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On a class of finite

soluble groups

G. Karpilovsky

Let the group T be the direct product of groups Si

(£ =1, ..., ) where for a given group Ai , Si is the direct
product of n; factors Ai X Ai X oo X Ai . Let B be a group
that has a faithful permutation representation Fi of degree ni
(Z=1, ..., ») . Consider G , the split extension of T by B

defined by letting B act on T as follows.

Each S. 1is normal in G . If [a s eeey & ] €S5. and b €B
1 1 n; 1

1 2 %
7
Q0.0
Fi(b) =15 .. n: . It is proved that if T 1is an M-group

and all subgroups of B are M-groups, then G 1s an M-group.
This is a generalisation of a result of Gary M. Seitz, Math. Z.
110 (1969), 101-122, who proved the particular case where r =1

and Fl is the regular representation of B .

A finite group G 1is an M-group if each irreducible complex
character of (¢ 1is induced from a linear character of a subgroup of G .
Some of the difficulties involved in studying M-groups are indicated by a

result of Dade which states that any finite soluble group can be embedded

Received 6 December 197k,
277

https://doi.org/10.1017/5000497270002387X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270002387X

278 G. Karpilovsky

in an M-group [3]. Seitz sharpened Dade's result by proving that a finite
soluble group can be embedded in an M-group with the same derived length.

This statement is a corollary of the following result of Seitz [4]:

Let 4 be an M-group and suppose B is a group all of whose
subgroups are M-groups. Then 4 wr B , the wreath product of 4 with B

is an M-group.

The aim of this paper is to generalise this result of Seitz.

We shall use the following notation:

aut G 1s the group of automorphisms of the group G ;

ker X 1is the kernel of the character ¥ ;

an M—group is a group all of whose subgroups are M-groups;

if H 1is a subgroup of the group ¢ and X a character of #
then XG is the character of (¢ induced from ¥ ;

NG(x) is the stabilizer of X in G ;

Y ¥ H 1is the restriction of a character Y of a group & to
its subgroup H ;

ab =plap .

LEMMA 1 [2]. Let H 4G, X an irreducible character of H which

has an extension § to T = NG(x) . Then XG =} m(l)(wi)G where the sum
W

runs over the irreducible characters of T/H . Each character (wi)G 18

, . MG _ MG . _
irreducible and (wlx] = [w2x) implies W, =W, .

LEMMA 2 (7). Suppose H <G . If H is abelian and complemented

in G, then each irreducible character of H extends to its stabilizer.

LEMMA 3. et G =AB (A <G, AnB=1). Then each linecar
character of A extends to its stabilizer.

Proof. Let T = NG(X) be the stabilizer of the linear character Y

of A. Then T=AB (B, =BnT) . If ker x =K (K9T) then

0 0
T/K = (A/K)-(BOK/K) (semidirect product) and A/K 1is cyclic. Now use
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Lemma 2.

It is clear that not every extension of an M-group by an M—group is
an M-group. We formulate one sufficient condition for such an extension

to be an M-group.

THEOREM 1. Let G =4B (A 9 G, AnB=1) where A is an

M-group and B 1is an &—group. If for each irreducible character Y = ¢A

of the group A where ¢ 1s a linear character of a group H C 4 ,

NG(X) NBCN.,(¢$), then G is an M-group.

G

Proof. Let NG(X) =T and BO =T nBjthen T = A-BO . In view of
BO E-NG(¢) the stabilizer of the character ¢ in the group S = HB
(H 45, Hn BO = l) is S . Thus the linear character ¢ of the group ¥H

0

can be extended to a linear character ¢ of the group S (see Lemma 3).

Now &l v A= [&&HBOQA)A = (&&H)A = ¢A =Y . (We have used the subgroup

theorem [1] and the fact that (HBO]A = T .) Thus the character ¥ has an

extension to the irreducible monomial character $T of the group
T = NG(X) . Now using Lemma 1 we have XG =3 w(l)(w@T)G . Since B is
w

an M-group,the group T/A = BO € B is an M-group,and therefore if w 1is

T
any irreducible character of 7/4 then w = Y where ¢ is a linear

character of the group R (A € R CT) . Further

@D = WD = [T = w1 .

A

But &L ¥ R = (343 R

R
) and hence

R " G ~ G ~
(1) = [w(MBOnR)R] - [[(wmsonR]R] = [(wp)vms or)
which proves the theorem.

Now let T =4x4x .,. xA (n factors) and assume that a group B
admits a faithful representation I by permutations of degree »n . Let

a = [al, Ags nvs an) (ai € A) be any element of 7 and b any element
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a0, .0
of B with T(b) = [ 1., n) . Then
(1) ¢, (a) = [a . S )
b o a2 o

is an automorphism of the group 7 and the mapping ¢ : B - aut T where,

for each b € B, ((b) = ¢b € aut T ,is a homomorphism of the group B
into the group aut I . We shall call the automorphism ¢b , defined by

(1), the automorphism corresponding to T .

Consider the group G =T*B (T 9 G, T nB =1) where ab = ¢b(a)

(a €T, b € B) . Then this group is isomorphic to the wreath product of
the group T with the permutation group [(B) . When I 1is the regular

representation of the group B we have the standard wreath product

T wr B . The following theorem considers a more general type of group.
THEOREM 2. [Let T = Sl X 32 X oo, X Sr where
Si = Ai X Ai X ...0X% Ai [ni factors; 1 =1, 2, ..., r) and let B be a

group which admits a fairthful representation Fi by permutations of degree
n. (£=1,2, ..., r) . Let G be the split extension of T by B,
where each Si is invariant under B , and the action of b € B on Si
18 given by the automorphism determined by Fi(b) according to the rule

given in (1). Then if T 18 an M-group and B is an ﬁ-group then G

18 an M-group.

Proof. First of all consider the case when »r =1 . Then (G = TB
(TG, TnB=1), T=AxAx..,.,xA (n factors). If b € B is any
ulu2...a
element of B and T(b) = [ n] then
1 2...n
(2) ab = {aa s @y s e A ]
1 2 n
where a = (al, Aps wees an) is any element of T (ai € A) . Let

X = XXy cee X, be any irreducible character of T . Thus

xla) = Xl(al)xz(a2) e Xn(an) and X; is an irreducible character of 4
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(Z=1,2, ..., n) . DNow since 4 is an M-group, X; = wiA , where wi is
a linear character of some Hi 4 (£=1,2, ..., n) . Now
Y = wlwe . wn is a linear character of the group
H=Hle2x...xﬂngT and x=wT. In view of (2),
x(ab) = x.ia. |x.|a a and x(ab) = x(a) implies =
1o 21 @ e Xn a J? Xi Xu.
1 2 n 2
(£ =1,2, ..., n) . Thus we can assume that Hi = Ha. and wi = wa.
7 7
(Z=1,2, ..., n) . Now NG(X) = TBO (BO = NG(X) N T) , and for each
h = (hl, h2, cees hn) € H (hi € H; 1=1,2, ..o mn) , b€ B, , we have
0.0, ...0
hb=[h s eees B ],where b»[lz ”) and so b THD C H .
a a 12....n —
1 n
Moreover, if Y(h) = wl(hl)wg(hg) v wn(hn) then
w(hb)=w[h] w[h]=w[h) w[h]=w Hence
1o T i a o o U oo :
1 n 1 1 n: n
(3) NG(x)ﬂBgzv(w)mB.
This proves Theorem 2 for the case »r = 1 (by applying Theorem 1). Now
consider the general case. Let X = X1X2 . Xr be any irreducible
character of 7, where Xi is an irreducible character of Si
(¢=1,2, ..., ) . Further, for some linear character wi of the
5
group Hi E-Si s X = wi (£ =1,2, ..., r) . As above
= ; i = X x X
Y wlw2 e wr is a linear character of H Hl H2 e Hr and

T .
X =y . For each group GL-=SiB (SiﬂGi;Si nB=1,171=1, ...,r) ’

we use the formula (3) to obtain NGi(Xi) n B E-NGi(wi) N B . Hence

) 0 [rg ] £ 0 [ )] -

=1

Since Bi QG (£ =1,2, ..., ),
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Now using the formula (4) we have

r
IVG(X) nBc ‘n [NG(le)ﬂB-‘} ENG(W) nEB.
=1 T

In view of Theorem 1 this completes the proof.

REMARK. The result of Seitz [4] is a particular case of Theorem 2 for
r =1, and Fl the regular representation of the group B .
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