that p,; = p,; for all iel and define § as in the proof of Theorem 8
((®)=>(c)). Then p,; = p(,p); for all ie ], which by Theorem 3 implies that ((i;, ¢p), (B,¥m))
€)(S). But then the hypothesis implies that § = f;, whence u = v.

(c)=>(a). Suppose that (o, ¢) is linked to (8,y) and to (8',y). From the very definition
of (8,¥) and (#,¢), it follows that df = df’. Applying Theorem 3 twice, we have, for any

nedp, '
Pupi # 0> Py #0  (i€l),

()P gy = (WPEgny i Py # 0 (iel),

whence p,g); = Pupy for all iel. The hypothesis then implies that uf = uf’, and, since
uedp is arbitrary, f = §'.

Note that, if (a, ¢) is linked to (B,y) and (B,y’), then Theorem 3 implies that y =y,
 Left-right > duality yields the corresponding theorems for right translations.

4. Some properties of L(I,G) and R(M, G). We finally turn to some simple properties
of L(1,G) and R(M, G) (that is, of A(S) and P(S), respectively).
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PROPOSITION 1. The identity mapping of the set L(I,G) onto the set R(I,G) is an anti-
isomorphism if and only if G is commutative.

Proof. Denote by » and o the multiplications in L(Z, G) and R(/, G), respectively.

Necessity. By hypothesis we have
(d, ¢)*(a’, ¢’) = (a’s ¢’) ° (d, ¢) ((a’ ¢)’ (CZ', ¢’) € L(I’ G) ) (23)

Leta, beG; fixielandleta =o':i =i, ¢p:i—a, ¢':i—+b. Then

(o )+, 9= (2, ¢"), ¢"i=(¢a'i)(¢"i) = ab,
@, ¢Ye(@,9) =(xy"), " =(i¢')(ia'd) = ba,
which by (23) implies that ab = ba.
Sufficiency. We have

(o, P)*(a’, ¢") = (at’, ") if ao’ #0, and O otherwise, 29
(@', ¢9)e(e, @) = (o, yy"") if «'a#0, and O otherwise. (25)
Further
()i = afe'i) = a(iat’) = (ia)x = i(er'er), (26)
and, by the commutativity of G,
9"i = (¢a'i)(¢')) = (¢"i) (¢a'i) = (ig") (i'9) = iY"". @n

Comparing (24), (25), (26), and (27), we obtain (23).

Let 4 be any set and o an equivalence relation on 4. We say that a set C is a cross-
section of ¢ if C is a subset of A intersecting every class of ¢ exactly once.

PROPOSITION 2. The semigroups L(I, G) and R(M, G) are regular.

Proof. We consider only L(J,G); R(M,G) is treated analogously. Let («,¢)eL(l,G)
and let C be any cross-section of the equivalence relation on da induced by «. Define o’
and ¢’ as follows: Let do' = ra, o'(ai) =j if ai =0j and jeC, ¢'(ai) = (¢pa’wi)™!. Then
oo'a = ¢ and

(Por'ei) (p'ati) (i) = (pa'eri) ($or'ai) " }($i) = i,
so that (o, ¢) = (o, ) (@', $) (@, ).

PROPOSITION 3. Let A be a non-empty subset of I, ¢ an equivalence relation on A, C any
cross-section of 6. Define a:A— C and ¢: A — G as follows: ai=jificjandjeC, ¢pi=1if

i€ C, otherwise arbitrary. Then (o, ¢) is a non-zero idempotent of L(I,G) and all non-zero
idempotents of L(1, G) can be constructed in this fashion.
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Proof. 1t is easily verified that the above construction yields a non-zero idempotent of
L(1, G). Conversely, if (o, ¢) is a non-zero idempotent of L(, G), then let 4 =da, C = ra,
o be the equivalence on 4 induced by «. From ai = a(ai), it follows that «i = jif i ¢ jand je C;
from ¢i = (dpai) (¢i), it follows that ¢pi =1 if ieC,
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