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CONJUGACY CLASSES OF MAXIMAL TORI
IN SIMPLE REAL ALGEBRAIC GROUPS
AND APPLICATIONS

DRAGOMIR Z. POKOVIC AND NGUYEN QUOC THANG

ABSTRACT. Let G be an almost simple complex algebraic group defined over R, and
let G(R) be the group of real points of G. We enumerate the G(R)-conjugacy classes of
maximal R-tori of G. Each of these conjugacy classes is also a single G(R)°-conjugacy
class, where G(R)® is the identity component of G(R), viewed as a real Lie group. As
a consequence we also obtain a new and short proof of the Kostant-Sugiura’s theorem
on conjugacy classes of Cartan subalgebras in simple real Lie algebras.

A connected real Lie group P is said to be weakly exponential (w.e.) if the image
of its exponential map is dense in P. This concept was introduced in [HM] where also
the question of identifying all w.e. almost simple real Lie groups was raised. By using
a theorem of A. Borel and our classification of maximal R-tori we answer the above
question when P is of the form G(R)°.

0. Introduction. Let G be an almost simple complex algebraic R-group and G(R)
the group of real points of G. There are only finitely many G(R)-conjugacy classes of
maximal R-tori of G, see [Ser, p. III-34]. We describe a general method for finding
representatives of these conjugacy classes. Our method is based on Borel-Tits theory of
reductive algebraic groups over arbitrary fields and is presented in Section 1. If G(R) is
compact then there is only one conjugacy class (see [H, p. 248]). Hence we will exclude
this case from our consideration.

If G is of classical type we use a different method which enables us to give an explicit
description of all maximal R-tori of G. This method uses the standard representation
G — GL(V), where V is a real, complex or quaternionic vector space and is presented
in Section 2.

The exceptional groups G are treated in Section 3. We have enumerated the G(R)-
conjugacy classes of maximal R-tori of G and provided some information about their
maximal split and maximal anisotropic subtori.

The above mentioned results can be used to obtain the classification of Cartan sub-
algebras of absolutely simple finite dimensional real Lie algebras g, with respect to the
action of the adjoint group of g. This classification is due to Kostant [K] and Sugiura [Su],
where the Lie algebra techniques are used. Recently Helminck [He] has generalized these
results to reductive algebraic groups, equipped with an involutorial automorphism, over
an arbitrary field of characteristic # 2, and has simplified some of the proofs.
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We may assume that g is the Lie algebra of G(R) for a suitable almost simple R-group
G. If T is a maximal R-torus of G, then the Lie algebra of T(R) is a Cartan subalgebra
of g and all Cartan subalgebras of g arise in this manner. This establishes a one to
one correspondence between G(R)°-conjugacy classes of maximal R-tori in G and the
conjugacy classes of Cartan subalgebras of g under the adjointaction. L. P. Rothschild [R,
Corollary 2.4] has shown that if two maximal R-tori of G are G(R)-conjugate then they
are also G(R)°-conjugate. Consequently if His another such group whichis R-isogeneous
to G then we obtain a one to one correspondence between the G(R)-conjugacy classes
of maximal R-tori of G and those of H.

A connected Lie group P is called exponential (resp. weakly exponential) if the image
of the exponential map is equal to P (resp. is dense in P). We abbreviate “weakly
exponential” by w.e. The systematic study of w.e. groups was begun in [HM]. Recall
that a Cartan subgroup of P is the centralizer in P of a Cartan subalgebra of the Lie
algebra of P. A. Borel (see [HM]) has shown that a connected semisimple Lie group is
w.e. iff all of its Cartan subgroups are connected. Hofmann and Mukherjea [HM] have
raised the question of finding the complete list of w.e. almost simple real Lie groups. In
the case when P = G(R)° the Cartan subgroups of P have the form PN T(R) where T is
a maximal R-torus of G. By using our classification of maximal R-tori, we answer, in
Section 4, the above question for the groups of type G(R)°.

We thank the referee for his/her comments and for supplying the reference [R].

1. A general method for classifying maximal R-tori. Our main reference for
notions pertaining to algebraic groups will be [Bo] and [BT1] where the reader may find
all necessary definitions. Let k be a field of characteristic 0, k its algebraic closure and G
an algebraic group defined over k (a k-group). In this section we describe a method for
classifying maximal k-tori in connected reductive k-groups, which will be used in the
sequel. Fix a maximal k-torus T of G containing a maximal k-split torus S of G. Denote
by @ (resp. by ;®) the root (resp. k-root) system of G with respect to T (resp. S) and
by A (resp. (A) a basis of @ (resp. , D). We assume that the orderings of @ (resp. ;@)
determined by A (resp. ,A) are compatible. This means that if « € ® is a positive root
then «fy is either O or a positive root in ;. Let 6 be a subset of ;A and S, the connected
component of identity of [,y Ker(ear). Then Sy is a k-split subtorus of S and is called
the standard k-split torus of type 0. Let W be the Weyl group of G with respect to T, i.e.,
W = Ng(T)/Zg(T), where we use Ng(-) (resp. Zg(+)) to denote the normalizers (resp.
centralizers) in G. We denote by ;W the k-Weyl group of ;®, i.e., ;W = Ng(S) / Z5(S).

We recall briefly the definition of the k-index of a reductive k-group G. For more
details see [Bo, p. 270], [T1], [Se]. The Galois group I of I_c/k acts on @. If o € I then
0(A) is a base of @, and so there exists a unique w, € W such that w,a(A) = A. This
defines an action of I" on A, called the *-action. An orbit of " in A is called distinguished
if it is contained in A \ Ag, where Ay is the set of roots o € A which are trivial on S. The
k-index of G is the pair (A, Ay) together with the *-action of T.

The following proposition establishes some properties of Z;(Sy) which are well known
in the case Sy = S, see [T1], [Se].

https://doi.org/10.4153/CJM-1994-039-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-039-5

CONJUGACY CLASSES OF MAXIMAL TORI 701

PROPOSITION 1.1. Let Sy be a standard k-split torus of G and Z5(Sy) = SySoH (almost
direct product), where S is a k-torus and H a semisimple k-subgroup of G. Then the
Tits index of H is obtained from that of G by removing all vertices not belonging to the
preimage 0 of 6 U {0} under the restriction map p: A —y AU {0}. Furthermore S is
k-anisotropic.

PROOE. By [Bo, Section 21.11] we know that Z;(Sy) is generated by T and the root
groups U,, for roots o which are integral linear combinations of elements of 8. This
proves the first assertion.

The k-rank, r, of G is equal to the number of distinguished orbits in the k-index of
G. By the first assertion, the k-rank, s, of H is the number of distinguished orbits in b.
Hence r — s is the number of distinguished orbits in A \ 8. By [BT1, Section 6], two
roots o, 3 € A\ 6 have the same image under p if and only if they belong to the same
distinguished orbit. Thus r — s is the cardinality of ;A \ 6, i.e., r — s = dim Sy. Since Sy
is split, it follows that S is anisotropic. [

PROPOSITION 1.2. Any maximal k-torus T; of G is G(k)-conjugate to a maximal k-
torus of G having a standard k-split torus as its k-split part.

PROOF. The assertion is trivial if 7} is k-anisotropic, so we assume that the k-split
part S; of T} has positive dimension. Let P; be a parabolic k-subgroup of G, with
Z;(S1) as a Levi subgroup (see [Bo, Proposition 20.6]). It is well-known (see [Bo,
Proposition 21.12]), that P is k-conjugate to a standard k-parabolic subgroup Py of G,
corresponding to a subset 6 of ;A, and we may assume that Zg(S) = Zs(Sy). Since
T1 D Sy, T is a maximal k-torus of Zg(Sy), and S; D Sy since S is the k-split part of
T,. From Proposition 1.1 it follows that Sy is the k-split part of the connected center of
Z5(Sp), hence S| = Sp. =

We call the torus T in the above proposition a standard maximal k-torus of type 0 if
S| = Sp. Itis clear that if Sy is the k-split part of a maximal k-torus then the derived group
of Z;(Sy) has a k-anisotropic maximal torus. We recall (see [Bo, Section 24.6]) that the
group of real points of an anisotropic reductive R-group is compact.

PROPOSITION 1.3. Let k = R and let T (resp. T|) be a standard maximal R-torus of
G of type 0 (resp. 0'). Then T is G(R)-conjugate to T if and only if § is R W-conjugate
to .

PROOF. Let T} =SS and 7] = S¢S} where S| and S/ are anisotropic R-tori. Assume
that w(@’) = 0 for some w €g W. By [Bo, Theorem 21.2] we can choose a representative
n € Ng(S)(R) of w. Then Sy = nSyn~!, and so we may assume that Sy = Sg. By
Proposition 1.1, Z5(Sg) = S¢ToH where H is a semisimple R-subgroup of G and Tj is
an anisotropic R-torus. By Cartan’s theorem (see [H, Theorem 2.2, p. 256]) all maximal
compact subgroups of H(R) are conjugate. Thus we may assume that T>(R) and T}(R)
are maximal tori of a fixed maximal compact subgroup of H(R). Consequently they are
conjugate in H(R), and so T and T| are G(R)-conjugate.
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Conversely, ifa € G(R), and Ty = aT}a "', thenaSya~" = Sy. Since Sy, Sy are subtori
of S, by [BT1, Corollary 4.22] there is b € G(R) such that »6Sh~' = S and bsh ' = asa™!

for all s € Sy. If w is the image of b in g W, then w(0’) = 6 as required. L]
Type | g, fe Restrictions | Inner/ | G(R)
outer
Al A By, leven; [>2 — SL; 1 (R)
Dy1)j2,  odd.
All | Ay o [>1 — SL;,(H)
1>1
Alll | A Ap1+A;1+C p+g=1+1 + SU@p. q)
p=q=>1
Dya+ By 1)) [1>2
BI B, peven; p+qg=2l+1 + SO(p, q)
B, 12+ Dy p>q=>1
podd.
CI C A1 +C (>3 + Sp,,(R)
1>3
cll C Cr+C, p+qg=1 + Sp(p, q)
p=qg=1
D, + Dy, >4
DI D, p even; p+q=2I =Y | SO(p,q)
By, np+Bynp | p2g=1
p odd.
DIl | D, A 1+C >4 + SO*(21)

TABLE I Non-compact real forms of classical simple complex Lie algebras

From this proposition we derive immediately the following.

COROLLARY 1.4. If k = R, then all maximal R-tori of G containing S are G(R)-
conjugate. ]

Tables I and II provide the list of all non-compact real forms of simple complex Lie
algebras g. In the first column of these tables we list the types of the real forms by using
Cartan’s notation. We denote by f a maximal compact subalgebra of g, and by q,. (resp.
f.) the complexification of g (resp. ). Let G be an almost simple R-group such that the
Lie algebra of G(R) is isomorphic to g. Let g = f + p be the Cartan decomposition of
g, and g, = f + ip a compact real form of g.. The linear map o whichis 1 on f and —1
on ip is an involutorial automorphism of g,,. If « is an inner (resp. outer) automorphism
of g,, then g, and also G, is said to be of inner (resp. outer) type. It follows from [GG,
Proposition 8.5.2] that G is of inner type if and only if it has an anisotropic maximal
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Type g, f. Inner/Outer Satake diagram

(o) O,
E1 Es Cy - \o o

(o) O/

o [e]
Ell Es | As+A| + ]: I\o o

(o) O/

(o) [ ]
ENl | E | Ds+C + I \. o

oo

(o) (]
EIV Eg Fy — \. .

o

—0——0—0
EV E; A7 +
—e—O0—9

E VI E; | Dg+ A +

O—e—0—0—0—0
EVII | E; | Eg+C + I

—O0—0—0
E VIII | Eg Dg +
(o)
O—eo—0—0—0—0—0

E IX Eg E;+ A + (
FI Fy | C3+A + 0—0=>0—0
FII Fy By + o—e=— 0—0
Gl G, 2A + o=>o

TABLE II Non-compact real forms of exceptional complex Lie algebras
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“wo»

R-torus. In Tables I and II we indicate by “+” sign the groups of inner type, and by
sign those of outer type. In the last column of Table II we give the Satake diagrams for
the indicated algebras. For more details concerning these diagrams we refer the reader
to [H], [Sa], or [W]. We also use the conventions Ag = By =0, B = C; = Ay, B, = (3,
D| = C, Dz = 2A1, and D3 =A3.

2. Maximal tori in classical real Lie groups. We denote by V a finite dimensional
vector space over F' = R, C or H (real quaternions). Sometimes V will be equipped witha
non-degenerate form f: VXV — F. We denote by G(V, f) the group of F-automorphisms
of V which preserve the form f. If f is absent, then G(V, .) is the general linear group of
V over F. We refer to the groups G(V, f) as the classical real Lie groups. Each G(V,f) is
the group of real points of some R-group. Accordingly the term “torus” will refer to the
group of real points of some R-torus. The classical groups for which the corresponding
R-group is almost simple fall into seven classes summarized in the following table.
Thus the complex general linear, orthogonal, and symplectic groups are excluded. The
numbering in this table will be used also in Tables IV and V.

No. | F f Signature | dimgV | G(V,f)
1 R n GL,(R)
2 H n GL,(H)
3 C hermitian ®,9) p+q U@p, q)
4 R symmetric ®, 9 p+q O, q)
5 H | skew-hermitian n SO*(2n)
6 R | skew-symmetric 2n Sp,,(R)
7 H hermitian @, 9 p+q | Sp(p,q)

TABLE III Classical real Lie groups

If f is hermitian or symmetric, we define its signature to be (p, q), where p (resp. q) is
the maximum dimension of a positive (resp. negative) definite subspace of V. We shall
consider pairs (G, T) where G is a classical real Lie group and T is a torus of G. We shall
say that such a pair is maximal if T is a maximal torus of G, and that it is indecomposable
if G = G(V,f), V#0, and V has no non-zero proper T-invariant f-non-degenerate (if f
is present) F-subspaces

PROPOSITION 2.1. The isomorphism classes of maximal indecomposable pairs (G, T)
are listed in Table IV below for each of the seven types of classical real Lie groups. In
this table ds (resp. d,) denotes the dimension of the maximal split (resp. anisotropic)
subtorus of T. With (p, q) we denote the signature of f when appropriate.

PROOF. The proofs are similar in all 7 cases and we shall give details only for real
orthogonal groups. In the cases 4(a) and 4(b) we have G = {£1}, T = {1}, and since
dim V =1, (G, T) is maximal and indecomposable. In the case 4(c), we have G = O(1, 1)
and T = SO(1, 1). The two isotropic lines in V are non-isomorphic irreducible 7-
modules and so (G, T) is maximal and indecomposable. In the cases 4(d) and 4(e), we
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No. | dimgV | ds | dy | p | q T—G
1 (a) 1 10 T=R*=G

(b) 2 1|1 T=C"—>GLR)=G
2 (a) 1 1] 1 T=C"—>H'=G
3 (a) 1 ol1]1]o0 T=U1)=G

(b) 1 01 (0|1 T=U)=G

(c) 2 1|1 ]1]1 T=C*—U{,1)=G
4 (a) 1 0|0 (|1]0 T=1

(b) 1 00|01 T=1

(¢) 2 1|0 (1]1 T=R*—~0(,1)=G

(d) 2 0120 T=S02) —012)=G

(e) 2 0| 1]0]2 T=S02)—012)=G

® 4 1 1(2(2|T=C*GLyR)—02,2)=G
5 (a) 1 0] 1 T=U1)=G

(b) 2 1|1 T=C*—1U(l,1)—>SO0*2)=G
6 (a) 2 10 T=R*—>SL,(R)=G

(b) 2 0|1 T=S0Q2) — SLL,R)=G

©) 4 1|1 T =C* — GLyR) — Sps,(R) =G
7 (a) 1 0O|j1|1]0 T=U(l)—Sp(l)=G

(b) 1 0101 T=U()—Sp(l)=G

(©) 2 11|11 |T=C*—=U(,1)—=Sp(l,)=G

TABLE IV Maximal indecomposable pairs (G, T)

have G = O(2) and T = SO(2). Hence V is an irreducible T-module and so (G, T)
is maximal and indecomposable. In the case 4(f) we have G = O(2,2) and we have
obvious embeddings: C* — GL,(R) — O(2, 2). The image of C* is a maximal torus T
of G. As a T-module, V is a direct sum of two non-isomorphic irreducible submodules,
each of which is a maximal totally isotropic subspace of V. Thus (G, T) is maximal and
indecomposable.

Conversely, let (G, T) be a maximal indecomposable pair where G = G(V, f). If there
exists a 1-dimensional 7T-invariant subspace V| C V such that V; is non-degenerate, then
V =V, and (G, T) is of type 4(a) or 4(b). Thus we may assume that every 1-dimensional
T-invariant subspace of V is isotropic. Assume that such a subspace, say V; exists.
Clearly V; must be orthogonal to every 2-dimensional irreducible 7-submodule of V.
As V is a direct sum of 1- or 2-dimensional irreducible T-submodules, it follows that
there is a 1-dimensional T-invariant subspace V, C V, not orthogonal to V;. Hence
V| @V, is non-degenerate, and so V = V; @ V,, and (G, T) is of type 4(c). From now
on we may assume that there are no 1-dimensional T-invariant subspaces of V. If V
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contains a 2-dimensional T-invariant subspace V; such that V| is non-degenerate, then
Vy is either positive or negative definite, and so V = V|, and (G, T) is either of type
4(d) or 4(e). It remains to consider the case where V =V, &---@V,, and each V; is
a 2-dimensional irreducible and totally isotropic T-invariant subspace. We may assume
that V| is not orthogonal to V,. Then V| @ V> is non-degenerate and so m = 2. It follows
that G = O(2, 2) and that V, ~ V] as T-modules. Hence (G, T) is of type 4(f). [

Let (G, T)) and (G>, T») be two pairs belonging to the same series of classical real
Lie groups, say G; = G(Vi,f), i = 1,2. Weset V=V, @ Vo, f =fi L, G=GCG(V,f)
and T = T) x T,. Then we say that (G, T) is the sum of these two pairs and we write
(G, 1) = (G, T ) U(Ga, T).

PROPOSITION 2.2. Let G = G(V.f) be a classical real Lie group and T C G a
maximal torus. Then the pair (G, T) is a sum of maximal indecomposable pairs (G;, T;),
i=1,...,m, which are unique up to ordering.

PROOF. We prove first the existence of a sum decomposition by induction on n =
dimg V. We may assume that (G, T) is decomposable. Hence there exists a non-zero
proper F-subspace V| C V, which is T-invariant and f-non-degenerate (if f is present).
There is a T-invariant subspace V> , complementary to V. In the case when f is present,
we choose V;, = Vll , and set f; =f|V,»><V, fori =1,2. We have T — G| X G» — G, where
G; = G(V;, f), and consequently T = T} X T, where T; is a maximal torus of G;. We have
therefore (G, T) = (G, T) Ul (G2, T>) and we can use induction hypothesis to conclude
the proof.

Next we prove the uniqueness assertion. We can write

G.T)= |___||(Gi» Ty,

where each (G;, T;) is a maximal indecomposable pair, say G = G(V,f), G; = G(V,.f)),
f=fil---1fyand

V=Vi® PV 2.1)

Each V; is either irreducible as 7-module (this is certainly the case if f is absent), oritis a
direct sum of two totally isotropic irreducible 7-submodules of the same dimension, say
Vi=Vi® Vi” . We may assume that the former alternative holds for i < r and the latter
for i > r. The irreducible 7-modules Vi, ..., V.,V . V', ..., V.. V! are pairwise
non-isomorphic. Hence the decomposition

isunique uptoordering. Since V; L V;, V/ L V/,and,ifi #j,V; L V', the decomposition
(2.1) is also unique up to ordering. »

We shall write the decomposition (2.1) as

V=nava@nbvb®' Ty
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where the indices a, b, . . . refer to the isomorphism types (G, T,), (Gp, Tp), . . . of max-
imal indecomposable pairs as given in Table IV, and n,, np, . .. are the corresponding
multiplicities. Therefore every maximal torus T of G = G(V, f) has the form

= T
T=TyxXT)"x---.
We shall refer to ng, np, . . . as the parameters of T.

PROPOSITION 2.3. Two maximal tori of G = G(V,f) are G-conjugate if and only if
they have the same parameters. The number N of G-conjugacy classes of maximal tori
in G is given in the last column of Table V.

No. dimgp V Equations for T N
n ng+2n,=n (n/2]1+1
2 n ng=n 1
3 p+q=n, Ng+ne.=p g+1
»p=>24920 np+ne =g
4 | p+g=2n+l, ng+ny =1 (g+2)%/4,
p>qg>0 Re+np=(q—np—n.)/2 q even;
ng=n,+(P—q—na+mn)/2 | (g+1)g+3)/4,
q odd.
4 p+q=2n, ng=np=0 (g+2)(g+4)/8,
p>q>0 ng=n.+({p—q)/2 q even;
ne+np=(q—nc)/2 (g+1)(g+3)/8,
g odd.
5 n ng+2n,=n [n/2]+l
6 2n Ng+np+2n.=n (n+2)2/4,
n even;
(n+1)n+3)/4,
n odd.
7 p+q=n, Hg+n.=p qg+1
p=>q=>0 np+n.=q

TABLE V Conjugacy classes of maximal tori in classical real Lie groups

PROOF. Each maximal torus 7 of G defines uniquely (up to ordering) a direct de-
composition of type (2.1). It is clear that G-conjugate maximal tori of G give rise to
G-equivalent decompositions.

In order to prove the converse, we may assume that two maximal tori, say T and 77,
determine the same decomposition of V. We have
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with (G;, T;) and (G;, T) maximal and indecomposable. It is easy to verify that 7; and 7}
are conjugate in G;.

The number N of G-conjugacy classes of maximal tori is obtained by counting the
number of non-negative integral solutions ng, np, ... of equations in column 4. For
instance, let G = O(p, q), withp +q =2n+ 1, p > g > 0. We have either

(i) n,=1,n,=0,0r

(i) n, =0,n, = 1.
In case (i), the number of solutions is

(lg/21+ (g/21+2)/2,

and in case (ii) ,
g+ D/2)([(q+1D)/2]1+1)/2.

By adding these two numbers we obtain N given in the last column. n

If (G, T)is apair of type 1(a) or 1(b) then Ng(T) is not contained in G°. This implies that
SL,(R)-conjugacy classes of maximal tori of GL,(R) are the same as GL, (R)-conjugacy
classes. The description of the conjugacy classes of maximal tori in the groups SL,(H)
(resp. SU(p, gq)) follows immediately from that of GL,(H) (resp. U(p, g)). The case of
SO(p, q) and SO(p, q)° is more delicate and we consider it in the next proposition.

PROPOSITION 2.4. Let G = G(V,f) = O(p,q), p > q > 1, and H = SO(p, q). Then
every G-conjugacy class of maximal tori of G is also an H-conjugacy class, with only one
exception: p = q is even, ng = np =n. =ng =n, =0, and ny = p/2, in which case this
G-conjugacy class is a union of two H-conjugacy classes. Furthermore the H-conjugacy
classes and the H°-conjugacy classes coincide.

PROOF. Let T be a maximal torus of G and N its normalizer in G. Let
(Ga T) = U(Gi7 Tl)7
i=1

where (G, T;) are indecomposable and G; = G(V,. f3). Set H; = {x € G, : det(x) = 1} and
let N; be the normalizer of T; in G;. It is easy to verify that N; C H; iff (G;, T;) is of type
4(f).

In order to prove the first assertion, observe that
xTx' :xeGy={xTx ' :x€H} «< N¢ H.

If at least one pair (G;, T;) is not of type 4(f) then N; ¢ H;, and consequently N ¢ H.
We now consider the exceptional case where all pairs (G;, T;) are of type 4(f) and so
p = q =2m. Each V; is a direct sum of irreducible totally isotropic 7-submodules V! and
V!'. We have to prove that N C H. An arbitrary a € N permutes the pairs {V/, V/'}. Since
N M H induces all possible permutations of such pairs and N; contains an element that
interchanges V/ and V/’, we may assume that all subspaces V! and V/’ are a-invariant. It
follows that det(a) = 1 and so N C H. The second assertion is a special case of the result
of Rothschild mentioned earlier. =

https://doi.org/10.4153/CJM-1994-039-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-039-5

CONJUGACY CLASSES OF MAXIMAL TORI

Type ds | ¢ H Type | d; | ¢ H
EI 6 |1 0 ENl 4 |1 0
511 A 3 11 Ay
4 1 2A] 2 1 A3
301 34, 11] As
N=5 2 |1 Dy N=510 |1 Es
E I 2 |1 Az EIV |2 |1 Dy
1|1 As
N=3 |0 |1 E¢ N=1
EV 711 0 EVI |4 |1 34
6 |1 A 311 4A,
5 1 244 2 1 | D4+ A4
4 | 2| 34,034) 11| Ds
32| 44,Ds ||N=5 |0 | 1| E
2 11 Ds+ A EvVIl | 3 |1 Dy
1 1 Dg 2 1| Ds+A
0|1 E 1 11| Dg
N=10 N=410 |1 E;
EvVIIl |8 |1 0 EIX |4 |1 Dy
7 1 A[ 3 1 Dy + A
6 |1 24, 2 11| D
511 34 1 1 Ey
4 12 4A1, Dy N=5 |0 |1 Eg
301 D4+ A F1 4 11 0
2 |1 Ds 312 ALA
1|1 E; 2 | 2| By,24,
0|1 Es 1 |2 By,G
N=10 N=8 |0 |1 Fy
FII 1 |1 B3 GI 2 |1 0
01 Fi 1 2] AL4
N=2 N=4 |0 |1 G,

TABLE VI Conjugacy classes of maximal R-tori in exceptional groups

709

3. Maximal tori in exceptional real groups. In this section G will denote an
exceptional almost simple R-group. We study the G(R)-conjugacy classes of maximal R-
tori in G, by using the results and notations of Section 1. As mentioned in the Introduction,
we may assume that G(R) is not compact. Let 7’ be a maximal R-torus of G. By d; we
denote the dimension of the R-split part S’ of 7”, by ¢ the number of G(R)-conjugacy
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classes of maximal R-tori T/ with dy fixed, and by H the semisimple part of Z;(S"). The
Dynkin diagram of H can be identified with a subdiagram of A. If A has roots of different
lengths then A denotes an A; made up of short roots. We shall show later by an example
how one can determine the Satake diagram of H. Note that if G is simply connected then
G(R) = G(R)° (see [BT2, Corollary 4.7.]).

THEOREM 3.1. With one exception in the case of E 'V, each G(R)-conjugacy class of
maximal R-tori T' is uniquely determined by d; and the type of H. The G(R)-conjugacy
classes of maximal R-tori T' of G are listed in Table VI.

PROOE. Since the proofs in all cases are of similar nature, we give only the proof
s for some typical cases, including the case of split type E; which requires additional
arguments. In all cases we use (explicitly or not) Proposition 1.1 in order to find the type
of H.

a) Type EL. If d; = 6, then ¢ = | by Corollary 1.4. Let d; = 5. Since all roots have the
same length, they are permuted transitively by the Weyl group. Hence in this case ¢ = 1.
If d; = 4, then H cannot be a split A,, since the latter is of outer type. Thus H is of type
2A,, which corresponds to a pair of non-adjacent simple roots. As above, any two such
pairs are W-conjugate and ¢ = 1. If d; = 3, the same argument as above shows that H is
of type 3A;, which corresponds to a 3-element set of mutually orthogonal simple roots,
and similarly ¢ = 1. If d; = 2, Dy is the only possibility for H (we exclude some groups
of outer type, like the case A, above). We have again ¢ = 1, and we are done.

b) Type E III. If d; = 2, then ¢ = | (Corollary 1.4). If d; = 1, then As is the only
possible type for H, since the group with the Satake diagram

is of outer type. Hence ¢ = 1.

¢) Type E V. The argument used above shows that ¢ = 1 if d; = 7,6 0r 5. If d, = 4,
H must be of type 3A,. It is known (cf. [Dy]), that there are two W-conjugacy classes of
root subsystems of type 3A; in a root system of type E7. Lemma 3.2 below implies that
c =2.1f d; = 3 then 4A, and D, are the only possibilities for H. From [Dy] we know
that there are two conjugacy classes of regular subgroups of type 44,. As we are looking
only for those corresponding to subsets of the given base of the root system, it is easy to
see that there is only one conjugacy class of type 4A; and one of type D4. Thus ¢ = 2. If
ds = 2 then H must be of type D4 + A; and ¢ = 1. Indeed Ds is of outer type. If d; = 1,
then the only possible type for H is Dg. Since E V is of inner type, we also have ¢ = 1
when d; = 0. .

LEMMA 3.2. The Dynkin diagram of the root system of type E; contains two subdia-
grams of type 3A|, which are not W-conjugate.

PROOF. We use the notation for roots as in [Bou]. Extend the Dynkin diagram of E7
as follows
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B a a3 oy as g
o —O0—0

Y (%)

where

—0=2a; +20p + 33 + 4oy + 3as + 20 + a7,

Y=o+ a3+ 204+ 205 + 2006 + 7.

The roots orthogonal to o7 form a root system of type Dg with a base {3, a;, ay, a3, oy,
as} and the roots in this Dg which are orthogonal to as form a root system of type
D4 + A, with the base {3,7, a1, a3} and {a}. We claim that 6 := {@,, as, a7} and
0" := {as, as, a7} are not W-equivalent. Assume that there is a w € W such that
w(f) = 0'. In aroot system of type Az, say the one with the base { s, e, ot7}, there is an
element of its Weyl group which interchanges as and 7. It follows that in the root system
of type As with base { a3, au, as, as, a7 }, the roots a3, as, a7 can be permuted arbitrarily
by the Weyl group of that As. Hence we may assume that w(as) = as, w(a7) = o7 and
so w belongs to the Weyl group of the root system D4 + A, and we have a contradiction
with w(ap) = a3. »

From the above it is clear that in order to find representatives of conjugacy classes of
maximal R-tori, it is sufficient to find:
(a) representatives of g W-orbits of subsets 8 of rA,
(b) the corresponding standard split tori Sy,
(c) a maximal R-torus T containing Sy as its R-split part.

EXAMPLE. Let G be of type E VII. If d; = 2 then ¢ = 1 and H is of type D4 + A;.
From Table II we see that the Satake diagram of H is

’—I—‘ [}

4. Weakly exponential groups of type G(R)°. Hofmann and Mukherjea [HM] have
raised the problem of deciding which almost simple Lie groups are w.e. In particular
they have shown that all connected complex Lie groups are w.e. In this section we solve
this problem for the groups G(R)°, where G is an almost simple R-group. In the case
of classical real Lie groups, as defined in Section 2, the answer to the above question is
contained in the more general results obtained in [D2].

We denote by o the complex conjugation of G. The universal covering group of G will
be denoted by G and the corresponding adjoint group by G. As in [T2] we set G* = G(R).
Recall that this group is always connected as a real Lie group.

We fix a maximal R-torus 7 of G containing a maximal R-split torus S of G. The
symbols @ and A = {«y, ..., o} will have the same meaning as in Section 1. For each
simple root a; we denote by h;: C* — T the corresponding multiplicative 1-parameter
subgroup as defined in [St, Chapter 3]. We set ¢; = h;(—1). If a = kja; +- - -+ ko, where
ki € Z, we define So(1) = hi (1) - - - ()X If By, . . ., B, are integral linear combinations
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of simple roots then we denote by S(3,...,3,) the subtorus of T generated by the
images of Sg,,...,83.If G = G, then T is the direct product of 1-dimensional tori S(a;),
i=1,...,1(see[St]).

The conjugation ¢ also acts on @ and on the root lattice. Matsumoto [M, p. 421]
explains how to compute this action of o from the knowledge of the Satake diagram.
One can show that if o(a) = e, € = %1, then 6S4(t)o~" = So(¥). Hence if o(53;) = §;
(resp. o(B;) = —0;) for all i then the torus S(3,,...,03,) is a split (resp. anisotropic)
R-torus.

We need the following theorem of A. Borel (see [HM]):

THEOREM 4.1. A connected semisimple real Lie group is w.e. if and only if all of its
Cartan subgroups are connected. u

In the case of groups G(R)° the Cartan subgroups are Q(R) N G(R)°, where Q runs
through all maximal R-tori of G.

Let Q be an R-torusof G and let QO = QpQ;, where Qg (resp. Q) is the maximal R-split
(resp. R-anisotropic) subtorus of Q. This is an almost direct product and so F = Qp N O
is a finite group. Denote by Q{) the maximal compact subgroup of Qy(R), which is in fact
a finite 2-group. We shall need the following lemma.

LEMMA 4.2. With the above notation we have:
(i) O(R) = Qo(R)Qi(R) = &), - O(R)°® ;
(i) Q(R)/QR)° ~ Q) /(0 N O1(R)).

PROOF. (i) Since Qy(R) = Q’(‘) - Qo(R)° and Q) (R) is connected, the second equality
follows from the first. We now prove the first equality. Let x € Q(R) and write x = st,
with s € Qp, t € Qy. Then o(x) = x, i.e., o(s)o(t) = st. It follows that y := so(s)~' =
t~'o(t) € F. Hence o(t) = ty. We claim that this implies y = 1. For this it suffices to
consider the case when dim Q; = 1. Then Q; = C* with o(t) = 7! for r € C*. Hence
y=t"lo(t)=(f)"' > 0,and y = 1 since y € F and so y has finite order.

(i1) We have Qp(R) = Qg - Qo(R)°, and Q(R)° = Qp(R)° - Q1(R). Note that both of
these products are direct products. By (i)

OR)/OR)° ~ 0/ () N OR)°).

Since Qyp(R)° is torsion-free, Q(/) NQOR)° = Q’E) N O1(R). n

Next we show that, when applying Borel’s theorem to G(R)°, we need only to check
whether T(R) N G(R)® is connected.

LEMMA 4.3. Let G, S and T be as above. If T(R) N G(R)° is connected then G(R)® is
w.e.
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PROOF. By Borel’s theorem, it suffices to show that Q(R) N G(R)° is connected for
all maximal R-tori Q of G. Let Q = QpQ; and T = ST; where Qy is the split part of Q,
and Q; (resp. T) is the anisotropic part of Q (resp. T). We may assume that Oy C S and
Q) O T,. By Lemma 4.2 we have

TR)NGR)® = TR NGR)° = (¥ NGR)*)T(R)".

Since T(R) N G(R)° is connected and 7 (R) is the maximal compact subgroup of T(R)®,
we have
O)NGRY C ¥ NGR)Y C Ti(R) C Qi (R).
Hence Q(R) N G(R)°* = (0 N G(R)°) Q(R)° C Qi(R)QR)° = O(R)°. .
LEMMA 4.4. Let Z be a central subgroup of G and ¢: G — H = G| Z the canonical

projection and assume that Z C G(R). Then, if T is a maximal R-torus of G, qS(T(R)) N
H(R)° is a Cartan subgroup of H(R)°.

PROOF. We have to show that qu(T(R)) N H(R)® = ¢(T) NH(R)®°. In order to prove
the non-trivial inclusion, let x € ¢(T) N H(R)*. Since HR)* C ¢(G(R)), we have
x = ¢(y) = ¢(z) for some y € T and z € G(R). It follows that yz~' € Z C G(R), and
consequently y € G(R). Thus y € T(R), and so x € d>(T(R)) N H(R)". n

THEOREM 4.5. Let G be an almost simple complex algebraic group defined over R.
Then G(R)® is w.e. if and only if it is either compact or isomorphic to a quotient of a
group listed in Table VII. (The elements z and 7' of the center of Spin,,(C) are defined
below in the proof of this theorem.)

Al PSL,(R)

All G* =SL,(H),n>2

AT G*=SU@p,q),p>qg>1
SU(p, p)/ Zym, 2p = 2™r, r odd

BI SO@2n, 1%, n > 1

cu G"=Spp,q),p=2q=1

G*=Spin2n—1,1),n >3
DI PSO(2n —2,2)°,n > 3, n odd

Spin(2n — 2,2)/(z), n > 4, n even
G* = Spin*(2n), n > 3, n odd

DIII SO*(2n),n > 4, neven
Spin*(2n) /(Z'), n > 4, neven
E L IV G*
E VII G*|Z,
FII G*

TABLE VII Maximal non-compact almost simple w.e. groups G(R)°
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PROOE. If G is split over R, then G(R)° is not w.e. except in the case G = PSL,(C),
see [HM, Proposition2.12]. Hence we may assume that G is not split over R. In particular
we can exclude the types AL, CI,EL,EV, E VIII, F1, and G I from further considerations.
Since connected compact Lie groups are exponential, we may assume that G(R)? is not
compact. It is well known that the groups SL,(H), Sp(p, ¢) and SO*(2n) are exponential
(see e.g. [D1]). The first two groups are also simply connected, and so we are done with
types A Il and C II.

In the remaining cases, in view of Lemma 4.3, we examine the connectedness of
T(R)NG(R)°. Let S and S be defined as above. The centralizer Z;(S) is an almost direct
product ST H, where H is the derived group of Z;(S) and 7} is an anisotropic R-torus
(which may be trivial). By Lemma 4.2,

[TR): TR =[5 : § NT,H].

In particular T(R) is connected if and only if § C T;H. We shall now consider each of
the remaining Cartan types separately. By & we denote the highest root of ®.

CASE A III. Let G(R) = SU(p,q),p > q > 1,p+q =n > 3. We may assume that
T(R) consists of all diagonal matrices

diag\ 1y« oy Apogo (1 T - - s fg iy ")

where \;, p; € C*, |Aj| = 1, and

A Npegiu iy iy = 1

If p > g, T(R) is connected and SU(p, q) is w.e. If p = g the above equation reduces to
1 - - g € R*. Then T(R) has two connected components and so SU(p, p) is not w.e.
We now investigate the factor groups SU(p, p)/(¢*), where ¢ is a primitive 2p-th root of
1. We have ¢* € T(R)° if and only if (** = 1, i.e. s is even. Hence this factor group is
w.e. if and only if s is odd.

CASEB L. Let G(R) =SO(@,q),p+g=2n+12>3,p > q > 1. The maximal torus
T(R) of SO(p, q) has parameters n, = 1,ny =n, =n; =0,n. =g, andny, = (p—q—1)/2,
see Section 2. It follows that T(R) has 2¢ connected components. Since ¢ > 0, T(R)
is not contained in SO(p, ¢)° and so T(R) N SO(p, q)° has 29-! connected components.
Hence SO(p, g)° is w.e. if and only if ¢ = 1. It remains to consider the group G* when

= 1. Let T be a maximal R-torus of G = Spin,,,;(C) containing a maximal split
R-torus S. We have S = S(a; + - -+ + «,,) and Zg(S) = SH, where Ay = A\ {o}. As
S ={eje2--¢,) & H, T(R) is not connected and G* is not w.e.

Case D I. Let G(R) = SO(p,q),p > g > 1, p+q = 2n > 6. Let T(R) be
a maximally split maximal torus of SO(p, g). As in the previous case, T(R) has 29
connected components.
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If ¢ > 3 we claim that the adjoint group PSO(p, ¢)° is not w.e. Indeed, the image of
T(R) under the canonical projection ¢: SO(p, g) — PSO(p, g) has 29~ components. As
PSO(p, ¢) has at most two components, the claim follows from Lemmas 4.3 and 4.4.

Let ¢ = 2. Then qS(T(R)) has two components. Since ¢(T(R)) ¢ PSO(p,2)°,
¢(T(R)) MPSO(p, 2)° is connected, and PSO(p, 2)° is w.e. Since T(R)NSO(p, 2)° has two
components, SO(p, 2)° is not w.e. It remains to consider the factor group G* / (z) where n
is even and z is a central element mapped to —1 by the projection map G* — SO(p, 2)°.
The Satake diagram of G* is

@ N

oy
on—1

We may assume that S = S(&, ;) and Ay = A\ {@y, az}. Since & = o) + 2(ap + -+ - +
Qn—2) + Qp—1 + p, we have ' = (€1, €,_1¢,) and [§ : & N H] = 2. Therefore T(R) has
two components. By using [St, Chapter 3] we find that the center of G* is (z, z'), where

/
I=€1€3 " €p-3€p—], T = €1€3° " €x3€n.

As zz' € Hand z ¢ H, the image of T(R) in G* /(z) is connected. Hence G*/(z) is w.e.

Finally let ¢ = 1. Then the Satake diagram has only one white vertex, namely «;. We
have S = S(a; + &) and Ay = A\ { }. Since &/ = (e,—1€,) C H, T(R) is connected, and
so G* is w.e.

CASE D III, A. Let G = Spin,,(C), n odd. The Satake diagram of G, as an R-group
of this type, is

Q,

: e

*—O0——e&—0 0—'\

oan—l

We have
S = S(& i1+ 200+ 0niri 1 <i < (n—3)/2),

and Ay = {oy, a3, . .., a2} It follows that Zg(S) = ST H, where T\ = S(cty—1 — o).
Indeed, by using Matsumoto’s recipe [M] we can easily check that o fixes & and each
of agiy + 20 + i1, 1 <i < (n—3)/2.Since o(aty—| — @p) = &y — Ay, the torus

S(oty—1 — ) is anisotropic. Since
S = (€1€n16n, €2i 162015 1 < i < (n—3)/2)

is contained in T1H, T(R) is connected. Hence G(R) is w.e.

Case DIII, B. Let G = Spin,,(C), n even. The Satake diagram in this case is

o%n

@ /

e—O0—e—0 ‘'* e—0

\.ﬂn—l
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We have
S = S(& a1 + 200+ s 1 <i < (1= 2)/2),

andAyz{al,a3 ..... O(,,,]}.NOW
§ = (e1€n1en 2imt€2i013 1 < i< (n—2)/2)

and SNH = <ez,-,|ez,-+1; 1 <i< (n~2)/2). Hence T(R) has two connected components,
and G(R) is not w.e. In this case z € H while 7/ ¢ H, where z, 7' are as in case D I. Since
€1€n—16,2 € H, 7" is not in T(R)°. Hence G(R)/(z) is not w.e. while G(R)/(Z/) is.

In the remaining cases G will denote a simply connected R-group of the corresponding
type.

CASE E II. The maximal standard split torus is S = S(a; + o, 002, 003 + a5, &¢4) and
s = (€2, €4, €166, (3€5>. We have T = STy, with T} = S(a| — a6, 03 — ts) anisotropic. As
SNT, = <e|c(,. e3e5>, T(R) has four connected components. By using [St, Chapter 3]
we find that the center of G is

Z = (¢ Hhe(QOh3(Ohs(Ch),

where ( is a primitive 3-rd root of 1. As Z C T|(R) C T(R)®, the image of T(R) in
G(R)/Z is not connected. Hence G(R)/Z is not w.e.

CASEEIIL In this case we need to compute the action of o on ®. Since a3, oy, a5 are
the black vertices in the Satake diagram (see Table II), we have o(«;) = —ay, i = 3,4, 5.
Let wy be the unique element of the Weyl group of the Dynkin diagram of {3, o4, s}
such that wo(a3) = —as, wo(os) = —ay, and wo(as) = —a3. By using the recipe of
Matsumoto [M, p. 421] we find that

o(ay) = wolag) = a3 + g + a5 + g,
o(an) = wo(an) = a + a3 + 204 + s,

o(ae) = wo(ay) = o) + a3 + ag + as.

Hence the maximal standard split torus S is S(&, 3), where & = o) + 20, + 2a3 +
3a4+ 205 + a6 and B = o) + a3 + a4 + a5 + . It follows that Zg(S) = ST H, where
T) = SQa; + a3 — as — 2a) is an anisotropic torus and Ay = {a3, g, as}. We have
S = (e1¢€a¢6, €3¢5) C TiH because € eehs(i)hs(—i) € Ty and h3(i)hs(—i) € H, where
i= \/: Consequently T(R) is connected and G(R) is w.e.

CASE E IV. The elements 3 = 4| + 3ap + Saz + 604 + das + 2a6 and ¥ = 2y +
a3 — as — 2o generate the orthogonal complement of Ay = {an, a3, a4, as} in the root
lattice. Hence S = S(3,7). As §' = (e2¢3, e3¢5) C H, T(R) is connected and G(R) is w.e.

CASE E VI. Inthiscase S = S(ay. a3, o + 2004 + a5, a5 + 2006 + 07), Z(S) = SH and
Ay = {aa. as, 07}. Since § = (€. €3, €265, €s¢7) and ' MH = (e¢5, €s¢7), T(R) has four
connected components. As the center of G has order 2, the image of T(R) under the map
G(R) — G(R)° is not connected. Hence G(R)° is not w.e. (In fact G(R) is connected.)
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CASEE VII. Inthiscase S = S(&, 3, a7), where & = 21 +20+3 03 +4 0o +3 a5 +2 06+
a7, 8= ao+az+204+ 205+ 206, and Ay = A\ {1, ag, a7 }. Since § = (€7, €2¢3, €3¢5)
and S’ N H = (e2¢3, e3¢5), T(R) has two components and G(R) is not w.e.

A simple computation based on [St, Chapter 3] shows that the center of G is generated
by the element e;ese7. Since this element is not in T(R)°, the image of T(R) in G(R) is
connected and so G(R) is w.e.

CASEE IX. Inthiscase S = S(o7, ag, &, 3) where 8 = as + o3 + 2(0g + a5 + atg). We
have Zg(S) = SH with Ay = {az, a3, a4, s }. Since & = 20y + 30 + 4a3 + 604 + Sars +
dag+3a7 +2ag, we have ' = (€7, €g, €2¢€3, €2¢5) ¢ H. Hence T(R) is not connected and
G(R) is not w.e.

CASEFIL. Now S =S(ar; + 20+ 303+ 204), Ay = A\ {as},and & = (e1€3) C H.
Thus T(R) is connected and G(R) is w.e. [
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