COMPOSITIO MATHEMATICA

Tropical geometry and the motivic nearby fiber

Eric Katz and Alan Stapledon

Compositio Math. 148 (2012), 269-294.

doi:10.1112/50010437X11005446

FOUNDATION LONDON
COMPOSITIO MATHEMATICAL
MATHEMATICA SOCIETY

https://doi.org/10.1112/50010437X11005446 Published online by Cambridge University Press


http://dx.doi.org/10.1112/S0010437X11005446
https://doi.org/10.1112/S0010437X11005446

G/ § Compositio Math. 148 (2012) 269-294
©

doi:10.1112/S0010437X11005446

Tropical geometry and the motivic nearby fiber

Eric Katz and Alan Stapledon

ABSTRACT

We construct motivic invariants of a subvariety of an algebraic torus from its
tropicalization and initial degenerations. More specifically, we introduce an invariant
of a compactification of such a variety called the ‘tropical motivic nearby fiber’. This
invariant specializes in the schon case to the Hodge—Deligne polynomial of the limit
mixed Hodge structure of a corresponding degeneration. We give purely combinatorial
expressions for this Hodge—Deligne polynomial in the cases of schon hypersurfaces and
matroidal tropical varieties. We also deduce a formula for the Euler characteristic of a
general fiber of the degeneration.
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1. Introduction

Let K be a field with a non-Archimedean discrete valuation v : K* — Z with valuation ring O
and residue field the complex numbers C. Tropicalization is a procedure which assigns to a
d-dimensional subvariety X° of the torus (K*)", a polyhedral complex Trop(X°) C R™ of pure
dimension d, such that the rational points of Trop(X°) parametrize the ‘interesting’ initial
degenerations in,, X° of X°. It is a natural question to ask which geometric properties of X° can
be recovered from the combinatorial data Trop(X°), together with the algebraic geometric data
of the initial degenerations.

Consider a pair (X°, X)), where ¥ is a polyhedral structure on Trop(X°) that can be extended
to a polyhedral subdivision of R™ and which is tropical in the sense of Tevelev (see Definition 2.2).
We introduce a new invariant ¢ xs a), called the tropical motivic nearby fiber, which lies in the
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E. KATZ AND A. STAPLEDON

Grothendieck ring Ko(Varc) of complex algebraic varieties. More precisely, Ko(Varc) is the
free Z-module generated by isomorphism classes [V] of complex varieties V', modulo the relation
[V]=[U] + [V \ U], whenever U is an open subvariety of V. If we set L := [A!], then the tropical
motivic nearby fiber is defined by

w(X‘), A) = Z [X%] (1 - L)dim F—dim TF’
Fex

where in, X° = X9 x (C)4mF for any w in the relative interior of F, and 77 denotes the
recession cone of F'. Our first main result (Theorem 3.6) states that the tropical motivic nearby
fiber is independent of the choice of polyhedral structure ¥, provided that the corresponding
recession fan A = {rp | F' € ¥} is fixed.

For the remainder of the introduction, we will assume that X° is schén in the sense of
Tevelev (see Definition 2.5), and that the recession fan A is unimodular. Let O be the ring of
germs of analytic functions in C in a neighborhood of the origin, with the valuation equal to the
vanishing order of a function at the origin. Then X° induces a family of subvarieties of (C*)"
over a punctured disc D* about the origin, and the recession fan A induces a compactification
X° C X, and a smooth, proper map f : X — D* (see §5). The motivic nearby fiber 1y € Ko(Varc)
of f was introduced by Denef and Loeser [DL01], and encodes information about the variation
of Hodge structure of a fiber Xge, of f. In fact, the motivic nearby fiber was introduced as a
specialization of an invariant of a suitable extension of f to a family over D, called the motivic
zeta function, which is defined using motivic integration. Our second main result is the following
theorem.

THEOREM (Theorem 5.1). With the notation above, if X° is schén and A is a unimodular
recession fan associated to the tropical variety Trop(X°), then v (xo ny = ;.

This result has a number of Hodge-theoretic and topological consequences. By the results
of Steenbrink [Ste75/76], the cohomology of a fixed non-zero fiber Xgen of f carries a limit
mized Hodge structure. In particular, the associated limit Hodge numbers h?9(H™ (X)) refine
the Hodge numbers hP?"™ P(Xgep) of Xgen (5), and record the sizes of the Jordan blocks of the
logarithm of the monodromy operator on the cohomology of Xge,. We may consider the ring
homomorphism

E: Ko(Varc) — Zlu,v], E([V])=E(V),
which takes a complex variety V to its Hodge—Deligne polynomial E(V'), and satisfies E(IL) = uv
(see §4). Composition with the homomorphism Z[u, v] — Z obtained by setting u =v =1, gives
the homomorphism
e: Ko(Varc) — Z,

which takes a complex variety V' to its topological Euler characteristic e(V'). With the notation
of the theorem above, Corollary 5.2 states that the tropical motivic nearby fiber specializes to

B ) = B 0) 1= 3 ( L0 (H () Pt

p.q m

and the topological Euler characteristic of Xge, is given by

e<Xgen) = e(w(XO,A)) = Z e(Xp).
dim Ifzec%m TF
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The parameterizing complex I" xo of Trop(X°) is a polyhedral complex which was introduced
in [HKO08] and admits a natural map p: I'xo — Trop(X°) (see §2). Continuing with the notation
of the theorem above, in Corollary 5.3, we show that the Betti numbers of I'xo satisfy

bm(Txe) < min AP9(Xgen).
pt+q=m

This strengthens the result of Helm and the first named author [HK08, Corollary 5.8] that
bm (Xgen)

m+1
We refer the reader to Corollary 5.4 for a further upper bound on by(I'xo).

bm(FXO) <

Finally, to use the tropical motivic nearby fiber to compute the polynomial E(X; u, v), one
needs to know the Hodge-Deligne polynomials of the complex varieties XF.. In addition to the
easy case where X° is a curve, we explore two cases where this is possible: when X° is a schon
hypersurface and when Trop(X°) is a smooth tropical variety.

In the case when X° is a hypersurface, the varieties X are schon hypersurfaces in complex
tori. Their Hodge—Deligne numbers are determined by their Newton polytopes by a result of
Danilov and Khovanskii [DK86], and hence one obtains a combinatorial formula for E(Xo; u, v).
In fact, the tropical variety is dual to a regular, lattice polyhedral decomposition 7 of the Newton
polytope P of X° in R%! and one obtains combinatorial formulas for the limit Hodge numbers
hP9(H™ (X)) in terms of 7 (Corollary 6.1). In particular, Corollary 6.5 states that for p > 0,

hp’O(Hd(Xoo)) = Z #(IHt(Q) mZ”))
QeT©®
dim Q=p+1

where 7(© denotes the faces of 7 whose relative interior lies in the relative interior of P. Also,

WOHY (X)) = Y #(Imt(Q)nZ").
QeT©®
dim Q<1
Matroidal tropical varieties are polyhedral complexes locally modeled on the matroid
fans of Ardila and Klivans [AK06]. There were originally called smooth tropical varieties by
Mikhalkin [Mik08]. If Trop(X°) is a matroidal tropical variety, then X° is schon. Moreover,
the initial degenerations of X° are all intersections of linear subspaces of P™ with (C*)". Their
Hodge—Deligne numbers are determined by the matroid of that linear space due to the work of
Orlik and Solomon [OS80]. Hence we determine a combinatorial formula for the tropical motivic
fiber 1(xo oy (Corollary 7.12). As an immediate consequence, we deduce the following formula
for the Euler characteristic of a general fiber (Corollary 7.13),

e(Xgen) = Z (XMF(]‘) +XI/VJIF(1))’
Fex
dim(F)=dim(7F)
where Xty (q) denotes the characteristic polynomial of the matroid My associated to the star
quotient of F' (see §7), and XI/WF (¢) denotes the derivative of Xutp (q).

We mention some related work. In [GS07], Gross and Siebert construct a scheme Xy from
certain combinatorial data. If Xy is embedded in a family X over O, they determine the
limit mixed Hodge structure in terms of the combinatorial data. In [Rud09], Ruddat gives a
spectral sequence for determining the logarithmic Hodge groups of toric log Calabi—Yau spaces
of hypersurface type in terms of tropical degeneration data and Jacobian rings. In [HKO08],
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Helm and the first named author relate the topology of the parameterizing complex I'xo to the
monodromy filtration on H*(Xgen) for schon subvarieties X° C (K*)™.

Notation and conventions. All schemes are over the complex numbers. For us, a variety is a not
necessarily irreducible, separated reduced scheme of finite type over C. Cohomology will be taken
with Q coefficients, with respect to the usual (complex) topology.

2. Tropical geometry

We review some notions for studying tropical geometry in the non-constant coefficient case. Many
of these were developed by Tevelev [Tev07] and Hacking [Hac08] in the constant coefficient case
and extended to the non-constant coefficient case by Luxton and Qu [LQO09], Qu [Qu08], and
Helm and Katz [HKO08]. Let K be a field with a non-Archimedean discrete valuation v : K* — Z.
Let O be its valuation ring with residue field k. The examples to keep in mind are:

(i) K=C((t)), O =C][t], and k =C;
(ii) K=C(t), O =Clt]), and k =C;

(iii) O is the ring of germs of analytic functions in C in a neighborhood of the origin, K is its
field of fractions, and k = C.

We suppose for ease of exposition that there is a section of the extension of the valuation
v:K - Q given by Q> w — t¥ eK'. Let T G}y, be a split n-dimensional torus over O,
and let T=7 xo K be the corresponding torus over K. Let N be the cocharacter lattice,
N =Hom(K*,T) and Ng = N @ R. For w = (wy, ..., w,) € Q", write t¥ = (t“1,...,t¥») e T.

Let X° be a subvariety of T and w e (1/M)Z", let K =K[t'/M]. Then the initial
degeneration, in,, X° C (k*)" is given by

iano = tin]I%’ X! k
where the closure is taken in 7.

DEFINITION 2.1. The tropical variety Trop(X°) associated to X° is the closure in R™ of the set
of points

{we Q| ing X° #0}.

For Xp C Ty, we define the tropicalization of Xy by base-change. Let K' =k((¢)) and
Xp =X xx K C (K™*)". Set Trop(Xy) = Trop(Xg,).

Let X be a subcomplex of a rational polyhedral subdivision of R™. One can define a toric
scheme P(X) over O from X. First, let ¥ be the union of the cones over faces of ¥ x {1} in
Ng x R>g. This forms a rational polyhedral fan in R™ x R5y by [BGS10, Corollary 3.12]. Let
P(i) be the corresponding toric variety. The projection Ng x R>g — R induces a projection
P(X) — AL, Let Spec @ — Al = Spec Z[u] be induced by the universal homomorphism Z — O
and u— t. Then P(X) =P(2) Xz O- Let A be the recession fan of 3, that is the fan given

by %N (Ng x {0}). The generic fiber of P(X) is the toric variety P(A). For cones o € A, let U,
be the corresponding torus orbit of P(A). See [HKO08, §2] for a more detailed description of the
relevant construction.

Faces F' € ¥ correspond to torus orbits Ur contained in the central fiber of P. There is an
inclusion reversing correspondence F'+— Up between faces and orbit closures. The torus orbits
Ur give a decomposition of the central fiber of P. We define T» C Tk to be the torus fixing Ug
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pointwise and N to be the cocharacter lattice of Tr. Note that Np = Spang (F — w) N N where
w € Int(F).

Let X denote the closure of X° in P(X), and let X be the generic fiber of X.
DEFINITION 2.2. The pair (X°, P(X)) is tropical if the map
m:7T xp X —P(X)
is faithfully flat, and X — O is proper.

We then have the following, due to Tevelev [Tev07] in the constant coefficient case. In the
non-constant coefficient case they can be found in [LQO9].

ProposITION 2.3 [LQO09, Proposition 6.8]. If X° is not invariant under any torus in T, then
there is a toric scheme P(X) such that (X°,P(X)) is tropical.

In addition, ¥ in the above proposition can be chosen to be a subcomplex of a rational
polyhedral subdivision of R™. Moreover, tropical pairs are stable under refinement according to
the following proposition.

PROPOSITION 2.4 [LQ09, Proposition 6.7]. Suppose (X°, P(X)) is tropical and P(X') — P(X) is
a morphism of toric schemes corresponding to a refinement ¥’ of 3. Then (X°, P(X')) is tropical.
Moreover, X' = X° C P(X') is the inverse image of X.

If (X°,P) is tropical, then |X|=Trop(X°) by [LQ09, Proposition 6.5], so ¥ induces a
polyhedral structure on Trop(X°). The central fiber Xy of X can be written as a union of
locally closed subschemes labeled by faces of X. Let X% =X NUp. Let Xr denote the closure
of Xz in X. For w € Int F', the initial degeneration, in,, X° is invariant under the torus Tf.
Moreover, there is a non-canonical isomorphism

iano = TF X X;v.

In this case, Trop(in,X°) is invariant under translation by elements in (Np)g. If F' is a top-
dimensional cell of ¥, then m(F), the multiplicity of F is the length of the zero-dimensional
scheme in, X°/Tr. With these multiplicities ¥ is a balanced weighted rational polyhedral
complex.

There is a natural notion of smoothness called schonness.

DEFINITION 2.5. A subvariety X° of 7 is schdn if there exists a tropical pair (X°,P) such that
the multiplication map

m:T xpX =P

is smooth.

PROPOSITION 2.6 (Luxton and Qu [LQO09, Theorem 6.13]). Let X° be schon. If ¥ is any
polyhedral complex supported on Trop(X°), then (X°,P(X)) is tropical. Furthermore, the
multiplication map m: T xo X — P(X) is smooth.

Schénness has a characterization in terms of initial degenerations (Ref. [Hac08, Lemma 2.7]).
ProOPOSITION 2.7. The following are equivalent.

(i) The subvariety X° is schén.
(ii) The initial degeneration in,, X° is smooth for all w € Trop(X°®).
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The notions of tropical pairs and schon varieties originated in the work of Tevelev [Tev(7]
and were extended to the non-constant coefficient case by Luxton and Qu [LQO09]. We can speak
of a subvariety X° C (k*)" being part of a tropical pair and being schon. Let P =P(A) be a toric
variety, and let X be the closure of X° in P. (X°, P) is said to be tropical if m : Ty x X — P is
faithfully flat and X is proper. If m is smooth, then X° is said to be schon.

The schon condition is especially important when the toric scheme P is a semi-stable
degeneration of toric varieties. One can always refine a toric scheme so that we are in this
case by the following proposition.

ProprosITION 2.8 [HKO08, Proposition 2.3]. Let ¥ be a rational polyhedral complex in Ng. There
exists an integer d and a subdivision ¥’ of d¥ such the general fiber of P(X') is a smooth toric
variety and the special fiber of P(YX') is a divisor with simple normal crossings. Moreover, if the
generic fiber P(X)k is already smooth, ¥’ can be chosen to have the same recession fan as Y.

The above proposition can be used to extend a schon variety X° to a scheme X with
simple normal crossings degeneration. Let (X°,P(X)) be a tropical pair. Choose P(X') as
above. After making a ramified base-change Spec O[t'/?] — Spec @, we have a smooth morphism
m:7T xo X —P(X') where X is the closure of X° in P(X’). Consequently, the generic fiber of
X is smooth and the central fiber X is a divisor in X with simple normal crossings. In such a
case, we call (X°,P(X)) a normal crossings pair.

LEMMA 2.9. If X° is schén then it is smooth.

Proof. Choose P =P(X) as in Proposition 2.8. Then m:7 xp X — P is smooth. Restricting to
the generic fiber, we have m: T x X — Pk is smooth. Since Px is smooth over K, T x X is
smooth. It follows that X and hence X° is smooth. O

The same argument gives the following lemma.

LEMMA 2.10. Let X° C (k*)" be a schén subvariety. Let P(A) be a smooth toric variety such
that (X°,P(A)) is a tropical pair. Then X, the closure of X° in P(A), is smooth.

LEMMA 2.11. If X° is schén and (X°, IP) is a tropical pair, then each X}, is schén as a subscheme
of UF.

Proof. Let Vi =Up be an orbit closure. By base-changing m: 7 xp X — P to Vg, we obtain
smooth m : Ty X X — Vp. Now, the torus T acts trivially on Vg from which we obtain that

m : (T/Tp)k X XF — VF
is smooth. O

Suppose X° is schon. Associated to a normal crossings pair (X°, P) is the parameterizing
complex I'(xo p) which has appeared in the literature a number of times (notably, in the work
of Speyer [Spe07] in the case of curves and in the work of Hacking [HacO8] in the constant
coefficient case). We use the definitions introduced in [HKO08, §4]. There, the faces of I'(xo p) are
pairs (F,Y) where F' is a face of ¥ and Y is an irreducible component of Xp. Since (X°, P) is
a normal crossings pair, each X is smooth by Lemma 2.10 so irreducible components do not
meet. A face (F’,Y’) is on the boundary of (F,Y) if and only if F” is a face of F and Y’ is the
unique component of Xps containing Y. The complex I' xo p) naturally maps to X by the map
(F,Y)— F. The image of this map is Trop(X°). The bounded faces of I'(xo p) form the dual
complex of the semistable degeneration. The parameterizing complex can also be thought of as
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the complex associated to the stratification given by components of X for F' € 3. By [HKO0S,
Proposition 4.1], the underlying topological space of T (xo,p) is independent of the choice of P.
When P is understood, we will denote the parameterizing complex by I'xo.

For a face F' € ¥, let Stars(F') be the star of F' in 3. It is a fan indexed by cells G € ¥ that
contain F. Pick a point w in the relative interior of F. The cone G € Starg(F) is the set of all
v € Ng such that w + ev € ¥ for all sufficiently small € > 0. We define the star quotient to be
Ap = Stary(F)/(Np)r. If w € |X|, let F' be the unique face containing w in its relative interior.
Then the star quotient of ¥ at w is defined to be Stary(F)/(Np)g.

Tropicalization of initial degenerations of X° can be read from Trop(X°).

LEMMA 2.12 [Spe05, Proposition 2.2.3]. Let (X°, P) be a tropical pair. For w € |Trop(X°)|,
Trop(in, X°) = Starmyqp(xo) (F)

where F' is the unique face of ¥ containing w in its relative interior.

3. The tropical motivic nearby fiber

The goal of this section is to define the tropical motivic nearby fiber of a tropical variety, and
show that it is independent of the choice of polyhedral structure on the tropical variety.

We continue with the notation of §2, and let (X°, P) be tropical pair. Let ¥ denote the
corresponding polyhedral structure on Trop(X°) C N, with recession fan A. For each face F' of
¥, let X3 denote the corresponding subvariety of the complex torus Up = (C*)codim I determined
by F, and let 7 denote the recession cone of F.

The Grothendieck ring Ko(Varc) of complex algebraic varieties is the free Z-module generated
by isomorphism classes [V] of complex varieties V', modulo the relation

VI=[Ul+[V U (1)
whenever U is an open subvariety of V. Multiplication is defined by

V]-W]=[v xWw],
and we set L := [A!]. For example, we compute

[(C)"]=[CT" =L -1
DEFINITION 3.1. The tropical motivic nearby fiber ¢ xo sy € Ko(Varc) of the tropical pair
(X°,P)is
Yo s = S IXRI(L — Lytim Pdim e
Fex

Remark 3.2. Since X may be non-reduced, we write [X 7] to denote the element corresponding
to X with its reduced structure in the Grothendieck ring. Observe that if X° is schon, then
Xp is smooth, and hence reduced (see Proposition 2.7 and Remark 3.3 below).

Remark 3.3. If in,, X° denotes the initial degeneration of X° with respect to an element w in
the relative interior of F', then

in, X°= X5 x (C*)dm ¥,

Hence

(_1)dimF [inw XO}
T/J(Xo7 E) = Z (1 _ ]L)dim‘l‘p '
Fe¥
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If B is a finite poset, then the Mébius function pup : B x B — Z (see Appendix A) satisfies the
property (known as ‘Mdobius inversion’) that for any function h: B — A to an abelian group A,

h(z)=> up(y.2)g(y) where g(y) =) h(z). (2)

In the lemma below, we regard the empty face of a polytope as having dimension —1, and write
7 € Int(Q) if the relative interior of 7 is contained in the relative interior of Q.

LEMMA 3.4. Let P be a d-dimensional polytope and let o be a proper (possibly empty) face
of P. If ¢ is a face of a polyhedral decomposition S of P, then, for any (possibly empty) face o’
of o,

Z (_1)dim7' _ (_1)d if o' = o,
10 otherwise.
T€S,7€Int(P)

TNo=0o"'

Proof. Since the link of ¢’ in P is contractible,
Z (_1)dim7'fdimo"71 =1,
T€S,0'CT
and hence
> (pimT=o. (3)
T€S,0'CT

Let B be the poset of all faces of o, ordered by reverse inclusion, and consider the function
h: B — Z defined by

h(O’l): Z (_1)dim'r'
TES
TNo=0o"'

With the notation of (2), (3) implies that g(¢’) = 0 for all ¢’ € B. Hence Mobius inversion implies
that h(c") =0.

If B denotes the poset of all (possibly empty) faces of P, ordered by inclusion, then the
Mébius function of B is given by u(Q', Q)= (—1)dimQ@=dim Q" whepever Q' C Q. Consider
the function h: B — Z defined by

Q= Y (cyme
T€S,7€Int(Q)
TNo=o’

With the notation of (2),

9@ = > (-nimT.
TES,TCQ
TNo=0o'

Note that the above sum is zero unless ¢/ C @, in which case

g@= > (-nimT
T€S|Q
TN(eNQ)=0c’

By the above discussion, the latter sum is zero unless 0 N Q = @, in which case g(Q) = (—1)4™ o
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Mobius inversion then implies that

h(P) = (—1)d Z (_1)dimQ—dima' _ {é—l)d if o/ =0, _

otherwise.
o'CQCo

Remark 3.5. It would be interesting to have a geometric interpretation and proof of the lemma
above involving Euler characteristics.

THEOREM 3.6. The tropical motivic nearby fiber 1 xo 5y = ¥(xo o) of a tropical pair (X°,P)
is independent of the choice of polyhedral structure ¥ on Trop(X°®), and only depends on the
corresponding recession fan /A\.

Proof. Suppose ¥ is a polyhedral structure on Trop(X°) induced by a tropical pair (X°, '), and
with the same recession fan A. After taking a common refinement, we may and will assume that
Y/ is a refinement of Y. Consider the corresponding proper morphism of toric varieties P’ — P.
If F' is a face of X', then the relative interior of F’ lies in the relative interior Int(F') of a unique
face F' of ¥. By standard toric geometry (see, for example, [Ful93]), the corresponding morphism
of tori Up» — Uy factors as

. . ,
UF/ ~ UF % ((C*)dlm F—dim F N UF,

where the second map is projection onto the first co-ordinate. By Proposition 2.4, X%, is the
pullback of X%, and hence [X%,] = [X&](L — 1)3m F=dim 7' We compute

Y(xo ) = Z [X5)(1 — L)dim F'—dim 7

Frex!
= Z [X;v](l — ]L)dim F—dimp Z (_1)dim F—dim F’(l . ]L)dim Tp—dim 75/ )
FEE FIEE/

Int(F')CInt(F)

Hence, it is enough to show that

i im F’ i i 1 ifn=dimr
1 dim F—dim F’ 1-1L dim 7p—dim 77 _ F
Z (=1) ( ) 0 otherwise.

Int(F")CInt(F)

dim 7p/=n

This follows directly from Lemma 3.4 if we set P =o0pr N H to be the intersection of the cone
op over F'x 1 in Ng x R with an affine hyperplane H, chosen such that P is a polytope not
containing the origin, if S equals the polyhedral decomposition of P induced by X' N |op|, and
if 0 =7 N H equals the intersection of P with Ng x {0}. O

4. The motivic nearby fiber and limit Hodge structures

The goal of this section is to recall some results on the motivic nearby fiber and limit mixed
Hodge structure of a degeneration of complex varieties. We refer the reader to [Bit05, PS07, PS08]
for details and proofs of the statements below.

Recall from § 3 that the assignment of a complex variety V' to its class [V] in the Grothendieck
ring Ko(Varc) is the universal invariant of complex varieties satisfying the relation (1). We recall
the following specialization of this invariant.

In [Del71], Deligne proved that the mth cohomology group with compact supports H*(V')
of every d-dimensional complex algebraic variety V admits a canonical mixed Hodge structure.
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That is, H*(V') admits an increasing filtration W, called the weight filtration and a decreasing
filtration F'* called the Hodge filtration, such that the Hodge filtration induces a pure Hodge
structure of weight k& on the kth graded piece of the weight filtration. We refer the reader
to [PS07] for an introduction to mixed Hodge structures. In particular, we have an induced

decomposition
H'(V)= @ HP(HMV)),
0<p,9<d
where HYP(H!™"(V; C))=HP4(H™(V')). Throughout, we write h?4(H"(V'))= dim HP1(H*(V)).
If

PUV) = e?(V) = 3 (L) HPA(HT V),

then the Hodge—Deligne polynomial of V' is defined by

EV)=E(\V;u,v)= Z ePU(V)uPol,
P

and there is a well-defined ring homomorphism
E: Ko(Varc) — Zlu,v], E([V])=E(V).

Remark 4.1. In fact, the ring homomorphism above factors through a specialization with values
in the Grothendieck ring of complex Hodge structures Ko(bhs), sending [V] to >, (—1)"H*(V)
(see, for example, [PS07, Corollary 3]).

Remark 4.2. 1f V is smooth and complete, then H™(V)=€p, ., H?)(V) admits a pure
Hodge structure of weight m, and E(V) =3 (=1)PTRPI(V)uPor.

Remark 4.3. By the above remark, E(P!) = uv + 1, and hence E(L) = E(P!) — E(pt) = uv.

Remark 4.4. For any variety V, E(V;1,1) =e(V) equals the topological Euler characteristic
of V.

Let Y be a smooth, connected, (d + 1)-dimensional (complex) manifold, and let f:Y — D
be a proper map to the unit disk I, which is smooth over the punctured disk D* =D ~\ {0}. One
can associate to this data the motivic nearby fiber 1y in Ko(Varc), which is invariant under base
change of D, and satisfies the property that if Z is smooth and connected, and 7: Z — Y is an
isomorphism away from the central fiber Yo = f~1(0), then s = ) for (see [Bit05, Remark 2.7]). If
f is a semi-stable degeneration, in the sense that the central fiber Yy is a reduced, simple normal
crossing divisor, then the motivic nearby fiber has the following description. If {D;}icq1,.. 0}

denotes the irreducible components of Yy, and, for every non-empty subset I C {1,...,n}, we
set D =N,y Di ~U;gr Dy, then
vp= Y (DR -L)fn (4)
IC{1,...,n}

Remark 4.5. It follows from the discussion above that the motivic nearby fiber ¢ is determined
by the smooth, proper map f:Y’ = f~1(D*) — D* over the punctured disk. Conversely, any
smooth, proper map f:Y’ — D* can be extended to a map f:Y — D, where Y is a connected
manifold, i.e. by extending the family to ID and resolving singularities, and hence one may consider
the corresponding invariant 9.
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For a fixed t € D*, the mth cohomology group of the smooth, complete fiber Y;, which we will
often denote Ygen, admits a mixed Hodge structure called the limit mized Hodge structure, which
only depends on the family over D*, and is invariant under base change. The theory of limit mixed
Hodge structures was developed by many authors including Deligne, Katz, Clemens [Cle77],
Schmid [Sch73] and Steenbrink [Ste75/76]. Throughout, we let H™(Y,,) denote H™(Ygen) with

the limit mixed Hodge structure, and write

H™(Yoo) = @ HPH™ (Yao))-

p,q<min{m,d}

The corresponding Hodge and weight filtrations may roughly be described as follows, and we
refer the reader to [Zol06, ch. 7] for details. Firstly, the usual Hodge filtrations FPH™(Y;) on
the non-zero fibers have a limit, in an appropriate sense, when t — 0, called the limit Hodge
filtration. In particular, dim FPH™ (Ygen) = dim FPH™(Y,). That is,

B (Yggn) = > WPA(H™(Yao), (5)

and hence the limit Hodge numbers {h?9(H™(Y))} refine the usual Hodge numbers of a
general fiber. Secondly, it is a classical result of Ehresmann (see [MKT71] for a proof) that
f:Y — Dis alocally trivial C*°-fibration over D*. In particular, we may consider the monodromy
transformation

T: H™(Yao) — H™(Yao).

A classical result of Landman [Lan73] states that T' is quasi-unipotent i.e. some multiple of T
is unipotent. Applying base change to D* i.e. pulling back the family Y’ — D* via the covering
map D* — D*, t — t*, has the effect of replacing T' by T*. Hence we may and will assume that
T is unipotent. In this case, Landman further showed that (7' — I)™! = 0. By standard linear
algebra, the nilpotent operator N =log T =", (=1)* (T — I)*/k induces a weight filtration
on H™(Yy), called the monodromy weight filtration, which determines and is determined by
the Jordan block decomposition of N. Indeed, we may inductively define a unique increasing
filtration

0CWoCW1C-- - CWap = H™(Yeo),
with associated graded pieces GrZV := Wi /Wi_1, satisfying the following properties for any non-
negative integer k.
(A) The operator N is decreasing on the filtration: N (W) C W_o.
(B) The induced map N*:Gr}Y , — Gr)V_, is an isomorphism.

For example, Wy = im N and Wa,,_1 = ker N™. In fact, the map N : H"(Ys) — H™(Y) is a
morphism of mixed Hodge structures of type (—1, —1).

Remark 4.6. Tt follows that for k > 0, if HP™ P (Yge,) = 0 for all p < (m — k)/2, then N¥+1 =0
(see [PS08, Corollary 11.42]). Indeed, by (5) and the symmetry of the Hodge numbers of Yyen,

—k k
HP9(H™(Ys)) =0 unless m2 <p< %

Hence, either the source or the target of the induced map N*+1:HPI(H™(Y,)) —
HP~F=La=k=1([™(Y,)) is zero.
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The limit Hodge—Deligne polynomial is defined to be
E(Ywx) = E(Yoo; u,v) = Z e’ (Yoo Julv?,
X
where

P(Yog) = €9 (Vo) = 30 (~ 1) WP (H (Vo).

m

Remark 4.7. It follows from (5) that
E(Yso; u, 1) = E(Ygen; u, 1). (6)
In particular, by Remark 4.4, E(Y,; 1, 1) equals the topological Euler characteristic of Ygen.

A deep result of Steenbrink [Ste75/76, Corollary 4.20] gives a spectral sequence which
converges to determine the limit mixed Hodge structure. In particular, Steenbrink’s result
implies that the motivic nearby fiber specializes to the limit Hodge-Deligne polynomial [PS08,
Corollary 11.26]. That is, under the ring homomorphism E : Ko(Varc) — Z[u, v],

E(py) = E(Yoo; u, v). (7)

In particular, if the central fiber Yy is a reduced, simple normal crossing divisor with
irreducible components {D;};c(1,... n}, then we conclude that

E(Y)= S B —w).
IC{1,...,n}
Remark 4.8. With the notation above, let S be the simplicial complex with k-dimensional faces
indexed by (k + 1)-fold intersections of the components of the central fiber Yo =>"" | D;, with

associated topological space |S|. As explained in [Mor84], the weight 0 part of H™(Ys) is
described by

H*(H™(Ys)) = H™(|S)),
and €%0(Y,,) is equal to the Euler characteristic of |S|.

Remark 4.9. As in [Cle77, §1.4], and with the notation above, H®?(H™(Y,.)) =0 for m #d,

and
n

Hd’O(Hd(Yoo)) ) @ Hd’O(DZ').
i=1
If Z is a smooth, complete d-dimensional variety, then the genus of Z is py(Z) = h?0(Z) =
dim H°(Z, Q4). We conclude that

(Vo) = (~1)* 3 py (D).
=1

5. Applications for schon subvarieties of tori

The goal of this section is to give a geometric interpretation of the tropical motivic nearby fiber
of a schon subvariety of a torus, and deduce some Hodge-theoretic and topological consequences.

We continue with the notation of §2, and let O be the ring of germs of analytic functions
in C in a neighborhood of the origin. Let X° C T be a schon subvariety, and let (X°, P) be a
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tropical pair with corresponding polyhedral structure ¥ on Trop(X°), and unimodular recession
fan A. Let X denote the closure of X° in P, with smooth generic fiber X.

As in §3, we consider the tropical motivic nearby fiber 1)(xo o) in the Grothendieck ring
Ko(Varc) of complex varieties (cf. Theorem 3.6). On the other hand, we may fix a disk D of
sufficiently small radius centered at the origin in C, and consider the generic fiber X as a smooth,
complex manifold X,, admitting a smooth, proper map f: X, — D* to the punctured disk
D* =D ~\ {0}. Let ¢y € Ko(Varc) be the corresponding motivic nearby fiber ¢4 (cf. Remark 4.5),
and let Xgen denote a fixed fiber of f. Observe that the invariants ¢(xo o) and 1y, as well as
Xgen, do not depend on IP, but only on the associated recession fan A.

THEOREM 5.1. With the notation above, if X° CT is schén and A is a unimodular recession
fan associated to the tropical variety Trop(X°), then ¥ xo ay = 15.

Proof. By Proposition 2.8 and its succeeding discussion, we may and will assume that (X°, P)
is a normal crossings pair. In particular, we may consider X as a smooth complex manifold Xy,
admitting a proper map f : Xy, — D, with reduced, simple normal crossings central fiber Xg. In
this case, 1¢ is computed via the formula (4). That is,

vp= Y [DFI(-L),
IC{1,...n}

where {D;}ic1,.. n) denotes the irreducible components of Xp, and, for every non-empty subset
Ic{l,...,n}, D} =Nie; Di ~ Ujg; Dj- On the other hand, the irreducible components of X
are indexed by the vertices of X, and Xj is the disjoint union of the locally closed subvarieties
{X% | F € ¥}. Moreover, X7, is contained in precisely dim F' —dim 7p 4+ 1 of the irreducible
components of Xg. The result now follows from Definition 3.1. O

The following corollary is immediate from the discussion of §4. Let F(X ) denote the limit
Hodge—Deligne polynomial associated to f: X,, — D*.

COROLLARY 5.2. With the notation above, if X° CT is schén and A is a unimodular recession
fan associated to the tropical variety Trop(X°), then

E(Xso) =Y B(Xp)(1 —up)timFdimme,
Fex
In particular,
E(Xgen; u, 1) = Y E(Xp;u, 1)(1 — w)im Fodime,
Fex
and the topological Euler characteristic of Xgep is given by

e(Xgen) = Z e(Xp).
Fex
dim F=dim 7

Proof. The first statement follows from Theorem 5.1 and the fact that the motivic nearby fiber
specializes to the limit Hodge-Deligne polynomial (7). The second and third statements follow
from Remark 4.7. O

Recall from § 2 that I"xo denotes the parametrizing complex of X°. It follows from Remark 4.8
that the weight 0 part of H™(X ) is described by

H(H™(Xoo)) = H™ ([0 xo ). (®)
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Recall from §4 that we have an isomorphism
N™:Gry H™(X.) — Gry H™(Xs).
Hence, the mth Betti number b,,(I'xo) of |I'xo| satisfies
bn(Dxo) = hOP(H™(X o)) < WY (H™(Xs)) for 0 <i<m.
In particular, by (5), we immediately obtain the following corollary.

COROLLARY 5.3. With the notation above, if X° C T is schén and A is a unimodular recession
fan associated to the tropical variety Trop(X?°), then the parametrizing complex I" satisfies

b(Ixo) < min AP (Xgen).
p =

+q=m
This strengthens the result of Helm and the first named author [HKO08, Corollary 5.8] that

b (Xgen)

b (Txo) <
(Txe) m—+1

Recall that if V' is a d-dimensional, pure-dimensional, smooth, complete variety, then the
genus of V is py(V) = h49(V). Let vert(X) denote the set of vertices of 3.

COROLLARY 5.4. With the notation above, if X° C T is schén and A\ is a unimodular recession
fan associated to the tropical variety Trop(X°®), and if X, is smooth for each v € vert(X), then
H¥O(H™(Xo)) =0 for m # d, and

hOHY X)) = Y pgl(Xo).
veEvert(X)
In particular, if I'xo denotes the parametrizing complex of X°, then

by(Txo) + Z Pg(Xv) < pg(Xgen)-
vevert(X)

Proof. By Theorem 5.1,
M(Xo)= Y e(XD).

vevert(X)

On the other hand, e%(X?) = e?%(X,) = (—1)%p,(X,) by the additivity property of Hodge-
Deligne polynomial, the fact that the dimension of X, ~ X, is strictly less than d, and
Remark 4.2. On the other hand, by Remark 4.9, H**(H™ (X)) =0 for m # d, and hence

e*(Xoo) = ()W (H (X))

The first statement is now immediate, while the second statement follows from (8), together with
the following inequality which is an immediate consequence of (5),

WY (HY (X)) + h*(HY (X)) < Pg(Xgen)- o

Remark 5.5. The assumption that X, is smooth for each v € vert(3) in the above corollary is
satisfied if (X°,P) is a normal crossings pair (see § 2, cf. Remark 4.9).

Ezample 5.6 (Curves). Consider the case when X° is one-dimensional, and let C'— D* denote
the corresponding smooth family of curves with non-zero fiber Cye,, and parametrizing
complex I'. After possibly scaling and refining Trop(X°), we can assume that X,, is a smooth
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manifold. Moreover, C, is smooth for each v € vert(X). Then the zeroth and top cohomology
groups are trivial:

bO(Cgen) = bZ(Cgen) =1

The limit mixed Hodge numbers of the middle cohomology are given by
h*Y(H(Ox)) =AM (H (Co)) = bi (D),
WO(H' (Co)) = B2 (H' (Coo)) = Z 9(Cy).

vevert(X)

In particular, the genus of Cgey is given by the formula

9(Cgen) =01(Te) + 3 g(CL).

vevert(X)

6. Limit Hodge structures of hypersurfaces

The goal of this section is to explicitly compute the limit mixed Hodge structure of a schén
family of hypersurfaces. We continue with the notation of § 2, and refer the reader to [Ful93] for
basic facts on toric varieties.

As in §5, let O be the ring of germs of analytic functions in C in a neighborhood of the
origin. Let X° C T'= Spec K[M] be a schon hypersurface. That is, X° ={}_ c;; 2" =0} C T,
for some «,, € K. The Newton polytope P of X° is the convex hull of {u € M | o, # 0}, and
the function PN M — Z, u+ ord ay, induces a regular, lattice polyhedral decomposition 7°
of P. Explicitly, the faces of 7 are the projections of the bounded faces of the convex hull of
{(u, A) | iy # 0, A = ord o, } in Mg x R. The tropicalization Trop(X°) is ‘dual’ to the polyhedral
decomposition 7, in the sense that Trop(X°) has a natural polyhedral structure such that its
faces are in bijection with the positive dimensional faces of 7 (see, for example, [RSTO05, §3]).
The corresponding recession fan of Trop(X°) is the fan obtained from the normal fan of P by
removing its maximal cones. We will assume throughout this section that P is (d + 1)-dimensional
and that P is almost smooth in the sense that the recession fan of Trop(X°) is unimodular. We
remark that if P is not almost smooth, then one can apply Proposition 2.8 to obtain a unimodular
refinement of the recession fan.

Asin § 5, we may consider the corresponding proper map f : X,n — D to a disk D of sufficiently
small radius, which is smooth over the punctured disk D*. A fixed non-zero fiber Xgep, is a smooth
hypersurface of the smooth toric variety Yp associated to the recession fan, and is schén with
respect to the associated complex torus. The central fiber X is a disjoint union of locally closed
subvarieties { X 0 | @ € T}, each of which is schén with respect to its corresponding complex torus
Ug = (C*)4m @, 1f T() denotes the set of faces of T whose relative interior lies in the relative
interior of a codimension ¢ face of P, then Corollary 5.2 implies that

d
BE(Xsiu,v) =Y Y E(X)(1— u)°time, (9)
=0 QeT ()

The notion of a schon or non-degenerate hypersurface Z of a torus (C*)" was
introduced by Khovanskii in [Kho77]. Danilov and Khovanskii gave an explicit combinatorial
algorithm to compute the Hodge-Deligne polynomial of a non-degenerate hypersurface of
a complex torus [DK86|. Later, Batyrev and Borisov produced a combinatorial formula
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[BB96, Theorem 3.24], which was simplified by Borisov and Mavlyutov in [BMO03, Propo-
sition 5.5]. The formula is determined by the Ehrhart polynomial of the Newton polytope and
all its faces (see, for example, [BROT7]), together with the face poset of the Newton polytope,
and is stated explicitly in Theorem A.7. In particular, together with (9), we obtain a
combinatorial formula for F(X; u, v).

By Remark 4.2, the Hodge numbers of Xge, are also determined by this formula, since
the intersection of Xgen with any toric stratum of Yp may be regarded as a non-degenerate
hypersurface with Newton polytope a face of P. In particular, the topological Euler characteristic
of Xgen is given by the formula [DK86, Remark 4.5]

e(Xgen) = D _ (=1 7! (dim Q)! vol(Q), (10)

QCP
where vol(Q) denotes the Euclidean volume of a face @ of P with respect to its affine span.

The inclusion Xgen < Yp induces a map on cohomology
H™(Yp) — H™(Xgen),

which, by the Lefschetz hyperplane theorem, is an isomorphism for m < d, and injective for
m = d. Moreover, Poincaré duality implies that H™(Xgen) = H??"™(Xgen). Recall that the
h-vector {hpy} of P is defined as the coefficients of the polynomial

d+1

hp(t) = Z hP,ktk _ Z 7fd—&-l—dirn Q(l - 7f)dimQ7
k=0 QCP

where the sum runs over all non-empty faces Q of P. The projective toric variety Yp has no odd
cohomology, and dim H?™(Yp) = h™™(Yp) = hp,,. By Remark 4.6, we deduce that, for m # d,
the monodromy operator on dim H™(Xgen) is trivial, and hence the limit mixed Hodge structure
coincides with the usual pure Hodge structure. When m = d, the same holds for the image of
HY(Yp) in HY(Xgen). Hence, to describe the limit mixed Hodge structure of X, it remains to
describe the limit mixed Hodge structure on

HY, (Xoo) := coker[HY(Yp) — HY(Xgen)]-

prim
It follows that F(Xs;wu,v) determines and is determined by the limit Hodge numbers
hP9(H™(X)). That is, we have shown the following corollary.

COROLLARY 6.1. With the notation above, there exist explicit combinatorial formulas for the
limit Hodge numbers h?4(H™(X)).

Remark 6.2. In general, knowing the limit Hodge numbers h??(H™ (X)) of a degeneration is
strictly more information than knowing the limit Hodge—Deligne polynomial F(X).

We will now present simpler combinatorial formulas for some of the limit Hodge numbers
hP4(H%(X4)). Below, Int(Q) denotes the relative interior of a face Q of P.

Ezample 6.3. Recall that Trop(X°) is dual to the polyhedral decomposition 7, such that an
interior edge of 7 with s interior lattice points corresponds to a maximal, unbounded face of
Trop(X°) of multiplicity s + 1. It follows that the parametrizing complex I'xo is homotopic to
a wedge of d-spheres, which can be indexed by the lattice points in the interior of P which lie
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on either an edge or a vertex of 7. By (8),
WO(HY (X)) =baTxe) = Y #(It(Q) N M),

QeT©®
dim Q<1

and hO°(H™(Xs)) = bp(Txo) =0 for 0 <m < d.
We will need the following result of Danilov and Khovanskii.

PROPOSITION 6.4 [DK86, Proposition 5.8]. IfXg2 is a non-degenerate hypersurface of a complex
torus with Newton polytope @) in a lattice M, and p > 0, then

PO(XG) = ()TN #(Int(Q) N M).

Q'CQ
dim Q'=p+1

We deduce the following corollary.
COROLLARY 6.5. With the notation above, for p > 0,

WOUH X)) = Y #mt(Q) N M).

QeT
dim Q=p+1

Proof. By the above discussion, h?*°(H™ (X)) = 0 for m # d, and hence
WPO(HY (X)) = (~1)7e"?(Xoo).
By (9) and Proposition 6.4,

P0(Xoo) = ) (X7

QeT
= > (DIt N #(Int(Q) N M)
QeT Q'CQ
dim Q'=p+1
= D #It(@)nM)- Y (~1)Hmet,
QeT QeT
dim Q'=p+1 Q'CQ

Since the link of a face Q’ in 7 is homotopic to a sphere if @’ € 7(9) and is contractible otherwise,
it follows that

Z (—1)dim Q@+l (-1)4! i Q eT®, O
0 otherwise.

QeT

Q'CQ

Remark 6.6. From Example 6.3, Corollary 6.5, and (5), we recover the well-known fact that the
genus hd’O(Xgen) of Xgen equals the number of interior lattice points of P.

Ezample 6.7 (cf. §7). Suppose that 7 is a unimodular triangulation of P. That is, suppose that
each maximal face of 7 is isomorphic to the standard (d + 1)-dimensional simplex. For each face
Qin T, XEQ is isomorphic to the intersection of a general linear hyperplane in projective space
PAm @ with the maximal torus (C*)4%™ @ and hence E(X$) is a polynomial in uv. It follows
from (9) and the discussion above that all non-zero limit Hodge numbers are of type (p, p).
Hence, if one sets m = d in (5), then at most one term on the right-hand side of the equation is
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non-zero, and
WPP(HY(Xoo)) = PP (Xgen).

Ezample 6.8 (Curves). Let us assume that P is a two-dimensional lattice polytope. By
Example 6.3 and Corollary 6.5,

WO(H' (Co)) = WM (HN (C)) = ) #(Int(Q) N M),

QGT(O)
dim Q<1

WOHY(Coo)) = WO (H (Coo)) = D #(Int(Q) N M).

QeT®
dim Q=2

Ezample 6.9 (Surfaces). Let us assume that P is a three-dimensional lattice polytope. By
Example 6.3 and Corollary 6.5,
WOV H?(Xoo)) = W2 (HX(Xoo)) = Y #(Int(Q) N M),

QeT©®
dim Q<1

WO(H (X)) = WO (H (Xoo)) = W2 (H(Xoo)) = b (H* (X))

S #(Ie(@Q)n M),

QET(O)
dim Q=2
WO(H?(Xoo)) = W2 (HX(Xoo)) = > #(Int(Q) N M).
QeT
dim Q=3

Lastly, h''(H?(X4)) can easily be deduced from the combinatorial formula (10) for the
topological Euler characteristic e(Xgen). Explicitly, e(Xgen) =b2(Xgen) +2, and ba(Xgen) =

> opg MPUH?(Xoo)) by (5).

7. The tropical motivic nearby fiber of matroidal tropical varieties

A matroidal tropical variety is one that is locally described by the matroid fans of Ardila and
Klivans [AK06]. They were first introduced by Mikhalkin in [Mik08], who originally called them
‘smooth tropical varieties’ but has since renamed them ‘effective tropical cycles of multiplicity 1’
in [Mik]. The name of such tropical varieties will eventually be standardized in the literature but
we use the matter-of-fact adjective matroidal for the time-being. Some evidence for Mikhalkin’s
original name ‘smooth tropical variety’ is provided by Proposition 7.10.

Matroids are abstract objects that axiomatize the combinatorics of linear independence. A
rank d -+ 1 matroid M on a finite set £ ={0,1,...,n} is given by a rank function r:2F —
NU {0} satisfying:

(i) r(I) < s
(ii) I CJ implies r(I) < r(J);
(iii) r(JUJ)+r(INJ)<r) +r(J);
(iv) r(E)=d+1.
A flat of M is a subset I C E such that forall j € E~ I, (I U{j}) > r(I). The set of flats form a
lattice under the partial order of inclusion. One may associate such a matroid to a d-dimensional

linear subspace X of P". For I C E, let H; be the coordinate subspace given by (,c;{X; = 0},
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and set r(I) =d — dim(X N Hy) (where we use the convention that the dimension of the empty
set is —1). A subset I C E is a flat of M if and only if the linear space X N H; is not equal to
X N Hy for any J D I. Equivalently, if we define H} to be the subset of H; given by X; # 0 for
J&1,1is aflat of M if and only if X intersects Hj.

The matroid M can be encoded in a simplicial fan called the matroid fan Ap. Let N be the
lattice

N=ZF/(eg+---+ey).
The matroid fan is a fan in Ng. For a subset I C E, let e; be the vector

e = Z €;
i€l
in Nr. The rays of the matroid fan Ay are pr, = R ey, for proper flats L C F of the matroid. More
generally, the k-dimensional cones of the matroid fan correspond to the k-step flags of proper flats:
if F is a flag of flats Ly C - - - C Ly, then the corresponding cone is o = Span ({er,, ..., er,}).
Because every flag of flats in a matroid can be extended to a full flag, the matroid fan Ay is of
pure dimension d. Each top-dimensional cone of Ay is given multiplicity 1. Ardila and Klivans
introduced this fan as the fine subdivision of the Bergman fan of a matroid.

The tropicalization of a hyperplane arrangement complement X° defined over C is a fan of
the form Apg. In fact, let X C P be a d-dimensional linear space and set X° = X N (C*)". Let
M be the matroid on E={0,1,...,n} associated to X. Then, Trop(X°) = Ap.

Ezample 7.1. Let M be a rank two matroid on E=1{0,1,...,n}. Let Iy, ..., Is be the set of
rank one flats. The matroid fan is the union of the rays {pr, }1<k<s. In the special case that
every element of I is a rank one flat, Ay is the union of pg, ..., p, which is the 1-skeleton of
the fan corresponding to P™. This is the tropicalization of a generic line in P* which intersects
each coordinate hyperplane in a generic point.

Moreover, if a matroid fan is the tropicalization of a variety, the variety must be a hyperplane
arrangement complement.

ProprosiTION 7.2 [KP09, Proposition 4.2]. Let X° C (C*)" be a subvariety. Suppose that
|Trop(X°)| = |Am| and each top-dimensional cell of Trop(X °) has multiplicity 1. Then the closure
of X° in P{ is a d-dimensional linear subspace whose matroid is M.

The matroid M can be recovered from the underlying set |Ay|. For I C E, let 77 = Span_ ({e; |
i € I}). The set of all 77 form the fan A corresponding to the toric variety P™. Note that each
open cone of Ay is contained in a unique open cone in A. In fact, o C 77, .

LEMMA 7.3. Let I C E. I is a proper flat of M if and only if |Aym| N 77 # 0. In that case, r(I) is
equal to the dimension of the tangent space of a smooth point of |[Aym| N 77.

Proof. Suppose I is a flat of M, then p; is a ray in Ays and is contained in 77.

Now suppose Ay N 77 # (). Then there is an open cone o contained in the relative interior
of r. If F={L; C---C Ly} then Ly =1 and I is a flat of M. Now, 0% is a maximal cone of
Ay N77 if and only if F is a saturated flag. Consequently, dim(ox) =r(I). In that case, the
linear span of ox is equal to the tangent space of a point in its relative interior. O

Let Py be the poset of flats of Ml under inclusion where 0 = ) is the unique minimal element
and 1={0,1,...,n}. Then by [AK06, Theorem 1], Ay; N S™ ! is a geometric realization of the
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order complex of the poset A(Py ~ {0,1}). Consequently, (0, 1) = X(|An| N 5™ 1) by [Sta97,
Proposition 3.8.6]. One may recover the Mobius function of Py from Ajy.

LEMMA 7.4. Let I be a flat of M of positive rank. Let K be the set of cones of Ay that intersect
77 in pr ordered under inclusion. Let o be a maximal cone in K. Then

ﬂ(b\? I) = )?(lka’l (AM))

Proof. Each cone in Ajps that intersects 77 in py is of the form o} =or for F a flag of flats
{Li=1C---C Ly} For the cone or to be maximal of that type, it must correspond to a
saturated flag of flats. A cone oz contains o in its closure if and only if F is the terminal segment
of 7. 1t follows that lk,, (Anm) is a geometric realization of the order complex A((Fr)r ~ {0, 1),
where (Py)s is the principal order ideal (Py); = {J | J C I'}. The conclusion follows from [Sta97,
Proposition 3.8.6]. O

We can use the above lemma in combination with £(0, 0) = 1 to determine all values of 1(0, I).
Note that if I is a rank one flat, then p(0, I) = X(0) = —1. The Mébius function can be read from
the geometry of [Ap| once we have chosen o} since lk,s (Awr) = mj(Stara,, (07)) N S(N/No» ),
where 77 : N — N/Ng. and S(N/N,) is the unit sphere in N/Ng .

Recall that the characteristic polynomial of M is given by

Xu(@) =Y p(0, I)g* D).
IePy
Consequently,
Xu(g)=1-— Z q+ Z %(lkg} (AM))qdfdim(a})_
r(I)=1 r(I)>=2
We have to make use of the projective motivic version of [OS80, Theorem 5.2].

LEMMA 7.5. The class of [X°] in Ko(Varc) is given by

_ Ly (L) - XM(l)'

[X"] T 1

Proof. From [A"] =L", we have

]LnJrl -1

EPY=14+L+---+1L"=
P")=1+L+---+ 1

Since X° is expressed motivically as > ;e p u(a, I[X N Hy],

(L— DX =Y w0 DL —1) = Lya(L) - xu(1)- O
IePy
Ezample 7.6. Let us consider a rank two matroid on £ ={0,1,...,n}. Let I1,..., I be its

rank one flats. By Lemma 7.4, we know

1(0,0)=1, u(0, ;) =—1.

Consequently,
xm(q) =q —s.
It follows that
L(IL—-s)—(1-s)
X°] = =L- 1.
[X°] L1 s+
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Alternatively, we know that Ay is the tropicalization of the complement of s points in P
It follows that [X°] =L — s+ 1.

We now globalize the notion to tropical varieties that locally look like matroid fans.

DEFINITION 7.7. A tropicalization Trop(X°) is said to be matroidal with respect to a rational
polyhedral structure ¥ on Trop(X°) if:

(i) every top-dimensional cell of Trop(X°) has multiplicity 1;

(ii) for every face F' of Trop(X°), the star quotient Starmqpxo)(F)/Np has the same
underlying set as some matroid fan Ay, for some choice of integral basis ey, ..., e, of N/Np.

DEFINITION 7.8. A tropicalization Trop(X°) is said to be matroidalif it is matroidal with respect
to some 3.

Note that we have eg = —e; — -+ - — ¢; in N/Np. We do not require the choice of eg, ..., ¢
to be global, so Mg is not necessarily uniquely defined. Nor do we require that there is a
polyhedral structure on Trop(X°) inducing the matroid fan structure on the stars of cells. This
is done by Allermann [All09] in developing intersection theory on matroidal tropical varieties.
His definition is also different form ours because his tropical varieties are locally modeled on the
uniform matroid. Because our results are independent of the polyhedral structure on Trop(X°)
we do not require this. However, to get finer data about X from Trop(X°), doing so may be
necessary. Examples of matroidal tropical varieties include planar trivalent curves all of whose
vertices have multiplicity 1 (in the sense of [Mik05, Definition 2.16]) and tropical hypersurfaces
corresponding to a Newton subdivision all of whose cells are unimodular simplices.

LEMMA 7.9. Suppose Trop(X°) is matroidal with respect to ¥.. If ¥/ is a refinement of %, then
Trop(X°) is matroidal with respect to %'.

Proof. Let F' be a cell in ¥ whose relative interior is contained in the relative interior of a cell
F of ¥. Then, Starqyop(xe)(F') = Starqyopxe)(F) and

Starmyop(xe) (F)/(Nr)r = (Starqyopxoy (F') /(N )r)/((Np/Np)R)-

Suppose that M is the matroid fan of {0,...,n —dim(F)} associated to the above fan with
respect to a basis e1, .. ., €,_gim(F). Consider the short exact sequence of lattices

0 — Np/Npr — N/Npr — N/Np — 0.

Pick a splitting j : N/Np — N/Np and let €], . . . e;_dim(F) be the image of the basis under this
splitting. Set | = dim(F) — dim(F’), and let f1,..., f; be a basis for Np/Np:. Let Gy, ...,G;
be copies of the unique rank one matroid on 1 element, and define M’ be the matroid on
n — dim(F’) + 1 elements given by

M=MUGU---UG.

It is straightforward to verify that the underlying set of Apr with respect to the basis
{e},..., e%_dim(F), fi,o oy fi}is

Jr(|Aml) + (N /N )r = Starmyepxe) (F')/(Nr)r. o

PROPOSITION 7.10. If Trop(X°) is a matroidal tropical variety, then X° is schén. Consequently,
X° is smooth.
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Proof. We first show that every initial degeneration of X° is smooth. If w € Trop(X°) is the
relative interior of a cell F' of X, Starqy,p(xe)(F)/(Np)r is a matroid fan. Now in, X° is Tp-
invariant and we have

| Trop(in, X°/Tr)| = |Trop(in, X°)|/(Np)r = StarTrop(Xo)(F)/(NF)R.

By Proposition 7.2, (in,X°)/TF is a hyperplane complement and in,, X° is smooth. It follows
from Proposition 2.7 that X is schon. Consequently, by Lemma 2.9, X° is smooth. O

Matroidal tropical varieties may therefore be thought of as having a very strong form
of classical smoothness. In general, even if X° is smooth there may be singular X’° with
Trop(X°) = Trop(X’°). A matroidal tropical variety, however, has no singular lift. One could
think in analogy with tropical general position of points: every classical lift of a set of tropical
points in general position is in general position.

Since X° is schon, by Proposition 2.6, (X, P(X)) is a tropical pair for any choice of rational
polyhedral structure ¥ on Trop(X°). For matroidal tropical varieties, there is no difference
between the parameterizing complex I'x. and Trop(X°).

LEMMA 7.11. Let Trop(X°) be a matroidal tropical variety. Then the natural parameterizing
map p:I'xo — Trop(X°) is a homeomorphism.

Proof. Let P be a toric scheme such that (X°, P) is a normal crossings pair. Put the polyhedral
structure on Trop(X°) induced from X. Each cell of I'(xo p) is of the form (F,Y’) where F is
a cell of Trop(X°) and Y is a component of X}. Since each X}, is a linear space, it follows
that there is only one cell of I' xo py lying above each cell of Trop(X°). Consequently, p is an
isomorphism of polyhedral complexes, and hence a homeomorphism. O

Now, Xy, (¢) can reconstructed from the geometry of [Trop(X°)| by looking at the star
quotient of F' and applying the methods above.

By Lemma 7.5, we have the following the corollary.

COROLLARY 7.12. Let ¥ be a polyhedral structure on Trop(X°) with recession fan A, and
suppose that Trop(X°) is a matroidal tropical variety. For F a cell in Trop(X°®), let M be the
matroid associated to its star quotient. The tropical motivic nearby fiber of X, is given by

Yixe n) = — 3 (L, (L) =y, (1)) (1 — L)dimF)—dim(e) =1,
FeXx
COROLLARY 7.13. With the notation as above, the Euler characteristic of the generic fiber Xgey
is given by

e(Xgen) = Z (XMF<1) +XI/MIF(1))’

Fex
dim(F)=dim(7F)

where XI’WF (¢) denotes the derivative of x,, (q).

Proof. By Corollary 5.2,
K= D eX).

Fex
dim F=dim 7p

Now, e(Xp) is determined by specializing L. = 1 in
L, (1) = Xue, (1)
L-1 )

[XF] =

290

https://doi.org/10.1112/50010437X11005446 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X11005446

TROPICAL GEOMETRY AND THE MOTIVIC NEARBY FIBER

By writing the numerator as a Taylor polynomial in (I — 1), we see that the Euler characteristic
is Xy, (1) + XI’WF (1). O

Ezample 7.14. Let X° be a curve such that Trop(X°) is a matroidal tropical variety. Let X be a
graph structure on Trop(X°). Then X corresponds to a family of curves degenerating to a union
of rational curves. Each vertex v of ¥ contributes (L — E(v) 4+ 1) to the tropical motivic nearby
fiber where E(v) is the number of edges containing v. Each bounded edge contributes —IL + 1
while each unbounded edge contributes 1. Let V, B, U denotes the number of vertices, bounded
edges, and unbounded edges, respectively. Then,

Yixo n) = (Z(L—E(U) + 1)) +B(-L+1)+U=L(v—B)+ (v—B)=(L+1)x(X).

v

Specializing to L = 1, we get e(Xgen) = 2X(Z), and hence Xgep is a smooth curve of genus h!(X).

8. Open problems

We briefly mention some open problems and directions for further research.

(i) Can one give a geometric interpretation of the tropical motivic nearby fiber Y(xo,n)
when (X° P) is a tropical pair, but X° is not necessarily schon? What about its evaluation
e((xe,n)) under the specialization Ko(Varc) — Z which takes the class of a variety V' to its
Euler characteristic e(V)?

(ii) To what extent can one relax the condition of ‘smoothness’ and replace it with ‘orbifold
singularities’? More specifically, can one associate a limit mixed Hodge structure to a family
f: X — D" over the punctured disk in which the fibers have at worst orbifold singularities? Can
one compute a ‘motivic nearby fiber’ given a semi-stable degeneration in which the central fiber
is reduced and has ‘orbifold normal crossings’?

(iii) When Trop(X°®) is matroidal, can one use Proposition 7.2 to explicitly write down all
terms and maps in the corresponding Steenbrink spectral sequence [Ste75/76, Corollary 4.20],
and hence deduce a reasonable combinatorial formula for the corresponding limit mixed Hodge
numbers? Can one give interesting examples of matroidal tropical varieties which are not curves
or hypersurfaces?

(iv) What is the combinatorial significance of property (B) of the logarithm N of the
monodromy map when X° is a schon hypersurface? That is, what is the significance of the
fact that the sequences {hP+ (H?1(X,.))|0<i<d—1— p} are symmetric and unimodal for
0<p<d—1?
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Appendix A. The Hodge—Deligne polynomial of a non-degenerate hypersurface of
a torus

The goal of this section is to state a formula for the Hodge—Deligne polynomial of a non-
degenerate hypersurface Z of a torus with Newton polytope P, as it appears in [BMO3].
Throughout, P is a (d 4+ 1)-dimensional lattice polytope in a lattice M.

If B is a finite poset, then the Mobius function pp: B x B — Z is defined recursively as
follows:
1 ife=y,
0 if x >y,
= > welzy) ==Y pslr,z) ifz<y.

r<z<y <2<y

pp(w,y) =

For any pair z < z in B, we can consider the interval [z, z] = {y € B |z <y < z}. Suppose that
B has a minimal element 0 and a maximal element 1, and that every maximal chain in B has
the same length. The rank p(x) of an element z in B is equal to the length of a maximal chain in
[0, 2], and the rank of B is p(1). In this case, we say that B is Eulerian if pp(z, y) = (—1)P®—rW)
for z < y.

Remark A.1. Alternatively, one verifies that B is Eulerian if and only if every interval of non-
zero length contains as many elements of even rank as odd rank.

Ezample A.2. The poset of faces of a polytope P (including the empty face) is an Eulerian poset
under inclusion. If we consider the empty face to have dimension —1, then p(Q) =dim Q + 1,
for any face @ of P.

Ezxample A.3. The Boolean algebra on r elements consists of all subsets of a set of cardinality
r and forms an Eulerian poset under inclusion.

The G-polynomial of an Eulerian poset was introduced by Stanley.
DEFINITION A.4 [Sta87]. If B is an Eulerian poset of rank n, then
1 ifn=0,
G(B,t) = —T<n/2< 3 (- 1)PDG(e, 1],t)> if n>0,

0<z<1

where 7,/ is the truncation map which takes a polynomial and associates all the terms of
degree less than n/2.

Ezample A.5. If B is the Boolean algebra on r elements, then one verifies that G(B, t) = 1.

If @ is a face of P, then recall that the Ehrhart polynomial fo(m) of @ is defined by
fo(m) =#(mQ N M), for each positive integer m, and its generating series has the form

m h (1)
Z fom)t™ = u_ﬁw,

m=0

where hg, (t) is a polynomial of degree at most dim ) with non-negative integer coefficients (see,
for example, [BRO7]). If @ is the empty face of P, then we set hg)(t) = 1.
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DEFINITION A.6 [BMO3]. If @ is a (possibly empty) face of P, then

S(Q.1)= Y (-1 Im@n, ()G(Q', Q). ).
Q'CQ
We can now present Batyrev and Borisov’s formula for E(Z; u, v) as stated in [BM03]. We
remark that an alternative formula was earlier obtained by Khovanskii in unpublished work. If B
is an Eulerian poset, then let B* denote the Eulerian poset with all orderings between elements
reversed.

THEOREM A.7 [BB96, BMO03]. If Z is a non-degenerate hypersurface with respect to a lattice
polytope P of dimension d + 1, then

E(Z;u,v) = (1/uv) | (uv — 1)4t 4 (=1)¢ Z udim QH§(Q, u)G([Q, P, uv)|.
QCP
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