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Siath Meeting, 8th May, 1903.

Mr CHArLEs TwkgDIE in the Chair.

On the convergents to a recurring continued fraction, with
application to finding integral solutions of the equation
& -Cy=(-1)D,.

By ALexanper Houm, MLA,

E+ «/C 1 1 °1 1 1
= (1)

1. Let =a+— ... —_— = e e
D ay+ o+ a -+ ay+ a,+

where D and E are integers, and C a positive integer not a perfect
square, k being the number of partial quotients in the non-recurring

part of the continued fraction, and ¢ the number in the cycle,

E+ JC 1 1

L - - 2
and let g a+ JRRRE PRI (2)

D’ and E' being integers.

P
It 2 and -* are the sth convergents to the continued fractions

L 1]

(1) and (2),

then M=a,+—l- i 11 ——1~ 11 i
qk+m¢+k a2+ ak+ al+ (!._.-l- a’mc+ a]+ a2+ a,

1 1 1 1 1 1

=t —  — — = a— =

at+ G+ o+ gt e+ P,

_ _Q‘: Prime + Prime—

P, :
6— q1c+mc + G irme=1
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Put r=

I’ r +;r
qr+a

k4+me;

prP +pr-—1Q

T P+g Q.

164

The numerator of this fraction is prime to the denominator ; *

pr+n = P;Px +1)' le }

e =P+ ¢, Q.
Again
E+ J/C 1 1 1 1 11 1
— = — e ™ —_— _— e —— _— T “ee
D ! dy + yt+ 0+ dy+ G+ a A+ .+
1 1 1 1 1
=a+t— — — — L ——_—
ay+ gt +a+ e+ E + A/C
—5—
E+ C
Tl)k+)vtc + Prgone—t
TE+ JO ’
TQHM + Qrpme—t
E + ~/C N
E+JO D PP
D B+
——])—,-—‘1r+‘1r_1
From this eliminate p,_, and ¢,_, by means of (3).
E + J/C
E + \’,6 —]')_]’ Q +pr+a prPx
b A K+ N 'c
—T—%Q + e — 0. P,
E4 J/C
pr+s - pr(Px - —:——Q:)
B + JC
’1r+x '1:( Q)
B4+ \’/“

§ E+ JC E+ JC
Pros— —_ﬁ_qr+x = (7," - _'D—(]')(Ps e TQ") .

The above is similar to Serret, pp. 60-61, except that the period

* See Scrret, Aly. Sup., 4me éd. t. i, p. 61,
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has been made to begin at the first quotient of the cycle instead of
at any quotient.

Now r=k+mc ;

E+ J/C
DPrymets = - D Qrtmets

E+ J/C E+ JC
= (pk-*-»w - __D\_ 7&'4—1111')(Pl - T—Qa) (4)

and in particular when m =0,

E+ JC E+ J/C E+ JC
Prir— - Qg = (Plc - 'TN'%)(P‘ - —“I)/\_Qa) ().

Then let s=c in (4).

E+ JC
Drtimtre — _“D—Qk+(m+1)c
E+ /C + Jc
(e - £ (e B2 )
E+ J/C E+JC. \* . .
= ( Prtim—1e — - qk-Hm—l)c)(P ¢~ “—D,\_‘“QL Slmllarly .

......................................................................................

or writing m for m+1,

E+ ~/C
Peime = Tetme = Po——p I

Substitute this in (4).

E+ JC
Prymets — - Qrpmets
E+ «/C E + c E + JC
E c E + J/C_\" .
= (PH- - _LD\'/_’II:+¢)(P¢ - '—_l)_\_Qc) by (5).
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Now put k+s=mn so that n<k ;
E+ /O E+ /C E + 4/C
* pme+n - —l)— me+n — ( n = D )(Pc - _])l—Qc) (7)
where m=1, 2, 3, ...... and n<k.
In this way we can dispense with the tedious demonstration of

Serret, §28, to prove that what corresponds to P‘,—E-ﬁ,i(—JQc in

(7) is constant, no matter at what quotient of the cycle the period
is made to begin.

Example: 123+ ¥37_, 1 1 1 1 1 1
pler =58~ + 1+ 1+ 1+ 3+ 24 777
4 5 9 14 23
¢=3, and the first five convergents are T T T T R

the first three convergents being % s % e

Putting n=5, m=2 in (7) we have

123+ J" (2 ) 193+ 123+ /37 5)(9_3+ Jﬁﬁ)’
7

Pu-—
_4337-713J3_7
- 28
g, =718
and p,= 13 x 713 + 4337 =3287.

2. Particular case of a pure recurring continued fraction.

E + /C 1 1
Let D —121+Z+ ------ -?—c+ .......
Here D=D, E=F,

pa=Pu 9.=Q.;
by (7) we have
E ’ ra ’ o
Prvsa- E4 0 = (BBt P ) (p. - E4 /G
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In particular let n=c¢, and then write m for m + 1.

E' 3 J/C (P E'+Jo) ..

P - 55—

3. To connect the convergents of the continued fraction repre-

senting — E_l_)7*_/£ with those of the continued fraction representing
E -;-),JC, when the latter is a pure recurring continued fraction.
Let x=E+,J6=a,+}— ...... —1— ......
D * @+ a, +
- 11
r=a + o+ ot ;
_ zPp.+ P,
mec + ch—l ?
Qi = (P = Qo) = Ppoy =0 - - - - - (10)

E+ JC.

I

is one of the roots of this quadratic equation.

, - /C 1 1 1 1
The other root ——ﬁ, = T dae PAiRELL (11)
(See Serret, p. 49.)
-JE_ 1 111
__D’ e rae %+?1+.......
Let Q. " be the rth convergent.
. ”M—ﬂ 1 1 1 1 .
Then if n<me, : = Z+a_m—l+ ------ PRI
Q'mn — l 1
Q= Cppy+— PRI o’
) S 1 1
e = T eieresesenne —
and P me—n—1 a”-H + an-H + Come—)

https://doi.org/10.1017/50013091500034611 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500034611

P, 1 1 1 1 1
N o b~ — —
o Qﬂw ht a; + a,+ @piq + Qe+ [+ 2,
s 1 1
=a, PR P s U
Q' lec—n—l
m——P.+P,_
= Q mo—n—1 !
Q4+ Qu
me—n—1
- Pn Q'mc—n + Pu«—l lec—n—l
Qu Qoen + Quey Qmens

The numerator is prime to the denominator.
PoQuent Paa Qrena=Po,
and Q. Qe+ Qi Qe n1=Qn.
Eliminate Q'pen- )
PaQu - PiQu) Qe 1 =P Q. - Q. P ;

(—‘ 1)”Q'mc—n—l=Panc'—Qanc'
. P 1 1 1 1 1
Aga.m Q—:c:';za]"';;_’_ ...... a—"+&”—.;+m+ ...... a—,,w:
=al+—l— ......... l —1—
as + a"+P’m__” 4
P’mc-m—l

and in the same way as above we find
( - 1)”P me—n—1 " Pn Qmo—! - Qn Pm_x H
E+ J/C
( - l)n(lec-nr—l + _ﬁ——‘ Q me—u—l)

E+ J/C
-2 (@ + E50) - 0P+ 22

E+JC
[ Pm)
Now
E + Jé E' = Jé 3 Pm - o]
13 + D= sum of roots of the quadratic (10) = _Q_'S«m_g
B+ C E - 3
ch—a]"' J Qme:P,u— JCQ“

D D
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E'+ .JC E - JC . -P
and -;) J 5 JC = product of roots of the quadratic = ———@':CL_—' ;
E ' /C
Pmo—1+ ;JEPM—E * JC(Pmc NCch) 5

E + /G
( 1 )"(P me—n—1 + -i-D ~ Q’mc—m—l)

B e 2 ).

Agsin (P,.c B Y00 ) (-5,

E+JC E-.JC E+JC E-JC
wt = (5 + RO  EANE BonBqg
P, _ch— P
=P 2_im Sm p o _Zmed g o
ch Q ch Q
=Pm: Qm-—l"Pm—l er
=(-1™;

*. by (9) we have
(r.-E4 %) (e - ']),—‘/§Qm)=(— 1y

p,-Z=C

E’+ JC

P’m—-n—l + Q no—n-—-1

=(- 1)'“*"(P,. - E—‘LﬁQn)(P, B ";)“/EQC)_” (12).

Qu=(- (.- EACo) ™,

—
c with those

The relations connecting ithe convergents of —
B+ \/C
7]
Comparing (12) with (8) we see that the power of P, — E -;),‘JCQ,
is ~m instead of m.

are thus established directly.

https://doi.org/10.1017/50013091500034611 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500034611

Example,

4
¢=3, and the first three convergents are — 5 7
Taking n =2, m=3 in (12) we have

P,a+3+N/3‘Qs (- 1)11(4_3+7\/§7x3(9_3+~/§ ,)"

= X7
{
_ 663+109 V37
- - ;
s=109 ;
P, 663

= 7 109+—7——48

Thus % is the sixth convergent to

3-8 1 1 1
724 3+ 1
4. For a pure quadratic surd, let
Jo_ .11 11
D =t armt o Bt
-21 being the rth convergent.
aD+ JC  JT 11 1
Then —x—

D =a+—=2a+— —

. aD+~/_

............

is represented by a pure recurring continued fraction,
. P, .
and if o) is the rth convergent, by (8) we have

P...- aD+ JC aD+ O (P _aD + JC, )(Pc_clb_;;ic__:” Q,)m.

P, 1 1 1 Pr Do+ 0g
Now =284 — — ... —=a L=,
Qr al+ a2+ ar-—l 97' Qr
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The numerator is prime to the denominator.

Pr=pr+aqr and Qr=qr 5

aD + /C
Prmctnt Wmetn = D Dmctn
_( taq. 9D+ VT )( aD+Jc—)m_
=} P a’qn - "_])_—'— Qn D, + aqc - D qc 2
__“/_6— _( ___“C )( _E)M (13)
pmc+n D qmc+n_ pn D Qn pc D qc .

A/80 1 1 1 1

Example —g— =1 +T+ —3—+ T+ -—g+ ......

1 2 7 9
¢=4, and the first four convergents are T T T 5

Taking n=3 and m =2 in (13) we have

2
80 (7_ V80 4)(9_ J5s—0x5) =2279_12745~/§6;

n= =

Pn=2279 and ¢, =1274,

: D+ +/C 11 1
Again, since =2a+— — . ..
* &+ e+ ?mc—l'*'

aD - A/C 1 1 1 1 1
- = — — = ..(14
by (11) D Opo 1+ Ce o+ o+ 0+ 2a + (14)

A
N/(J—=a+l ! -l— 11 .. (15)
D mc—-l+ amc—2+ a‘2+ a] + ‘)a‘+

Let p ~ and E be the rth convergents to the continued fractions

(15) a.nd (14).
Then by (12) we have

aD+ JC

P'mo—n—l lec—u—l

=(_l)m+ﬂ(P’_aD+~/—)(P aD+~/—)
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Now M =a + 1 ] 1 =q + P Lt_iQ__'
Qria Qpe1 + [ ) + v Crc—r Q r Q'r

The numerator is prime to the denominator.
Q’r = qr+1 and P'r + a‘er = pr+1 ;
P, =p,n-ag.p;

aD + A/C
pmc—ﬂn - aqmc—n + _D—- qmc—n

aD + /C D+ JC \™
= ( _ l)mc-l-n( Do + oq, - ___])_qn)( + aq.— a—_qc) 5

D
VG ( A/C JC )""
=( — me+n, - -
pmc-—n + D q:mr—-n ( 1) pn D q,-)( pc D qc (16)‘
80 1 1 1 1
Example == 1 T4 T T s

Taking =3, m=2in (16) we find

4)(9 B Jso § _)—:25 Ry N80

5’

pur 220, —(—1>"(7

F)
=25 and ¢;=14.

The formulae (13) and (16) could be obtained independently, and
on account of their importance in the solution of indeterminate
equations of the second degree, it might be advisable to prove them
directly.

5. To find integral solutions of 2* - Cy*=(-1)*D,,

where D, is the (n+ 1)th divisor in the development of +/C as a
continued fraction.

(i) when ¢, the number of quotients in the cycle of JCis even,
Taking D=1 in (13) we have
Prctn— VC.Guorn=(pa— NC.q)(p.~ JC. g )™

NOW Prcins Gmctns Prs @ny Pes 9o are all rational, whereas JC is
irrational, hence we may change the sign of /C.

Pmegn + ‘\/6-' Tometn = (pn + "/(T' qn)(pc + \/_C—' qc)m'
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On multiplying we obtain
Pmcfn = Cqmc-ign = (pn2 - anz)(pc2 - Cch)m
=(=1)'D.{(- 1)D}"

o =(-1yD,,
since ¢ is even, and D, = 1.

Similarly from (16) we get
pmc—?n - ano—?n = ( - 1)'Dﬂ‘
.". integral solutions of 2 - Cy’=( - 1)"D,

=% Puoin r=F*pu, ,
are = P } and P 1.

Y= £ Quotn Y= F e J’
2=y NC= £ (Pucsu= VC.Geta) OF £ (Pucst V. o)
= +(p,— NC.¢)(p. - ¥C.q)*™ by (13) and (16).
.~ integral solutions of a* — Cy*= (-~ 1)"D, are furnished by
2-yNC= £ (p.-quNC)Yp—g. VO™ - - (17)

where m is zero, or any integer positive or negative.

Example: Find positive integral solutions of 2*-7y*= - 8.
We have ~/7_-=2+—1— LI
1+ 1+ 1+ 4+
. 2 3 5 8
c¢=4, and the first four convergents are T T e T
When n=1, Pl-792=2-7Tx12= -3;

.. by (17) we have
x-ynNT = +£(2- JU)B-3JT)™

Taking m=0, -1, +1, -2 +2....
we find =2 5 37 | 82 \ 590
y=1} 2 }14}311223 """
(ii) When ¢, the number of partial quotients in the cycle of JC
is odd.
(-1)y=-1,butif miseven {(—-1)}"=+1;
12 Vol. 21

https://doi.org/10.1017/50013091500034611 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500034611

174

and proceeding in the same way as above we see that integral
solutions of &* - Cy*=( - 1)*D,, are given by

2-yJC=2(p.- 0. VO)P. - 2. VO™ - - (18)
where m is zero, or any integer positive or negative.

Example : Find positive integral solutions of * ~ 18y*= + 3.

1 1 1 1 1
‘We have \/T?;=3+T+ —i—+ T-!- —l—+-€ ......

-3

- 3 4 1 8
¢=>5, and the first five convergents are T T 3 3 R

ot
[—

when n =2, Pui-13¢,2=4-13x1*= +3;
. by (18) we have

x-yN18=+(4- JI3)(18 - 5 J/13).
Taking m=0, -1, +1.....

we find w=4 | 256 | 4936
y=117 71/ 1369

6. Two lemmas on continued fractions.

Lemma 1. If  lies between £ and p"—“,

qn Int1
where 22 is the preceding convergent to ‘Z—"*—’ when converted into
n n+t
a continued fraction, then % is a convergent to the continued
fraction which represents =.
1 1
For, let Dot g — e ;
Ini1 ay+ A p1
then by supposition « lies between i:-" and Zﬁi’ ;
n n+1
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Pr oy < Bn Pun
9 I Gin
< &~an+lpn + pu—l

I Cup1 @t Inr
Padn1~ Pnaqn
(a1 @+ Qus)

1
9n(“n+19u+—%:)
< 1 ) since a, ;< 1.

g+ quc) "

.- £* is a convergent to the continued fraction which represents x.*

In

Mx + M

2] = e
Lemma 2. If =2 N7 N

where 2’ is one of the complete quotients in the development of x
as a continued fraction, and M, N, M', N’ integers all of the same
sign, such that MN' - M'N = %1

and M >M’, N> N’ in absolute magnitude,

then N and -;—1 are consecutive convergents to the continued

fraction which represents .

We may suppose M, N, M, N’ to be all positive; for if they
were all negative, they could be made all positive by changing the
signs in the numerator and the denominator.

Then from the above conditions it can be proved, as in Serret,

. M
p- 36, that I;I—I, is the preceding convergent to N when converted

into a continued fraction.

* See Chrystal’s Algebra, Vol. 2, Chap. XXXIL., § 9, Cor. 4.
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Now E.,w = y. Ma'+ M
- N N+ N

2

_ MN'~MN

= NNz +N)

S S

< NNz +N)’
M 1

F~=F < wN(N+N')’ since 2’ > 1.

’

M, . .
R lse convergent to x, the preceding convergent being %, ¥

7. To connect the convergents of the continued fraction repre-
senting ]—?‘——D—g with those of the continued fraction representing

E+ JC

D
E C 1 1 1 1 1
Let +D“/_= HCTR i S
1 1
=a1+-—+ ...... Z+E'+J—’
D
E'+\/6—
E+ JC —_‘ﬁi_Pk"'Pb-l
D Er /O R
——D,—‘Qk'*'%q

and, changing the sign of »/C we have

E - JC ‘p _E'-J(Tp p
E- Jé— D D k—1 D P -1
= _ = — - (20)
b E - JC E - JC

e =~ Qx1

D e + 9x - —D—

* See Chrystal's Algebra, Vol. 2, Chap. XXXIL, §9, Cor. 4.
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Now let
-JC 1 1 1 1
DI am+ a,,,,_1+"""am.(,_l,+ Eu+ JC—
v
" /—
E ];'/~ C P'r + P,Ml
s (where »>1).
+ ~/C
— Q.+ Q.
Substitute in (20) and reduce
E" + J/C , , ’
. E »\/ C o (PP, — peaQ’,) + (PLP 1 = Pea Q1)
D E"+JC, . ;o .
T ( oEr qk—lQ r) + (qu r—1 " qk—lQ r-—l)
E” + 'J_ M4 M
Y ey -
E—'—;-)TJE N+ N
E E,,J(Tis one of the complete quotients of — E—;D,—\L—C-
E-JC . E-JC E-JO
or of and ~

p— tinee —p g
terminate by the same quotients. (Serret, p. 49.)

The conditions that M, N, M’, N’, may be all of the same sign,

t 21 and 21 ghall not lie between P and = P,
9 Q r—1 Q r

k
and these conditions are fulfilled.

are tha

P '
For if 2= and 21 Iay between =" and g—,— ,
p (3 ' Q r—1 &
then by Lemma 1, Q,"’ would be a convergent to P ;“
r—1 k
Pe 1 1
Now o« = o + PR e w
P 11 11
Px Tt e+ e a+ o
T 1 1 _l_
qk ak + uk—l + LY NN a2
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) S 1 1 1
and —— = — ———..iiieieneen. ;

Q re—1 a, + £ 29} + a'c—{'—ﬂ)
hence we would have a,=a,, o, ;=a,_,,...... Opiymt) = i)
But a.*a,;
for, if this were so, the period of +DJC ought to begin one step
earlier.

Pt and 22 4o not lie between —'=! and

D Ik Qo Q—’r ’
M, N, M’, N’ are all of the same sign.
Again, MN' - M'N =(p,F', - p, QNP1 — Q')
- (2F'n 2 Q)P - Q)

= — (Psgra — P (PQ - P0Q")

-(=1-1y
=+1;

thus M is prime to N.

If now M>l and N>1 then by Lemma 2

MI
M M . E- AJ/C
¥ and N will be consecutive convergents to D
But if EI—<1 and ﬁ,N-,<l, continue the development of — E —le\/ c
. E"+ JC 1
to one more quotient, so that = O+ —————=_;
1 D E"+ JO
D
substituting in (21) we obtain
EIII + J(T
—— (Ma,,._,+ M)+ M
E-JC__ D ( :
D Em ’
-'-"'JC(N m—r+ N)+ N
D
and now Ma,,_. + M' 1 Nayer + N’ 1;
no M > H N > 2
Ma,, .+ M’
as above it follows that. F and Yo +N
are consecutive convergents to E _DJC 5

https://doi.org/10.1017/50013091500034611 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500034611

179

M PtP - Qs E- J/C
— =" —" is a convergent to ———.
N QkP - Q) g D
The general idea of the above is due to Serret, pp. 70-71,* but the
details have been considerably modified.
Let 2. denote the convergent M
q q - QL—lQ
Since the numerator is prime to the denomma.tor,
P’ =karl —pk—lQ’r }
7 =¢F, -¢.Q,
Then by eliminating p, , and ¢, , from (19) by means of (22) in

- (22).

the same way as in §1 we deduce that

, E+ ~/C—q,=(pk_E+ JC )(P E + JC—Q’,)-

=™ D D
. §+2
Now let »=mc-8-1, then if mc~s-1>1 or m> ,
,_E+J/C,
P-—3 ¢ .
E B VT,
= (P k +D~/—— ) (P mc-—c—l D; Q mc—a—l)
E+ /C E’+ Jc E + J—
-(r- 257 0) (- Q)(e.-=5me) byaz
E+ /G E+ JC \™ .
=(pk+a —T)——QIH-l )(P DI Qc) - - = by (0)‘

Put k+8=n so that ndk.

, E+ WC, E+ /C B+ JO .\
p-—p - Pﬂ‘—D——qn)(Pc——D,—Qc) (23)
—k+2
provided ndk and m>" "=+
Comparing (23) with (7) we see that the power of P, ~ ———— E + “/C Q.

is —m instead of m.

* See also Legendre’s Theorie des Nombies, 3me éd. t. i., §§59-74.

https://doi.org/10.1017/50013091500034611 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500034611

180

Serret’s §29, in which infinite limits are used, and the latter part
of § 30 have been dispensed with,

128 + V37 1 1 1 1 1 1
Example : -—-—58——=4+—1—+ T Th T4 34 T
5 1
k=4, ¢c=3, and the first four convergents are—;i— T “?,"’ 34,
3+ 37 “1+ 11
7 T Ty
.1 4 9
the first three convergents being T 3 7
-3
The requi ite conditions are n<4 and m>n
Taking n =4, m=1, these conditions are satisfied.
by (23)
, 1234 W37 ( 123 4+ V37 )( 34+ /37 )—‘
~——g Y= 14-——~—28—x3 9- 7 x 7
-27-5,/37
T R
q'=5
123 27
and p'= x5 .2.3__21,
Similarly if n=4 then p' 238
m=3 } g 57
and if n=4 p 2877
m=3 ¢ 68
21 238 2877
Thus 3 57 Tgag M convergents to
123 - /37 el 1101
— 28 5+ T+ 24 34 70

namely the 2nd, 5th, and 8th convergents.
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