BULL. AUSTRAL. MATH. SocC. 30H05, 30B10
VoL. 45 (1992) [105-112]

A PROPERTY OF ANALYTIC FUNCTIONS
WITH HADAMARD GAPS

JIE M1ao

In this paper we obtain a sufficient and necessary condition for an analytic function
o

f on D with Hadamard gaps, that is, for f(z) = a;z"* satisfying niy1/ne 2
k=1
A > 1 for all k, to belong to a kind of space consisting of analytic functionson D.

The special cases of these spaces are BMOA and VMOA. In view of our result
we can answer the open question given recently by Stroethoff.

1. INTRODUCTION

Let D = {z: |z] < 1} be the open disc in the complex plane. For an analytic

function f on D we set

1/2

Iflsaoa = sup (2%/0 7 er(=)) - f(«\)|2d0> :

where
z—A

1-2z’
The space BMOA is the set of all analytic functions f on D for which || f|| garoa < .
Contained in BMOA is the subspace VMOA, the set of all analytic functions f on
D for which

ea(z) = z€eD.

. 1 27 ; 2

(& [ V-t )

It is well-known that for every analytic function f on D (see [2]),
1
1|2 2 ?

&) 17 lneon = sup ([ 17/ (1= lex(a)) d4(2)

2eD \Jp
and f € VMOA if and only if

2 Sim [1F@F (1 o)) dAG) =0,
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where A denotes the Lebesgue area measure and “~” means equivalently (see [4]).
The Bloch space B is the set of all analytic functions f onD for which ||f|lz =

sup (1 - |z|2) |f'(z)| < oco. Contained in B is the little Bloch space By, the set of
zeD

all analytic functions f on D for which | |lim (1 - [zlz) |f'(2)] = 0. We know that
z|—1-0
for 0 < p < oo (see [4]), :

® W= sup ([ 1r@r (1o (1= teate?) 0
and f € By if and only if
4) Sim /D P (1 - |z|’)"2(1 - |<p>‘(z)|2)2d.4(z) =0,

It has been known to us that B and BMOA share many analogous properties, as
do By and VMOA. Comparing the above equivalence (1) with (3), as well as (2) with
(4) when p = 2, Stroethoff [4] offered the following open question:

QUESTION: Let 0 < p < oo and let f be an analytic function on D. Are the
following true?

() feBMOA s sup /D PP (1= 167)" (1~ loa(2)?)dA(z) < oo,

-2

) fevmoes tm [ 1rGr(1-1F)" (1~ lera))dae) = o

For p = 2 the above question has a positive answer. Making use of the fact that
there is a constant C such that

Iflls <Clfllsmoa

for every analytic f on D, we know a partial answer to the question: for an analytic
function f on D and 0 < p < 2 the conditions in (i) and (ii) are sufficient for contain-
ment in BMOA and VMOA, respectively; for 2 £ p < oo the conditions in (i) and
(ii) are necessary for f to belong to BMOA and VMOA, respectively.

Let 0 < p < co. For an analytic function f on D we set

6)  Wfler = sup ([ 1 (1 1) (1 - |m(z)|’)dA(z))”’.
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We define the space B? to be the set of all analytic functions f on D for which
lfllg» < co and define B} to be the subspace of B?, the set of all analytic functions
f on D for which

©) i [P (1= ) (1 o)) -

It is clear that for 0 < p < oo, BP C B and B} C By, especially B> = BMOA,
B2 = VMOA. The known partial answer now can be expressed as: for 0 < p < 2,

(M BP ¢ BMOA, BY C VMOA4;
for 2 < p < o0,
(8) BMOA C BY, VMOA C B{.
According to our definition, Stroethoff’s question becomes: are the above inclusions
strict?

In this paper we give a sufficient and necessary condition for an analytic function
with Hadamard gaps to belong to B? or B). In view of the result it is easy to conclude

that the above inclusions (7) and (8) are strict. Hence we get a negative answer to the
question in general.

2. MAIN RESULT

Our main result is the following theorem.

o0
THEOREM 1. Let 0 < p < co. If f(z) = ) arz™ is analytic on D and has
k=1
Hadamard gaps, that is, if

Nk+1
Tk

>A>1, (k=1,2,...),

then the following statements are equivalent:
(I) fe B (II) fe BY; (I ) laxl? < oo.
k=1

By Theorem 1 we can give the answer to the question in the introduction. Let

0<p<2 Then f(z) = 3 (22")/(111/’) € VMOA, but f ¢ B?. Let 2 < g < oo.

Then g(z) = f: (22")/(111/2) € B, but ¢ ¢ BMOA. Hence the inclusions (7) and
(8) are strict. nI?I:rthermore we know that the following inclusions, for 0 < p < ¢ < ™,
B? C BY, B} C B§,

are strict.

In order to prove Theorem 1, we need the following two lemmas.
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LEMMA 1. Let 0 < p < 0o. If {n;} is an increasing sequence of positive integers
satisfying ng4y1/ng 2> XA > 1 for all k, then there is a constant A depending only on p

and X\ such that
P 1/p oo 1/2
dli) < A(Z |a,,|2)

Lad 1/2 1 2r
" ) (L /
4 (z o ) h (2‘” 0 k=1

k=1

oo
E : akem,‘o
k=1

for any number ax (k=1,2,...).

The above lemma was due to Zygmund [5].

LEMMA 2. Let a>0,p>0,n20,a,20, I, ={k: 2" < k <21 ke N},
t, = Y ar and f(z) = il anz™. Then there is a constant K depending only on p

keln
and o such that

oo 1 oo
% Y2 g / (1-2)* 7 f(z)Pdz < K Y 278,
n=0 0 n=0

The proof of Lemma 2 can be found in [3]. By simple computation we see that

the above lemma is still valid for f(z) = Y. anz™"?, @, > 0. Let K still denote the
n=1

(e d
constant in Lemma 2 for f(z) = Y a,z"7!.
n=1

For our purpose we will use the following inequalities, which follow immediately
from Holder’s inequality. Let @, > 0 and let N be a positive integer. Then for
0<p<1l,

1 N N 4 N
0 lE)E )
for 1 < p < oo,

N N 4 N
(10) (Z af,) < (Z an) £ NP! (Z a.f,.) .

Before proving Theorem 1 we first prove the following result, which is useful for
the proof of Theorem 1 and is of independent interest. We state it as a theorem.

THEOREM 2. Let 0 < p < o0, I, = {k: 2" < k < 2*! k € N} and let
f(z) = Y anz™ be analytic on D. If
n=0

i (Z Iakl)p < 0o,

n=0 \k€l,
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then f € B).
PROOF: By the following identity:

(1 - |,\|’) (1 - |z|’) O reD)

1- 7= ,
lea(2)l TR

we have

L e (=) (1= le@r) dac)

] (S ()

= 11— %a]

= /1 (inh |72 p(l _1_2)?—1 (1 - |A|2) /2* _d6 rdr
o \imt o [1-Xreie|?
1/ oo L4 2
n— -1 1- IAI

= 27['./0 (nz::lnlanh 1) (1 - ’I‘2)p m’r dr

1 [ P
< 2”7r/ (ananlr"_l) (1—7)""'dr

0 n=1

oo
<2PmK ) 27TPE,

n=0

because of Lemma 2, where

iy = Z k|ak| < ontl Z Iakl-

keln kel
Then we get
P-1 1 — AP
1913 = sup [ 1P (1= 1) =2 aac)
AeDJD '1 — z\z|
oo P
< 41’7er: (Z Iakl) < 00,
n=0 kel,

that is, f € BP. To prove that f € B} C BP, we note that the integral

1 oo P oo P
/ (Z n|a,,|r"_1) (1 —rz)p_ldr is convergent, for Y ( > Iakl) < oo. Hence
0

n=1 n=0 \ k€l,
for any € > 0, thereis a § € (0, 1) such that

1 [/ o 4
/ (Z n |an[r"'1> (1 — rz)pdr <E.
)

n=1
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Then
[irer(-1er)" lT_—':Z'—IdA( )
< 21r/01 (gn |a,,|r"‘1)P(l 2)”-1..1_“'%'25(11'
<2 /o‘s (gn Ianlr"_l)p(l 2)"_1—1——"\!;\%# + 2me
< 2#%}\1—2 01 (i::ln lan| r"—l)P(l - rz)p_ldr + 27e.

If |A| is chosen appropriately so 1—|A| may be sufficiently small, then the above quantity
can be less than 47¢. Hence

Sm [1F@F (1-157)7 (1= leaa)) dA(s) =

According to definition (6), it follows that f € BY. This completes the proof. g

PrOOF OF THEOREM 1: It is clear that (II) implies (I). We first prove that (III)
follows from (I). Applying Lemma 1 and Lemma 2 we get

p—1
||fll’£;p>/ 7' (=) (1—|z|2) dA(z)
anakz kT

/2
2 L oy (S )
0
T 1 ) p/2
253 1—z)P! n |ax|* 2™ dz
= [a-= (223 s

oo
T E: —kp,p/2
ZKAPk 20
=0

( ~ 1¢?)" dA(z)

where

iy = Z n? |a,~|2 .

n;€l}

Because ng4i1/ng 2 A > 1 for all k, the number of Taylor coefficients a; is at most
[logx2]+1 when nj € I, for k=1,2,.... Then

22 >0, N |olP,
ﬂjEIk
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where Cp, =1 for p/2 > 1 and C, =1/([log, 2} + 1)1—”/2 for p/2 < 1, by (9) and (10).
Combining the above inequalities yields that (III) holds.
By Theorem 2 it is easy to prove that (II) follows from (III). Assuming that

Y |ai|? < 00 and np41/ni = A > 1 for all k, we have
k=1

n=0 \ni€ln k=1

> ( ) ml) < (logx 21 +1)7 Y laxP? < oo,

by (9) and (10). Thus f € B}, and the proof is complete. 0

Theorem 1 should be compared with the following result (see [1]):
THEOREM A. Let f(z) = Y. axz™ be analyticon D. If f has Hadamard gaps,
k=1
then f € B if and only if ar = 0(1) (k— o0); and f € By if and only if ar — 0
(k — o0).

Setting p = 2 in Theorem 2, we have

COROLLARY. Let f(z) = Y anz™ be analytic on D. If
n=0

oo 2
> (Z Iajl) < oo,
n=0 \j€Ia

then f € VMOA.

REMARK. By (10) we have

2
(Z Iajl) <2" ) el < ) dlasl?,

j€ln j€ln jeIn
thus

n=0 \jel, n=1

2
1] < I L ' dA(z).
> (2 la,l) 3 nlenlt = 7 [ 17" 44(2)
Hence the condition in the Corollary is weaker than

[ 1) da() < oo.
D
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