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Evolution of Eigenvalues along
Rescaled Ricci Flow

Junfang Li

Abstract. In this paper, we discuss monotonicity formulae of various entropy functionals under vari-
ous rescaled versions of Ricci flow. As an application, we prove that the lowest eigenvalue of a family
of geometric operators —4A + kR is monotonic along the normalized Ricci flow for all k > 1 provided
the initial manifold has nonpositive total scalar curvature.

1 Introduction
On a closed manifold M, let g(¢) be a smooth family of Riemannian metrics. The
following Ricci flow equation was introduced by R. Hamilton:

g

% = —2Ric(g),

where Ric(g) is the Ricci curvature tensor of the metric g. In this paper, we are inter-
ested in the following rescaled version of Ricci flow:

o8 oo _s@®)
(1.1) 5= 2(Ric(g) ” 2),

where s(t) is a function only depending on time #. It is not hard to see the rescaled
Ricci flow is equivalent to Ricci flow up to a homothetic rescale of the metric at each
time. If one chooses

_ Ju Ry

Judr”
then this is the normalized Ricci flow of R. Hamilton.

Special solutions of Ricci flow equation are called breathers if the metric g(¢) of
the manifold M at two different times ¢, ¢, are the same up to a diffeomorphism and
scaling. See the precise definition in Perleman’s paper [10]. Inspired by Perelman’s
work, we will introduce various entropy functionals and discuss the monotonicity of
these functionals along the Ricci flow and rescaled Ricci flow.

The purpose of studying entropy functionals is twofold. First, it leads to the
monotonicity of lowest eigenvalues of geometric operators on the manifold along
flows. Second, these monotonicity formulas can be used to classify Ricci breathers.
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In [8], to classify compact steady Ricci breathers, we introduced functionals

Fr(g f) = / (kR + |V f|})e T dp,
M

where k > 1 and derived the first variational formula under a coupled system (1.2)

as follows:
(1.2) %ffk(g,-j,f) =2(k— 1)/ |Rc|2e_fdu+2/ Rij + V;Vfl*e fdu > 0.
M M

See similar results in [9]. In particular, this yields the following theorem.

Theorem ([[8]) On a compact Riemannian manifold (M, g(t)), where g(t) satisfies
the Ricci flow equation for t € [0, T), the lowest eigenvalue i of the operator —4A +kR
is nondecreasing under the Ricci flow. The monotonicity is strict unless the metric is
Ricci-flat.

Moreover, to classify expanding Ricci breathers, in [8] we defined the follow-
ing family of functionals W, which has monotonicity properties modelled on ex-
panders:

Wielg, 7(0), f) = 72 / KR+ )+ Af] e dp.
M

Along the lines of [8], in this paper we will establish monotonicity formulae for
various entropy functionals along rescaled Ricci flow. As applications, we obtain
monotonicity formulae for the lowest eigenvalue of —4A + kR along rescaled Ricci
flow for the case of k > 1 provided fM Rdu <0.

Theorem 1.1 On a compact Riemannian manifold (M",g(t)), where g(t) satisfies
the normalized Ricci flow equation of Hamilton for t € [0, T), if \(t) denotes the lowest
eigenvalue of the operator —4/A + kR (k > 1) at time t, then \ is nondecreasing under
the normalized Ricci flow, provided the average total scalar curvature is nonpositive. The
monotonicity is strict unless the metric is Einstein.

2 Monotonicity Formulas under Rescaled Ricci Flow

In this section, we will use two different approaches to prove the monotonicity for-
mulas along rescaled Ricci flow. The first approach is by direct computation: we first
derive the evolution of various local and global quantities. Without loss of generality,
all the global calculations can be understood to be carried out at one point with or-
thonormal coordinates which enable us to ignore the difference of upper and lower
indices. We use R;; to denote the Ricci curvature tensor under local coordinates, V f
and f; to denote the covariant derivative of f.

Lemma 2.1 Under the coupled system
agi]‘ S
—afr ).
ot iT s

of _ 2
B Af+|Vf]"=R+s,

(2.1)
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the following evolution identities hold.

g o s(t
g = *Zglkg]l(Rkl - %gkl) . Oedp) = —Ae Tdp,

s(t)
8tR = AR+ 2<R,‘j — Tgij) R,‘]',

at/ Re*fdﬂzz/ (|Ric|2—@R>e*fdu,
M M n

s(t)

OIS =2(Ryifify = V) +2V(=Af + [V =RV,

o [ 195 dp=2 [ (Rffy = 210 = 83+ SVIE R) e
M M

0 [ R+ (VP dp=2 [ (|Rick — "R+ V) + Ry,
M M n

1 _
—A 4 S|V = Af) e dp,

Proof The first three identities can be calculated directly; see [4)/8]]. The fourth iden-
tity uses the second and third identities with integration by parts. The fifth identity
is proved as follows.

OIVIP =0ig"fifj) = 08" fif +2V £V f

= Z(Rijﬁf]‘ — s®)

n

[Vf1?) +29(=Af +|VfF = RVF.

The sixth identity is proved by the fifth identity and integration by parts. The last
identity is based on the first six identities. ]

Recall the famous Ricci identities (see, for example, [4} p. 286]). We have
ViV,Vif =V, ViV f — R,V f =V, ViV f + R VS,
where Rﬁ jk Tepresents the Riemann curvature (3, 1)-tensor and Ry; denotes the Ricci

curvature tensor. We use the following convention of Riemann curvature tensor
throughout this paper:

R.(X,Y)Z = [Vx,Vy|Z = VixyZ,
where {X,Y, Z} are vector fields on the manifold. By using the contracted second

Bianchi identity V'R;; = %V iR, Ricci identities, and integration by parts, we can
show the following lemma.
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Lemma 2.2 On a closed Riemannian manifold (M", g), the following identities hold.
e Sdp= | (3P - a2 I
file du= | (SAIVFE = 8% = Rifify) e du,
M M
z/MRijfije—fdu = /M(zR,»jfif,- — AR)e dy,
[ R+ fyPe T = [ (IRl + Ryfify — AR+ SAIVAP — &%) e,
M M 2

where f;; is the Hessian of f.

Proof We proved the first identity as follows.
/ |fijlPe T dp = / [Vi(fiifi) = Vi£fij)Vifle  du
M M
1
~ [ [3AIRFE = (VA7 + RV ] e
1 _
=/ bﬁlvf\2 - A = Ryfif;| e dp.
M
The second identity is proved by integration by parts and contracted Bianchi identity.
2/ Rijfije ' dp = —2/ ViRijfie™  dp + 2/ Rijfifie™) du
M M M
= / (2Ri;fif; — ViRf)e ' dp
M
= / 2R;;fif; — AR)e™' dp.
M
Adding the first two identities with [, | Ric|*e~/ dyu, one can prove the third identity.

Now we are ready to prove the following first variation formula for the entropy
functionals Jy.

Proposition 2.3 Under the coupled system (21)), the first variation formula of
Tuf.g) = [ G+ AP Tdp
M
is the following

d 2
(2.2) E?k:—$?k+2(k—l)/ |Rc|2e*fdu+2/ IRi;;+V:V,fI?e™ dp.
M M
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Proof From the fourth identity of Lemma[2.1] we have
(2.3) 8t(k—1)/Re fdp—Z(kfl)/(\RcF R) ~fdp.
Combining the last identity of Lemma[Z.Tland the last identity of Lemma[2.2] we have

2s(t)

(2.4) &/(R+\Vf|2)e‘fdu:— /(R+|Vf|2)e_fdp
M M

+/ |R,’j+f,‘j‘zeifd/1,.
M

Adding (2.3]) and ([2.4)), we prove the variation formula in the proposition. ]

In the rest of this section, we will reveal the closed relation between the usual Ricci
flow and rescaled Ricci flow. This will yield a new approach to deriving Proposi-
tion

Suppose g( -, t) is a solution of Ricci flow equation

0
¢80 = —2R;;.
For any given function s(t), if
1
B)=—F7"7
v “ T Ty dr

andf = fot o(t)dt, then (-, ) = (t)g(-,t) solves the rescaled Ricci flow equation

(2.5) %gﬁ - —2(Rl-j _ %g‘,»]).

Clearly, there is a one-to-one relation between the Ricci flow equation and the rescaled
Ricci flow. By direct computations, we can show the correspondence between the
coupled system under Ricci flow and under the rescaled Ricci flow.

Filg. f) = [y, (kR+Af) e fdu Fi(g. ) = ¢Fu(g, f)
0g;; . 0gij _ s _

(2.6) % = —2R; g ] o2 = *Z(Rij - ;gn)
g——Af+|Vf|2 %:—Afﬂvﬂz—liﬂ

Recall that the evolution equation of f and f guarantees that |, v e/dpand | M ef dpg
are constants along Ricci flow and rescaled Ricci flow, respectively. Now we give a
second proof of Proposition[2.3]
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Second proof of Proposition[2.3] We use the relation between Ricci flow and rescaled
Ricci flow and the first variation formula (T.2) (proved in [8]]) to prove the formula
Z2). Introduce ¢, f as above and we first prove (Z.2)) for metric §. From the defini-
tion of ¢, %(é) = —%. Using the chart (Z.6]), under

8g‘ij - _ s _

o = 2R3

oF
9 _A 2R

L AfeOSE-Res

by formula we have

d_. . _ - d/l
#7e D=5 (o9 N)

1d/1
= ;E(gffrk(gafo
2s1 1 d
—;;ffk(g,f) + ?Effk(ga f)

~Z5e

1
+— [Z(k — l)/ ‘RC|2€7fd,u + 2/ IRij + V,‘ij‘zeif du}
¥ M M

2 ~ _ _ ~ o )
—;s?k(g_, f) +2(k—1) / |RC|26_fdﬂ + 2/ |Ri]‘ + Viij|2e_fdﬂ,
M M

where the last step follows from the rescaling properties of related geometric quanti-
ties under the change of the metric. Without ambiguity, we change the notation of §
back to g. The formula still holds which finishes the proof. ]

By completing the square in the first variation of F}, we can show the following.

Corollary 2.4 Let g(t) be a smooth solution of the rescaled Ricci flow. Then under the
coupled system [2.1)), we have formula

2
27 La = B ke +20k— 1)/ ‘Rc—ig‘ el dp
dt n M n

s 2
+2/ ’Rﬁ‘l‘V,‘ij* —-g eifdu.
M n

Remark 2.5 The first variation of (2.7)) is interesting, because the second integrand
vanishes on Einstein manifolds, the third integrand vanishes on gradient Ricci soli-
tons. If one has control on the sign of the first quantity in the first variation, then we
can derive a monotonicity formula for all k > 1. This will be achieved in the next
section.
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3 Monotonicity of Lowest Eigenvalues under Rescaled Ricci Flow

A direct consequence of [2.7) yields the following monotonicity property for lowest
eigenvalues.

Theorem 3.1 On a compact Riemannian manifold (M", g(t)), where g(t) satisfies
the rescaled Ricci flow equation 2.3) for t € [0, T), we denote \(t) to be the lowest
eigenvalue of the operator —4A + kR (k > 1) at time t. Assume that there exists a
function p(x,t) € C°(M" x [0, T)), such that

JukR + [Vp|*)e?dp

s = k[evdp

Then X is nondecreasing under the rescaled Ricci flow (L)), provided s < 0. The mono-
tonicity is strict unless the metric is Einstein.

Proof The lowest eigenvalue of the operator —4A + kR on a closed Riemannian
manifold is A(g(#)) = infFy(g, f), where the infimum is taken among functions
satisfying the normalization [}, e~fdp.

By eigenvalue perturbation theory, the lowest eigenvalue of the entropy functional
can be attained by smooth functions. Assuming eigenvalues, A(¢) is attained by
f(-,t). One can derive the evolution of the eigenvalue along time by Corollary 2.4

We have
a\  2s s |2
GA 22y _ _ 2 ~f
I n(/\ ks) + 2(k 1)/M‘Rc ng’ e ldu

2

+2/’Rij+Viij—ig e fd/J,,
M n

where e~//2 is the eigenfunction of \. By assumption s < 0 and by definitions of )\,
s, we have A < ks and %()\ — ks) > 0. Hence,

2 2
@ZZ(k—l)/’Rc—ig‘ e_fdu+2/’Rij+Viij—ig e_fd,uzo.
dt M n M n

It is clear that the equality is attained if and only if Rc — % g = 0, which is an Einstein
metric. o

In case of Hamilton’s normalized Ricci flow, where

_ JuRd
s =
S
is the average total scalar curvature and one can choose () = In Vol(M"), we prove

Theorem[I.11
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Remark 3.2 The above monotonicity property of lowest eigenvalues under nor-
malized Ricci flow is dimensionless and works for all k > 1 and the case of k > 1
can be used to classify compact steady or expanding Ricci breathers directly, which,
in fact, yields another proof for [8, Corollary 8.1]. See references for related results
in [2,/5H8I[10].

Remark 3.3 Recently, similar results for Theorem [LI] with k = 1 were obtained
independently in [3]].

As a special case, on a Riemann surface with negative Euler characteristic x < 0,
we have the following corollary.

Corollary 3.4 On a compact Riemann surface with negative Euler characteristic
X < O, the lowest eigenvalue \(t) of —4A + kR (k > 1) at time t is nondecreasing
under the normalized Ricci flow. The monotonicity is strict unless the metric has con-
stant curvature.

In the case of k = 1, recall Perelman’s A = AV?/n invariant [I0]. Since nor-
malized Ricci flow preserves the volume and ) is a scale invariant, the monotonicity
of lowest eigenvalues under normalized Ricci flow is equivalent to the monotonicity
of \ under Ricci flow. Naturally, one could extend this definition and introduce a
new scale invariant constant A\ = \¢V?/n which also has monotonicity properties
along (normalized) Ricci flow and vanishes if and only if on an expanding Einstein
manifold (instead of expanding gradient solitons in the k = 1 case).

Remark 3.5 There is some fundamental relation between ) and the Yamabe con-
stant Y discussed in [I]] and the references therein. Similar results can also be ob-
tained for A.
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