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p-adic L-functions and the Rationality of
Darmon Cycles

to Giorgia

Marco Adamo Seveso

Abstract. Darmon cycles are a higher weight analogue of Stark—Heegner points. They yield local coho-
mology classes in the Deligne representation associated with a cuspidal form on I'g(N) of even weight
ko > 2. They are conjectured to be the restriction of global cohomology classes in the Bloch—-Kato
Selmer group defined over narrow ring class fields attached to a real quadratic field. We show that
suitable linear combinations of them obtained by genus characters satisfy these conjectures. We also
prove p-adic Gross—Zagier type formulas, relating the derivatives of p-adic L-functions of the weight
variable attached to imaginary (resp. real) quadratic fields to Heegner cycles (resp. Darmon cycles). Fi-
nally we express the second derivative of the Mazur—Kitagawa p-adic L-function of the weight variable
in terms of a global cycle defined over a quadratic extension of Q.

1 Introduction

Let S, (I'o(N)) be the space of modular forms on I'g(N) of even weight ky > 2 and
suppose that N = pM is a decomposition into prime factors with p a rational prime
not dividing M. Let K/Q) be a real quadratic field such that p is inert and the primes
dividing M are split in K. When ko = 2, Darmon [[10] offers a p-adic construction
of local points in the Mordel-Weil group A¢(K},) that are conjectured to be global
points and to be subject to a reciprocity law analogous to the one provided by the
theory of complex multiplication. Here f is a new modular form of conductor N,
and A /Q) is the abelian variety attached to it by the Eichler-Shimura construction.
The theory as been extended in [[11], where the construction has been lifted to the
p-new quotient of the Jacobian Jo(N).

This paper focuses instead on the higher weight case ky > 2. In [19] a p-adic
integration theory is offered that is a higher weight counterpart of Darmon’s one.
Section [2] presents a lift of this p-adic integration theory from the new part to the
entire p-new part, in almost the same way as the theory developed in [11]] offers a
lift of the theory developed in [10] (where the newform is also assumed to have ra-
tional coefficients). Indeed, by means of this p-adic integration theory and following
the construction of [23} Section 4.2], we are able to construct a monodromy module
D € MFq,(¢, N), the category of filtered Frobenius modules over Q, that should be
thought of as being a realization in the category of filtered Frobenius modules of the
p-new part of the motive of weight ky modular forms. The existence of this “modular
symbol theoretic” p-adic integration theory is essentially encoded in Proposition[2.8]
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which borrows from the techniques of [23]. In [23], a different cohomological ap-
proach allows us to develop a p-integration theory that also covers the compact case
of a more general Shimura curve: once the existence of both the “modular symbol
theoretic” p-adic integration theory and the “cohomological theoretic” p-adic inte-
gration theory developed in [23]] have been established and the latter is specialized to
amodular curve, it can be shown that they are equivalent, and the monodromy mod-
ules are isomorphic (see [23}, Section 6]). However, the modular symbol approach is
suitable for the computations developed in the present paper and seems to be more
convenient in providing computational evidences to the conjectures formulated in
[23].

Let us a fix a complete field extension F,/Q),. Suppose that there exists a prime
q || N different from p. We can consider a factorization N = pN*N~, where N~
is an odd number of primes. By the Jacquet-Langlands correspondence, the Eichler
Shimura relations, and the Brauer—Nesbitt principle (see for example [I5, Lemma
5.9]), the Deligne representation V) attached to the modular form f can be realized
inside the p-adic étale cohomology of the Shimura curve X = Xy« ,y- attached
to the indefinite quaternion algebra B of discriminant pN~ and an Eichler order
of level N* in B. Setn := ko — 2 and m := n/2. More generally, [15, Lemma
5.9] explains how to construct a Chow motive M, over ) whose p-adic realization
V(m+1):= H,(M, g, Qp(m+ 1)) affords representations for all modular forms on
I'o(N) that are new at the primes dividing pN~. One has a p-adic étale Abel-Jacobi
map:

ek, : CH™ (M r,) — Extg, (Qp,V(m+1)),

where CH™*! is the Chow group of codimension m + 1 cycles, M, r, denotes the
base change to F,, and we write V again to denote the restriction of the global rep-
resentation V' to the local group Gr,. Let D := Dy (V) (resp. Dis) = Dy (Vif)))
be the associated filtered Frobenius module. Then Dys := Dg(V(y)) is indeed a
Kr ® Qp-monodromy module (see [15} Section 7]). The above ext group is explicitly
computed in [15} (49)]:

IS : Extg, (Qy,V(m+1)) = Extyp(FD(m+ 1)) =Dy, /F™"!

= Mk(Xa Fp)v = Mk(FI7Fp)v-

Here (—)V denotes the F p-dual space and My (X, F,,) is the space of weight k-modular
forms on X, while My(I'/, F,) denotes the space of weight k modular forms on the
Mumford curve I'"\J{,, defined over F,, and the last equality holds assuming F, D
Q2. Here 3, is the p-adic upper halfplane, and I'’ is the arithmetic group defined
in subsection it is associated with the Eichler order of level N* in B, and it
is a subgroup of the norm one elements in the definite quaternion algebra ramified
at the primes coN~. Indeed the last of the above identifications comes from the
identification X*" = I'""\J(,, over Q> provided by the Cerednik-Drinfeld Theorem.
In this way the p-adic étale Abel-Jacobi can be interpreted as

log @/ CHmH(Mn,Fp) — Mi(T',Fy)".
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We can consider the projection onto the f-isotypic component, thus getting a p-adic
Abel-Jacobi map with values in e s Mi(I', F,)". Here e[ is the idempotent in the
Hecke algebra corresponding to the modular form f.

Let R be the Eichler Z[1/p]-order consisting of matrices in M (Z[1/p]) that are
upper triangular mod M, set I' := R* and denote by I' C T the subgroup of ma-
trices with determinant 1. Write Dr, to denote the filtered F,-vector space attached
to the base change of D to F,. First, our integration theory is a morphism

®: (A’ @ DivV'(H}) @ P,) . — D, /F".

Here A° := Div’ P1(Q)), Fg = F,NQy, Divo(ﬂ{;r) denotes the degree zero divisor
supported on Q)" — (), that is fixed by the action of the Galois group Goy / Fg, P,is
the space of polynomials of degree < n = ko — 2 with coefficients in F,, and F"*!
is the m + 1-step in the filtration of our monodromy module. In order to be able
to construct the right analogue of the notion of Stark—Heegner points, following the
ideas of [[10], we lift the above morphism to

Y: (A” @ Div(H}") @ P,)r — Dg, /F™.

The left-hand side should be regarded as being a substitute for the local Chow group.
Indeed the Darmon cycles are defined as being suitable elements

ju € (A° @ Div(Hy) ® P,) |

attached to the optimal embeddings W: O < R, where O is an order of K of conduc-
tor prime to NDg, Dk being the discriminant of K/Q. One of the main differences
with the weight 2 setting and with the cohomological approach followed in [23} Sec-
tion 6] is the lack of uniqueness of the lifting ®*/. In any case one can show that
the values ®4/(jy) are well defined quantities, i.e., they do not depend on the choice
of the p-adic Abel-Jacobi map ®*/. Furthermore, the p-adic Abel-Jacobi images
®4/(jg) agree with the p-adic Abel-Jacobi images of the Darmon cycles considered
in [23} Section 6].

Suppose that f € S (I'((N)) is a normalized newform and denote by Ky the
field generated by the Fourier coefficients of f. Attached to the modular form f,
there is a Ky ® Qp-monodromy module Dy that appears like a quotient of D in
the category MFp, (¢, N) of filtered Frobenius modules over Q; we can consider
the p-adic Abel-Jacobi map @?f]] obtained by ®*/ followed by this projection, taking
values in Dy, /F"*!. The construction of these monodromy modules, that follows
[23] Section 4.2], is reviewed in Subsection2.3] They are built from a space MS“">,
which is obtained from the cuspidal part of the space of modular symbols with values
in the F,-dual of P, and depends on the choice w, of a sign at infinity. In Section[3]
we show how to realize our p-adic Abel-Jacobi map as taking values in MS“">"V:

log ®*: (A° ® Div(H}) @ P,) . — Dy, /F™ 5 MS™>=V,

Our p-adic integration theory can be used to produce local cohomology classes in
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Extépp (Qp, Vf)) as follows. Thanks to a combination of the work of Bertolini, Dar-
mon and Iovita with a result of Colmez (see Theorem[4.T1)), there is an isomorphism
¢ : Dg) ~ Dyg). Let F = H/K be the narrow ring class field attached to the order
O and choose a local embedding H — F, (assuming F, D ()). Then we find an
identification of the tangent spaces

(p: D[fLFP/FmH ~ ]D)[f]fp/Ferl E) EthGFp ((Olp, V[f]),

where the last identification, provided by the Bloch—Kato exponential map, is indeed
an isomorphism in our setting. Let x : Gg/x — C* be a character and set

o= 3 xTH@)jew € (A @ DVOGH @ P) L @ x.

G ,
(2SS HE/I\

Here (—) ® x denotes a suitable scalar extension. For every global field F set
MW (F) := S(egp o cl(')’f}fl). Let H, /K be the extension out by the character x. De-
note by MW (H, ) the x-part of MW (H, ). As in [23} Section 5] one can formulate
rationality conjectures asserting that

(p((I)A](jX)) € resp(MW(HX)X) .

Our local cohomology classes are the same as the ones defined in [23} Section 6] in the
more general setting of a Shimura curve, when the theory is specialized to a modular
curve. One of the main motivations of this paper is indeed to provide instances
where the conjectures formulated there, or rather some of their consequences, can be
proved.

Fix once and for all an identification C >~ C,. Denote by K| the field generated by
the Fourier coefficients of f and all its companion cusp forms. Assuming F, D K|
the tangent space Dif) p, /F™"' = MS“">"" (resp. Dysyp,/F"™" = e Mi(T,F,)Y)
splits into o ( f)-components corresponding to the companion forms o( f) of f. Write
CD’;] (resp. log <I>ff” ) to denote the f-component of the above p-adic Abel-Jacobi
maps, so that

Al AJ Al _ AJ
P = GUB(I)U(f) (resp, log @) = EﬂBlog(I)a(f)).

Attached to the modular form f there is a modular symbol Iy € MS“"> (resp.
a rigid analytic modular form f"¢) generating the f-component of MS“"> (resp.
M(T, Fy)).

Let x: Gy/k — C* be a genus character attached to the pair (x1, x») of Dirichlet
character. Note that the values y;(—M) do not depend on i = 1, 2. The identification
C ~ C, determines a prime p of Ky above p, and we can decompose V¢, Dy}, Dy,
and MW ¢(H, )X according to the decomposition Ky ®@Q, = €D,/ Ky,p/» where Ky
denotes the p’-adic completion of Ky at p’. We will write Vi) p, D{f)5, Dif).p, and
MWy ,(H,)X to denote the p-component, so that MW ,(H,)X is naturally a K -
vector space, and the f-component of Dy} s, /F™*' (resp. Dy r,/F™*") appears in
D[f]’pﬁpp/FmH (resp. ]D)[f]%pp /Fm+1).

One of the main results is the following theorem, which is implied by the conjec-
tures formulated in [23} Section 5].
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Theorem 1.1 Suppose that N = pM, that there exists a prime q || M, and that

k
Xi(=M) = (1) wy
Then

(i) thereis y))f € MW (H,)X such that gp(@?f]](jx)) = resp(yjﬁ);
(ii) ify}, # 0, we have MWy, (H )X = Krpy} .

The proof of this theorem follows the strategy developed in [2}3] in the weight 2
setting. Indeed we also obtain p-adic Gross-Zagier formulas that are of independent
interest and an higher weight analogue of the main results of [2,/3]].

Let W := Homm,(Z; , Gi,) be the weight space, viewed as a rigid analytic space
over (). The integers Z are embedded in W by sending the integer k to the function
t — t*=2. Let U C W be a small enough open affinoid disk centered at ko. We will
define p-adic L-functions

Lp(f/KaX>_)5U_>(Cp7 Lp(f/K/,X,—):U—>(Cp.

of the weight variable attached to the real quadratic field K or an imaginary quadratic
field K’ such that we can write N = pN* N, where the primes dividing N* are split
in K and the primes dividing pN~ are inert, squarefree, and even in number.

When K/Q is a real quadratic field satisfying the above assumptions, we obtain
the following formula, relating the second derivative of the above p-adic L-function
to the p-adic Abel-Jacobi image of the Darmon cycles.

Theorem 1.2 Let x: Gy+/x — C* be a genus character (here H is the narrow
Hilbert ring class field). Then

izz[Lp(f/KaX, K) k=t = {ZDKOZZ log(I)?](]'X)([f)Z ifxi(—M) = (—l)iTOfZM,
o 0 1in(_M) = (—I)UTWM_

Now let K’ /Q be an imaginary quadratic field and consider a factorization N =
PN*N~ as above. We now focus on a genus character y of the imaginary quadratic
field K’. Denote by H, /K’ the extension cut out by the character x and by yX €
CH™'(M,, H;)X the corresponding Heegner cycle. There is a decomposition

MW ((H)X = MW ((Q )Y @ MW (Qy,),

where Q,,/Q. denotes the quadratic extension cut out by the Dirichlet character
x;. Furthermore, clgfjtl (»%) belongs precisely to one between MW (Q,,)"' and
MW (Qy, ).

We obtain the following formula, this time relating the second derivative of the

above p-adic L-function to the p-adic Abel-Jacobi image of an Heegner cycle.
Theorem 1.3 Let x: Gy /x» — C* be a genus character (here H' is the Hilbert ring
class field). Ifclgj}l(yx) € MW ¢(Qy,)X, we have

2

i [Lp(f/K, X H)] _ {Zlog@/}](yx)(frig)z 1in(P) —
dr? P r=ko

0 iin(P) = Wp.
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Hence the second derivative of L,(f/K’, x, k) at ko encodes information about

the restriction at p of clgf}l( yX): when x;(p) = —w,, it is zero precisely when (the

f-component of) the restriction of clg’f]tl (yX) at p is zero. Information on the exact

position of clg1}'1( ¥X), i.e., which one is the character x; in the above statement, is

given in Lemma[5.28]
We will also consider the restriction of the Mazur—Kitagawa p-adic L-function
Ly(f,w, K, s) to the critical line L, (f,w, K, £/2).

Theorem 1.4 Suppose that there exists q | M and let w be a quadratic Dirichlet
character such that

kp—2

w(—N) = (—1)%%2WN andw(p) = app™ "7 = —w,.

Then:
(i)  the p-adic L-function L,(f,w, K, k/2) vanishes to order

ord,—i, Lp(f,w, k,5/2) > 2;

(ii) there exists y* € CH™ (M, q,)” and t € fo such that
d2

—a[Lp(frw iy m/2)] =t log @ () (f7)

(iii) zfclgf‘jtl(yg) # 0, then MW, (Q),)* = Kf,pclg’y‘j?l(yg).

Again, Q, is the extension cut out by the character w, while (—)“ denotes the
w-component. Hence again the second derivative of the Mazur—Kitagawa p-adic
L-function L,(f,w, k, £/2) at ky encodes information on (the f-component of) the
restriction at p of cl{f}“l (), whose p-component generates MWy ,(Q),)* when non-

zero. In particular,

a4 o ], w
Fr= [Lp(f, w, K, /—1/2)] w—ks #0 = MW, (Q,)" = Kf«DClojl(}/;)'

2 p-adic Integration Theory, L-invariants, and the Monodromy
Module of Weight k, Modular Forms

Let Sk be the space of modular forms of even weight k > 2, endowed with the
GIL; (Q)-action

f |7y :=dety* ez +d)*f(r2),
with v = ( ? Z) .
For every integer N denote as usual by Sx(I'g(N)) := S{O(N) the I'y(N)-invariants,
i.e., the space of weight k modular forms on I'((N). Let Ty be the Hecke )-algebra

generated by the operators T; for I 1 N and U for I | N acting on Sg(T'g(N)). Then
dimg Ty = dime Sk(T'o(N)) (see [25) Theorem 3.51]). The number field generated

https://doi.org/10.4153/CJM-2011-076-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-076-8

1128 M. A. Seveso

by the Fourier coefficients of a normalized modular form f is denoted by Ky. The
spaces Sx(I'o(N)) are endowed with the Petersson inner product (—, — ).

Let Py, be the space of polynomials of degree < k — 2, endowed with the follow-
ing right GlL,-action:

aX+b

2.1) P(X)M := (cX + d)HP( e

) for P € Py_,(K,),

where M = ( ZZ) € GIL,.

Usually we do not specify any field in the notation, and we write Px_, = Py_,(F)
when such a choice has been made. The dual space Vy_,(F) := Homg(Py_,(F), F)
is then endowed with a natural GI,-left action by the rule(MA)(P) := A(PM).
The same notation V;_, be used to indicate that the choice of a field has been
made. Indeed, whenever V and W are vector spaces over some field F, we set
VY := Homg(V, F) and V ® W without reference to the field.

We recall that Px_, and V_, carry a non-degenerate Gl.,-invariant bilinear form
(see for example [55} Sec. 1.2] or [15} (33)]):

(= —)p i Pka®Pry = F (= —)v,,: Viea® Vi, = F

Let A := DivP'(Q) and A° := Div" P'(Q)) be respectively the space of divisors
and degree zero divisors supported at the cusps with coefficients in some field F,
endowed with their natural action by fractional linear transformation by GIL,(Q)).
For any space V endowed with an action by G C Gl,(Q) (a congruence group of
SIL,(Z) in the applications), set BS(V) := Hom(A, V) and M§(V) := Hom(A°, V),
equipped with the natural induced actions. There is a canonical exact sequence

(2.2) 00—V — BS(V) = MS8(V) — 0.

We also write BSg(V) := BS(V)C and M85 (V) := MS(V)C to denote the G-invar-
iants. Finally when V = V;_, = V;_,(F) we will occasionally write M8* = msk(F)
(and MK = MSIé(F) for the invariants).

Recall the Bruhat-Tits tree T at p, whose vertices V = V(T) are the homothety
classes of Z,-lattices in (0112). Let L, := Zf) be the standard Z,-lattice in (0212, and set
Lo := L, ® pZ,. Write & = E(T) to denote the set of ordered edges and choose the
following orientation & = £* LI £7: write V* (resp. V™) to denote the set of those
vertices v such that the distance d(v, v.) is even (resp. odd), where v, := [L,]; define
E™ (resp. £7) to be the set of those edges e with source s(e) € V* (resp. s(e) € V7).

We denote by Cy(E,V) (resp. C(V,V)) the space of maps ¢ : € =V such that
c(e) = —c(e) (resp. C(V,V) the set of all maps c: V — V). The set of harmonic
cocycles Cp, (€, V) is defined by the following exact sequence (see [13, Lemma 24]
for the right exactness):

(2.3) 0 — Char(E,V) = Cy(E,V) B2 C(V,V) =0
pQ)() =Y cle).
s(e)=v
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It will be also useful to consider the following exact sequence:
(2.4) 0 - Vv - evv) L e vy o o0
(0%c)(e) = c(s(e)) —c(t(e)).

Let F,/Q), be any complete local field. Let Ax_,(IP'(Qp)) := Ax—o(P'(Qy), Fp)
denote the space of F,-valued locally analytic functions on @, with a pole of order
at most k — 2 at co. The same formula ([Z.I) endows it with a GlL,(Q)-module
structure. This space sits in the following exact sequence

0 = Piy = A a(P(Q)) = Ara(P'(Q))/Py_y — 0.

Define the spaces Df_,(P'(Q)), Di—»(P'(Q))) and Vi, by taking the (continu-
ous) F,-dual exact sequence

0 — D)_,(P1(Q))) — D_>(P'(Q,)) = Vi_y — 0.

It will also be convenient to consider the subspace ﬂsz(JP’l (Qp)) C Dk,z(]P’l((Olp))
of bounded distributions, i.e., those y for which there is a constant A such that, for
alli >0,j>0,andalla € Z,,

lu((x — a)'la+ piz,)| < pA=Ii=1=k2),

We recall that there is a standard basis for the topology on IP'((Q),) obtained from
the open compact subsets U, C P'(Q),) corresponding to the ends of T originating
from e.

Note that with the only possible exception of S, the above spaces are endowed
with an action by the full group GI,(Q). Hence the matrix W, = ( o (1)) acts
on these spaces; furthermore, since it normalizes the groups of the form I'g(N), the
cohomology groups H'(I'4(N), —) are endowed with a natural W, -action. Suppose
that V is a characteristic # 2 vector space endowed with a W,-action (the char-
acteristic will be 0 in our applications): we denote by V¥ the direct summand of
V =V"® V™ onwhich Wy, =we, € {£1}.

We recall that there is a GILJ (Q))-equivariant map

(2.5) I :SopC— MSk((C)

Tf{x — yH(P) :=27i /7 f(2)P(z,1)dz € C.

The composition of this morphism with the boundary map § arising from the exact
sequence by taking the I'g(IN)-invariants identifies Sx(I'g(N)) ®g C with the
image of H!(I'o(N), Vk_2(C)) in the group H'(T'o(N), Vi—»(C)), usually called the
parabolic cohomology subgroup Hé (T'o(N), Vi_»(C)). The identification

ar

(2.6) Sol_ : S(To(N)) ®r C 5 HY, (To(N), Vi_2(C))

par
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is called the Eichler—Shimura isomorphism. Since V_; is an irreducible I'g(N)-
module (in light of the assumption k > 2, see for example [14, 6.1 Lemma 2]),
the following sequence is exact by definition of the parabolic cohomology and Hecke
equivariant:

(2.7) 0= BSE ) (€) = MSF, ) (€) = Hl (To(N), Vi_2(C)) — 0.

par

More generally we define H!, (G, V) := §(M8s(V)).

par
We recall the following theorem of Shimura.

Proposition 2.1 If f is new of level N, there exist complex periods ij € Csuch that
+ £\—-17£ k&
I7 = Q)77 € M8 (Ky)
The periods Qf can be chosen such that pQ " = (f, f)k.

Once we make the choice of asign wo, € {£1}, weset Q¢ := QY= and I := I}>.
. . . ) f f
As in the introduction we let k) > 2 be a fixed even weight and set for shortness
n:i=ky—2,m:=n/2=(kg—2)/2.

2.1 Decomposition into Eisenstein and Cuspidal Parts
Whenever M is a Ty-module, we say that it admits an Eisenstein/cuspidal decompo-
sition if there exists a Hecke operator T; for some I { N such that:
(a) we can write M = M*® & M
(b) the operator t; :== T; — I¥"! — 1 is zero on M€ and is invertible on M¢.

The following lemmas are easily established.

Lemma 2.2 Whenever M = M @ M° admits an Eisenstein/cuspidal decomposition,
M* C M with x = e, c is a Ty-submodule, and furthermore the decomposition is
unique.

Let M, (resp. M) be a Ty-module (resp. Tp-module). If f: My — M, is a Hecke
equivariant morphism (i.e., a morphism such that T)f = fT) for every 1 t MN) and
there exists T; with 1 1 MN such that the properties (a) and (b) are satisfied by M, and
M,

f=71af: M &M - M &M with {*: M — M; forx =e,c.
In particular
ker(f) = ker(f*) @ ker(f°) and coker(f) = coker(f¢) & coker(f*)

admit an Eisenstein/cuspidal decomposition.

Lemma 2.3 Suppose that we are given an exact sequence
0—+E—-M—->C—0

of Hecke modules such that t; = 0 on E and is invertible on C. Then there exists a unique
Hecke equivariant section C — M, M = M*® @& M¢ admitting an Eisenstein/cuspidal
decomposition, M® = E and M = C.
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We are now going to describe the Eisenstein/cuspidal decompositions of some
spaces that will be of interest to us. Recall the groups I'g(M), I'g(pM), and I from
the introduction.

Eisenstein/Cuspidal Decomposition of M8, (V,,), MSr, o (Vy), and
M8r(Char(€, V)

The exact sequence (Z.7) endows MSr ) (V,) and M8y ,u(V,) with Eisen-
stein/cuspidal decompositions in light of Lemma 2.3t indeed in [I9} Section 7.2] a
careful study of the action of the Hecke operators on BSr,)(V,) shows the exis-
tence of I such that t; = 0 on B8y ) (V,) and BSr,,ar(Vy,); on the other hand,
by the Ramanujan—Petersson conjecture proved by Deligne, this Hecke operator is

invertible on le)ar(Fo (N),V,).

Taking the T'-invariants from the exact sequence (23] with V.= M8" (and using
Shapiro’s Lemma) gives the commutative diagram
(2.8)

0 — Char(&, ME(V,))" —— Co(, M8(V,)))" —— C(V, M8(V,,))"

0 —— MS}EﬁPM)(Vn) ———— MS8r(pm)(Vi) — MS8r ) (V)

where MS??? o) (V) is by definition the image of Char (€, MS(V,)! under Shapiro’s
isomorphism. The lower right arrow can be described explicitly in terms of corestric-
tion as in [[13} Section 3.2]. Thanks to Lemma[2.2]we can endow M8 (Cpa (€, V,)) =
Char(€, MS8(V,,))F with a natural Eisenstein/cupidal decomposition.

Remark 2.4 Let T := Tg;lnew be the p-new quotient of the Hecke algebra
Tym. It follows from Lemma and the Eichler-Shimura isomorphism (2.6) that
MSEr(Char (€, V,(F)))F is a free rank two module over Tr := T ®( F.

Eisenstein/Cuspidal Decomposition of MSr(V,), H'(I', MS(V,)) and H,(T", A’ ® P,)

Sequence (2.4) (together with Shapiro’s Lemma) produces the long exact sequence
(2.9) 0— MSI‘(Vn) — MSFO(M)(Vn)Z — MSTO(pM)(Vn)

O HY(D, MS(V,)) — 0,

where the zero on the right is a consequence of H!(I'yo(M), M8(V,,)) = 0 (see [19
Section 7.1]). Thanks to Lemma 2.2l we can endow MS8r(V,,) and H'(I", M8(V,,))
with an Eisenstein/cuspidal decomposition. It follows that

H\(T,A’®P,) = H' (T, M8(V,))"

is naturally endowed with a cuspidal decomposition too.
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Eisenstein/Cuspidal Decomposition of H'(I', Hom(P,, V))

The groups H'(G, V,,) with G = T'4(N), T'¢(pN) have an Eisenstein/cuspidal decom-
position. The long exact sequence obtained from (2.4]) and Shapiro’s Lemma gives
HY(T",V,,) an Eisenstein/cuspidal decomposition too. Let V be a finite dimensional
vector space endowed with the trivial I'-action. By the universal coefficient theorem

Hl(F7H0m(Pn7V)) = Hl(l“,vn) ®V7

and the Eisenstein/cuspidal decomposition on H!(T", V,,) induces an Eisenstein/cusp-
idal decomposition on H'(I', Hom(P,,, V)).

Lemma 2.5 We have H' (', Hom(P,, V))° = Hp,(I', Hom(P,,, V)) = 0.
Proof The claim is reduced V = K, and we may apply [23} Lemma 3.10]. ]

Taking the cuspidal parts from the exact sequence (2.9) and applying Lemma[2.2]
we get the exact sequence

0 — MSr(V,))" = MSrya) (V)™ — MSry(pany (V)¢
I HY(D, MS(V,))¢ — 0.

Lemma 2.6 The boundary map & restricts to give an isomorphism:

~

56 MSE 1 (V,)° 5 H'(T, MS(V,))“.

Proof The proofis analogous to [23} Lemma 2.9] ]

2.2 p-adic Integration Theory

Until the end of this section we fix a complete field extension F, / Qp, and we will
work over this field. Consider the natural map

R: DY (P'(Qy)) = Char(€,V,)
R(p)e(P) := p(Pxu,)-
It induces a map

R: MS( DO (PHQ,)) ) — MS(Char(E, V) = Char (€, MS(V,)).
(2h(r'

Write T', \I' = | |,c¢ I'e, Ve> where 7.e = e, and e, is the unique positive oriented
edge whose stabilizer in " is I',, = I'¢(pM). Whenever V is a I',, -module endowed
with a (possibly infinite) norm | - |, define the following norm on Cy(&, V):

llc]l == sup |y.c(e)] € RU oco.
ec&*

The above definition does not depend on the choice of coset representatives.
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Lemma 2.7 Taking the invariants, the Shapiro isomorphism

Co(&, V)l ~ Vle

c— cley)

respects the norms || - || and | - |.

Proof The I'-module identification Cy(&, V) = C(ET, V) respects the norms defined
on the right-hand side by the same formula. Then C(E*, V) is identified with the
induced module Indlrau V. Mapping v to ¢’ (e) := , 'e gives an explicit inverse to the
Shapiro isomorphism.* The claim easily follows from the definition of the norms. W

Proposition 2.8 Taking I'-invariants yields an isomorphism
MSp (DY (PH(Qp))) = MSr(Char(€, Vi) = Char (€, MS(V,))".

Proof Let|-|bea (finite) I',, -invariant norm on V,, that must exist, since V,, is finite
dimensional and I',, C GlL;(L,) is contained in a compact subgroup of GIL,(Q,).
Endow Cy(&,V,,) with the same norm || - || considered in Lemma[Z.7} Let C5(€,V,)
(resp. Gﬁar(ﬁ, V,,)) be the subspace of those elements of Cy(E, V,,) (resp. Cpar (€, V,))
having a finite norm.

Consider the I'-modules

Hom(A?, €, (&,V,)) = C.(& Hom(A°, V,)) with *+ = 0, har,

Define on Hom(A, V,)) a norm by the formula

|m|" == sup |m(x—y)|

xy€EP(Q)
Note that the above formula defines a I, -invariant norm on Hom(D, V), since the
norm on V, was I, -invariant. Furthermore, taking the I, -invariants we see that

the above norm is finite on Homr, (A% V,). Indeed for every v € T,_, thanks to the
I',, -invariance of the norm on V,,, we have

im(y"'x =7 y)| = [ym(y T x =) = [(ym)(x = y);
hence, whenever m € Homr, (A% V,), the sup can be taken over all a set of repre-

sentatives for the set of I',, -equivalence classes of P!(Q). Thanks to Lemma 2.7l we
also know that setting

[m|" := sup |y.m(e)|’
ec&r

defines a finite norm on Gy (&, Hom(A°, V,,))T', and hence also on the subset

HomF(AO; ehar(gavn)) C HOITIF(AO, GO(S;VH)) .
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Making explicit the definition of the above norms, we see that

|[m||” := sup |yem(e)]’ = sup |(yem(e))(x — y)|

ec&T ecE”
x,y€P(Qy)
= sup  |rem(e)(y, 'x =7 )= sup  [rem(e)(x — y)|
ecE" ecE"
xy€P (@) xy€P (@)

must be finite on Cp, (€, M8(V,,)). In particular, for every x, y € P'(Q) and m €
Homp (A°, Char (€, V,)), we find

[Im(x = y)|l = sup [yem(e)(x — y)| < [|m]|" < cc.
ecEt

In other words, for every x,y € lP’l((Olp), we have m(x — y) € (?}blar(E, V.,.), so that
the natural inclusion of Homp(A°, €2 (€,V,)) in Homp(A®, Chyr(€,V,)) is really
an identity

(2.10) Homp (A°, €h,.(E,V,)) = Homp (A°, Char(E, V).

By a theorem of Amice—Velu—Teitelbaum (see [12]] for the apropriate formulation)
the morphism R restricts to give an isomorphism D%t (P! (Qp)) ~ et (&,V,), and

har

the claim follows from (2.10). [ |

Recall our fixed working field F,, and let Fg := F, N(Q," be the maximal absolutely

unramified subfield of F,. Write Divo(}C;r) (resp. Div(ﬂ-(;r)) to denote the degree
zero divisors (resp. the divisors) supported on Q" — (), that are fixed by the action
of the Galois group GQ;r /-

Definition 2.9 Define pairings

(A° @ Div(3) @ P,) & MS(Dy(P1(@y) ) — F
—-NRMNH-TPRu+— / ZPwifg{r—H}
(A° @ Div(3,) @ P,) @ MS(D(P1(Qy) ) = F

T2
—1NR(M—T)QPRurr / owfd{r% s},
T1

N T2

log .
/ / Puw,®
roJn

/TS / Puti= ) / P(t)du{r — s} ().

e: red(r;)—red(r;) U(e)

where

t—1
lo P(t)du{r — s}(t)
‘4»1 (Qp) gP( t — T1 ) { }

and
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Since the pairings are I'-invariant, they give pairings
s, s (A @ DIV(3G) @ Py) @ MSe (D (P1(@y)) ) — F.
Hence there are two morphisms
e, 0o (A% @ Div'(36) @ Py) - — MSp (Dh(P(y) ) '
From now on we will identify, via Proposition 2.8
MS = MSp ( Dy (P1(@y)) ) = MSp(Char(€, V).
Consider the exact sequence
0— A’ @Div'(H)) © P, — A’ @ Div(H}) @ P, = A°®@P, = 0,
yielding the boundary map
Hi (I, A’ © P,) % (A @ Div'(33) @ P,)r.

Recall that we have introduced Eisenstein/cuspidal decompositions on both
H,(T', A’ ® P,)) and MS. Let p° be the projection onto the cuspidal part of MS".

Theorem 2.10 The morphism
pco \Ilgrd =p‘o U4 9: H(I, A’ @ P,) — MS“"
is surjective and induces an isomorphism
Hy(T, A’ @ P,)" —s MS“".

Proof The proof is the same as [23] Theorem 3.11] with obvious modifications and
Lemmal[2.6]in place of [23} Lemma 2.9]. [ |

Definition 2.11 The morphisms
98, ¢ : (A® @ Div'(H}) @ P,)r — MS™Y
are by definition ®* := p, o U* with *x = log, ord.

The above theorem allows us to define the Orton £-invariant.

Corollary 2.12 There exists a unique £ € Endqr% (MS®Y) such that
P80 =Lod0d: H(,A@P,) — MS*".

Proof The corollary can be deduced from Theorem [2.I0] exactly as [23, Corol-
lary 3.13] is deduced from [23}, Theorem 3.11]. [ |

https://doi.org/10.4153/CJM-2011-076-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-076-8

1136 M. A. Seveso

2.3 The Monodromy Module of Weight k, Modular Forms

Choose a sign wo, and set
D = D"> := MS“V">~ @ MS* e,

Note that D is a free rank two module over T, by Remark 2.4l
Define
$:= -9 5 &: (A @ DivVI(HY) @ P,) . — D.

According to Corollary[2.12]and Theorem 2.10]
(2.11) Fhi= {(=Lx,x) : x € MSV"> } = §(® 0 9)

is a free rank one Tr,-submodule.
Let o be the absolute Frobenius automorphism of Fg. Write

D(F)) := MS“"">= (F))?.
Then we can consider the o-linear automorphism op := 1 ® ¢ on
D(F)) = D(Q) ®q, F).

We define a structure of filtered Frobenius module over F,, on D as follows.
(a) The filtration is

D=FDOF =...=F12>F =y,

Frtt = {(—Lx, X):x € MSC"V’W""}7 form := (k—2)/2.

(b) The Frobenius operator ¢ is defined on D(Fg) by the equation ¢ = U, ® op &
pU, ® op, i.e,
So(xa )/) = (UPUD(x)7 PUpUD(}’)> .

(¢) The monodromy operator N is defined on D(Fg) by the rule N(x, y) = (y,0).

It is easily checked that the above conditions do indeed define a filtered Frobenius
module structure on D, defined over Q) if we have taken F, = Q,. The filtered
Frobenius module D over F,, is indeed obtained from the one over ), by base change
from MFq, (¢, N) to MFg, (¢, N). Since the Hecke algebra T is commutative, every
element of this ring commutes with o and N. Furthermore, F"*! C D is a (rank
one) T, -submodule. Indeed, D is a rank two Tf@lp-monodromy module over F,,.

Let f € S(I'o(pM)) be a normalized p-new weight k eigenform. Denote by I}V*”" €
MSIEO(M)(K 7) the modular symbol attached to the choice of the sign w,, that was
chosen to define D, appropriately normalized by means of Proposition 2.1l Let K|
be the composition of the fields K-, where f” is the modular form obtained from
f by applying the automorphism ¢ € G to the Fourier coefficients of f. Up to
extending F, we can fix an embedding K{s} C F,.
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Let
CWoo ,__ Woo C,Woo
MSf = Fpr — MS

be the f-eigencomponent of MS“"= on which the Hecke algebra acts through
(2.12) T — Ky CF,.

Write
MS["f]“’ = @ MSf’U <,

Note that the above sum can be indexed by the [K; : Q] embeddings of K; in Q. The
inclusion MS[ /> C MS“"> gives rise to a morphism

eif1: D— Dy,

where we define

o &V, Woo C,V Weo
Dis = MS[f] (&5) MS[f] .

We also note that D5} = @@, D, where Dy is similarly defined.
Hence we can consider

. ar o e
(I)[f]; (AO ® DIVO(}CP ) ® P”)F — D — D[f].

Since MS{/j> C MS“" isa Hecke submodule, setting F'j! := e[ (F"*"), it is easily
checked that Dy gets a structure of filtered F,-vector space with multiplication by
K ® Q). The same remark applies to D, the Hecke algebra acting though (2.12)). In
this way

(2.13) D = @Dy

is a decomposition of filtered F,-vector spaces endowed with multiplication by the
Hecke algebra.

We write L) € Endy, (MS%‘”) (resp. Lf € Endqr% (MS?W“)) to denote the
L-invariant corresponding to the modular form f (of course depending a priori on
the choice of wy,), i.e., the image of £ acting on MSf’fV]Voo (resp. MS;’W‘”). It is also
characterized by exploiting a property similar to the one in Corollary [2.12] (see [23}
Section 4.3] for details). We have £ € Ky ® Q, and Ly € F, is its image under
(2.12). Then we have

FF}J]rI = {(—me, Xx):x € MSE’J(\]/’WOO} - D[f],

Fitt = {(=Lyx,x) 1 x € MS?‘V’W*} C Dy.

Remark 2.13 Indeed, Dy has a natural Q),-structure compatible that can be used
to define on Dy the structure of a Ky ® (),-monodromy module over ), i.e., we
could have taken F;, = Q). In this way e| ;) becomes an epimorphism in MFr, (¢, N)
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On the other hand Dy is only defined when K¢ C F,. Assuming K|y} C F,, the
decomposition (2.13)) of filtered F,-vector spaces endowed with multiplication by the
Hecke algebra produces a decomposition

(2.14) D /Fii' = @Dy /FiH

of the tangent space of Dy) € MFg, (¢, N). The Hecke algebra acts through (2.12)
on the f-component.

We can also consider

e
() (A° @ DIV (HY) © P,)p 5 D/ 25 Dy /F™,

C,Woo

The same construction holds for the inclusion MS C MS“"> and produces
the analogous morphisms ®;. We will write e; to denote the projection onto the
f-component.

2.4 The p-adic Abel-Jacobi Maps in the Darmon Setting

Consider the exact sequence
- — Hi(D, A° @ Div’(H3") @ P,) — Hi([', A° @ Div(3)') ® P,)
— H(A'@P,) — -
obtained from the short exact sequence
0— A’ @Div’(H})") © P, = A” @ Div(H}) @ P, = A°® P, — 0.

Let V be any F,-vector space, regarded as a trivial I'-module. The application of
Hom(—, V) produces the exact sequence

(2.15) Hom( (A"® Pn)p,V) — Hom((A0 ® DiV(j‘f;r) ® Pn)r,V) —
Hom ((A° ® Div’(3}") ® P,)r, V) — Hom(H,(I', A° @ P,,), V)

It is convenient to give the following definition.

Definition 2.14 A V-valued definite integration theory is an element
@ € Hom ( (A" @ Di'(H) @ P,) 1, V).
A V-valued semidefinite integration theory lifting ® is an element

" € Hom (A" @ Div(3y) & P,) 1, V)
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such that the image via the middle arrow of 2.19) is ®. One can also define the
notion of V-valued, positive oriented, definite integration theory and the notion of
V-valued, positive oriented, semidefinite integration theory by means of the exact
sequence

(2.16) 0-A"® DivO(J{;”) ®P, = A’ @ Div(H} ") @ P, = A°@ P, — 0,
where 9{;” denotes the subset of those 7 € I whose reduction red(7) € V*.

In particular we can consider the D/F™*!-valued integration theory obtained by
® followed by the projection onto the quotient D/F™*1, that we will denote again by
the same symbol by abuse of notation:

®: (A° @ Div'(H)) @ P,)r — D/F"™.

Definition 2.15 A p-adic Abel-Jacobi map (in the Darmon setting) is any D/F™*!1-
valued semidefinite integration theory lifting the above integration theory ® (even-
tually positive oriented).

Proposition 2.16 There exists a D/F™'-valued semidefinite integration theory ®*/
lifting the D/F™'-valued integration theory ®. In particular the restriction of ®*
to (A ® Div(3}"*) @ P,,)r provides a D/F™'-valued positive oriented semidefinite
integration theory lifting the restriction of ® to the group (A’ ® Divo(ﬂ{;”) ® P,)r.

Proof The claim follows from (2.13) specialized to V = D/F™*!, in light of (Z.11).
|

Remark 2.17 One of the main differences with the weight 2 setting, as well as
with the cohomological approach followed in [23], is in the lack of uniqueness of
a semidefinite integration theory. In fact, note that two different liftings differ by an
element of

Hom((A° ® P,)r, V),

as follows from the exactness of (2.19). In any case we will be able to define the p-adic
Abel-Jacobi image of the Darmon cycles jy € (A’ ® Div(3") ® P,)r by showing
that ®4/(jy) does not depend on the choice of the p-adic Abel-Jacobi map ®*/ (see
Proposition 2.22]).

2.5 Darmon Cycles

Let K/Q be a real quadratic field of discriminant Dg and recall our factorization
N = pM. We make the following assumption.

Assumption 2.18 (Darmon hypothesis) The prime p is inert in K, while the primes
dividing M are split.

Choose embeddings 0: K — Rand o,,: K — K, that we will use to regard K like
a subfield of both R and the quadratic unramified extension Q> / Q,. In particular
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the inequalities involving < make sense between elements of K, and we can consider
H,(K) := H, N K. We may also view \/Dx € K, via 0,. We denote by Emb =
Emb(K, M;(Q))) the set of all the () -algebra embeddings of K into M, (Q)). Whenever
O is a Z[1/p]-order of conductor ¢ prime to DxgN we also denote by Emb(O, R) the
set of Z[1/p]-embeddings of O into our fixed Eichler Z[1/p]-order R. Define the
Z[1/p]-order associated with ¥ € Emb as being Oy := ¥~ !(R), so that for every
fixed Z[1/p]-order O as above Emb(O,R) C Emb is the subset of those ¥ € Emb
such that Oy = O. Attached to the embedding ¥ € Emb there are the following
data:

* the two fixed points 7y, Ty € I, for the action of W(K™) on 3{(,(K), ordered
in such a way that the action of K* on the tangent space at 7y is through the
character z — z/z;

¢ the unique fixed vertex vy € V for the action of W(K*) on 'V, which is nothing
but the reduction red(7y) = red(Ty);

e the unique polynomial up to sign Py in P,, which is fixed by the action of W(K*)
on P, @ det” ' and satisfies (Py, Py)p, = —Dx /4 (the pairing being defined as in
[5]), which we fix by the choice

Py := Tr(l’(@/Z) . ()1( f;)) € P,.

The other one is obtained replacing \/Dx /2 with —/Dx/2;
e the stabilizer I'y of ¥ in I', which is nothing but

Ty = U(K*)NT = T(OX),

where O; stands for the subgroup of O™ of norm 1 and O = Oy is the associated

order;

e the generator vy € I'y/{£1} ~ Z, which is the image vy := ¥(u) of the unique

generator of u € O such that o(u) > 1.

For each 7 € H,(K) := H, N K (use 0, to view K as a subfield of K,), we say
that 7 has positive orientation at p if red(7) € V*. We write U'C:;(K ) to denote the set
of positive oriented elements in J{,(K). We say that U € Emb™ C Emb has positive
orientation whenever vy € V*, ie, 7y, Ty € fH;(K ). It is possible to introduce the
notion of negative oriented embeddings and then we have Emb = Emb* LIEMb™. We
also denote by Emb* (O, R) the subset of positive oriented embeddings of conductor
¢. The group I' naturally acts on Emb by conjugation, preserving all the subsets we
introduced.

We note that the association ¥ — (7y, Py, yy) satisfies the following property
under the conjugation action by vy € T":

(217) (T')/\I/f\,_lv YUyl 7’»*117‘1) = (WT\IM ,VP\I/ = P\IJ’Y_lv ’77\1!’7_1)
Once we fix x € P1(Q), we can consider

j: Emb(0,R) — A’ @ Div(¥,) ® P,,

kp—2

j\Il = (’y\prx) X Ty ®D;TP$.
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Lemma 2.19 The image [ju] of ju in (A ® DiV(f}f;r) ® P,)r does not depend on
the choice of y € I'x that was made to define it. Furthermore it does not depend on the
choice of a representative of the class [V] of U in Emb, so that the above association gives
a well defined map

j: T\Emb(O,R) — (A’ @ Div(H}") © Py)r.

Proof The proof is easy. ]

The following remark on the property of the data attached to ¥ € Emb will be
useful later.

Remark 2.20 We have
(73, P, 75) = (Fu, —Py, 75 ).

Indeed the equality (73, Py) = (Tw, —Py) is clear. To see that vg = 7y Y simply
note that, since the norm of u is one, u~! = 7. Thus,

Vg = T(u)=0@) =Tl = 7\;1.
Definition 2.21 The Darmon cycle attached to the embedding V¥ is the element
[ju] € (A° @ Div(H}") @ P,)r,
also denoted by jy by abuse of notation.

The following proposition allows us to define the p-adic Abel-Jacobi image of the
Darmon cycles.

Proposition 2.22 For every ® € Hom((A® ® Div(H¥) ® P,)r, V), let &/ with
i = 1,2 be two V-valued indefinite integration theories lifting the integration theory ®.
Then we have

oV ([(wx—x)@7@P]) =8 ([(ax—x)@T®P]),
forany T € 3, and any P € K, Py. In particular,
(Ljnl) = 3’ (Ljw]) -
The same result holds for positive oriented V-valued integration theories.

Proof By Remark[2.17] CIJ‘{” - @?I belongs to Hom((A° ® P,)r, V). More explic-
itly, this simply means that we may write (&%) — ®}/) = A o 7 for some A €
Hom((A°®P,)r, V), where  is the quotient map with source (A°®Div(5{;“) ®P,)r

and target (A° ® P,,)r. In other words, for every x, y € P'(Q), 7 € XH, and every
P € Hom(P,,V),

W (x-porep) -0 (k-y)@TeP) = A= y@P).
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We will show that every element A € Hom((A° ® P,)r, V) satisfies
A((ypx —x) ® P) = 0 for P € K, Py,

from which the claim will follow in light of the above equality.
Consider the function

v — A((yx — x) ® —) € Hom(P,,, V).

It is a crossed homomorphism from I" to Hom(P,,, V), because V is endowed with
the trivial I'-action. Let c, be the class of ¢, in H(I', Hom(P,,, V)).
Consider the exact sequence (2.2])

0 — Hom(P,, V) — BS(Hom(P,,V)) — MS8(Hom(P,,V)) — 0.
We claim that ¢, = —0 A, where we regard A as an element of
Hom((A° ® P,)r, V) = Homp ((A° ® P,),V) = MSr(Hom(P,,V)),
and 0 is the boundary map arising from the above exact sequence. Once we will have
established this fact, the claim will follow from Lemma since then we will know

that c, = —6dA = 0. But this means that there exists A € Hom(P,, V) such that
OA = ¢, i.e, foreveryy € I"and every P € Py,

A((yx —x) ® P) = cx(7)(P) = A(y~'P) — A(P).
But (Z.17) implies that K,P C PL¥; evaluating at yyx — x ® P with P € K, Py gives
A(ygx —x®P) =0.
Hence it remains to prove the equality ¢, = —dA. By definition, dA is obtained

choosing an element Ac BS(Hom(P,, V)) such that ﬁ(x —y) = A(x—y) for every
degree zero divisor x — y and then noticing that

vy yA— A= (yA)(y) — A(y)
= Ay ')y ') — A(y)(—) € Hom(P,, V)

is a constant function, independent of the choice of the divisor y at which to evaluate
it. Taking y = ~yx for any given +, we find that the above cocycle is

v AX)(y7'=) = A(yx)(—) € Hom(P,, V).
On the other hand, up to the identification

Hom(A°? ® P,,, V) = M8(Hom(P,,,V)),

c(N(P) = A(yx — x)(P) = A(yx)(P) — A(x)(P).
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Hence the sum ¢, + dA to be considered is
A(yx)(P) — A)(P) + Ax) (v 'P) — A(yx)(P) = A(x)(y~'P) — A(x)(P),

and we have to show that this is a coboundary.

But now a coboundary in HY(I', Hom(P,,, V)) is of the form v — A — A with
A € Hom(P,,V), ie, (OA)(y)(P) = A(y~'P) — A(P). We can now take A =
A(x)(—) € Hom(P,, V) so that

BAX)(=NMNP) = A)(y'P) — Ax)(P).

The same proof applies for positive oriented V-valued integration theories, ex-
ploiting the long exact sequence obtained from in place of (2.15). ]

Now we are in the position to define the p-adic Abel-Jacobi image of the Darmon
cycles.

Definition 2.23 The p-adic Abel-Jacobi image of the Darmon cycle attached to the
embedding U is the element

oY (jy) = @Y([ju]) € D/F™,
where ®4/ is any p-adic Abel-Jacobi map.

As in [10] the set T\ Emb* (O, R) is naturally endowed with an action by the (nar-
row) Picard group Pic*(0) attached to the order O. The class field theory identifies
canonically Pic*(0) with the Galois group over K of the narrow ring class field Hg;.

rec: Pict(0) S Gu, k-
In this way Gy /k acts on \Emb* (O, R).

Remark 2.24 As in [10} after Lemma 5.7] it is possible to introduce the notion of
oriented embeddings Emb™ (O, R) by fixing a homomorphism

2: 0= Z/MZ.

Then T preserves Emb™(O,R) so that it makes sense to consider the quotient
T\Emb*™ (O, R), and this set becomes a torsor under the action of Pic*(0). Fur-
thermore, the Atkin—Lehner involution W at the primes dividing I° || M transitively
permutes the possible orientations, while the Atkin—Lehner involution W, reverses
the orientation at p.

Let x: Guy/x — C* be a character. It is convenient to introduce the following
linear combination:

(2.18) =) xTH0)jew € (A’ ® Div(Hy) @ P,)Y.

UEGHB/K
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3 Review of the p-adic Abel-Jacobi Map in the Darmon Setting

Consider the following commutative diagram:

0]
(3.1) (A° @ Div’(H¥) @ P,)p — D/F"*!

|

log ®
(A @ Div"(HU) @ P,)r — MS™Y¥e

where:
e f(x,y) = —x — Ly, which is easily checked to be well defined, i.e., f(F"*) = 0,
and is an isomorphism;
e log® := @8 — LPord,
Note also that, by Corollary[2.12}
log®od = (8 — L) 0§ =0,

a fact that can also be deduced by the commutativity of the diagram and the equality
® 0 0 = 0. Since f is an isomorphism we can identify ® and log ®. It is clear that
the above discussion applies to Dy} or Dy when f is a modular form. Hence we will
write log @y = e o log ®.

We will use the following notation for the branches of p-adic logarithm. We let
log, be the branch of the p-adic logarithm such that log,(p) = 0, and for every
A € F, welet

log, :=log, —Aord,: F — F,
be the branch of the p-adic logarithm such that log, (p) = —A.

Note that the definition of the monodromy module D, as well as ®, depends in
a crucial way on the choice of a branch of the p-adic logarithm, since ®'°¢ depends
on this choice. Write ®'°%,£*, ®*, and log ®* to emphasize the dependence on this
choice. The dependence on A appears in D in the definition of the filtration, so that
we write Fi'*L,

Proposition 3.1 Forevery A\ € F,,
@b% = @% — A0 ¢ Hom( (A" ® DV'(HG) @ P,) 1, MS™ "~ ).

Proof We need to evaluate 15\ (x — y ® 7, — 71 @ P) at m € MS“V""* in order to
prove the proposition. By definition:

/ log, ( ll: — ) P(t)dm{x — y}(t) =

P1(Qy) -7

/ log, ("~ 2)P(t)dm{x — y}(¢)
PL(Qy)

t—m

tf

Y / ord,(—2)P(t)dm{x — y}(t).
]P)l«olp) t T1
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Thus we need to check the formula

t —
/ ord,(
PL(Q,) t—

The proof of [[6, Lemma 2.5] gives the claim. ]

) _
2Pz -y} = /U POtz = 7))

e: v —1

Lemma 3.2 Forevery A € Fp, L% = L0 — \.

Proof Proposition[3.Ilimplies, in light of Corollary 212

L)\chordoa:q)logkoa:q)log(joa_)\q)ordoa
:Looq)ordoa_)\q)ordoa
:(LO_)\)oq)ordoa,

the equality taking place in Hom(H, (I', A° ® P,,)), MS“"""*>). Now the claim follows
from Theorem[2.10] arguing as in Corollary[ 212 [ |

Suppose that in diagram (3.I) we have chosen the standard branch log, of the
p-adic logarithm. Choosing a different branch log, of the p-adic logarithm we find,
thanks to Proposition[3.1land Lemma[3.2]
© )= —x— (LN
e log®* = @lsr — £APOd = Jog PO,

In particular we see that log ®* does not depend on the choice of a branch of the
p-adic logarithm.

Assume now that f is a new modular form. We have £ ¢, and

,C[f] S Endqr% (MSE'f\]/’W“")

C!WOO

acts diagonally via the matrix diag(£L - : o) on MS; ;> with respect to the decompo-
sition (Z14). Choosing the branch of the p-adic logarithm \ = L(} so that L} =0,
the above expressions simplify and become

* ey =-—x%

N 0 _ A _ plos
log ®% = log @ =7

Also recall that £ is an isomorphism.

Proposition 3.3 Let f € S, (I'o(N)) be a new modular form. Then the D f/F(’)”“-
valued integration theory CIJ(} is equivalent via f° to the MS?W"" -valued integration the-
ory

log .0

0 _ £7
log @ =, .
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4 Families of Modular Forms and Families of Modular Symbols

LetW := Homwm(Z; , Giy) be the weight space, viewed as a rigid analytic space over
@, and suppose for simplicity that p # 2. The integers Z are embedded in W by
sending the integer k to the function t ~ t*~2. Note that this normalization follows
[2] but not [4], where the integer k is sent to the function ¢ +— . fU ¢ Wis
an open affinoid defined over the local field K, every k € U(K,) can be uniquely
written as a product k() = () x(¢)(t)*, where e: Z;; — K; is a character of order
p—1, x:Z; — K; is a character of order p, and s € Og,. We can uniquely
write every element of Z; as a product t = [¢](t), where [t] € p,_1, the group of
p — l-roots of unity, and (t) € 1+ pZ,. With our normalization an integer k € U
corresponds to the character k(t) = [t]*"2(t)¥=2, i, e(t) = [t]*72, x = 1, and
s = k — 2. In general, up to shrinking U in a neighbourhood of ky € Z, we can
assume £(t) = [t]*~% and y = 1 for every x € U(K,), so that x(t) = [t]*2(¢)*. In

this case we also set (r/2)(f) := [t] hr (t)3. Then we define, for every o € (Oz}’,"’X ,

<O¢>H7k0 — <a>sfko+2 —_ exp((S —ko+2) IOgO(Oé)) )

<a>ni'{/271 — <a>/§7k0(<oé> 3 )_1<O¢>Ty

Note that the first two expressions make sense for every x € U, since (@) € 1+
pOqy and log(a) € pOqy (since p # 2 the exponential converges in pOc,); thze
subsequent two expressions are defined using the other two, i.e., (=)' and a 7
have the obvious meaning.

We fix the following notation to be in force for the rest of this paper. We let W :=
(0212) — {0} be the set of non-zero vectors in (01}2, and consider the natural continuous
(for the p-adic topologies) projection

W — ]P’l((Olp)
w((x,y)) = x/y.

For any Z,-lattice L in Q}, we denote by L” := L — pL the set of primitive vectors
of L and we write |L| := p°%(4tB) for B any 7, -basis of L. Recall that we let L, := z
be the standard Z,-lattice in (Olf, and we set Lo, := Z, ® p’Z,. Recall the Bruhat-Tits
tree T whose set of oriented edges we denoted by € = (7). If e € &, let Ly, and Ly()
be lattices whose homothety classes represent the source and the target of e, chosen
in such a way that Ly, D Ly with index p. To the edge e we associate the open
compact subsets W, C W and U, C P! (Qy), defined by the rules

We:=L{,NLy, and U, :=m(W,).

We remark that W, depends on the choices of Ly, and Ly(), so that W, is well defined
(as a function of e) up to multiplication by elements of (). On the other hand
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U, is well defined and in fact it is the set of ends originating from e, when making
the canonical identification £°(T) = IP'(Q),) between ends of T and P'(Q)). In
particular we recall that these subsets U, form a basis for the p-adic topology of
P'(Q,). We write Woo = L, N L. to denote the set W, obtained from the edge
oo = (Vy, Voo ), Where v, = [Ly] and voo = [Loo].

For every open compact subset X C (02; or X C PY(Q), write A(X) for the
Qp-space of locally analytic functions on X, as defined in [4} Sec. 2]. Denote by
D(X) := Homeen (A(X), Q) the continuous (),-dual space, called the space of lo-
cally analytic distributions on X. As usual, for any x € D(X) and F € A(X), we write
Jx Fdyu to denote the value of 1. at F; then it is clear what we mean by [, Fdy for any
open compact subset Y C X.

We let GIL,(Q) act on the left on (0212) by viewing elements of (Ol; as column vectors.
There is an induced action on W and T as well as an induced action of the subgroup
GlL>(Z,) on L.; the action of the scalar matrices Z? on W preserves the set L’ for any
lattice L and will be denoted as #(x, y) = (tx,ty).

It follows that A(L}) is endowed with a right GIL,(Z,)-action, and its continuous
dual D := D(L}) is endowed with a natural left GlL,(Z,)-action. Denote by R :=
D(Z,) the space of locally analytic distributions on Z; .

There is a natural R-module structure on D,

RxD —=D(r,u) — ru,

defined by the formula

/ F(x, y)d(ru)(x, y) ::/ (/ F(tx, ty)du(x,y)) dr(t).
L! 7y ML

Fix an integer k > 0 and let U C ‘W be an affinoid disk such that k € U, de-
fined over a finite extension K, of (),. We can define a structure of R-algebra on the
K,-affinoid algebra A(U) of U by means of the formula

T {Iﬁ — /ZX /i(t)dr(t)} .

We denote by Dy := A(U)&gD the completed tensor product over R. Now fix
any £ € U and define, for any 7, -stable open compact X C (Olf,:

AW(X) == {F € A(X) : F(tx,ty) = k(t)F(x, y) forall t € Z)'}.

In [4} Section 3] it is explained how to define a continuous R-bilinear map
/ t AY(X) x Dy — K,
X

that we denote [, F(x, y)dpy .
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For every integer n € 7 we will also be interested in the subspace A"(W) C
A" (W) consisting of those functions F € A" (W) such that F(px, py) = p"F(x, y).

Finally note that for every homogeneous function F € A (W) of degree n, we
can consider the locally analytic function on P'(Q),) with a pole of order at most n
at 0o defined by the rule F(t) := F(t, 1). Conversely, given a locally analytic function
on ]P’l((Olp) with a pole of order at most # at co, we can consider the homogeneous
function of degree n defined by F(x, y) := y"F(x/y). In this way we establish a
GlL,-equivariant bijection between these spaces. The space P,, with the action pre-
viously considered, corresponds to the space of homogeneous polynomials of degree
n, and we will denote again by P = P(x, y) the polynomial attached to P = P(t).

Lemma 4.1 Forallo € (OZZ"X, k€U,andt € 7,

. (0} = KO )y
o (ta) T = (k)2 T (@) T

. <to¢>fc—f£/2—1 — K./(t)(ﬁ.//z)—l(t)<a>f€—,‘{/2—l;
o (ta)P1 = (k/2) (1) ()2

Furthermore, for every k € Z.N U and for every o € Z;;, we have

° <a>k—ko — ak—ko;
k—ky k—kq

. <a>T = z 5
o (a)kR2mT = ghok/2-
. <a>k/271 _ ak/271.

Suppose that X C L., is an open compact subset preserved by the action of Z,; . When-
ever p € Dy, P € P, and a, B € A(X) satisfy a(tx) = ta(x) and B(tx) = t5(x), it
makes sense to consider the following functions on U:

K= M(P<04>K’7k°Xx) )
k= p(Pl) 7 (8) T xx)
ks ()2 By 2 ).

These functions are analytic.

K—k

Proof One first has to check the homogeneity properties of ()" % and (o) 7,
and then use their properties to check those of (a)*~*/2~! and (a)*/>~!. The second
statement follows from the fact that, whenever k(t) = [t]¥~2(t)*~2 is an integer in
U, we can assume [t]*=2 = [t]*~2, so that k = k, mod (p — 1). It follows that
[a]*% = 1 whenever o € Z%, and then

<a>k7k0 — <a>k727k0+2 _ <a>k7k0 _ <a>k7k0[oé]k7ko _ akfko'
The claim (oz)@ = a7 follows in a similar way, and the other two equations
follow from the definition of (a)*~*/2~! and (a/)"/>~ 1.,
The fact that the above functions are well defined follows because Pa "k,
Pa" 7 55, and o/2—1 grri2-1 belong to A", so that we can apply . Finally,
to show that they are indeed analytic, one can follow [4} Lemma 4.5]. [ ]
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The following proposition will be useful for the computation of the derivatives of
p-adic L-functions.

Proposition 4.2 Letky € 72> and P € P, with n = ko — 2. For every lattice L and
every 71,7, € Ho,

d n—k Kk
%<\/L/ P(xa}’)<x — le> ? <X - 7-2)/>le{?’ - S}(X,}’)) r=ko
1d
= 2dr (/L P(x, y){x — my)"~HdI{r — s}(x, y’) -
+ E%(/L P(x, y)(x — 72y)"dI{r — s}(x, y)) K=ko

Proof Use the explicit formula of [4, Remark 4.7] for the derivatives appearing on
the right-hand side and compare it with an analogous formula for the left-hand side.
Note also that it makes sense to consider the derivatives in light of Lemma[dIl  ®

4.1 Families of Modular Symbols

We let f be a weight ko newform on the modular curve X = Xy(N), where N = pM
is a factorization into prime factors and p is a prime. The Hecke operator at p acts
on f with eigenvalues

kg—2
flUy=%p™" f.
A p-adic family of modular forms deforming f is the data of an affinoid disk
U C W in the weight space, such that ky € U and a formal g-expansion

foo = > au(k)q", an(r) € A(U)

such that:
e forevery k € U N 7Z=%, the specialization f; is a weight k modular eigenform;
* fo=1T

Since the slope of the U, operator acting on f is strictly less than ko — 1, there
exists such a family, which we assume to be an eigenfamily of modular forms of slope
(ko — 2)/2, up to shrinking U (by [8 Corollary B5.7.1]). Note that whenever k # ko,

the modular form f; is old at p. There is a unique normalized new eigenform f €
Sk(I'o(M)) such that

(4.1) f@) = i) = p*lay ()~ £ (p2).

We set ff' = fi,-
Let ﬁ’ S MSIEO(M)((C) (resp. I € MS?O(Z,M)((C)) be the modular symbol attached

to f{* (resp. fi) by rule (Z.5). Recall the periods Qii € Cattached to f by means of
Proposition 2.1] allowing us to define the modular symbols

—17% k
I = () 7' € M8, (Kp).
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Here K is a short notation for the field generated by the Fourier coefficients of f,
which is equal to the field generated by the Fourier coefficients of f;.

From now on we will choose a sign wo, € {£1}, which is compatible with the
same choice that was made to construct the filtered Frobenius module D. We set

Qf == Q"> and I} = I}">.

The right-hand side of formula (4.]) translates into the right-hand side of the
subsequent formula, so that we may use to define the Ki-valued modular symbol
symbol I, having the same eigenvalues as fi:

(4.2)  L{r — s}(P) = [ {r — s}(P) — p*La, () "' {r/p — s/p}(P(x, y/p)).

Recall the space Dy = DRRAU) previously introduced. For each k € ZZ22 N U
define a weight k specialization map

pit M8t (Dy) — MSE (o (Cp)

pe(D{r = sHP) = / P(x, y)dI{r — s}(x, y).

Weo
The following result is due to G. Stevens.

Theorem 4.3 There exists I, € MS8r, ) (Dy) such that:
o foreveryk € 722 N U, pi(ls) = MK for some A(k) € CF;
* prUso) = I,

By Shapiro’s Lemma the modular symbol I, € M8y, (D) gives rise to a family
of distributions {I; } rca? indexed by the lattices in @2, which is I'-invariant for the

natural action of ' on the induced moduleC(L, MSr, v (Dy(*))) of maps I, from
the set £ of lattices in (Ol; to the disjoint union of the spaces M8r, ) (Dy (L)) with
L € £ suchthatI; € Dy(L)).

Definition 4.4 The family {I; },c . is defined by the rule

Ii{r = s}(F) == I {yr = ys}(F [y~ ) = | (F[y DI {yr = s},
L

for any locally analytic function F € AY(L’), where yL = L, and y € r.

Lemma 4.5 Letk € U andlet L, C Ly be an index p sublattice of L, and let e =
([L1], [L2]) be the corresponding edge. Then

I, {r = s}(F) = apl; {r — s}(F)

for every locally analytic function F € A®(W,).

Proof See [4, Lemma 6.3]. [ |
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The specialization property of I, € M8r,(,um)(IDy) can be explicitly written
(4.3) PeTo){r = sHPxw..) = A& {r — s}(P) for every P € Py_,.

The following corollary describes the specialization in terms of the modular sym-
bol If.

Corollary 4.6 Forallk € ZNU andall P € Py_,
prIso){r = s}HP) = Ak)(1 — p*2a, (k) ) {r — s}(P).

Proof This is proved in [3} Proposition 2.4] using Lemma[45] (4.2), and (41). ™

For every lattice L, define a modular symbol 7,.(I;) € MS(ZDH(]P’l((OlP))) by the
rule

(4.4) (I — sHF) = L™ I{r — sY(F(x, y)),

where F is a locally analytic function on P! (Qj) with a pole of order at most ko — 2 at
oo and F(x, y) := ka_ZF(x/y). Recall the exact sequence (Z.8]). Thanks to the new
assumption on f, it can be used to attach to the modular symbol Ij, € MSIEO( o) (Kiy)
an harmonic modular symbol I, ,ﬁ‘:’ belonging to

MS = MSF (ng(IP’l((Olp))) = MSF(ehar(E,Vn)) )

where the identification is provided by Proposition 2.8}

Corollary 4.7 For all lattices L such that [L] is even,m.(I)) = I}::r, the modular
symbol in MSF(DIS(’*Z(]P’I(QP))) attached to f.

Proof This is a consequence of Lemmald5ltogether with the specialization property
(Z3); see [4} Proposition 6.4]. Our restriction to even lattices, that does not appear in
[4], is a consequence of the fact that we are not assuming f to be a split modular form
as in [4] (compare with [2, Proposition 2.12], where the analogous result is proved
in the definite weight 2 setting). ]

The following definition is justified by Lemma 1]

Definition 4.8 The semidefinite integral attached to r,s € P1(Q), 7 € 9{;((011‘,”)
and P € P, is defined by the formula

s T fo—2 d B
/ / Pwy = |LT\*T% (/L, P(x, y)(x — )" koduLT{r — s}(x,y)) X

where [L,] = red(7).

We remark that the above formula does not depend on the choice of the represen-
tative L., since

log,(px — pTy)P(px, py) = pk"_2 log,(x — 7y)P(x, y).
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Proposition 4.9 Foreveryy € I' and every T € ﬂ'C;;((Ol;r),

ys YT S YT
/ / Puws = / / (P | V)wy.
yr yr

Proof See [4} Proposition 6.6]. ]
Recall the harmonic cocycle If.

Proposition 4.10 Forevery 71,7, € J{;((Ol;jr)

// PWff// Pwy =

/ / 2 Pw}og0 + 2a;1(ko)a;(k0) Z I,}cloar(e){r — sHP).

e: red(m)—red(my)

Proof This formula is proved in the split case in [4, Proposition 6.7]. The methods
of the proof adapt to the non-split setting as explained in [2, Proposition 2.19]. MW

Combining Propositions [4.9] and [4.10] with the main result of [9] yields the fol-
lowing theorem.

Theorem 4.11 (Exceptional zero conjecture) Let f be a new modular form. Then
D) = Dg(Viy)), the filtered Frobenius module attached to the modular form f.

Proof Propositions and imply that the f-component of the L-invariant
of Dy is —2a;1(k0)a1’,(ko). This is also the f-component of the L-invariant of
D¢ (Vf)), by the main result of [9]]. As explained in Subsection 2.3} the £-invariant
of Dy is the direct sum of the L-invariants attached to the companion forms of f,
and a similar fact is true for Dy (V). Working with the companion forms of f, we
see that D) and Dy (V) have the same £-invariant. As explained in [23} §4], that
suffices to find the isomorphism. ]

Corollary 4.12 Choose the branch of the p-adic logarithm corresponding to A = Lof.
Then the symbol [ [T Pwy satisfies

s T s T s T )
// ow—// ow:// owOg*.

Proof The corollary follows by combining Propositions Z.10]and 3.1} [ |

Corollary 4.13 We have

YwxX Ty k=2
/ / Pitus = DT log®(jg)(I)).
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Proof By Corollary[12]the MS;C’V’Woc -valued semidefinite integration theory

s T
// Puwy
r
s 1M log/;nf
// ow .
r 1

Hence the claim follows from Propositions[3.3land[2.22] which allows us to compute
the p-adic Abel-Jacobi image of the Darmon cycles using any p-adic Abel-Jacobi
map. |

lifts the integration theory

4.2 Families of Modular Forms on Definite Quaternion Algebras

Let N~ be a squarefree positive integer divisible by an odd number of primes and let B
be the rational definite quaternion algebra ramified at N~ co. Let Op be any maximal
order in B. Write Z to denote the profinite completion of Z and set B:=B®Z. Let
¥ = [, 3 be any decomposable open compact subgroup of B* and let V be any
K, -vector space, equipped with a left action of X,,.

For every prime [ let H; be a the unique (up to isomorphism) quaternion division
algebra over (). We can choose ();-algebra isomorphisms ¢;: B ® Q=M (Qy) send-
ing Op ® 7; isomorphically onto M, (7;) for every I N~ o0, as well as ()-algebra
isomorphisms ¢;: B® Q) 5 H; for every | | N~ o0, so that ¢;(Op ® 7;) is the unique
maximal order Oy, of Hj. Setting

Ty = Lp(oBu/p] mlgzl)

and letting T's; be the subgroup of I'y; of elements of determinant 1, we can give the

following definition of a V-valued p-adic automorphic form on B of level £ (see
[4] Sec. 1]).

Definition 4.14 A V-valued p-adic automorphic form on B of level ¥ is a function
@: GIL,(Q,) — V such that p(ygu) = ulp(g) forally € fg,g € GIL,(Qp) and
u € 1p(Xp).

The K,-vector space of V-valued p-adic automorphic forms of level X will be
denoted S(X, V).

We will always assume that 1,(3,) = (pZ,), and we write ¥, to denote the
open compact obtained from ¥ by replacing the local condition at p with the local
condition ¢,(Xs0 p) = GILy(Z,). When V = V;_, we will simply write S¢(%). Spe-
cializing to the case V = Dy we obtain the notion of a p-adic family of automorphic
forms (here again U is an affinoid disk in the weight space).

Definition 4.15 The space of p-adic families of automorphic forms on B of level 3
parametrized by weights in U is by definition

Sy(D) := $(Xue, D).
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The space Sy (2) of p-adic families of automorphic forms on B of level ¥ comes
equipped with specializations maps for every k € U N 7222

pr: Su(X) = Sk (),

(P(@)(g)) (P) := / P(x, )dD(g)(x, 7).

Woo

where g € Gl,(Q)), P € Py, and P(x, y) := y*"2P(x/y) is the corresponding de-
gree k — 2 homogeneous polynomial, an element of A" (W.,). Note that the defini-
tion of py depends on the choice of W, which was only defined up to multiplication
by Q,; we choose Wo, := L, N L., =7, X pZ,.

We now choose the level structure as follows. Let N = pN*N~ be a factoriza-
tion into prime factors of our given integer N, where N~ corresponds to the finite
primes of ramification of B. Define the open compact group X by the following local
conditions:

(4.5) 5 = (9f®zl)x ”Nip’
N To(NZY) 1] N*p.

Write IV = I'y; for the corresponding group as wellas '/ = T'y..

By the Jacquet-Langlands correspondence, the modular form f = f;, that was
fixed in the previous section corresponds to a modular form ¢ = ¢y, in the above
sense (i.e., it has the same eigenvalues as f) for the above choice of the level. The
functions fi (resp. fk#) similarly correspond to functions ¢y (resp. ¢}) for the suitable
choice of the level structure (resp. Xoo). Since the stabilizer of the standard
edge e, is ['g(pZ,), it is possible to attach to the modular form ¢y, a cocycle ¢, €
C(&, Vi, —2)" by the rule (1 := kg — 2):

—n/2 ord,(det(g))

cky(e) := Ec,o(e) =P gp(g), if e = ge..

We note that, since  is new at p, the above cocyle satisfies the rules

Z c(e) =0, Z c(e) =0, and c(e) = wpyc(e),

s(e)=v t(e)=v

where w, € {£1} is the sign of the Atkin-Lehner involution at p, which is equal to
—1 if ¢ is of split multiplicative type and is equal to 1 if ¢ is of non-split multiplicative
type (see [3, Prop. 1.4] or [5 p. 32]). Let 'V C I be the subgroup of those elements
having norm 1. One can attach an harmonic cocycle in Cp,, (€, Vko_z)F " to the cocycle
cx, by the rule

har c(e)  whenee &,
c(e) := 3
—c(e) whenee ™.

Let X = Xy+ ,n- be the Shimura curve attached to the indefinite quaternion al-
gebra B ramified at the primes dividing pN~ and the choice of an Eichler order
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R = Ry+ pn- of level N*. By the Theorem of Cerednik—Drinfeld the above Shimura
curve admits a rigid analytic uniformization at p. The modular form f corresponds
to a rigid analytic modular form f"® again by the Jacquet—Langlands correspondence,

and the cocycle ¢ is precisely the cocyle attached to f7% by taking the residues. As a

consequence of the Theorem of Amice—Velu—Teitelbaum, we may attach to the har-
monic cocycle ™" a unique locally analytic distribution p € Dg’b(lP’l((Olp))F " such
that R(;1) = M. This is the analogue of Proposition Z:8lin this definite setting.
Write £ for the set of lattices in Q; — {0} and £, for the set of couples (L, L,)
such that L; D L,. Without the normalizing condition obtained by multiplying by
the determinant p~"/2°d»(det@) it is also possible to attach to ¢y, an element (that
we will denote by the same symbol) ¢, € C(Ly, Vi, —2)" ". The same construction

works for the modular forms ¢y (resp. goﬁ) producing elements ¢, € (‘Z(LO,Vk,Z)f/
(resp. cf € C(L, Vk_z)rl) defined by the rule (and the same for c})
(L1, Ly) := gp(g) if (L1, Ly) = g(L«, Loo)
(resp. k(L) := gp(g) if L = gL.,).

We further normalize the cocyles cf for k # ko by the requirement
(4.6) () =1,

where the inner product is the one defined at the end of [2, Section 2.2]. Then the
modular form ¢f is uniquely determined up to sign. The relation (4.I) translates into

(4.7)  alLi,Ly) = cf(Ly) — p*2a,(k) i (L) = f(Ly) — ap(k) ' ci(pLy)
In fact, the correspondence can be merged in families, as it follows from results
of [[7]).

Theorem 4.16 There exists a family oo, € Sy(X) such that:
o foreveryk € 722 NU, pi(@os) = Ap(k)gy for some Ag(k) € C;
* Pk (Poo) = Pk,

Denote by C(L, D(x)) the space of maps i, from £ to UreD(L’) such that uy €
D(L'). Define C(Ly, D(*)) in a similar way, this time pr, 1, € D(Wy, 1,), where
Wi, 1, == L{ N Lj. The function on the lattices attached to ¢, obtained by Shapiro’s
lemma will be denoted i, € C(L, DV (x)!.

Lemma 4.17 Letk € U, let L, C L, be an index p sublattice of Ly, and let e =
([L1],[L2]) be the corresponding edge. Then yu,(F) = (appur,)(F) for every locally
analytic function F € A"(W,).

Proof See [4, Lemma 4.3]. [ |

The specialization property of ¢, € Sy(X) can be written explicitly as

Voo (8)(Pxw..) = MK)px(g)(P) for every P € Pi_; and g € GIL,(Q).
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In terms of p, and ¢ this property can be restated as follows (see [2, Lemma
2.10]):

(4.8) i, (Pxr, 1,) = Ak)e(Ly, Ly)(P) for every P € Py, and Ly D L,.

The following corollary expresses the specialization in terms of c}.
Corollary 4.18 Forallk € ZNU andall P € Py_,,
pi(P) = Ap(k)a, (k) (1 — p*2a, (k) ~*)cf (L)(P).
Proof Thisis proved in [2, Proposition 2.11] using Lemmal[£.17, (48], and (47). =
For every lattice L, define a locally analytic distribution 7, () that belongs to

Dh=2(P1((Q,)) by the rule

(4.9) () (F) = L]~ pp(Fx, ),

where F is a locally analytic function on P! (Q,) with a pole of order at most ky — 2
at oo and F(x, y) := y*~2F(x/y).

Corollary 4.19 For all lattices L such that [L] is even, m.(uur) = p, the measure in
DE2PY Q)" attached to f.

Proof Thisisa consequence of Lemmald.I7|together with the specialization property
Pk, (Poo) = @i,; see [[4, Proposition 4.4]. Our restriction to even lattices, which does
not appear in [4, Proposition 6.4], is again a consequence of the fact that we are not
assuming ¢ to be a split modular form as in [4] (compare with [2} Proposition 2.12],
where the analogous result is proved in the weight 2 setting). ]

The following definition is justified by Lemma [T}

Definition 4.20 The indefinite integral attached to 7 € H,(Q,") and P € P, is

T g2 d o
/ow:: |L;| 2%(//1’(&)’)(96—7” k“duL,_(x,y)) .

K=
L! 0

where [L,] = red(7).

Proposition 4.21 Foreveryy € I' and every T € H

T T
/ ow:/ (P | Vwy.

Proof [4, Proposition 4.4] [ |

Proposition 4.22 Forevery 71,7y € 3{;((021‘)")

/TZ Pwy — /T1 Pwy = /T2 Puwy + Za;I(kO)all,(ko) Z AP (e)(P).

e: red(m))—red(ry)
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Proof This is [4) Proposition 4.10]. Again the restriction to even elements of
3, (Qp"), which does not appear in [4], is a consequence of the fact that we are not
assuming that ¢ is a split form. As explained in [2} Proposition 2.19], in the weight
2 setting, the non-split case can be similarly treated up to restricting to H;(Q,") and
the ideas of the proof readily adapt to the higher weight case in order to remove the
restriction appearing in [4]. ]

5 p-adic L-functions
5.1 The Mazur-Kitagawa p-adic L-functions

Let g € S (I'g(N)) be an eigenform and recall the modular symbol I, € MSIE’(XX;) (Kg)
attached to g by means of Proposition 2.1l and the choice of a sign wo.. Define, for
our fixed gand m € N>9, the function

Ig,m[_7 Sk Pk—Z(Kg) X Z/mz — Kg:
Iy m[P,a] := I{oco — a/m}(P),

where the fact that I, ,, [P, a] depends only on the class of a in 7 /mZ follows from the

invariance of I, under the matrix ( ! ) and the relation

11 1 —a\ (1 —a+m
0 1/J\0 m) \O m '
Now let x be any primitive Dirichlet character modulo m and consider the Gauss
sum

T = Y x@emm,

ac€l/mZ.

Proposition 5.1 Let1 < j < k — 1 be an integer and let x be a character such that
x(=1) = (=1 7w = (=1)7 'y (since k is even). Then

_ G=Dir%)

=L j) =: L* '
(i) (& x5 7) (& X ),

> X(@IgulPja.al

ac’l/ml.

where -
a \i=t .
Pja = (x_EJ’) y ! g

Proof As explained in [2} Proposition 1.3] the above formula is a consequence of the
formula of Birch and Manin expressing special values of L-series in terms of modular
symbols that can be found in [21, Formula (8.6)], after taking into account that I,
belongs to the w-eigenspace for the W, -action, and we are assuming y(—1) =
(—1)*7='w,.. The assumption that y is a quadratic character appearing in [2],
which is done in view of the applications, is not needed. ]
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To the modular symbol I, we attach the symbol
Loml—,—1: AY(L]) x Z/mZ — C,,
IsomlE, a] := Ioo{oo — a/m}(F).
The following definition attaches a p-adic L-function
Ly(fix,k,8): U X2y, = Cp,
(k,8) = Ly(f, X, K, 5)
to the data of f and a Dirichlet character.

Definition 5.2 The Mazur—Kitagawa p-adic L-function attached to (f, x), where
X: 7/mZ — C* is a character of conductor m, is defined by the rule

s—1
Lp(fv)(v KZ,S) = Z X(QP) (x — @y> }/H_S_ldloo{oo — m}
ac€l/ml 7 xuy m m
pa
= 2 xapleoa{ 20 = LT Btz
ac/l/ml.
where X
a = K—Ss—
Fs pa = (x - %y) Y 1

Note that whenever (x, y) € Z, x Z, and x(ap) # 0, we have (ap,m) = 1, so
that m € Z; and

pa X X
5.1 xX——y€l;+pl, C1L;.
( ) m y p PEyp P
We have defined the above Mazur—Kitagawa p-adic L-function as a two variable func-
tion, and it is indeed analytic in both variables. For the applications we have in mind
it is sufficient to consider the restriction of this function to the critical line (k, /2).
In this case we are fully justified by Lemma 4.1} since the function of the x-variable

we have defined is the linear combination of functions of the form

Ko (a2 BT ) = 1 <05>K/271<B>H7H/271XX) .

Here the equality follows from (&) and Lemma ETlwhen x = k € Z N U. Hence
the right-hand side can be taken as a definition, while the notation on the left-hand
side for more general x € U suggests the value at the integers. This is indeed needed
in order to investigate the interpolation properties of the Mazur—Kitagawa p-adic
L-function, as it is done in the subsequent theorem.

Theorem 5.3 Assumg X is a primitive character, k € UNZ,and1 < j < k—1
satisfies x(—1) = (—1)/ 7w, Then

Ly(f.x. k) = MR (1 = x(p)p’ " ap(K) ) L* (fus X, J)-
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Proof In light of the preceding remarks we can appeal to the proof of [2, Theo-
rem 1.12], which uses Proposition[5.T]after a direct calculation (again the assumption
that x is a quadratic character is not needed). Note that strictly speaking we are only
allowed to move along the line (k, k/2), since we have not defined L, (f, x, &, 5) out of
the line (, x/2) but rather remarked that it could be done; in other words, following
the proof of [2, Theorem 1.12] with j = k/2, we can prove Corollary5.4l ]

What really matters is the following corollary, which specializes Theorem 53] to
j = k/2 and expresses the interpolation property in terms of the modular form f
when k # kj using the relation

L*(fi, o ) = (1 = x(P)P* 7~ a, () "L (X, 1),
which follows from (&.1)).
Corollary 5.4 Assume x(—1) = (—l)k;zzwoo. When k # ko (resp. k = ko),
Ly(f.x k. k/2) = AR (1= x(p)p = ap(b) ™) L (ff, x. K/2),
(resp. Ly(f, X, ko, ko/2) = (1 — X(P)PL;Zap(ko)fl)L*(fkf,,x,ko/Z) ),

where (recall that f} = fi,)

(k/2 — Dir(x)

#
Campig, P k/2).

5.2 p-adic L-functions Attached to Real Quadratic Fields

In this subsection we let K/Q be a real quadratic field such that:
e pisinertinK;
e all the prime factors of M split in K.

Let U € Emb* (O, R) be an optimal embedding of conductor ¢ prime to D, the
discriminant of K/(), and N. Denote by G, /x the Galois group of the correspond-
ing narrow ring class field. Recall the data (7y, Py, yy) attached to it and further
consider a Z,-lattice Ly such that [Ly] = vy. The following definition attaches a
p-adic L-function to the above data:

£,(f/K, W, ~): U = C,,
k= L,(f/K, ¥, K).

It is easily checked that the definition below does not depend on the choice of Ly. As
usual, here and in the following, we set n := ko — 2 and m := n/2 for shortness.

Definition 5.5 Letr € P(Q)) be any base point. The partial p-adic L-function
attached to (f/K, W) is

K—

L,(f/K, U, k) == |L\1,\’k02;2/ (Py(x, 7)) T PU(x, y)dIL, {1 — yur}.

Ly
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The partial p-adic L-function attached to (f/K, x), where x: Guyx — Cisa
character, is

Lo(f/K,x,k) = > X 0)Lp(f/K, 00, k).

G
(2SS HB/K

The p-adic L-function attached to (f/K, x), where x: Gy jx — C* is a charac-
ter, is

Lp(f/K7Xa K‘) = Lp(f/KaX7K)2-

In order to justify the above definition and the fact that the above p-adic L-
functions are analytic, we can appeal to Lemmal4.]] as they are built from functions

of the form k — p(P{a) = (8) = Xx)-

Remark 5.6 The above p-adic L-functions depend, of course, on the choice of the
modular symbol I, that was used to define the family {I; } rcaz- It can be shown

that the definition depends only on the class of ¥ in I'\Emb* (O, R). It turns out that
many of the properties of these p-adic L-functions actually depend only on f/K.

We note that a suitable choice of the lattice Ly can be made as follows. Since the
group I acts transitively on the positive vertices V* we can choose v € T" such that
vy = vi. Hence vi = vyg,-1, and L, = vLy = Lygy—1 is associated with the
embedding YW~ ~! € [¥]. Itis clear that this choice is the natural one in investigat-
ing the relations with the Mazur—Kitagawa p-adic L-function, whose definition was
given in terms of Ioo = I, .

Note the following vanishing property of the above p-adic L-functions.

Proposition 5.7 The p-adic L-functions vanish at ky:
Lp(f/K7lI/7k0) = Lp(f/KaX7k0) = Lp(f/KaX7k0) =0.

Furthermore,
d
% [Lp(f/K7 X K/)} k=ko =0.

Proof By definition and (4.4)),

kg—2
S /K W) = Lol T [ Py er)
L/

4

= / Pydm. (I,){r — ~yur}.
P (Q,)

The claim now follows from Corollary[4.7l By definition, the same vanishing prop-
erty holds for the other p-adic L-functions and the defining relation L, = Lf) yields
the last assertion. u

https://doi.org/10.4153/CJM-2011-076-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-076-8

p-adic L-functions and the Rationality of Darmon Cycles 1161

5.2.1 Interpolation Properties of the p-adic L-functions Attached to Real
Quadratic Fields and Functional Equation

The following theorem encodes the main interpolation property of the p-adic L-
function L, (f/K, x, k).

Theorem 5.8 Forallk € 72%7% N U,

Lp(f/K?Xa"@) = A(k)z(l - pk—2ap(k)—2) ZDII:TZL*(fIf/K7X7k/2)7

where
(52)12/Dx

(2mi)k—202 L(fE /K, x, k/2).

L*(ﬁc#/K7 X5 k/2) =
Proof The proof of [3, Theorem 3.5] readily adapts to our higher weight setting. As
explained in [3]] the proof is reduced to Popa’s formula [20, Theorem 6.3.1]. [ |

Recall that a genus character of G is a quadratic unramified character of Gg. Such
a character corresponds to a biquadratic (or quadratic when x = 1) extension of Q,
which is explicitly given by

H, = Q(v/Dy,vDy) > Q(VD) =K,

where Dy =: D = D, D, is a factorization of the fundamental discriminant D into
factors D; prime each other.

Let x; (resp. €x) be the Dirichlet character attached to Q(1/D;)/Q (resp. K/Q).
Then ex = x1X2. We say that x is real (resp. imaginary) whenever H, /K is totally
real (resp. imaginary). Note that

1 =cex(-1) = x1(=1)x2(-1),

so that
(5.2) x1(—=1) = xa(-1),
depending of whether Q.(1/D;)/Q. are imaginary or real. Note that Dx € Z; , since

/

by assumption p is prime to Dg. In particular D];{z ? extends on U to an analytic

function D */? := (Dg)"~2/2, thanks to LemmaZ.1l

kp—2

Theorem 5.9 Let x be a genus character such that x(—1) = (—1)"7 Weo. Then

Lp(f/K7 X K’) = DKTLp(f7 X1, R, K:/Z)Lp(f7 X2, R, K}/Z),
where (X1, X2) is the pair of Dirichlet characters attached to x.
Proof The proof of [3, Theorem 3.5] adapts. ]
Remark 5.10 Let (1, x2) be the pair attached to . Since the primes dividing M

are split in K, it follows from (5.2) that x;(—M) = x2(—M). Hence we shall simply
write x;(—M).
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5.2.2 Derivatives of p-adic L-functions Attached to Real Quadratic Fields

Theorem 5.11 LetV € Emb*(O,R). Then

d =2
%[Lp(f/K,\p,ﬁ)] e = %DK“ - (log @ (ju)Ip) + (=)™ log @V (j7)(If)) .

Proof Consider the factorization

Py(x,y) = Alx — Twy)(x — Tuy)

and write
L,(f/K, ¥, k) :=
—2 K —k K—k
Ly|~"7 (A) = / Py(x,y)(x —Tuy) = (x—Fuy) = dlp,{r— yur}.
L/

v

In light of Proposition[5.7] the usual formula for the derivatives of the product of two
functions yields

d kp—2
[£,(f/K, ¥, k)] o, = Lol

dk
d - sk nhy
%[/ Pl(x, y){(x —Toy) T (x—Tygy) 2 dILw{r—>7q,r}}
L&, K=Ko
By Proposition

-2 d K—ko w—ky
a7 [ [ PGy = ) T x = Tay) T {7 > 2]
K L}

K=Kop

1 _ k=2 d 1 r—k
= Sl ([ PR = ) = e}
1 _k=2 d m = k—k
+§|L\I,| 2 %( L/P\I,(x,y)<x—7'q,y) dILW{T—>’}/\pT}) _

Note now that Ly = Ly and, by Remark 2.200 7y = 75, P§ = (—l)mP% and

Yy = 'ya_l. It follows that the last expression is equal to

1 YeX  pTE “/’%lx 7
11 m 1
E(/x / \I,UJf-i-(—l) /x / PWf).

By Lemma [2.19) replacing x by ygx to compute the integral gives

vglx T X TF YgX T
m m m
/ / Pywyr = / / Pywyr = —/ / Pgwy.
x Ygx x

The claim now follows from Corollary 413 [ |
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Recall the linear combination jX introduced in (Z.18]) and set

;X = Z X (0) j=5-

UEGHB/K

Corollary 5.12 Let x: Gy, jx — C* be a character. Then

P 1 =2 , m - 2
%[Lp(f/K,X,ﬁ;)] oty = EDKZ - (log @Y () UIp) + (= 1)™ log @V (7)) *.
Proof This is a consequence of Theorem[5.11] in light of Proposition 5.7} [ |

Let now x be a genus character attached to the pair (X, x2) and let H" be the

narrow Hilbert ring class field. Recall that by Remark[5.10] x;(—M) does not depend
oni=1,2.
Corollary 5.13 Let x: Gy+/x — C* be a genus character. Then

a4 J. m+1 2 AJ (o 2
L /Kxm] Ly = 3D - (14 (D™ i (~M) *log @ ()1 )
Proof First of all note that, since I is an eigenform for the Atkin—Lehner involution
W with eigenvalue w),, we may write

wir log @Y (j5)(Iy) = log @ (jr5) Iy | Wap) = log @ (j, —5,-1)(Iy)-

Let o¥ € T\Emb™(O,R) be any oriented embedding as explained in Re-
mark 224 and note that o ¥ has the same orientation at p of ¥, but for every prime
I° || M the orientation of oW is opposite to the orientation of cW. As explained in
Remark[224] the Atkin—Lehner involution W)y, exchanges these orientations, so that
apyoWay,! € T\Emb*® (O, R). Since we noted in Remark 224 that '\ Emb*®(O, R)
is a torsor under the Gy k-action, there exists a unique d,y € Gp+ /g such that
onai\I/ozA}l = §,y0W. According to [3} (17)] 8,4 = dyo 2, so that we find (we have
X2 =1):

> X0 log @ (jp)Iy)

UGGHB/K

=wyu Y x(0)log®V(js,,-1g)(Iy)

UEGHB/K

=wpx(6w) D X(wo ") log®Y (js,e-10)(Iy)

”EGHB /K

= wux(0u) Y X(0)log @ (jou)(Iy).

O’GGHB/K

But since  is a genus character, [3} Proposition 1.8] tells us that x (dy) = x;(—M).
The claim now follows from Corollary[5.12] ]
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Corollary 5.14 Let x: Gy+/x — C* be a genus character. Then

e DT log VGV if i —M) = (—1)™ g,
~ 1L K, x, — K f ! M
d:‘€2 [ p(f/ X K’)] r=ko { le1(_M) — (—l)mWM

5.3 p-adic L-functions Attached to Imaginary Quadratic Fields

In this subsection we let K'Q be an imaginary quadratic field of discriminant Dk,
and we consider a factorization N = pN*N~ such that:

e pisinert or splitin K';

¢ all the prime factors of N* split in K';

e N is the squarefree product of an odd number of primes which remain inert in

K.

Recall the definite quaternion algebra B of discriminant N~ oo and fix an identifi-
cation B, = M,(Q),), so that B, acts on the p-adic upper halfplane as well as on the
Bruhat-Tits three and on the sets £ and L. As in the Darmon setting, it is possible
to define the set of optimal embeddings of level N* and pN* of a Z[1/p]-order O
of conductor ¢, prime to Dk and N, into the corresponding Eichler order R. More
precisely the definition in [2} Definition 3.2] is given in terms of optimal embed-
dings of a Z-order Oy into an Eichler order Ry, this last of level N* or pN*, such that
O =7[1/p] ® Oz and R = Z[1/p] ® Rz. By [d} Lemma 2.1] the set of optimal em-
beddings of level pN* is non-empty only when p is split, so that this assumption will
be implicit when considering embeddings of level pN*. As explained in [2} Section
3.1], by the strong approximation theorem, these sets can be realized as subsets of

R*\(Emb(O,R) x L)  when the level is N,
R*\(Emb(O,R) x Ly) when the level is pN™.

More precisely, the elements of the first set are those represented by the couples
[W, Ly ], where Ly is preserved by the action of ¥(0O), while the elements of the sec-
ond set are those represented by the triples [V, L}, L% ] such that L}, and L? are both
preserved under the action of U(O) (when p is split).

There are the following data attached to the optimal embeddings of level N*, say
represented by the couple [V, Ly ]:

* the two fixed points 7y, 7y € H, for the action of ¥(K’*) on J{,(K’), ordered
in such a way that the action of K’* on the tangent space at 7y is through the
character z — z/Z, when p is inert;

¢ the unique fixed vertex vy € V for the action of ¥(K’*) on 'V, which is nothing
but the reduction red(ry) = red(Ty), when p is inert;

e the lattice Ly such that [Ly] = vy, when p is inert, and the lattice Ly, which is
fixed by the action of the split quadratic algebra ¥(O ® 7Z,) and hence admits a
Z,-basis {xy, yw } of eigenvectors for this action, when p is split;

¢ the unique polynomial up to sign Py in P,, which is fixed by the action of ¥(K'*)
on P, ® det™ " and satisfies (Py, Py)p, = —Dx- (the pairing being defined as in
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[5]), which we fix by the choice
Py i=Tr( WD) - (X X)) €Py,

the other one being obtained by replacing \/Dg+ with —1/Dg-; note that Py is
either irreducible over ), or it splits into two linear forms corresponding to the
basis {xy, yg }, according to whether p is inert or split.

Define

. Ly when p is inert,
Ly =
Zyxy ® 2, yy when pis split.

Recall the family (1, that was attached to ¢ by means of Theorem[4.16] The following
definition attaches a p-adic L-function

L,(f/K',¥,=): U = C,
k= Lp(f/K', ¥, k)

to the data of the embedding [V, Ly] of level N™. It is easily checked that the subse-
quent definitions do not depend on the choice of Ly such that [Ly] = vg when p is
inert.

Definition 5.15 The partial p-adic L-function attached to (f/K’, ¥) is

K—

kg—2 ko
Lo(f /K, R) = |Ly| 7 / (Pu (o, 9)) =" Pdpu,

7
LW

The partial p-adic L-function attached to (f/K’, x), where x: Gy, /x» — C* isa
character, is

Lo(f/K' k)= > X N0)Ly(f/K', 00, k).

UEGHO/K/

The p-adic L-function attached to (f/K’, x), where x: Gy, jx — C* is a char-
acter, is

Lp(f/K/ﬂXN%) = Lp(f/K/aX?K)Lp(f/Kl7X_la"i)-

As before, in order to justify the above definition and the fact that the above p-adic
L-functions are analytic we can appeal to Lemma[4.I]after noticing that they are built
from functions of the form

K—ky w—k

ke p(Ple) 7 (B) 7 xx)-

Of course Remark [5.6] also holds in this setting. Note the following vanishing
property of the p-adic L-functions, which is proved exactly as in Proposition 5.7]
using ([£9) and Corollary[£.19
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Proposition 5.16 Assume p is inert. The p-adic L-functions vanishes at ky:
Lp(f/Klv \Ila kO) - Lp(f/K/7X7 kO) - Lp(f/K/a XakO) =0.

Furthermore,

d /
T Lo (F/K X R)] Ly, =0

5.3.1 Interpolation Properties of the p-adic L-functions Attached to Imagi-
nary Quadratic Fields and Functional Equation

The next two theorems collect the interpolation properties of these p-adic L-func-
tions.

Theorem 5.17 Assume p is inert. Then, for all k € 72*7% N U,

Ly(f/K',x, k) = Ap(ka, ()% (1 — p*2a,(0)72) "L* (ff /K, x, K/2),
where -
(552)PDg”
CmF2(fE, )
Proof The proof proceeds precisely along the same lines as [2, Theorem 3.8], and we
repeat the ideas for the convenience of the reader. Using [2, Lemma 3.7] and noticing
that [Py (x, y)] = by Lemmal[4.] one can show that

L*(f]f/K,,X,k/Z) = L(fk#/K/?)Ok/z)

k—kg

k—k k—k
Py (x, )’)TO = |L\1;‘TO<P\1,(x,y)> 2
on Ly = L{,. Hence,
/ _ k=2 "%2
'CP(f/K7\Ilvk):|L\II| 2 P\IJ d,LLL‘I,
Ly

Now we simply need to replace the use of 2} Proposition 2.11] with the more
general, but formally identical, Corollary[4.18] which gives

=2

—2 k=2 k=2
|L\P|_% /L Py dpr, = Ap(k)ap (k) (1 = p*2a,(k)72) |L¢|_%CZ(LW)(PWZ ).

Summing together, multiplying £,(f/K’, x, ) with £,(f/K’, x ', k) and applying
Hatcher—Hui Xue’s formula

(5.3) ( > x‘l(a)ngw\‘%CZ’(LUW)(P(?))
UGGHO/K/
(X Ol T @)
O’EGHO/K/

= (i L™ (f /K", x. k/2)
as reformulated in [2, Proposition 3.3] yields the result, in light of the normalization

(@.0). u
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Theorem 5.18 Assume p, splitin K’ and let p | p be a prime of K’ above p. Then

Ly(f/K', x,ko) = (1 — X(P)PL;Zap(ko)fl) (1- Xﬁl(D)Pkoz;zap(ko)fl)
: <Cko’Ck0>L*(ﬁ<n/K/7X7k0/2)

and for allk € 72*7% N U,

Ly(f/K' X, k) = A2(k) (ap(K) + pF2a, (k) = p' = x() — p 7 X' (1)
L*(FE/K X, k/2).

Proof Again the proof of [2, Theorem 3.12] works in this setting (even with more
general characters). We do not recall which are the main ingredients, since the com-
putation is more involved than Theorem As explained in [2, Proposition 3.4],
the appearance of the factor (cy,,ck,) at k = ko is due to the fact that no normal-
ization condition was imposed on the modular form ¢, so that in the Hatcher—Hui
Xue’s formula (5.3)) this factor needs to be considered. [ |

We now specialize the above theorem to a genus character x of the imaginary
quadratic field K, say attached to the pair of Dirichlet characters (), x2). Note that,
since p is split, x(p) = x;(p) does not depend on i. Furthermore, since x(p)?* = 1,
the Euler factor appearing in Theorem [5.18] can be rewritten, and one deduces the
following corollary.

Corollary 5.19 Assume p splitin K', let p | p be a prime of K’ above p, and let x be
the genus character attached to the pair of Dirichlet characters (x1, x2). Then

Ly(f/K o ko) = (1= xi(p)p ™ ap(ko) ™) (ks i) " (fio /K, X K/2)

and for allk € 72*#* N U,

Ly(f /K" x k) = Ag(k)2ap (02 (1 = xa(p)p = ap(0) ) ‘L*(fF /K, X, k/2).

Definition 5.20 Letn: 22> — C, be the function

Ap(k)a,(0)? 552 ko
e DNER for k # k
n(k) o= { O @K 7 ko,

fo=<
(Ckys €y ) D7 15972 for k = ko.

Theorem 5.21 The function n(k) uniquely extends to an analytic function such that
1n(k) # 0 on U (up to shrinking it). Moreover, for every genus character x, say attached
to the couple of Dirichlet characters (x1, X2),

LP(f/K/7 X H) = n(’i)Lp(fﬂ X1, R, H/Z)Lp(fa X2, K, 5/2)
onU.

Proof The proofis the same as that of [2, Corollary 5.3], after noticing that the main
result of [22] extends to our higher weight setting. ]
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5.3.2 Derivatives of p-adic L-functions Attached to Imaginary Quadratic
Fields

Assume until the end of this section that p is inert in K’. Let X = Xy« ,y- be the
Shimura curve attached to the indefinite quaternion algebra ramified at the primes
PpN~. As explained in [[I} Section 1.5], the Shimura curve X is endowed with Hecke
operators T; for I { N as well as Atkin—Lehner involutions W} for I | N* and Atkin—
Lehner involutions W~ for I | pN~. The Atkin-Lehner involution W, will be of
particular interest for us. Write X~ to denote the twist of the Shimura curve X
by the cocycle in H' (G@lpz Q,, Aut(X )5, which maps the non trivial element Frob, €

Ga,.0, O W, Recall the group I defined by (£.5) and denote by '’ the subgroup of

norm one elements. By the Cerednik—Drinfeld Theorem, X;, - admits a rigid analytic
p

uniformization over Q):

I'\H, = X“j;;’
where X7 is the analytification of X;,,—. We will make an abuse of notation by
P

writing X = X9 or XWP_ =X

The optimal embeddings of a conductor N* admit a particular simple description.
More precisely, fix an embedding 0,: H = Ho < () (this is possible, since p is
inert in K’ and hence it splits completely in H). The p-adic uniformization allow us
to view I'"\Emb(O, R) as a subset of X((Q),2):

I"\émb(O,R) — I"\Emb((@lpz,Bp) = F’\Emb((Olpz, M (Qy)) = X(Qp2).
In this way we shall identify (the class of) ¥ with its image in X((Q)2).

Remark 5.22 In view of the above twist that enters in the rigid analytic parame-
trization, the optimal embedding ¥ corresponds in X (Qy2) to the optimal embed-
ding W, Frob, ¥, regarded like a point of X.

Recall the rigid analytic modular form f"8 that was attached to the modular form
f by means of the Jacquet-Langlands correspondence. It satisfies the following re-
lation with respect to the action of the Atkin-Lehner involution W, (see [1, Theo-
rem 1.2]):

(5.4) fEIW, = —wyf™,
where w,, is the sign of the Atkin-Lehner involution W, acting on f.

Let M, be the Chow motive (over Q) of weight ko modular forms constructed
in [15, Appendix]. As explained in [15, Appendix] one can attach to an optimal
embedding ¥ an element yf; ) e CH™'(M,, 11), the Chow group of codimension
m + 1 cycles of M,, base changed to H := Hg. The p-adic realization V(m + 1) :=
H p(Mn@, Qp(m + 1)) of the motive M, affords representations attached to cusp
forms that are new at pN~. Consider the p-adic Abel-Jacobi map

gt CH™ (M 1) — Extg, (Qp, V(m+1)).
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After a base change from H to F, D Q2, the p-adic Abel-Jacobi map can be identi-
fied with

D,

AJ. +1 1 =
@4 CH™ (Myr,) — EXtMF<FP7]D)(m+ 1)) - W’

where we write D := Dy (V). Here Dy is the Fontaine functor attaching to a Galois
representation of Gp, a filtered Frobenius module over F,,. As recalled in the intro-
duction, the above ext group is explicitly computed in [15} (49)], and the p-adic étale
Abel-Jacobi map can be can be interpreted as

log ®"/: CH™! (M,.5,) = M(T", F,)",

where Mi(I'", F,,)¥ denotes the F,-dual space.
Note that the Frobenius Frob, introduced in Remark[5.22]also acts on the Chow
group CH™*! (M"sz ).

Lemma 5.23 yéf())bpq, = (—1)" Frob, yo,

Proof Let W be the group generated by the Atkin—Lehner involutions WljE forl| N.
The proof is easily reduced to the case m = 1, i.e., weight ky = 4. In this case the
Heegner cycles y&f ) are defined by fixing yfﬁo) for some ¥, and then exploiting the
simply transitive action of G/ x W on the optimal embeddings in order to make
these cycles compatible with the action of this group. Indeed, the elements yfﬁ) are
only canonical up to sign. More precisely, they correspond to ZEI,Z ) € Endz(Ag) = O
that are only defined up to sign. Since Ay = E%, where Ey is an elliptic curve such
that End(Ey) = Endg (Ay ), we can reduce to consider elliptic curves. In this case we
can fix an isomorphism [—]g: O ~ End(Ey) with the property that for every o €
Aut(C) and o« € O, we have 0[]y = [a” ],y and define the element z&f ) by making
it correspond to the choice of a fixed root /Dx: € K’, the other choice —/Dg/
giving rise to the element —zfl,z). With this choice the elements z&f) are compatible
for the action of the group Gy ks x W. Furthermore, since Frob,, is induced by the
complex conjugation 7 (because p is inert) we find that 7[v/Dx+]y = [—v/Dk'1rv,
which gives Frob,, z{) = —zgr’())bp - [

Theorem 5.24 LetV € Emb™(O,R). Then

d
%[Lp(f/K/a‘I"“)} weky

1 n Ti! n Ti!
5 (log @Y (y§) (%) — wy log @/ (Frob, ") (%))
Proof By the main result of [24]:
d /
% [Lp(f/K y qj, K})} ko —

S (05 @G (1) + (1) log () (%))
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By Remark[5.22]and Lemma[5.23]

(n) _ , (n) _ W, _ - ()
Vg = yv’;; Frob, W ' P szopr = (=1)"W, Froby yy.
Now the claim follows from (5.4)). [ |

Whenever F is a field, let us write MW ¢(F) to denote the image of the Chow group
m+1

over F in the group Extg, (Qyp, Visy(m + 1)), i.e., the image obtained by ;! :=
e(s) o clg"*!. By the theory of complex multiplication,

o= Y Xyl € CHM (M m )Y,

”GGHO/K’

where H, /K’ is the subextension of H/K" that corresponds to the kernel of x. Hence
i (yX) € MW (H, )X,

Corollary 5.25 Let x: Gy, /x» — C* be a character. Then

& )
@ [Lp(f/K s X5 K)] w=ko

= 5 (10 @ )(£%) — wy log @/ (Frob y) (%)
- (log ®(y* )(f™®) — wy log @ (Frob, y*)(f7%) .

Proof This is a consequence of Theorem[5.24] in light of Proposition[5.16 [ |

For the remainder of this section let us focus on a genus character x attached to
the couple (1, x2). We note that the signs of the twisted L-functions L(f, xi, s) are
given by (see [25, Theorem 3.66]):

(5.5) (1) wyxi(=N).

Furthermore, since the number of the inert primes pN~ dividing N is even and
€k’ = X1X2> Where ek is the Dirichlet character attached to the imaginary quadratic
extension K’ /Q,

X1(=N)xa2(=N) = ex/(=1) = —1.

Hence the signs of the twisted complex L-functions L(f, x;, s) are opposite to each
other. The genus character x cuts out a biquadratic extension of Q. Write Q,, to
denote the quadratic extension that corresponds to the Dirichlet character ;.
Whenever V is a Q,[Gp, /q]-module, let us write V* to denote the subspace
on which the complex conjugation 7 acts as &+, so that V.= V* @ V~. Since
Indg’;{(x) = x1 D X2, we also have VX = VXt ¢ VX2 where the left-hand side
is viewed as a Gy, /x--module and the right-hand side as a Gy, /o-module. Since
X2(—1) = —x1(—1), we may order (X1, X2) in such a way that Q,, /Q is a real field.
Then we have VX! C VXt and VX2 C VX~ so that VXi = VXt and VX1 = VX~
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This remark applied to V- = CH™! (M, ) and V = Extg, (Q,, V(f]) implies that
CH™! (M1, )* and MW ¢(H )X both have a direct sum decomposition with
CH"™ (M1, )" = CH"™! (M0, ),
CH™ (M, )~ = CH""! M0, ),
MW ¢(H )X = MW ¢ (Qy, )",
MW ((H, )~ = MW}(Q,).
Whenever ¥ is an oriented optimal embedding of level N*, viewed as an element

of X(H), 7V is an optimal embedding whose orientations at the primes dividing N*
have been reversed. Define

Wy = T1wW [I w,.
I|N* I|pN—

Since #{I : 1 | pN~—} is even, it follows from the analogue of (5.4) at the primes
dividing pN—, that Wy f® = wy f"¢, where wy is the sign of the Atkin-Lehner
involution acting on f. Since Wy WU reverses all the orientations too, we have

(5.6) TV = WyoV, for some 6 € Gy/x/-

It is easily checked using Lemma [5.23] and that clgf}l(yx) € MWJ:(HX)X"i
for a suitable choice of a sign. Let H be the Hilbert ring class field.

Corollary 5.26 Let x: Gy/x — C* be a genus character. If
cg (yY) € MWp(Qy)Y,

then

d? kg—2 )
LU/ xRy, = %( 1+ a,p~ " xilp)) *log 4 () (f78)2.

Proof Since clgf}l( yX) € MW ¢(Qy,)", we have
clg't! (Frob,, yX) = Frob, clg't' (y¥) = xi(p)ely'f (#).

The p-adic Abel-Jacobi map ®*/(—)( f*#) factors through clgfjtl by definition, so that
we find '
log ®*/(Frob,, y*)(f18) = xi(p) log @ (y¥)(f™®).

kp—2

The claim follows from Corollary[5.25} since we have x = x ' and —w, = a,p~ "7 .
|
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Corollary 5.27 Let x: Gy/x — C* be a genus character. If

eyt (%) € MW (Qy,)Y,

then

& 21og Y (yX)(f8)?  ifxi(p) = a PJOZ;Z — —w
S LU/K xRy = JXi A
an o 0 ifxi(p) = —a,p™ "7 = w,.

We will also need the following deep result of Kato.

Lemma 5.28 If xi(—N) = (—1)m%sz and L(f, xj,ko/2) # O withi # j orif
Xi(=N) = (—1)"T wy and x;(pN ™) = 1, then clg't' (y¥) € MW ().
Proof We only prove the first statement, which is the one we need in the subsequent

section. If y;(—N) = (—1)k=2/2yy, the sign of L(f, x;, s) is negative and we assume
that L(f, xj, ko/2) # 0. Then MW (Qy,;)¥ = 0 by [16, Theorem 14.2 (2)]. |

Remark 5.29 Suppose that 0 # clg'f)tl(y;() € MW, ,(Qy)¥. As an application

of Kolyvagin methods developed in [17,[18], one can show that K fﬁpcl(’)',’)tl(yg) =
MW (0,)¥.

6 Proof of the Main Results

Recall our factorization N = pN*N~ = pM into factors prime each other, where
N~ is squarefree and divisible by an odd number of prime factors. In the following
theorem we will assume the existence of a prime q || M and the consideration of a
factorization with q | N~ will be implicit in order to apply the results of the pre-
vious section. Recall the harmonic cocycle " = C?ar that was associated with f in
Subsection@2] We may assume that ¢™" € Gy, (€, Vn(Kf))F,, so that (¢, c,) € fo .

Theorem 6.1 Suppose there exists q || M. Let w be a quadratic Dirichlet character of
conductor prime to N such that

ko—2

W(_N) = (—1)L;ZWN and OJ(p) = apP_OT — _Wp~

Then:
(i)  the p-adic L-function L,(f,w, K, k/2) vanishes to order

ord,—i, Lp(f,w, K, £/2) > 2;
(ii) there exists y* € CH™ ™ (M, q,)“ and tr € fo such that

a2 ) .
S LK, 1/2)] =t - 1og @ () (F )%
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(iii) zfclgj}l(yij) # 0, then MW, (Q),)* = Kf,pclgj}l(ytj);
(iv) we have
tr = L"(f 4, ko/2) in K[ /K[?

for any quadratic Dirichlet character 1) such thanp(l) = w(l) for every 1 | M :=
N/p, ¥(p) = —w(p) and L(f, 4, 1) # 0.

Proof Setw = x; and choose an auxiliary quadratic Dirichlet character y, of con-
ductor prime to the conductor of x; such that:

@ x2() =xa(D forall | NT;

(i) x2(l) = =xa(D) forallI| pN™ and x>(—1) = —x1(=1);

(iii) L(f, x2,ko/2) # 0.

This is possible, since the main result of [22] generalizes to higher weight mod-
ular forms. The Dirichlet character egs := x;X2 cuts out an imaginary quadratic
extension K’ /Q), and there is a genus character  attached to the pair (1, x2). Fur-
thermore, note that the sign of L(f, x1, s) is — 1 in light of the assumption x; (—N) =
(—l)ko%sz (by (53), while the sign of L(f, x2, s) is 1. Note that, thanks to (iii) and
Lemma[5.28] we can apply Corollary[5.27 with x; = x;.

By Theorem[5.2T]

(6]-) Lp(f/K/7X7 K) = n(H)Lp(f7X17 R, H/Z)Lp(f7 X2, R, 5/2)

The factor n(k)L,(f, X2, K, /2) does not vanish at the critical point x = ko, since
1(k) # 0 on U, and we have

(6.2) Lo(f, xarkosko/2) = (1= xa(p)pT 4y ") L*(f, X2, Ko /2)
= ZL*(fa X2, k0/2) # 0.

Indeed the first equality follows by Corollary 5.4} the second one follows by the as-
sumption x;(p) = p~%~2/2q,, together with (ii) assuring us that x>(p) = —x1(p),
and the non-vanishing is a consequence of (iii).

On the other hand, the factor L,(f, X1, k,+/2) vanishes at the critical point
% = ko, again by Corollary[54and the assumption x;(p) = p~*~2/2a,, or thanks
to the fact that L*( f,f*7 X1,ko0/2) = 0 by the above considerations on the complex
L-functions. Hence,

(6.3) Ly(f,x1,ko,ko/2) = 0.
This preliminary discussion has the effect of avoiding appealing to [2} Re-
mark 1.13], since we have not exploited the Mazur—Kitagawa p-adic L-function as

a two variable function.
(i) A formal computation using (6.I) and (&.3) yields

LI 0]y = AL 00 /2] KL (f X o K2
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Note that e (p) = —1 so that we are in the inert case, and the left-hand side vanishes
by Proposition 5.161 Now (&.2]) implies that

(6.4) dd [Lp(fixi ki k/2)] =0,

so that the claim (i) follows. Note that that the same sign considerations of [2, The-
orem 5.4] apply in order to deduce the order two vanishing along the line (ko, s)
of L,(f, X1, K,s), and hence the order two vanishing of the two variable p-adic L-
function.

(ii) A formal computation using (&1)), (€3), and (&.4) yields

a4 ’
(6.5) %[Lp(f/K » X ﬁ)] r=k
d2
d 3.2

By (€.2) and Corollary5.27]we can write

[Lp(f, X155 5/ 2) L=ty (ko) Lp (f, X2, Ko, ko /2).-

dz
dr g2 [Lp(fv)(laﬁ ’1/2)],‘L ko

1
et ) D P L (f, o, Ko/ 2) Tog @ (1) (),

where yX € CH™(M,,q,)“. Now claim (ii) follows, since we have, writing Dxs =
—D € Z with D > 0 and ky = 2h,

2—k

D 7% = (—1)>RDi e 2.

(iii) This is a consequence of Remark[5.29
(iv) Let ¢ := x, be any Dirichlet character satisfying the conditions of 4. and
consider the Dirichlet character eg/» := x|x2. It cuts out an imaginary quadratic
field K”’ /Q. There is a genus character X’ attached to the couple (X1, x2), but now p
is split in K'’. In particular y;( p) X '(p) for any p | p and Corollary[5.19yields, in
_k

light of the fact that x,(p) = —p~ "7 a,,
Ly(f/K" ' ko) = (1 - p“’T’Za;lm(p)) (et )L i/ K, X Ko/ 2)
= 4{cky, ek ) L* (fro /K"y X' ko /2).
By (&) relative to ([, x2) together with relative to x,
2{ckys ko) L (fro /K", X" ko/2) = L*(f, x1, ko/2)1(ko)L, (£, X2, ko, ko/2).
Besides, thanks to (6.3)), t7/2 = (ko) "'L,(f, x2, ko, ko/2) ™", so that

4k 0t ) L* (fio /K", X" k0 /2) = 1L (f, X1, ko/2)  mod K2
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But the left-hand side is a square by the Hatcher—Hui Xue formula applied to the
newform c, of level pN*, that can be reformulated in a similar way as it is done in
[2} Proposition 3.4] when ky = 2, thus getting a formula having the same shape as
(53) but involving optimal embeddings of level pN*. [ |

We now turn to the case where K/(Q) is a real quadratic field and x is a genus
character attached to (x1, x2). Recall that, by Remark 510l x;(—M) = x2(—M).
Assume again that ™ € Cp,. (€, V,(K f))F .

Theorem 6.2 Suppose N = pM, that there exists q | M, and that

Xi(=M) = (=1) Fwy.

Then:
(i)  there exist y* € CH™ (M, )X and sy € fo such that

log @Y (j¥)(Iy) = s7 - log @ (y¥)(f"8);

(i) x2(=N) = —x1(=N) and g (y*) € MWy,(Qy,)Y, where xi(—N) =

(—1)L7WN and, if we assume clgfj;l (yx) #0,
Mme(HX)X = MWﬂv(Qxl)X" = Kf.,pd&l}l(}’xm)
Proof Consider the functional equation given by Theorem 5.9
(66) Lp(f/Ka X7 K’) = DKTLp(f7 X]a K‘) K//z)Lp(f7 XZa H‘, K//Z)

In light of the assumption x;(—M) = (—1)k70 wyr, we find that

ko
(6.7) Xi(=N) = (=1)2 wuxi(p)
Furthermore, since p is inert in K, we have x1(p) = —x2(p). In particular, one of
the two Dirichlet characters, say x1, will be such that x,(p) = —w,; then (6.7) tells
us that
kg—2
(6.8) X1(—=N) = (=1)"7 wy.

It follows that the Dirichlet character x; = w satisfies the assumption of The-
orem By (i) we know that the order of vanishing of the p-adic L-function
Ly(f,x1,k, k/2) is atleast 2. A formal computation using this information and (6.6])
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gives
(6.9)
dz d2 k=2
% [Lp(f/Ka X "5)] k=ko = @[Lp(fa X1, K, H/z)]ﬁ:ngKz Lp(fv X2 kO; k0/2)

By Corollary[5.14] (again use x;(—M) = (—l)kTOWM), Theorem[6.1[(ii), and (&.9),
(6.10) log @Y (j)(I5)* = t7/2 - log @ (y*) (f")’Ly(f, X2, ko, ko /2).

Again note that x,(p) = —x1(p), so that (6.7]) and (6.8) tell us that x,(p) = w, =
- pko%2 a;l. Hence thanks to (6.2)) we can rewrite (6.10]) as

log @Y (j)(I7)* = t; - log @ (y*)(f8)2L*(f, x2, ko/2).

If L*(f, X2, ko/2) = 0, we deduce that log ®*/(jX)(Iy) = 0 and the first part of the
theorem is trivially true by setting y, = 0. Hence suppose L*(f, x2,ko/2) # 0.
In this case, note that x; satisfies the assumption that was made on % in Theorem
[6.1(iv). Hence we know that t¢L*(f, x2, ko/2) is a square in fo The first claim
follows by setting yX = y* and extracting the square roots.

For the second statement we have already proved that x,(—N) = —xi(—N),
we are assuming that x;(—N) = (—1)%=2/2y, and we know that y* belongs to
MW (Q),, )X, so that yX belongs to MW (), )X* by construction. Since Indgff (x) =
X1 P X2, we can write

MW ((H,)X = MW ((Qy, )X ® MW (Qy,)*.

When clf't! (yy) # 0 we are in the case L*(f, x2,ko/2) # 0 and then yX = y*. It
follows from Theorem [6.1(iii) that we have MW ,(Q,,)¥" = K f,pclgf}l(yf,( ), and,
since L*(f, x2,ko/2) # 0, [16} Theorem 14.2 (2)] implies MW ,(Q,,)** = 0. [ |

Remark 6.3 Let o(f) be the companion form of f obtained by applying the auto-
morphism o to the Fourier coefficients of f. If we choose c(}f(“) = U(C?ar), the quanti-
ties sy appearing in the statement of Theorem[6.2satisfy the relation o(sf) = s(5). It
follows that there is s € Ky ®q F), inducing s,(s) on the o( f)-component. Recall that
F,/Qy denotes an extension such that K{s) C F,, where K|y is the field generated by

the Fourier coefficients of f and its companion forms.

Let us now prove the main result Theorem [Tl Let Vg be the p-adic repre-
sentation attached to the new modular form f, with associated filtered Frobenius
module D). Note that MW (H, )X is naturally a Ky-vector space, since the Hecke
correspondences act on the rational Chow groups through the idempotent e} cor-
responding to the f-isotypic component. Let the assumptions be as in Theorem[6.2]
Fix an isomorphism of monodromy modules D5} ~ Dy over @), as granted by

Theorem[4.11]
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The identification ¢: D(s) > D[} in MFg, (¢, N) allows us to identify the tangent
spaces

Difjr, ¢ Dy,

6.11 : MSSY M (F,) =
€10 Ep) F™IDsp,  F™1Dpp,

[f]

exp
~ Hy(K,Vi(m+1)) = Extyp(Fp, D (m+ 1))

]D)[f]}pp

= ——"r = (F™'D v
FMH]D)[[],Fp ( [f],Fp)

= e[f]Mk(X, Fp)v = e[f]Mk(F’,Fp)v.
The above identifications hold over any complete field extension Fj,/Q),, with the

only possible exception of the last identification, that holds assuming F, D Q.
The first identification is the morphism

Dif)F

0. p 6V, Woo

T W S
Lp

that was considered in Section[3l The last five identifications are given by
IS: Hslt (I(7 V[f](m + 1)) — e[f]Mk(F', Fp)v.
We have the following commutative diagram

exp o
Dyy) boy

JF,
FMHD[;;fp H, (Kv Vig(m+ 1))

fﬂl IS

(a3
MS?’JF\]/WQc (Fp) _— e[f]Mk(F’, Fp)v.

(6.12)

It will be convenient to give an explicit description of the monodromy module
ID by means of Teitelbaum’s p-adic integration theory (as developed, for example,
in [26]]). More explicitly let I'' be the arithmetic group defined in Subsection
As is well known, there is an analogue of Proposition 2.8in this definite setting: the
morphism

R: Dg(]P’l((OZp)) — ehar(gavn)

that was considered in Subsection induces an isomorphism DS(]P’I((OQP))F/ =

Ghar(&Vn)F/ =: Char(Fp) (over any complete local field F,/Q),). Define DT over
Q, as follows:

D" = Char(Q))" & Crar(Qy)",
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with filtration, monodromy operator, and Frobenius formally defined exactly as in

Subsection 23] Teitelbaum’s £-invariant replacing Orton’s £-invariant. Similarly as
in Section[3] there is an identification obtained by means of f(x, y) = —x — Ly:

. D,

' +1p7T

FriDf

f

E> Char(Fp)v~

By [15] Teitelbaum’s £-invariant equals the £-invariant of the monodromy mod-
ule D and there is an identification D’ ~ ID in MFq, (¢, N). As it follows from the
proof of [23, Lemma 4.4], in order to give an explicit identification DT ~ D, we can
simply identify the m-isotypic components as Hecke modules. Furthermore, we can
identify D ~ D in MFq , (¢, N), since we have

Homyr,, (95 (D1, D2) = HOI’HMF@P2 6. (D102, D20,,),

whenever D; € MFq, (¢, N) (see the proof of [23] Lemma 4.4]). As in [15], let V,
be the coherent sheaf on the Shimura curve X over (), associated with the repre-
sentation V,,, so that lD)@lpz = HY(X,V,). As it follows from [15], the m-isotypic

component of H'(X, V) is H (X, V,)" = «(H (I, V,(Qy2))), where ¢ is the injec-
tion [[15} (76)]. Let

<_7 _>F/: Char((olpz) oy HI(F/,Vn((Ole)) — <Olp2
be the perfect pairing [15, (75)]. It induces an isomorphism
(6.13) H' (T, V,(Qp)) = Char(@p2)"

that we use to identify the m-isotypic components. Let I': M(I'", Q) 5 Char(Qp2)
be the residue map, thus inducing a map I : Cpar(Q)2)" — Mp(I, Q2)".

Lemma 6.4 The isomorphism (6.13) induces an identification 1) : DT ~ 1D making
the following diagram commutative:

D(TM y
W Char(Q2)

b4
P l l v
D‘QZ

, v
W —_— Mk(]-—‘/u(olpz) .

Here the lower horizontal arrow is the composition of the last three identifications in the
definition of a.
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Proof The morphism f maps the class d = [x, y] € D{,  /F™! to the coordinate
f(d) in Cpor (Qp2 2)" of the opposite of the unique element —(f(d) 0)inker N = D"
representing d. Let ¢/(d) € Dg, /F™1 be the corresponding element and denote

by d the unique element of ker N = ]D)«Tﬁin; representing 1(d). By unicity we have
P
¥((f(d),0)) = —d. Let

P: H'(X,V,) = H' (I, V,(Qy))

be the left inverse of ¢ as defined in [15} (15)]. If we write x € ]D)sz = HY(X,V,)

as x = x™ + x™! according to its slope decomposition, we have x™ = ¢(P(x)) (see

[15]). In particular we have d = d,, = «(P(d)). Since 1) is induced by (&13)), we de-
duce, from the equality ¥((f(d),0)) = —d, that f(d) = —(—, P(d))r-. Besides, the
identification Dg , JF™ = (FmH Do, )Y arises from Serre duality induced by cup
product and the canonical identification Fm“]D)Q , = M(TV, @y2) (see [15, Propo-
sition 6.1]). Let d be as above, so that d € kerN kerI and d corresponds to
(—,d)x € Mp(I'',Q,2)", where (—, —)x is the cup product. The reciprocity law
[15) Theorem 10.3] implies

(= d)x = —(I(=),P(d)x =I"(f(d)),
which is the claim. [ |

Lemma 6.5 We may choose p: Dyy) = Dyy) in such a way that " (e, fyie) = evr,
and Remark[6.3] holds.

Proof Let us write D[Tf] (resp. Cparf)) to denote the space obtained by taking the
f-isotypic component by means of the idempotent e(s). According to Lemma
there is a commutative diagram:

f
an[g'[f‘” == Car11(Fp)"

I |

’ v
Dy, T Mi (I, Fp)".

v

IV

MS( " (Fy) ==

Here the lower row comes from (&.11)).

The above identifications holds even with F, = @, the only possible excep-
tion being the last one appearing in the lower row. Denote by /5 the arrow from
MS?’fv]"W“’ (Qp) t0 Char£1(Q)p)"Y, so that we have

BY: Charg1(Qp) VY = MS[ 7= ().

Then Msm"" (Qy) and Cpg(£1(Q)) are naturally endowed with the Q-structures
MS%"’" (@) and, respectively, Cpqa1(Q), and they are both rank one Ky-modules.
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Fix an isomorphism b: Cpgr[1(Q) =~ MS; }A]/‘” (Q) of Kf-modules, thus inducing an
isomorphism b of Ky ® L-modules Cpgf(L) ~ MSf’fV]“oo (L) over any field exten-
sion. Once we fix Iy = I}V“ € MSC W°° (K¢), we may choose I,s) = o(If) €
MS%"’o (Ks(p))> the quantity Q;V” appearmg in Proposition 2.1 being well defined
only up to multiplication by an element in K - Setting c}f(“f) = b~ I,p) €
Char 11(K5(f)), the relation ch?} = o(char) in Remark[6.3lis satisfied and Theorem[6.2]
is in force. By biduality we find the morphism

bYV': Char1(Qp)"Y — MS[ "> (Qy)

such that bvv(evch?})) = evy,, (after extending the scalars to F, D Kis). Since
MSf’fv]v‘Woo (Qp) ~ Kr @ Qy, there exists t € (Ky ® Q)™ such that b¥Y =t o Y. By
(23} Lemma 4.4] Endpr,,, (s.n) (D1f]) = Ky @ Q. Replacing ¢ by t 0 ¢, the morphism
BY turns into t o 3¥ = bYV, because the above morphisms are Hecke equivariant.
Hence we may assume that 8V (e, 1m)) = evy,,- Recall that the rigid analytic mod-
ular form o(f)"8 was obtained as I(c(f)"8) = ch"(‘}), so that IV (ev(,( fyie) = eVehur -
We have v = IV o 8, hence a¥ = (Y o IV satisfies a" (evy(pyis) = ﬁv(evch?})) =
€V1,(f) .

By Lemma 6.5 we have o (e, fyie) = evy,,. Hence, by Remark[6.3] (which is in
force in light of Lemmal[6.9)), Theorem-lmphes

(6.14) a(log <I>[f](]x)) log (I>[f](5)/x) = IS(cly' (sy) -
Then we have
exp(go(@%(jﬂ)) = cl”‘“(sy )
if and only if we have
IS(exp(cp(@[f](]X)))) = IS( m“(syx))
This is true since the left-hand side is a(fO(CDA (]X))) = a(log <I>A (]X)), thanks to

the commutativity of (&12). The claim follows from
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