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A PROPERTY OF ANALYTIC FUNCTIONS
WITH HADAMARD GAPS

JlE MlAO

In this paper we obtain a sufficient and necessary condition for an analytic function
oo

/ on D with Hadamard gaps, that is, for f(z) = £} aizn* satisfying njt+i/nt ^

A > 1 for all Jb, to belong to a kind of space consisting of analytic functions on D.
The special cases of these spaces are BMOA and VMOA. In view of our result
we can answer the open question given recently by Stroethoff.

1. INTRODUCTION

Let D = {z: \z\ < 1} be the open disc in the complex plane. For an analytic
function / on D we set

where

The space BMOA is the set of all analytic functions f on D for which H/lls^o/i *̂  °°-
Contained in BMOA is the subspace VMOA, the set of all analytic functions / on
D for which

It is well-known that for every analytic function f on D (see [2]),

(1) II/IIBMOA « »«P ( 7 l/'(*)f (l - \<Px{z)\2)dA{z)\
Age \ . / D v ' /

and / 6 VMOA if and only if

(2) Km _ / | / '(z)|afl- |^(z)|a)rfA(z)=O,
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106 J. Miao [2]

where A denotes the Lebesgue area measure and "ss" means equivalently (see [4]).
The Bloch space B is the set of all analytic functions / onD for which ||/| |B =

sup (1 — \z\ ) | / ' (z) | < oo. Contained in B is the little Bloch space Bo, the set of

all analytic functions f on D for which lim [1 — \z\2 ) |/ '(z)| = 0. We know that
|z|-»l-0 \ /

for 0 < p < oo (see [4]),

J/'(Z)|p(l-|z|2) (l-|^(z)|2) dA(z)j

and f E Bo if and only if

(4) ix]im_JD\f'(z)\p (l - \z\')'~\l - \Vx(z)\2)2dA(z) = 0.

It has been known to us that B and BMOA share many analogous properties, as
do Bo and VMOA. Comparing the above equivalence (1) with (3), as well as (2) with
(4) when p = 2, Stroethoff [4] offered the following open question:

QUESTION: Let 0 < p < oo and let / be an analytic function on D. Are the
following true?

(i) / e BMOA ^ sup / \f(z)\" (l - |z |2)""2 ( l - M * ) | 2 W ( z ) < oo,

(ii) / e VMOA «=> xKm_oJ \f{z)f (l - \z\2)'~\l - \<px(z)\2)dA(z) = 0.

For p = 2 the above question has a positive answer. Making use of the fact that
there is a constant C such that

BMOA

for every analytic / on D, we know a partial answer to the question: for an analytic
function f on D and 0 < p ^ 2 the conditions in (i) and (ii) are sufficient for contain-
ment in BMOA and VMOA, respectively; for 2 ^ p < oo the conditions in (i) and
(ii) are necessary for / to belong to BMOA and VMOA, respectively.

Let 0 < p < oo. For an analytic function / on D we set

(5) H/IIB* = sup Q £ \f'(z)\p (l - \z\2)P~2{l - \vx(z)\2)dA{z)y \
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We define the space Bp to be the set of all analytic functions f on D for which
II/IIBP *•- °° a n ( l define BV *° b e *he subspace of Bp, the set of all analytic functions
f on D for which

(6) ^Um_JD\f'(z)\p (l - W2)P~2(l - \Vx(z)\')dA{z) = 0.

It is clear that for 0 < p < oo, Bp C B and Bp C Bo, especially B2 = BMOA,
B% — VMOA. The known partial answer now can be expressed as: for 0 < p < 2,

(7) Bp C BMOA, Bp C VMOA;

for 2 < p < oo,

(8) BMOA C B", VMOA C Bq
0.

According to our definition, Stroethoff's question becomes: are the above inclusions
strict?

In this paper we give a sufficient and necessary condition for an analytic function
with Hadamard gaps to belong to Bp or Bp. In view of the result it is easy to conclude
that the above inclusions (7) and (8) are strict. Hence we get a negative answer to the
question in general.

2. MAIN RESULT

Our main result is the following theorem.
oo

THEOREM 1. Let 0 < p < oo. If f(z) = J ] a*2"* is analytic on D and has
k=i

Hadamard gaps, that is, if

^±1^X>1, (fc = 1, 2, . . . ) ,

til en the following statements are equivalent:

(I) feB»; (II) feBZ; (III) f ] |a*f < oo.
fc=i

By Theorem 1 we can give the answer to the question in the introduction. Let

0 < p < 2. Then f{z) = £ (z2n)/(n1/p) G VMOA, but / g Bp. Let 2 < q < oo.
n = l V '

Then g(z) = £ ( z 2 " ) / ^ 1 / 2 ) £ Bq
0, but g £ BMOA. Hence the inclusions (7) and

n=l ^ '

(8) are strict. Furthermore we know that the following inclusions, for 0 < p < q < oo,

Bp C B"; Bl C Bl,

are strict.
In order to prove Theorem 1, we need the following two lemmas.
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LEMMA 1. Let 0 < p < oo. If {n^} is an increasing sequence of positive integers
satisfying nt+i/njt ^ A > 1 for all fc, then tiiere is a constant A depending only on p
and A such that

f oo \ > / J

/ \k=l /

for any number a* (fc = 1, 2, . . . ) .

The above lemma was due to Zygmund [5].

LEMMA 2 . Let a > 0, p > 0, n > 0, an ^ 0, /„ = {fc: 2" ^ fc < 2 n + 1 , fc e TV},
oo

t n = 53 afc a116' f{x) = 53 a n 2 n . Tiien there is a constant K depending only on p

and a such that

f1
 (1 _ ^ -

A n=0 Jo n=0

The proof of Lemma 2 can be found in [3]. By simple computation we see that
oo

the above lemma is still valid for f(x) — £) o-n.xn~1, an ^ 0. Let K still denote the
n=l

oo

* 1 1 " 1constant in Lemma 2 for f(x) = 53 On*1

n=l

For our purpose we will use the following inequalities, which follow immediately

from Holder's inequality. Let an ^ 0 and let N be a positive integer. Then for

\n=l / \n=l / \n=l

for 1 < p < oo,

\n=l / \n=l / \n=l /

Before proving Theorem 1 we first prove the following result, which is useful for
the proof of Theorem 1 and is of independent interest. We state it as a theorem.

THEOREM 2 . Let 0 < p < oo, In = {fc: 2n ^ fc < 2 n + 1 , fc e N} and let
oo

/ (z) = 53 anZn be analytic on D. If
n=0

n=0 \t€/n
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then f€B*.

PROOF: By the following identity:

\l-\z\

we have

\f{z)\*(l - W2)P~2(l - \<Px(z)\2)dA(z)

oo

n=0

because of Lemma 2, where

*G/n *GJn

Then we get

r
'f,\\P= sup / \f(,)\

\l-\z\2

that is, f £ Bp. To prove that / £ Bp C Bp, we note that the integral
f l / o o y _j oo / \ P

/ I E "knl '"""1 I (l — r 2 ) p efr is convergent, for £) I J3 la*l I < °°- Hence
JO \n=l / n=0 \*G/n /
for any e > 0, there is a £ G (0, 1) such that

j f '~\n=l
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Then

2 ,

< 2TT-

n = l

If |A| is chosen appropriately so 1 — |A| may be sufficiently small, then the above quantity
can be less than 4ire. Hence

( l - |z|2)P ' ( l - \<px(z)\2)dA(z) = 0.

DAccording to definition (6), it follows that / G JBJ. This completes the proof.

PROOF OF THEOREM 1: It is clear that (II) implies (I). We first prove that (III)
follows from (I). Applying Lemma 1 and Lemma 2 we get

>

-L
> 2TT r1

 (1_r2y-i
" Av Jo

» - i
dA(z)

p/2

fc=o

where
tk=

Because nt+1/njt ^ A > 1 for all fc, the number of Taylor coefficients a,- is at most
[logA 2) + 1 when nj e h , for k = 1, 2, Then

yP/2 -> Qtp/nt
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where Cp = 1 for p /2 ^ 1 and Cp = l/([logA 2] + I)1''*2 for p /2 < 1, by (9) and (10).

Combining the above inequalities yields that (III) holds.

By Theorem 2 it is easy to prove that (II) follows from (III). Assuming that
oo

52 lat |P < °° a n t l nJb+i/n* ^ A > 1 for all k, we have

J b = l

by (9) and (10). Thus f £ B%, and the proof is complete. •

Theorem 1 should be compared with the following result (see [1]):
oo

THEOREM A. Let f(z) = £ akznk be analytic on D. If f has Hadamardgaps,
fc=i

then f 6 B if and only if at = 0(1) (fc —> oo); and / £ Bo if and only if o^ —» 0

Setting p = 2 in Theorem 2, we have
oo

COROLLARY. Let f(z) = J2 anZn be analytic on D. If
n=0

then f EVMOA.

REMARK. By (10) we have

thus

E I E i°ii) < Enia-i2 = - f I/'

Hence the condition in the Corollary is weaker than

\f(z)\2 dA(z) <oo.
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