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A GENERALIZATION OF FLOYD’S THEOREM ON
UNICOHERENT PEANO CONTINUA WITH INVOLUTION

BY
A.K. GROVER AND J. H. V. HUNT*

ABSTRACT. We generalize a result of E. E. Floyd on unicoherent
Peano continua with involution to unicoherent locally connected
regular hereditarily Lindelof spaces. The result has an application in
the theory of connectivity functions.

1. Introduction. The purpose of this paper is to prove the following theorem.

THEOREM. Let X be a locally connected regular hereditarily Lindelof space, T
an involution on X, and L a set such that

(1) L is invariant under T,

(ii) L separates x, T(x) for each x¢ L.
Then L contains a closed subset K of X which is irreducible with respect to
properties (i), (ii).

If X is also unicoherent, then K is connected.

In [2] E. E. Floyd proved this result when X is a Peano continuum and L is a
closed set. In the next section we first present two lemmas, from which the
proof of the theorem follows easily.

The results have the following application in the theory of connectivity
functions. Lemma (2.1) of [5] is an immediate corollary of the above theorem
or, alternatively (as the space in this lemma is a unicoherent Peano con-
tinuum), it is a corollary of lemma 2 below and Floyd’s result. Lemma (2.1) of
[5] was originally proved using the main theorem of [7], but the proof of this
theorem is extremely long.

The authors would like to thank the referee for his suggestions on the
reorganization of this note.

2. The Theorem. A space X is unicoherent if it is connected and if for each
pair of connected closed sets M, N such that X=MUN, M NN is connected.
The other terms we use are well-known.

The following lemma is taken from [3].
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LEMMA 1. Let X be a locally connected space, T an involution on X, and L a set
such that
(1) L is closed,
(ii) L is invariant under T,
(iii) L separates x, T(x) for each x¢ L.
Then L contains a set K which is irreducible with respect to properties (i), (ii), (iii).

Proof. We show that the collection {L,}, of all subsets of L having proper-
ties (i), (ii), (iii) and partially ordered by > satisfies the hypotheses of Zorn’s
lemma. It is a non-empty collection, as it contains L. Let {L, }, be a chain in
{L 3. Then( L, clearly has properties (i), (i), so it must be shown that it has
property (iii).

Suppose on the contrary that x, T(x) are not separated by (1,L, , for some
x¢ (,.Ly,. Since X is locally connected and X — (), L,_ is open, some compo-
nent C of X— (1, L, contains both x, T(x). Again, since X is locally con-
nected and the sets X—L, are open, U ={U|U is a component of some
X —L,} is an open covering of C. Since C is connected, U contains a simple
chain U, U,, ..., U, from x to T(x) (see Theorem 3-4, p. 108 of [4]). Let Ui,
be a component of X—L, , and let L, be the smallest set in the sequence
Ly,,Ly.,---,L,, . Then U, uu,u U U, is a connected subset of X —L,
Wthh contams both x, T(x);i.e., Ly, does not separate x, T(x). The contradic-
tion shows that (1), L, has property (iii).

By Zorn’s lemma, {L,}, now contains a minimal element K, which is by
definition irreducible with respect to properties (i), (ii), (iii).

CororrLary. If X is also unicoherent, then any set K which is irreducible with
respect to properties (i), (ii), (iii) is connected.

Except for a use of well-ordering, the proof of this corollary is the same as that
of the corresponding part of Floyd’s proof.

Notice that this corollary can also be stated in terms of n-coherence (see [1]
for the definition); viz., if X is also n-coherent, then any set K which is
irreducible with respect to properties (i), (ii), (iii) has at most n-components. This
result is used in [6].

The following lemma is partly due to E. D. Tymchatyn.

LemMA 2. Let X be a regular hereditarily Lindelof space, T an involution on
X, and L a set such that

(1) L is invariant under T,

(i) L separates x, T(x) for each x¢ L.
Then L contains a closed set L' satisfying properties (i), (ii).

Proof. For each point x¢ L there are separated sets P,, Q, containing

x, T(x), respectively, such that X— L =P, U Q.. Since X is completely normal
(being a regular hereditarily Lindelof space), there are disjoint open sets U,, V,

X
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containing P,, Q,, respectively. Let W, = U, N T(V,). Since X is an hereditarily
Lindeldf space, the open covering {W, UT(W,)|x¢ L} of X—L contains a
countable subcovering W, UT(W,,), W, UT(W,),.... Now define the open

sets
Gl = pr

n—1 _ _
G, =w, - (U wuraw),
i=1
for n>1. and let
r=x-(U 6,uTG,)
n=1

which is a closed set.

To see that L' < L, observe that L is invariant under T and Fr U, , Fr V, <
L, for each n. This implies that Fr W, Fr (T(W, )) = L. It follows by induction
that (U, GUT(G))-L, (Ui-y W,UT(W,))—L are equal. Hence G,U
T(G,), G,UT(G,), ... is also a covering of X—L. That is, L'c L.

By definition L' satisfies (i). However, since W, UT(W, )= for each
n, G, T(G;), G,, T(G,), . .. is a sequence of mutually disjoint open sets, and
so L' also satisfies (ii).

Proof of theorem. We use the notation in the statement of the theorem. By
Lemma 2, L contains a set L’ satisfying properties (i), (ii), (iii) of Lemma 1. By
Lemma 1, L' contains a set K which is irreducible with respect to properties (i),
(ii), (iii) of Lemma 1; i.e., K is a closed set which is irreducible with respect to
properties (i), (ii) of the theorem. That K is connected when X is unicoherent
follows from the corollary to Lemma 1.

Notice that a Peano space (i.e., a locally compact connected locally con-
nected metric space) has a countable basis by p. 75 of [8], and so satisfies the
hypotheses of the theorem.
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