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Isoresonant Complex-valued Potentials and
Symmetries

Aymeric Autin

Abstract. Let X be a connected Riemannian manifold such that the resolvent of the free Laplacian
(A —z)71,z € C\ R", has a meromorphic continuation through R*. The poles of this continuation
are called resonances. When X has some symmetries, we construct complex-valued potentials, V, such
that the resolvent of A +V, which has also a meromorphic continuation, has the same resonances with
multiplicities as the free Laplacian.

1 Introduction and Statement of the Results

Let (X, g) be a connected Riemannian manifold with dimension # > 2. On X we have
the free non-negative Laplacian, A, acting on functions with domain H 2(X) whose
spectrum is included in R*. So for z € C \ R", the resolvent Ry(z) := (A — z)~! of
the Laplacian is a bounded operator from L?(X) to H?(X). We will assume that the
resolvent has a meromorphic continuation through R* in a domain of C, D*. For
example, this holds for Euclidean spaces, asymptotically hyperbolic manifolds and
manifolds with asymptotically cylindrical ends.

We call a pole of Ry in D* a resonance of A, and we write Res(A) for the set of these
poles. This definition includes eigenvalues in the set of resonances. If z, € Res(A),
then, in a neighbourhood of zy in D*, we have a finite Laurent expansion:

p
Ry(2) =Y (z—2)"'Si + H(2),

i=1

where S; has a finite rank, H is holomorphic and p is the order of the resonance. We
call the multiplicity of z, the dimension of the resonant space which is the range of
Si. See [Agm9g].

If we perturb the Laplacian with a potential V' and if V is sufficiently decreasing
at infinity on X, for example compactly supported, then the resolvent of A + V,
(A+V —z)71, can also be continued meromorphically to D*. Then we can introduce
the resonances of (A + V'), and we write their set Res(A + V).

For such a V, sufficiently decreasing, we have the equality e (A + V) = 0ess(A)
for the essential spectrum, because V' is then relatively compact with respect to A. So
we can wonder how these potentials modify resonances. We reach the main question
of this work: Do there exist potentials V' such that Res(A + V) = Res(A) ?
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We will construct such potentials and call them isoresonant. In terms of the in-
verse problem, we can’t detect their presence only with the observation of the set of
resonances.

Our potentials will be complex-valued, and this is crucial. For example, it is
known that in R”, for n > 2 and even or n = 3, nontrivial, real valued, smooth
and compactly supported potentials create an infinite number of resonances. See
[Mel95], [SBZ95], [Chr99], [SB9I].

We have been inspired by the work of Christiansen in [Chr06] and [Chr08]. She
constructs in Euclidean spaces R” (n > 2) isoresonant complex potentials, i.e., in this
case: Res(A + V) = Res(A) = @. She uses an action of S$' on R". We generalize this
construction to manifolds that have an isometric action of S', and we use other sym-
metries, such as ($')” and SO(n). On these manifolds, the free Laplacian already has
some resonances, so there is more work to prove the isoresonance of the potentials.
By comparison, in the Euclidean space it is sufficient to prove Res(A + V) C Res(A),
because Res(A) = @.

We are going to describe the method for the construction and the statements of
the results. We assume that (X, ) has an isometric action of S!. This action induces
a unitary representation of $' on L*(X):

' — U(L* (X)),
el — f— (x— f(e*ie.x)).

Then we can decompose L*(X) according to isotypical components:

20 = @ 1),
j€z

with, forall j € Z,
e . —if __ije
Li(X) == {f e I*(X) : V0 € [0,27],Vx € X, f(e " x) = ¢/ f(x)},

is the space of S' homogeneous functions of weight ;.

We take for our isoresonant potentials sums of S' homogeneous functions with
weights of the same sign. Such functions create a shift on the isotypical components
of I*(X): if V. € L®(X) N L2(X) and f € L?(X), then Vf € L?W(X). On the
contrary, the Laplacian stabilizes these isotypical components. Thanks to this shift
we will prove the inclusion Res(A + V) C Res(A), first for truncated V, and then for
all V, thanks to a characterization of resonances as zeros of regularized determinants.

On the way, we have to estimate, for all compact K, the lower bound of the spec-
trum of the Dirichlet Laplacian acting on $' homogeneous functions of weight j
supported in K (we denote this space L?(K )). This is an interesting result on its own:

Proposition 1.1 Let K be a compact manifold with boundary, having an action of S!
and a metric g such that S' acts by isometries on (K, g) and g has a product form in a
neighborhood of the boundary of K. Then there exist strictly positive constants, C1(K)
and C,(K), such that, for all j € 7, we have:

C1j* < MinSpec A2y < Co(1+ 7).
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For the other inclusion, Res(A) C Res(A + V), we use Agmon’s perturbation
theory of resonances, developed in [Agm98|]. Thanks to this theory we can view
resonances as eigenvalues of auxiliary operators and so we can use Kato’s theory in
order to study their perturbations.

Finally we get the following result, given here in restricted cases for simplicity:

Theorem 1.2 On the Euclidean space R" or the hyperbolic space H", let be the poten-

tial
M
V=2V
m=1

where V,,, € L°(X) is compactly supported and S' homogeneous with weight m.
Then in C we have Res(A + V') = Res(A) with the same multiplicities.

See the theorem[3.J]for the general case with a more general manifold, an infinite
sum for V, and V not compactly supported.

Remark 1.3 Instead of the free Laplacian we can perturb A + Vi with V
a real, compactly supported and S' invariant potential and the result becomes
Res(A + Vi + V) = Res(A + V;) with the same multiplicities. We can imagine the
perturbation of other operators which respect the decomposition of L*(X) according
to the isotypical components.

The construction of isoresonant potentials using the action of ($!)™ is essentially
the same as in the case S! so we don’t describe it in this article, but it can be found
in [Aut08]]. On the contrary, if we look at the action of SO(n) (n > 3), as this group is
not commutative, we don’t have any simple description of the isotypical components.
Then we add an hypothesis and assume that we can write

L*(X) = @ L*(R") @ H,
keN

where H* = Ker( Agi—1 — k(k+n— 2)) , k € N, is the eigenspace of the Laplacian on
the sphere $"~!. As in the case S!, we are going to construct some V which induces a
shift in this decomposition of L?(X). This time V is a sum of highest weight vectors of
the representations H* of the complexification of the Lie algebra so,. Moreover, for
the action of SO(n) we don’t need to use the first proposition of this introduction,
which simplifies the proof of the isoresonance. Here we have been inspired by the
construction of isospectral potentials by Guillemin and Uribe in [GU83]. In that
article, the authors treat the case of compact manifolds and isospectral potentials on
them.

The isoresonant potentials don’t modify the set of resonances of the free Laplacian
and their multiplicity. We can wonder if, with more information, we would be able
to detect them. In this way, we prove that on H? there exist some potentials among
the family of isoresonant potentials which modify the order of the resonances. On H?
resonances of the free Laplacian are, up to a change of spectral parameter, the negative
integers with order one. Taking for the hyperbolic plane the model R* x S! with
coordinates (r,#) and metric ¢ = dr? + sh(r)?d#?, we have
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Proposition 1.4 On the hyperbolic plane HZ, let k be a strictly positive integer. There
exists a potential V. € F := {V,,(r)e™ : m € 7\ {0}, V,, € L(R")} such that —k
is a resonance of A + 'V with order strictly bigger than one.

In the last part of this article, we construct isoresonant potentials using the S'
action on another example, the catenoid, i.e., (]R{ x St dr? + (rF + az)daz) with
(r,e*) € R x S' and a € R. We treat this example separately because we can’t use
Agmon’s theory for defining the continuation of the resolvent and for perturbations
of resonances; instead we have to use a complex scaling method, following [WZ00].

I would like to thank the Laboratory Jean Leray in Nantes, France, for the good
work conditions that have been provided for me, and Laurent Guillopé for his help
during this work.

2 Framework and Conditions

We take a cover f: 3 — (2, where € is an open set of C, and an unbounded domain
D C ¥ such that f(D) C C\ R*. We note Ry(\) := (A — f()\)) ~" which is first

defined holomorphic in D with values in £ (L2 0.6 )) (the space of bounded operators
from L?(X) to itself). Let two Banach spaces By and B; be such that

By & 12(X) L B,

where J; and ] are continuous injections, Jo(By) is dense in I*(X) and J (LZ(X)) is
dense in B;. We note, for A € D,

Ro(\) = JRo(\) Jo.

ﬁo is holomorphic on D with values in £(By, By).
Our first assumption is the following condition.

Condition A R, has a meromorphic continuation with finite rank poles (we
will say finite-meromorphic) from D to D* a domain of X.

In order that Condition A not hold trivially, we assume that f(D*) intersects the
essential spectrum of A.
Let us give some examples:

¢ X is R" with the Euclidean metric,

— If nis odd, then we take ¥ = C and Ro()) := (A — A?)~! is first defined in
D ={\ € C:ImA\ > 0} with values in L(LZ(R”)) and has, for all N > 0,
a holomorphic continuation in Df; = {A € C : |ImA| < N} with values
in L(e_N<Z>L2(]R{”),eN<Z>L2(]R{”)) , where (z) = (1 + |z]?)2. See [Mel95] and
[SBZ95].

— If nis even, then we take for X the logarithmic cover of C \ {0}, and Ry(\) :=
(A — )7 Lis first defined in D = {\ € G0 < Im A < 7} with values in
L (LZ(]R{”)) and has, for all N > 0, a holomorphic continuation in Df; = {\ €
C:|Im(e})| < N} with values in £ (e V@ L2(X), eV @ L[2(X)) . See [Mel93).
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* X is an asymptotically hyperbolic manifold. We begin with the definition of such
a manifold. Let X = X U X, a smooth compact manifold of dimension n with
boundary 9X and p, a boundary-defining function that is a smooth function on
X such that

po >0, OX={meX;py(m) =0}, dpo|sx #0.

We say that a smooth metric g on X is asymptotically hyperbolic if p3g continues
as a smooth metric on X and |dpo| pg = lon OX. Thanks to this condition, the
sectional curvature of g tends to —1 at the boundary, and there exists a function p
defining the boundary, a collar neighborhood of the boundary, U, := [0, ¢) x 9X,
and a family h(p), p € [0, €), of smooth metrics on 9X such that

dp? + h(p)
§= 5

(2.1) -

nU,.

For example the hyperbolic space H" and its convex co-compact quotients are
asymptotically hyperbolic.

We take X = Cand Ry(\) := (A —An—-1- )\)) ! is first defined and mero-
morphic in D = {\ € C: Re XA > 251} with values in £(L*(X)) and \ is one of
its poles if and only if A\(n — 1 — A) € 04(A), and it is of finite rank.
Mazzeo and Melrose [MM87]] and after Guillarmou [Gui05] have proved that R
has a finite-meromorphic continuation in €\ (§ — N) and in all C if and only
if the metric g is even. The metric g is even if the family h(p) defined in (2.I)
has a Taylor’s series in p = 0 only with even powers of p (it does not depend
on the choice of p). More precisely, for all N > 0, R, has a finite-meromorphic
continuation on D} := {\ € GRe X > "> — N} if g is even, and otherwise on
Df; \ (2 —N), with values in £ ( pNL*(X), p™NL*(X)) .

¢ X is a Riemannian manifold with asymptotically cylindrical ends. As in the pre-
vious case, let X = X U 9X be a smooth compact manifold of dimension n with
boundary. We say that a smooth metric ¢ on X is a metric with asymptotically
cylindrical ends if there exists a function p defining the boundary, a collar neigh-
borhood of the boundary, U, := [0,¢) x 9X, and a family h(p), p € [0,¢), of
smooth metrics on X such that

d 2
(2.2) g= p—pz +h(p) onU,.

Let Ay be the Laplacian on the compact manifold 9X and 0 = 07 < 0y < -+
its spectrum. For A, the Laplacian on X, [0}, 0j;1) is continuous spectrum for all
j > 0 with a multiplicity equal to the sum of the multiplicities of {7,...,0;} as
eigenvalues of A ;3 and there may be embedded eigenvalues with finite multiplic-
ity in [0, +00).

Melrose, in [Mel93]], proves the continuation of the resolvent of the free Lapla-
cian on the Riemannian surface ¥ which is the surface such that all the functions
ri(A) == (A = O'j)% are holomorphic on it. This surface is ramified at points
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A=0j. Ry(\) = (A —X)"lisfirst defined in D = {/\ eX:Vvj Im(rj(/\)) > 0}
with values in L(L2 (X)) and, for all N > 0, it has a finite-meromorphic contin-
uation in a domain Df; with values in £ ( pNL*(X), p~VI*(X)).

e X s arank-one symmetric space of the noncompact type. In this case, Hilgert and
Pasquale prove, in [HPQ9]], the finite-meromorphic continuation of the resolvent
of the free Laplacian.

In order to treat all these examples with a single notation, we reformulate Condi-
tion A, with N > 0, and p = e=%@ for the Fuclidean case and a boundary-defining
function on X for the other examples, as follows.

Condition Ay , Ry has a finite-meromorphic continuation from D to Dj; an
unbounded domain of ¥, with values in £ ( pNL*(X), p~VI*(X)).

Agmon [[Agm98]| shows that notions of resonances, multiplicity and order do not
depend of the weight pN chosen.

In order to have the finite-meromorphic continuation to Dj; of the resolvent of
A+V,(A+V —2z)71,z€ C\ Spec(A + V), we introduce a condition for V:

Condition By, Ry()):= J(A+V — f()) ' Jo with values in £ ( pNL2(X),
p~NL*(X)) has a finite-meromorphic continuation from D to D, and p~*NV
is bounded on X.

Remark 2.1 With the hypothesis p~2VV bounded, we will be able to apply Agmon’s
perturbation theory of resonances [Agm98]].

Remark 2.2 1fV is compactly supported or if V' is smooth on X and vanishes to all
orders in p at the boundary, then V' verifies Condition By, for all N. In these cases,
the resolvent of A + V has a finite-meromorphic continuation in all ¥.

3 Circular Symmetries
3.1 Statement of the result and examples

We can now give the main result of this part:

Theorem 3.1 Let (X,g) be a connected Riemannian manifold with an action of S'
by isometries verifying the Condition Ay, for some N > 0 and some S' invariant
function p.

Let V be the potential

+00
V=2 Vm
m=1

where V,,, € L®(X) is S! homogeneous of weight m, with 3" |[Vulleo < +00. IfV
verifies Condition By , and for all \ € D \ Res(A), p~ N*DVRy(\)pY is in a Schatten
class 84, g € N\ {0}, then on Dy, Res(A + V) = Res(A) with the same multiplicities.

We will recall the definition of the Schatten classes in Definition 3.8 below.
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Remark 3.2 The last assumption, p~N*DVRy(\)pN € 8, is technical and will
allow us to use regularized determinants. If V' is compactly supported then it holds
with g > d'mx and for any N. In the Euclidean space R", if V' is bounded and super-
exponenually decaying we still have the assumption for all N. On an asymptotically
hyperbolic manifold X, if V is smooth on X and vanishes to all orders in p at the
boundary then V verifies the assumption for all N

Let us describe the S! action and the potentials for the examples of Section 2 veri-
fying Condition A:

e Let R" = (R?)* x R"~? be the Euclidean space with the following S! action
k
@D R(pi0) © Idga-=,
i=1

where § € [0,27), (p1,...,px) € (Z\ {0}, and R(¢) is the rotation of an-
gle ¢ on R%. The components S! homogeneous of weight m of the isoresonant
potentials of the theorem have the following form:

V(e ... 1, z) = Z Wit (%)l ... gtk
(1,00 E€Z
S tipi=—m
where (1€, ..., ne%, z) € (R?)* x R"2 % € R"/S! and the sum converges

in infinite norm.

* For the hyperbolic space H", we can take the Poincaré model, i.e., the unit ball of
R" centered at the origin with the metric 4(1 — ||x||*) ?geuciia- The action of S!
on R” described in the previous point induces an isometric action of S! on H”.
The isoresonant potentials have the same form as in the Euclidean case. We recall
[GZ95a] that if n is odd Res(A) = & and if n is even Res(A) = —N and the
multiplicity of the integer —k is the multiplicity of k(k + n — 1) as eigenvalue of
the Laplacian on the Euclidean sphere S".

e Let us consider H" with the model R} x R"~! with the corresponding coordinates
(x,y). We take for X the hyperbolic cylinder H" /() where ~ is the isometry
w — e‘w. S! acts on X isometrically by ¢”.[x, y] = [e%x, e%y]. We can see
X as R* x S' x §"~2 with the coordinates (r,§,w), the metric dr* + ch* rd6? +
sh? rdw?, and the S' action is the trivial action on the factor S'. The components
S! homogeneous of weight m of the isoresonant potentials have the form:

Vi, 0,w) = Wy (r,w)e™ im@

Here, according to [GZ95al], we have Res(A) = —N + iZ27 /¢ [GZ95a].

We recall that the isometric $! action induces a decomposition of L?(X) according
to isotypical subspaces:
LX) = @ Li(X)
JEZ
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Let Pj: L*(X) — L? (X) be the corresponding orthogonal projection.
The main idea of the proof is that if V,,, € L°°(X) is S' homogeneous of weight m
then it induces by multiplication a shift on these isotypical representations:

Vo LZ(X) — 12 (X).

]+m

3.2 A Preliminary Lemma

Lemma 3.3 Let (X,g) be a connected Riemannian manifold with a S' action by
isometries. For all compact K C X there exists a compact manifold with boundary
K which is diffeomorphic to a compact of X containing K, and which has an isomet-
ric S' action, with a smooth metric g such that §x = gk, and g is a product metric

as* + Zal? in a neighbourhood of the boundary K of K, with § a'S" invariant function
defining OK and h is independent of 6.

Before giving the proof of this general result, let us verify this result for our previ-
ous examples:

e For the Euclidean space, we can remark that every compact K can be included in
a ball B(0,R) and we can take for Ka bigger ball B(0, R) with R > R with the
following metric in polar coordinates:

g=dr* + f(rndw?, (rnw)eR" xS,

where dw? is the metric on the (n — 1)-sphere in R" and f is smooth on [0, R,
constant near R and f(r) =r*on [0, R].

e For the hyperbolic space H", if K is included in a ball of radius R and centered at
the origin, then we take for K a ball of radius R > R and, in polar coordinates,
g = dr* + f(r)dw? with this time f(r) = sh®r on [0, R].

e For the hyperbolic cylinder H"/ (), every compact is included in a K = [0, R] x
S' x §"72, 50 we can take K = [0,R] x S! x $"~2 with the metric § = dr* +

hi(r)d6? + hy(r)dw? where h; and h, are smooth on [0, R], constant near R and

on [0,R], hy(r) = ch® r, hy(r) = sh’r.

Proof Let ¢ be an exhaustion function on X and 1) defined by:

Vm € X, (m) = d(u.m) du.

Sl

For all A € R, by definition of ¢, there exists a compact K, such that ¢ > A out-
side K4. With Ly = S'.K4, 1 > A outside Ly, and so v is also an exhaustion function
on X. In addition v is §! invariant.

Take K a compact of X. Thanks to the Sard’s theorem, there exists a sequence
(vi)ien of regular values of i with lim;_, o, v; = +00. So there exists a v; for which
K C 7 Y(]—o00,v[). We note that L = 9p~!(]—oo, v;[); it is an S! invariant compact
of X with a smooth boundary.
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Let p be an S! invariant boundary-defining function of X \ L. We have a collar
neighborhood, in X \ L, of the boundary OL = ¢~ '({v;}), [0,2¢) x OL, where the
metric g of X can be written in the form dp? + h(p), where h(p) is a family of smooth
metrics on OL. Let g&. = dp? + h(g) and x € C°°(X) which only depend on p and

such that:
x=1 onlL,
x=0 ifp>e.

Then consider the compact K = (L U ([0,2¢) x BL)) /OL with the metric § =
xg+(1—x)g. Then (K, 2) has an isometric $! action and its metric near its boundary
is g. which can be write in the form d§? + h taking § = 2 — pand h = h(e). [ ]

3.3 Spectral Lower Bound for the Laplacian on Homogeneous Functions

In the following we will need a spectral lower bound for the Laplacian on ' homoge-
neous and compactly supported functions. As we have not read this result anywhere
before, we also give an upper bound for the first eigenvalue. A more precise discus-
sion about this result can be found in [Aut08].

Proposition 3.4 Let K be a compact manifold with boundary with an S' action and
equipped with a metric g such that S' acts by isometries on (K, g). We assume g has
a product form dé* + hox in a neighbourhood of OK with § a S' invariant function
defining OK, and h is independent of 0. Then there are constants C; = C,(K) > 0 and
C, = Cy(K) > 0 such that for all j € 7, we have

C1j* < Min Spec A2 ) < Ca(j)?,
]

where A LK) is the Friedrichs selfadjoint extension in L?(K ) of the Laplacian defined on
C(K) N LA(K) and (j) = (1 + |j]?)3.

Remark 3.5 In the case where K is a disk centered at 0 in R?, we can apply this
lemma by including K in a bigger disk K as explained before, but we can also prove
the lower bound directly because it is just an estimate of the first zero of Bessel func-
tions.

Proof We begin with the lower bound. Consider two copies of K. We can iden-
tify their regular boundaries and get a compact closed manifold M. More precisely,
there exists a collar neighbourhood W of 0K diffeomorphic to [0, €) x OK by the
diffeomorphism:

1: [0,6) X OK = W
(t;)/) _’¢t()’);

with ¢, the gradient flow of § for the metric g. So, on the topological space M =
(K U K)/OK, we can construct a differential atlas beginning with 0K C M which is
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included in a open set [W] = (W LU W) /9K diffeomorphic to (—e, €) x IK by

(—€,€) X OK — [W]

Gy, ift >0,
t:7) {w_xy), ifr <.

On [W] the S! action is, via the previous diffeomorphism, the action on K. The
other charts are those in the interior of K.

As the metric g has a product form in a neighbourhood of K, it can be continued
by symmetry on . We get a smooth metric on M, and we still have an isometrical
action of S! on M. Let Y be the corresponding vector field, which we will consider
as a differential operator of order one (so Y. f(m) = —i@g(f(e_ia.m))|9:0). Another
pseudo-differential operator of order one on M is P := /Ay + 1, where Ay, is
the Laplacian on (M,g). P and Y commute because S' acts by isometries on M.
We consider Q := P*> + Y2, whose principal symbol is q(x,&) = [£]* + (£(Y))?%,
(x,&) € T*M; so Q is elliptic.

Let A C IR? be the joint spectrum of (P,Y), it is constituted by the points (/\f , /\Z)
such that Pgy = AL ¢y and Y ¢ = A] ¢ where (¢y) is a orthonormal basis of L*(M).
We note that the spectrum of Y is equal to Z and we are looking for the minimum
of the first coordinates of points of A whose second coordinate is j. We call this
minimum J].

Let p(x,&) = (|¢],£(Y)) be the joint principal symbol of P and Y. Then p is a
homogeneous function of degree one. Let I" be the linear cone I' = R* p(S(T*M)),
where S(T*M) is the unit sphere bundle of T*M. Moreover, we have p(S(T*M)) =
{(1,£(Y)),|¢] = 1}. Now, as P and Y commute and Q is elliptic, we can apply
[CdV79, Theorem 0.6]: if C is a cone of R? such that CNT" = {0}, then CNA is finite.
Taking, for example, Cx = R{(a, |[Y|x),|a| < 1} where |[Y|x = sup,,c |Y(m)], it
means that there exists a constant ¢ := 1/2|Y|x and J € N such that, forall j € 7Z,
|j| > J, we have A] > c|j|, and we can take a smaller ¢ and have \] > c|j| for all
j € 7. As P = /Ay + 1, there is another constant ¢, such that the minimum of the
spectrum of the Laplacian on homogeneous functions of weight j on M is superior
than c;2.

Moreover, the spectrum of ALZ(K with Dirichlet conditions is included in the
spectrum of Ay, acting on LZ(M ) Indeed, let I be the involution that exchanges
the two copies of K in M. Then the eigenfunctions of Ay, that are odd for I van-
ish on the image of OK in M. So they correspond to eigenfunctions of the Dirichlet
Laplacian on K.

In order to prove the upper bound, we remark that

(80, )

Min Spec A2y = inf
PEERLIO = eninio (912

So it’s sufficient to construct, for jlarge, one ¢; € L3(K)\ {0} such that (A¢;, ¢;) <

Cj*¢;|? with C independent of j. Let K be the set of principal orbits of the ac-
tion of $! in K. The principal orbits are those for which the stability groups are the
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identity. K is an open, connected and dense subset of X. We consider the principal S!
fibration K — K/S' and we take U j, a S! invariant open set of K, where this fibration
is trivial. So U; is diffeomorphic to (U;/S') x S! and we can take U; small enough
to be sure that U;/S' is a coordinate patch and we denote the corresponding coordi-
nates by (y,0) = (y1,...,yn,0), where N = dim Uj/Sl. In those coordinates the
metric has the form

N N
gu, = O aly, 0)dyedys + bly, 0)d6% + Y culy, 0)dyidd),
k(=1 k=1

with ay ¢, b and ¢; smooth on U}, and the Laplacian becomes

N

N
A =" Ay, 0)0,,0,, + By, 0)0; + > _ Cily, 0)040,,
k(=1 k=1

N
+> Dily, 0)9y, + E(y, 0)0y,
k=1

where Ay ¢, B,Cy, Dy and E are smooth on U;.
We take ¢;(y, 0) = 9 (y)e~"” with ¢» smooth and compactly supported in U;/s'.
So we have ¢; € L?(K) and

N N
Adj = ( > Acly, 0)0,,0,,1) — By, 00 — i > Cily, 0)dy,1)
k=1

k=1 -
N ..
+ 37 Duly, )9y — i E(y, 000 ) €7,
k=1
and

(Agj, 0j) = _jz/ B(y, §)[¢[* dvol(g)

supp o;

N
i [ Gy 00,005 + By ) dvollg)

upp ¢j p—;
N N B
+ / Z Ago(y, 0)(0,,0,,)¢ + Z Dy (y, 0)(9y,4)y dvol(g),
Supp éj g p—1 k=1

SO
(A8dj,67) = (A, )] < M) Pl areg) + Ao ] + As(w)),

where Aj, A,, A are positive constants which only depend on .
By fixing 1 as ||¢;|| = |||, we get a constant C; such that, for all j € Z,

(A, ) < C(7)2 51 u
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With Proposition[3.4land Lemma[3.3] we will prove the following:

Lemma 3.6 Let A € Di; \ Res(A) and x € C>(X) be S'-invariant. Then there is a
constant C = C(\, x) > 0 such that, forall j € 7,

Ry(V)Pjx| < :
[IXRo(MPjx]| < 7

Proof Since S! acts by isometries on X, we have, for all j, AP; = P;A and Pjﬁo =
ﬁOPj. The fact that x is S' invariant also gives yP; = P;x.
We have B
X(A = FONR(N)x = X,
o) N B
(A — FO)XRo(NPjx = X*Pj + [A, X]Ro(\)xPj,
then

G0 A= FONXRoNPiXI < [IXPPs] + 1A, XIRo(MxPj|| < C(A, X).-

Let (K,9) the compact containing K := supp x given by Lemma3.3l If v € L*(X)
then u = Xlino()\)XV is in L?(K,g) and, as suppu C K and gjx = gk, we also
have u € L?(K ,&). In addition, u is, at the same time, in the domain of the Dirichlet

Laplacian on K, of the Dirichlet Laplacian on K and of the Laplacian on X, and we
have
A(I;@u = A(Kg)u = A(Xﬁg)u.

Let (¢x) (depending on K and j) an orthonormal basis of L?(E ,§) constituted by

eigenfunctions of A(E@- We denote ju(j, K) the eigenvalue corresponding to ¢y. If
we expand u following this basis: u = ), ur¢, we have

(Aggy — fNu= Z(Mk(jalz) — f(A)ur oy

k

so that

1A = FONul* = 1, K) = FOOP [l
k
> 3" (e, K) — Re(F(A) el
k

Thus, using Proposition[3.4] there exists a constant C = C (E ) > 0 such that
VkeN,VjeZ m(j,K)>Cj

We take J in order to have C J* > Re(f())), then for all || > J, we have

1A = FOul? = (C = Re(FON) "l = (C7* — Re(FN)) [l

k
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Using this in the inequality (3.I) we get that for all |j| > J

Ro(A\)P; < —T
So there exists another constant C > 0 such that, for all |j| > 7, || Xﬁo()\)ijH <
Cj 2 and we can take a greater C to have, forall j € 7,

Ro(MPjx| < :
[IXRo(MPjx]| < 7

3.4 Localization of Resonances

We begin the proof of Theorem[3.I]by the inclusion Res(A + V) C Res(A). First, we
consider truncations in space of partial sums of V.

3.4.1 Localization of Resonances for the Truncated Partial Sums of V

We consider Sy := an/lzl V,, where V,, is the component S! homogeneous of weight
mof V. Let x € C2°(X) be invariant under the action of S'. In this part, our purpose
is to show that Res(A + xSy) C Res(A), on DY,.

For A € D, \ Res(A), we have

(A+ xS = FO) ReNp™ = pN (I + p~NxSuRo(\)p") -
In addition, we have
P NxSMuRoN) PN = xp N SppNRo(N)pV.

So, thanks to the condition Ay, pN XSMﬁo(A) pY is a holomorphic family of com-
pact operators in Df; \ Res(A) such that

o™ xSuRoN) PN < 1

for |A| sufficiently large in DJ;.

Then by the analytic Fredholm theory we get that (I + p~NySyRo(\)p") s
meromorphic on Dj; \ Res(A) and we have the often called Lipmann—Schwinger
equation which establishes the link between the resolvent of A + xSy and that of the
free Laplacian:

(LS) PR s, VPN = pN Ry N (1 + pNxSuRo(A\)pN) -

Soif Ay isa pole ofﬁXSM in Df;\Res(A), then )\ is a pole of ( I+p_NxSM§0(A)pN) ! ,
and still by Fredholm theory, there is a nontrivial u € L*(X) such that

(I+ p*NXsMﬁo()\)pN) u=0.
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We remark with the last equality that supp u C supp x. Let x2» € C>°(X) invariant
under the action of S! and such that x, = 1 on the support of x. If we denote
uj=Pjuc L?(X),we have

uj = Pi(—p NxSuRo(N)p"u) = Pi(—p NxSuxaRo(Mx2pN 1) |
and by linearity,

M
uj = — ZPj(p_NXVmXZEJ()\)XzPN“) .

m=1

However, each V,, induces a shift on the isotypical representations:

Vit B(X) = L, (X),

j+m

so we have

M
uj = — Z ViuPi—m (N x2Ro(N) X2 u)

m=1
M
uj = — Z Viup N xx2Ro(N)X2p" P (1),

m=1

where we have also used that the projections P;_,, commute with ﬁo, P> X and x>.
By hypothesis, for all 7, ||[Viulloo < 32007 [[Vinr|loe < +00. Then, applying

—= m’=1

Lemma[3.6to x2RoX2P;—m» we get a constant C such that, for all j € 7,

- C
[[ujl] < Z m““i—m\\a

m=1

so, forall j € 7Z,

M

il < € > lujomll,

m=1

where €; — 0 for | j| — +oo.
Thus we can use the following lemma:

Lemma 3.7 Let (a;)jcz € {'(Z) non-negative. If there is M € N and, for all j € 7,
aj <€ M aj_m with€j — 0 for | j| — +oo, then aj = 0 for all j.
Proof Let J' < Osuchthat, forall j < J',¢; < ﬁ Then, forall j < J', wehavea; <
= Zﬁf:l a;j_, and if we sum all these inequalities we get, denoting S = 3 <y s

1

S< (=)t (S—ap —ap_) 4o+ (S—ap = —ay_u))
1
= M(MS—MQJ/ — (M— 1)&]/,1 — —a]/,Mﬂ),
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from which we deduce
0< —May — (M —1)ay_y — -+ — ay_p41,
and thus
ap =ajy 1 = - =4aj _M+1 = 0.
Moreover, as €; — 0 for | j| — +00, there exists a constant C such that, forall j € Z,
a;j <C er\::l a;j_p, 50 we have
Vi>] —M+1, a;=0,

and we can tighten J’ to —oo and finally we have a; = 0 for all j € Z. ]

We apply Lemma [3.7] to the sequence {||uj||*};. We get that [|u;]| = 0 for all
jand thus u = 0. This is in contradiction with the existence of a pole of Ry, in
Djf; \ Res(A).

Finally, for all M and all y € C>°(X), invariant under the action of S, A + xSy
has no resonance in Df; \ Res(A), which can be expressed by

Res(A + xSy) C Res(A), in DY,
3.4.2 Localization of Resonances for the Potential V

Let us recall some results and notations about regularized determinant that will be
needed in the following [Yaf92]].

Definition 3.8 Let H be an Hilbert space. If A: H{ — J is a compact operator,
we define its singular values (s,(A))nen as the eigenvalues of the selfadjoint operator
(A*A)V2. For 1 < p < +00, 8, is the two-sided ideal of L(3) formed by operators
A for which the sum

oo

Al =" shA)

n=0

is finite.
Definition 3.9 For A € 8, we define the regularized determinant, det,, by
] (D
det,(I+A) =]+ .4 2k,
ety (I + A) g< ( ))exp(kz; X))
where the (A, (A)),en are the eigenvalues of A.

We list some properties of this determinant.

Proposition 3.10
(1) A — det, (I + A) is continuous on (8, || - || p).
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(2) If z — A(2) is holomorphic in some domain of C, with values in S, then z —
det, (I + A(2)) is also holomorphic in the same domain.
(3) For A € 8, I+ Aisinvertible if and only if det,(I + A) # 0.

We have assumed that there exists g such that p~® DV Ry(N) p" is in a Schatten
class 8, for all A € Dj; \ Res(A), so pNVRy(N)pN is in 8, too.

Let us first prove a preliminary fact. For all y € C°(X) there exists p such that
Xp_Nﬁo(A)pN € §, forall A € Dy, \ Res(A). To see this, take a compact K with a
smooth boundary and containing supp x. Let Ag be the Dirichlet Laplacian on K,
and (px)ken the eigenvalues of (Ag + 1) L. Then Weyl’s formula gives, when k tends

to +o0,
(27T')2 2

M o Vol(K)):

where n = dim X and w, is the volume of the unity ball in R". Thus for p > 7,

(Ag +1)7! € 8,. Moreover, for all A € Df; \ Res(A), (Ag + 1)xp NRo(N)pN is a
bounded operator in L?*(X), and, as § p is a two-sided ideal of L(L*(X)), we have

xp VRoWpN = (Ax + 1) Ak + Dxp NRoW)pN €8,
As 8, C §,,, for py < p,, we can take the maximum of p and g and we still note

it g, and get that xp~NRy(\)p"N and p~NVRy(A)pN are both in 8.
The Lipmann-Schwinger equation, (LS)), with V instead of xSy give

~ ~ NS —1
PNRy(\)pN = NRO()\)PN(I +p NVRO(/\)PN) .
So thanks to the third point of Proposition B-I0lwe have
A € Res(A + V) N DY \ Res(A) < detq(I + p_NVE)()\)pN) =0.
On Dj; \ Res(A), we define
F(V, ) = dety (I + p"NVRy(N)p").
If there exists Ay € Res(A + V') \ Res(A), then
F(V, ) =0.
Let I" be a simple loop around )\, such that )\, is the only zero of F(V, -) in the
domain U delimited by T, and such that U C D}, \ Res(A). It is possible because,
thanks to the second point of Proposition3.10} F is holomorphic in A and so its zeros
are isolated.

Let x, a smooth family of compactly supported and S'-invariant functions such
that,

lim [|(x, — Dplloe = 0.
r—+00
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As we have assumed that Vp_(N”)ﬁo()\)pN € 8, we can write, forall A € T,
1V p ™ NRoW)pN = Vp NRo(W)pNlg < [l Otr = Dpllse [V~ N Ro(A) oVl

So when r tends to +00, X,V p NRy(A\)p" tends to Vp~NRy(A\)pN in 8, uniformly
on I'. With the first point of Proposition[3.10} F(x,V, A) — F(V, A) uniformly on I'.
From that, there exists ro such that for all r > rq and for all A € I" we have

Thus, by Rouché’s theorem, F(x,V, - ) has the same number of zeros, in U, as F(V, -).
In the same way, fixing r > ro, using x,p~"Ro(A\)p" € 8, we can write

1x-Saep ™ NRo(N)pN =,V NRo(NpN g < 115w — Voo o™ N Ro (V)N |-

Using the fact that by hypothesis, ||Sy — V|| oo tends to 0 when M tends to oo, we have
F(xrSm, A) — F(x;V, A) uniformly on I' and we can use Rouché’s theorem again.
In conclusion, there exist r and M such that F(x,Su, - ) has the same number
of zeros, in U, as F(V, -). It means that A + x,Sy has a resonance in the domain
U C Dj; \ Res(A) which is in contradiction with the previous part. Therefore, on
Dy,
Res(A +V) C Res(A).

Remark 3.11 In [Chr08], Christiansen proves the inclusion, Res(A+V) C Res(A),
without using the shift created by the potential V on the isotypical components of
L*(X) but with regularized determinant and an hypothesis of analycity: W(z) :=
>0 2"V, should be holomorphic in a domain of C containing the closed disc of
center 0 and radius one.

3.5 Persistence of Resonances

In order to achieve the proof of Theorem [B.I] we have to show that the points in
Res(A) N DY; are also resonances of A + V with the same multiplicity. To make this,
we will use Agmon’s perturbation theory of resonances [Agm98].

Let Ay € Dy, be a resonance of A with multiplicity m. Let U C Dy, with smooth
boundary T such that U N Res(A) = {\¢}. If V satisfies the hypothesis of Theo-
rem[3.I]then for allt > 0, tV satisfies these hypothesis too. So we can apply the result
of the previous part: for all t > 0, Res(A + V) C Res(A) and thus

Res(A+tV)NU C { Ao}
LetE:= {t, > 0: ¥t € [0,], Res(A+tV)NU = { Ao} with multiplicity m}; we are

going to prove by connectivity that E is in fact equal to [0, +oo[. First it is not empty
because 0 € E by definition of ).
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We take t; € E, and we want to establish the existence of § > 0 such that
Ito — d,t9 + 6[ C E. Following the theory of Agmon [Agm98], we begin with the
definition of the Banach space

Br={fep VLX) : f =g+ [ Ry (©P() d¢,
g € pNIAX), @ € C(T, pNIX(X)) },

where C(T', pNL?(X)) is the space of continuous functions on I'" with values in
pVL%(X). On the space Br we take the norm

1A llse = infClgllpizco + |1 @llom rizen),

where the infimum is taken among all the ¢ € pNL?*(X) and the ® € C(T', pNL*(X))
such that f = g+ fr ﬁtov(g YP(£)dE. On this Banach space, still following Agmon,
we can define the operator (A + toV)'': D((A + t,V)') — Br. It is a restriction of
A + t,V in the sense that

A+t 'u=A+6V)u, uecD(A+1V)),

where A + 1,V is the closure of the operator A + £,V viewed as an operator densely
defined in p~NL?(X). Agmon proves that (A + t,V)" has a discrete spectrum in U
that is exactly the set of the poles of ﬁt(,v: i.e., the resonances of A + t,V, with the
same multiplicities.

Next, with the condition By ,, the family ¢V verifies all the hypothesis in order
to apply the “perturbation” part of the paper [Agm98]]. We perturb A + #,V by tV.
So there exists > 0 such that, for all ¢t € ]—6, d[, we can define in Br the operator
(A+tyV +tV)'. Moreover, forallt € ]—4, §[, (A+t,V+tV) has a discrete spectrum
in U which is exactly the set of the poles of ﬁtovﬂv with the same multiplicities.

Now our problem becomes a problem of eigenvalues. Using Kato’s perturbation
theory of eigenvalues [Kat66], we know that, perhaps taking a smaller §, the eigenval-
ues of (A +t,V + V)l in U are continuous for all t € |6, 5[. As these eigenvalues
are also resonances of A + £,V +tV, ) is the unique possibility. So )¢ is the unique
eigenvalue in U of (A + t,V + tV)! for all t € |6, 6[ with constant multiplicity.
Therefore, thanks to the parallel established before, A is the unique resonance in
U of A+ 1tV +tV forallt € |—§,0[ with constant multiplicity. It signifies that
Ito — d,t9 + 6] C E and so E is an open set.

We can prove that E is also a closed set doing the same proof with the complemen-
tary set of E. If #o is not in E, then )¢ is a resonance of A + t,V with a multiplicity
not equal to m (it can be 0). Perturbing this operator by tV and using Agmon’s cor-
respondence, we can prove that )¢ is a resonance of A + ¢tV with a multiplicity not
equal to m for all f in a neighbourhood of #.

In conclusion, E = [0, +oo[ and we can take ty, = 1 to obtain, in U, Res(A+V) =
Res(A) with the same multiplicity. To finish, we have to do the same work in the
neighbourhood of any resonance of the free Laplacian. This completes the proof of
Theorem[3.11
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3.6 An Example where the Order of Resonances Grows

The isoresonant potentials introduced in Theorem [3.1] cannot be detected by only
observing the set of resonances and their multiplicities. We can wonder if their exis-
tence can be seen through the order of the resonances. We are going to prove, in an
example, that there exist potentials verifying Theorem [3.I]which change the order of
resonances.

We consider the hyperbolic plane H? with the model R* x S!, the coordinates
(r,0) and the metric ¢ = dr? + sh(r)2d#*. We have already said that the resonances
of the free Laplacian are all the negative integers and the multiplicity of —k, k € N,
is 2k + 1 (see [GZ954]). Moreover the order of these resonances is one. We denote
F = {Vm(r)eima :m € 7\ {0},V,, € LC‘X’(R*)}, each of which is a family of
isoresonant potentials by Theorem[3.1]

Proposition 3.12  Let H? be the hyperbolic plane and k a strictly positive integer. There
exists a potential V € F 1= { V,,(r)e™? : m € 2\ {0},V,, € L(R")} such that —k
is a resonance of A + 'V with an order strictly greater than one.

Proof Let k € N\ {0}, we suppose, ad absurdum, for all V € F, —k is a resonance
of order one of A + V.

For all V € &, the resolvent (A +V — X1 — )\)) ! has a meromorphic contin-
uation Ry on Df; = {\A € GRe\ > 3 — N} as an operator from By := pNL*(H?)
to By := p~NL?(H?) where p is a boundary defining function of a compactification
of H?. We take N sufficiently large to have —k € Dj;. By and B, are dual, thanks to
the nondegenerate symmetric form

(u,v)z/ uv dvol(g).
H

We remark that, for allt € Rand all V € F, we have tV € J. With our hypothesis,
for X in a neighbourhood of —k we have

Ry (N) = (A +k)7'S(1) + H(t, V),

where H(t, -) is holomorphic with values in £(By, B;) and S(t) € L(By, B;) has a
finite rank.

We apply the Agmon’s perturbation theory of resonances. Consider a domain
U C Dj; with smooth boundary I" such that U N Res(A) = {—k}. We have the
corresponding Banach space,

Be={febi:f=g+ [ RAOUO dg € Bo® € CT B},
r

with By C Br C B;.
Then there exists § > 0 such that, forall V € Fand all t € |4, [, we can define
the operators (A +¢V)! in Br and their resolvents R,. Thanks to [Agm98], we know
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that (A + tV)! has a discrete spectrum in U which correspond to the resonances of
A +tV in U with the same multiplicities and orders. So for A near —k in U we have

(3.2) R (N = (A + 078" () + HY (1, \),

with H (¢, -) holomorphic with values in £(Br) and S"(t) € L(Br) of finite rank.
Still following [Agm98] we know that S(¢) and S'(¢) have the same range and they
coincide on By.

LetV € F,forallt € |—6,6[ and ¢ € Br we define (t) := S'(t)¢. From
we obtain for all t € 196, J],

((A+tV)" +k(k+ 1)) ¥(t) = 0.

() is differentiable in ¢ like ST (¢) (because

r _L r _ . -1
S () = 27ri/r<A +tV — (1 )\)) da\),

so we can differentiate the last equality at + = 0 and get
Vp(0) + (A" +k(k+ 1)) '(0) = 0.
Compose this new equality with S'(0), using

SO (A" +k(k+1)) = (A" +k(k+ 1)) S"(0) = 0,

s(0) = i/(AF —A1 =) Ay,
T

271
and the fact that —k(k + 1) is an eigenvalue of order one of Al we obtain
ST 0)V(0) = 0.

As 1)(0) € RanS"(0) = Ran S(0), there exists fy € By such that 1(0) = S(0)f, =
SY(0) fo. Moreover S''(0)V1(0) € Br C By, so we can evaluate

(S"(0)V(0), fo) = 0.

Next, as the Laplacian is a real operator, it is symmetric for (-, -). Thus the re-
solvent, Ro()), is symmetric too, first for Re(\) > % and after in all Df; by analytic
continuation. In conclusion S'(0) is symmetric for (-, - ). So

(V1h(0), 8" (0) fo) = (V4)(0),1(0)) = 0,

and we have that equality forall V € J.
Thus, for all m € Z\ {0} and all V,, € L°(R*) we have

2T
/ e / Vu(r)(0)(r, 8) dvol(g) = 0.
0 R
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This implies that for all the resonant states 1)(0) of the free Laplacian, 1)(0)* does not
depend on 6. But, considering the expression of the hyperbolic Laplacian and taking
its decomposition corresponding to €, (Lz(]R{+, shrdr) ® eiw) , we have resonant
states of the form 1(0)(r,0) = (1)’’’ where |¢| < k and 1)y are hypergeometric
functions (see the annexe of [GZ95b]]). Then for £ # 0, /(0)> depend on 6; we have
our contradiction.

Finally, there exists V € J such that —k is a resonance of A + V' of order strictly
greater than one. u

4 SO(n) Symmetries

This time we consider an isometric action of SO(#) on a complete Riemannian man-
ifold (X, g) of dimension n > 3. Contrary to the case S$!, SO(n) is not commutative,
so we don’t have a simple description of the isotypical components. To have a shift
we add a hypothesis.

Condition C The isometric action of SO(n) on (X, g) has a fixed point O and
the polar coordinates with pole O define a diffecomorphism from X \ {O} to
R\ {0} x §"1.

With this condition, in the polar coordinates the metric ¢ becomes:
dr* + f(r)dw?, (r,w)€R" xS,

where dw? is the metric on the (n — 1)-sphere in R". For example with f(r) = r?
we have the Euclidean space and, with f(r) = sh(r)?, the hyperbolic space. If f is
independent of r outside a compact then (X, g) is a manifold with a cylindrical end
of section $"~1.

With the condition C we have

L*(X) = @ L*(R") @ H,
keN

where HF = Ker( Agi1 — k(k+n— 2)) , k € N, be the eigenspaces of the Laplacian
on $"~!. The action of SO(#n) on X induces a representation of SO(n) on L*(X) ~
L*(RY)®L*(S"!) which only acts on the factor L>(S"~!), so on the H*. Moreover the
restriction of this representation to each H* is irreducible (cf. [BGMZ1]]). The shift
that we will use in order to construct isoresonant potentials, will appear on these H.

4.1 Representation

The group action of SO(#n) on L?(X) induces an action of its Lie algebra, sv,,. We can
describe this action with the following operators,

D) 1= S, €€ w0, f € LX) xE X

We consider the complexification of the Lie algebra s0,, § := 0% = sp,, + i50,. Let
b be one of the Cartan subalgebras of g, i.e., one of the maximal Abelian subalgebras
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of g. Let us describe ) as a subalgabra of gl(C"). b is the Lie algebra whose basis is
(Ck)1<k<p> where p is the integer part of 5 and (i has all its entries null except the kth
2 x 2-block, which is
0 i
(5 o)

Let (wy) be the dual basis of ({}) in h*.
Remember that g acts on itself by the adjoint representation:

ad(Y): Z — [V, 2], (Y,Z) € g’
We consider the following scalar product,
(Y,2) = Tr(ad(Y) 0 ad(2)), (Y, 2) € g*

where the conjugation is defined by U +iV = —U + iV with real U and V. So,
forallY,Z € g, [Y,Z] = —[Y,Z]. With this we remark that, for all £ € b, we
have £ = ¢ and thus ad(¢) is selfadjoint (cf. [Sim96, p. 177]). So {ad(£);€ € b} isa
family of selfadjoint operators on g which commute together. We can simultaneously
diagonalize them and decompose g according to the eigenspaces.

We obtain g = b & €P g, where the sum is over a finite set of « € h* which are
the roots of g and we denote g, := {X € g : ad(§)(X) = ()X, V¢ € b}, which
are the root spaces (they are all one dimensional, cf. [Sim96), p. 180]). Let A C h* the
integer lattice generated by the roots. In A we choose a lexicographical order “>7,
with w; = -+ = w,. Then we denote g, := P, 9a (respectively g := P, _; 9a)
the subalgebra of g generated by root spaces with positive root (respectively negative).
So we have g = @ g, @ g_. For a general theory see [Sim96} chapter VIII].

We come back to the irreducible representation H¥. It has a decomposition ac-

cording to the action of by:
He @

k k
Wygin SWSW

—%“max

where the sum is over a finite set of h*, and these w are the weights of H k and the
corresponding weight spaces, H, are defined by

HY = {f € H": Def = w(€)f, V€ € b}
We will need the following lemma.
Lemma 4.1 Iff € HX andif € € g, then D¢ f € HY,.
Proof Forall ¢ € ), we have
D¢ (D¢ f) = De(D¢ f) + Dige f -

But [¢,&] = ad(()(§) = a(()E, because £ € g4, and D¢ f = w(() f by definition of
HE. So
D¢(Def) = w(Q)Def + a(()De f = (w+ a)(O(De f). ]
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We define particular vectors in the H¥, k € N, that will be used to create the
necessary shift.

Definition 4.2 A nonzero vector v € H¥ is a highest weight vector if it is an eigen-
vector for the action of all the D, £ € b, and it is in the kernel of all the D¢, £ € g*.

As g is semi-simple and H* is an irreducible representation of it, there is a unique
highest weight vector up to scalar: we note it by v* . In fact H Z . 1s one dimensional,

‘max

. . k
With our choice, vy,

generated by ¢

max*

can be calculated explicitly (see [Aut08]]):

k o
Viax © O(X1, -+ ., X)) = (01 +ix2)",

where ¢: R* \ {0} x $"~! — X\ {O} is the diffeomorphism of Condition C and
(x1,%, .. .,x%,) are the standard coordinates of R" restricted to $" .
We will need the following lemma.

Lemma 4.3

HY, =H'n ( N KerDy).
" §EQy

Proof The firstinclusion H*, C H*n (N ceq, Ker Dy) is the definition of a highest

max

weight vector.
Let u € H*N (ﬂé.€g+ KerD;), so u € Hf = Gawﬁmfwf’w'ﬁnax HF and we write
U=k <o<or U, withu, € HE. For all ¢ € g5 with 3 = 0, we have, thanks to
Min —* —*“max
Lemma@1l D¢u,, € HY, ;. By hypothesis, we have

Deu= > Deu, =0,

k k
“Min w2

max

and, as the previous sum is direct, we get for all w,

Moreover, for all w, by the definition of Hf], u,, is an eigenvector for the action of all
the D¢, & € b. Thus by the definition of a highest weight vector, we have u,, = 0
except for u, , and in conclusion u € H,f, P |

max

4.2 Isoresonant potentials

Let

L*(X)" = @ L*(R") ® HY,
keN max

and note Py the corresponding projections into L*(R*) @ H D’j P -

max
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Theorem 4.4 Let (X, g) a Riemannian manifold of dimension n > 3, with an isomet-
ric action of SO(n), verifying condition C. We assume that we have condition Ay, for
some N > 0 with a function p invariant under the action of SO(n).

Let V be the potential,

o0
V= ka
k=1

where Vi € L*(R*) @ HY, and sup; ||Vi||lso < +00. IfV verifies condition By ,, and

forall X € Di \ Res(A), p~NDVRy(A\)pN is in a Schatten class $,, q € N\ {0}, then,
in D}, Res(A + V) = Res(A) with the same multiplicities.

The Euclidean space R”, the hyperbolic space H", asymptotically hyperbolic
spaces and manifolds with asymptotically cylindrical ends with an action of SO(n),
are examples where this theorem can be applied.

Remark 4.5 If X has an isometric action of SO(n) it has also an isometric action
of $'. With Condition C, X is diffeomorphic to R* \ {0} x $"~! and SO(n) acts on
the factor $"~!. Taking, on $"~!, the hyperspherical coordinates (¢1, ..., ¢, 1) €

-7 5]”’2 x [0, 27), we can consider the action of $! on X, corresponding to one

of the inclusions ' C SO(n), defined by

eie-(ﬁ 1y 1) = (101, Py — 0).

If we consider the components V; € L*(R*) @ H 0’3,( of V, they have the following

form
n—2 k .
Vil 1,3 Gum1) = S0, 0m) = se0)( ]] cosy) .
i=1

k= (x; + ixy)F with x; = (1—[7:—12 cos ;) cos pp,— and x, =

(H::lz cos ¢;) sin ¢,_1. So Vi is S! homogeneous of weight k for the previously de-
scribed S! action.

In conclusion, the family of potentials constructed thanks to the action of SO(n)
is included into the potentials constructed with the action of S'.

So, why look at the SO(n) action? In fact, as we will see, using the SO(n) action
simplifies the proof of isoresonance. In particular we don’t need the lower bound of
the spectrum of the Laplacian on functions of weight j, i.e., Proposition 3.4l This
allows us to add to the free Laplacian a real SO(n)-invariant potential V, not com-
pactly supported but just decreasing at infinity in order to continue Ry, (compare
with Remark[I.3]in the introduction).

In fact we have v},

In order to prove Theorem first, note that Vx maps L*(R") ® Hﬁ , into

max

L>(RY) @ H f{fk . As for the action of S!, this shift will be the key to the proof.
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4.3 From L*(X) to L>(X)*

Let x € CZ°(X) invariant under the action of SO(n). As for the circular action we
begin studying Res(A + xV'), on Df;. We can write the Lipmann—Schwinger equation
and get that if Ay € Res(A + xV) N (Dj(, \ Res(A)) then there exists a nontrivial
u € L*(X) such that

(I + p_NxVﬁo()\o)pN) u=0.

We want to prove that we can choose u in L>(X)™.

Lemma 4.6 For Ay € Res(A + xV) N (Dj{, \ Res(A)), there exists a nontrivial
w € L*(X)" such that N
(I + prxVRo()\o)pN) w=0.

Proof As p_NxVﬁo(Ao)pN: L*(X) — L*(X) is a compact operator, we have H_; :=
Ker(I+p~N YV Ro(No)pN ) is finite dimensional.

In addition, for all £ € g4, D¢ maps H_; into itself. Indeed, by definition of
highest weight vector, we have D¢V = > °, DV} = 0. Moreover, as the action
of SO(n) is isometric, D¢ commutes with the Laplacian and so with Ro(N\o). The
operator D¢ commutes also with p and x because they are SO(n)-invariant. So, if
ue H_ythenu=—p NxVRy(Ao)pNuand

Deu = —p_Nng (Vﬁo()\o)pNu)
= —PfNX(Dg(V)ﬁo(Ao)PNM + VDg(ﬁo(Ao)PNH))
= —p NXVRy(N\o)p" Deur,
and finally Deu € H_;.
So JH{_, is a finite representation of g,. Moreover g, is a nilpotent algebra. It
comes from the fact that there is only a finite number of positive roots of g and from

the following calculation: if £ € g, and ¢ € gg then ad(£)(¢) € gq+3. To see this, for
all o € h, we have

ad(0)([¢,¢]) = [0, [€,¢1] = [&,[0,¢] + [[o,€],¢]
= [&, B(0)¢] + [a(0)€, ¢]
= (a+p)(0)[€, ().

Then by Engel’s theorem (see [FHO9T, p. 125]) there exists a nonzero vector w € J{_,
such that Dew = O forall € € g;.
We can decompose w:

W= Zwk, we € L2(RY) @ HY,
keN

and for £ € g, we have

DgW = ZD&W}< = 0,
keN
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with Dewy € L*(RY) @ HF. As the previous sum is direct, we have, for all k, wy €
(L*(R") ® HY N (ﬂfeg+ Ker D¢). But with Lemmal[£.3]we have

(PR @ H) N ( N KerDg) = L*(RY) @ HY, .
¢€q. e

In conclusion, for all k, w; € Hf]k andw € L2(X)". [ |

4.4 The End of the Proof of Theorem [4.4]

We assume that there exists Ag € Res(A + xV) N (D;(, \ Res(A)) , and we take a
nontrivial w € L*(X)*, whose existence is given by Lemma[.6land which satisfies

(I + p_NxVﬁo(Ao)pN) w=0.

For all j € N, we denote w; := Pjw € [*(R") ® Hij . The P; commute with p,

X because they are both invariant under the action of SO(n) and ﬁO(AO) because the
action is isometric. We have

wj = Pj(=p NxVRM0)p"w) = = p7NxP;(Vip"Ro(Ao)pNw) .

(o}

k=1

Moreover we have already seen that, for all £ € g, D commute with Ro(\o) and p-
Thus, if w ENLZ(X)+ then pNVRy(\o)pNw € L2(X)* and we have pVRy(A\g)pNw =
SorcoPe ( PRy (/\O)PNW) .
We use the shift created by highest weight vectors, i.e.:
Vi: (RN @ H', — [*(R") @ H k.

w,

So
wi=—3_ p xViPi_i(p"Ro(No)pVw) = = p7NxVip"Ro(Ao)pNPj_i(w).
k=1 k=1

Thanks to the hypothesis sup, ||V|lso < +00, the operators p~2NxV;pNRy(Ng)pN
are uniformly bounded in k, and consequently there exists a constant C such that for
alljeN,

oo
Iwill <C > llwjll-
k=1

With this inequality and the fact that w; = 0 for all j < 0, we get w; = 0 for all
j € N, and thus w = 0 which is in contradiction with our hypothesis.

Finally we have proved that for all y € C2°(X) invariant under the action of
SO(n), we have Df; N Res(A + xV') C Res(A).
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In a second part we pass from 'V to V as in the case of the S! action. We intro-
duce a family of smooth and compactly supported functions (,) invariant under the
action of SO(n) such that ||(x, — 1)p||ec tends to 0 when r tends to +0o. We use the
assumption p~ N*DVRy(X)pN € 8, in order to characterize the resonances of A +V
as the zeros of the holomorphic function in A, F(V, A) := det, (I + p_NV§0(A)pN) .

Finally with Rouché’s theorem we prove that if Ry has a pole in D}; \ Res(A) then
there exists r such that ﬁxrv has also a pole which is in contradiction with the previous
part. So Df; N Res(A + V) C Res(A).

To conclude, we prove that D}; N Res(A) C Res(A + V), and in fact the equality
with multiplicity, using Agmon’s perturbation theory of resonances exactly in the
same way as in the case S!. This achieves the proof of Theorem [£.4l

5 Isoresonant Potentials on the Catenoid

We are going to construct isoresonant potentials on the catenoid. In this case we
use complex scaling defined by Wunsch and Zworski in [WZ00] instead of Agmon’s
theory.

5.1 Statement of the Result

The catenoid is the surface X diffeomorphic to the cylinder R x S! with the metric
g = dr? + (r* + a*)da?, where (r,e*) € R x S' anda € R\ {0}. We take x = I%\
outside {r = 0} as the function defining the boundary at infinity of X, X, which
is two copies of S'. Near the boundary, we have

_dx? . (1+a’x*)da?

Xt x2 ’
it’s a scattering metric in Melrose’s sense [Mel95]].

The catenoid is an example in the Wunsch and Zworski article [WZ00], so we
can use their results. They proved that there exists 6, > 0 such that the resol-
vent of the free Laplacian, (A — z)™!, has a finite-meromorphic continuation from
{z€ C:Imz < 0} to {z € C:argz < 20y} with values in operators from L2(X) to
H} (X). We denote this continuation by Ry. As in the previous part we call its poles
resonances and we denote their set by Res(A).

The group S' acts isometrically on X by its trivial action on the factor
St e (r,e) = (1, el@*D), Using this action we are going to construct isoresonant
potentials.

Theorem 5.1 Let X be the catenoid (R x S', dr’+(r*+a®)da?) with (r,e) € RxS!
anda € R\ {0}. Take x = ﬁ outside {r = 0} as the function defining the boundary
at infinity of X. Let V € xL>°(X) defined by

V(re®) =Y Vu(re™®, (ne®) e Rx S,

m=1
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where, for all m, V,,, € L°(R). Assume that, in a neighborhood of Osu X, V (x, &) with
all its partial sums have an analytic continuation in U X W, where U is an open set of
Cincluding {¢ € C:|¢| < 1,0 < arg( < 6y} with 0y > 0 and W is a neighborhood
of S' in C. Also assume that, in X and in all compacts of U x W, the partial sums of V
tend to 'V in infinite norm.

Then the resolvent (A + V. — z)~! has a finite-meromorphic continuation from
{z€ C:Imz < 0} to {z € C:argz < 204} with values in operators from L2(X) to
HfOC(X). Moreover, in this open set, Res(A + V) = Res(A) with the same multiplicities.

The following is an example of isoresonant potential on the catenoid:
iov

0o
: xe 1 oimoey
V(x, ela) — _ — xE pm lelmu’
1 — pe'@
m=1

with0<p<landU=CW={weC:|w <pt}

5.2 Complex Scaling

We will use the complex scaling twice: to continue the resolvent of A+V/, and to study
perturbations of resonances. So we begin with the description of this construction.
We will follow [WZ00]], where the construction is done for the free Laplacian. It is
also valid when we add a potential V' € xL>°(X).

We begin with the construction of a family (Xp)o<p<g, of submanifolds of C x C
with the 6 of the statement of Theorem 5.1} They will be totally real (i.e., for all
p € Xy, TpXg NiTpXy = {0}) and of maximal dimension. We define them as
follows.

Let e > 0 and (ty, ;) € ]0, 1[*> with #, < #;. Then there exists a smooth deforma-
tion of [0, 1) in U, denoted by vy (t), t € [0, 1), satisfying the following properties:

Yo(t) = te? for0 <t <t
Y(t) =t fort >t
(5.1) argy(t) > 0
0 <argvy(t) —argyy(t) < e
0 < 2argyy(t) —arg,(t) <O +e.

Now we can define Xp := (79 X 0o X) U (X N {x > 1}).
On a neighborhood of 0,,X, the metric g has the form i"—; + x% where h =
(1 + a*x*)da? continues holomorphically to U x W. So consider PV := A +V,
which is first an operator on X. If V verifies the hypothesis of Theorem [5.1] then its
coefficients continue holomorphically in U x W. We denote by PV the differential
operator coming from this continuation. Since Xy is totally real and of maximal di-
mension, we can define without ambiguity (cf. [SZ91]]) the differential operator P}
by
Yu e C®(Xy), Pju= (P,
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where # is an almost analytic extension of u, that is
ueCx(U xW), uyx, =u, 5H|X9 = O(d( . ,Xg)N), for all N.

We have

Proposition 5.2 WithV € xL>°(X), forall0 < 6 < 6y, P} has a discrete spectrum
in C\ e2OR*. Moreover, for 6 such that 0 < 6, < 6 < 6y, the spectrum ofPX in
{0 < argz < 260,} with its multiplicity do not depend on 6. This spectrum doesn’t
depend too on the choice of a vy verifying (5.2).

Proof Following exactly the Wunsch and Zworski proof in [WZ00] we can prove
that, for all z € C\ e¥?R*, Py — z: H*(Xy) — L*(Xp) is a Fredholm operator with
index zero. The unique difference is the presence of our potential V. But since it is
null at the boundary of Xy (= 05X), it doesn’t change the principal symbol and the
normal symbol of Ay — z.

5.3 Continuation of the Resolvent

We want to get the meromorphic continuation of the resolvent Ry (z) := (A +V —
z) ' from{z € C:Imz < 0} to {z € C:argz < 26y} with values in operators from
L2(X) to HY, (X).

Let z with argz < 26, which is not an eigenvalue of Py . Take f € LZ(X). With
Proposition we can choose 5, and more precisely the #; in Definition 5.2l such
that on the support of f, Xy, coincides with X. Then f € L*(Xj, ), and there exists an
unique solution uy, € H*(Xy,) of

(PX0 — 2)ug, = f.

We state a lemma whose proof is given in [SZ91]].

Lemma 5.3 Let 2 C C" be an open set, K C ) compact, and X;, t € [0,1], a
continuous family of totally real submanifolds of Q) of maximal dimension such that
XNQ\K) =X Nn(Q\K) forallt,t' € [0,1]. LetPa differential operator with
holomorphic coefficients in Q such that Py, (the restriction of P on X, ) is elliptic for all
t € [0,1]. If uis a distribution on X, and if Px,u continues as a holomorphic function
on a neighborhood OfUtE[O,l] X, then the same is true for u.

In our case, f has a holomorphic continuation to (Jye/ 4, Xo> because deforma-
tions occur outside its support. Since P} — z is elliptic for all § € [0, 6,], we can
apply Lemma and get a holomorphic continuation of uy, on Uae[o,eo] Xyp. We
denote this continuation by G.

Then we define the continuation to the resolvent by

Ry(2)f = Gy, € H*(X).

https://doi.org/10.4153/CJM-2011-031-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-031-8

750 A. Autin

Now take zy to be an eigenvalue of PXO; then it is also an eigenvalue P} for all
argzy < 260 < 26,. For z near z; and 6 such that argz < 26 we have the Laurent

expansion
M(z) A"(z )
Vo =1 _ j A0
(P} —2)~' = ; Gy +HHo(z 20,
where A%(z) are finite rank operators and Hy(z, z) is holomorphic in z near z,. Still

j
following [WZ00Q], we obtain that the continued resolvent has, near each of its poles,

a Laurent expansion with exactly the same form.

In conclusion, a resonance zy € {argz < 26y} of Ax +V, which is first defined as
poles of the continuation of the resolvent, is also characterized as an element of the
spectrum of a P} with argzy < 26 < 26,. Multiplicities and orders are the same in
the two visions, so, thanks to Proposition[5.2} they do not depend on the chosen 6.

5.4 Proof of the Isoresonance

5.4.1 Localization of Resonances for the Truncated Partial Sums of V

Let Sy(r, €*) = fo:l V,u(r)e™® and y € C>(X), S! invariant. In this part we will
prove Res(A + xSy) C Res(A) in D* := {z € C: argz < 26, }.

We take another S$! invariant cutoff function x; € C>°(X) such that y; = 1 on
the support of x. Then we have, for z € D* \ Res(A),

(A + xS — 2)Ro(2)x1 = x1 (I + xSmRo(2)x1) -

Also XSMﬁo(z)Xl is a holomorphic family of compact operators in D" \ Res(A)
such that

||XSM§0(Z)X1|| <1

with |z| sufficiently large in {z € C : Imz < 0}. So we can apply the Fredholm
analytic theory and get (I + xSyRo(2)x1) " and thus Rys,, (2) := (A + xSy — 2) !
meromorphic in D* \ Res(A). Moreover, in D* \ Res(A), we can characterize poles
of ﬁxSM , that is resonances, by the existence of a nontrivial u € L?(X) solution of

(I + xSmRo(2)x1)u = 0.

Now we prove that this nontrivial solution u can’t exist. It is exactly the same
proof than for Theorem 3.1} We use the shift created by the components V,,(r)e™
on the spaces L? (X). We just have to verify that Ry commutes with the action of '
in order to have the commutation with the projectors P;. For that, remember that
the complex scaling doesn’t touch the factor 9, X of the catenoid and S' only acts on
this factor. So the action of S! is isometric on all the Xj and so it commutes with R.

Finally we get Res(A + xSy) C Res(A) in D*.
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5.4.2 Localization of Resonances for V

We have to control perturbations of resonances when we pass from xSy, to V. Instead
of using regularized determinants as before (they were adapted to the weight spaces
pNL? but not to cutoff functions), we use complex scaling in order to transform res-
onances into eigenvalues.

Assume, ab absurdum, A + V has a resonance zy in D* \ Res(A). Using complex
scaling, this means: z, is an eigenvalue of PZ with argzy < 20 < 26p. Let Q) C
{z € C:argz < 20} \ Res(A) an open set with a smooth boundary I, containing
2o and such that Q N Res(A + V) = {z}. Our aim is to show that there exists an
S! invariant cutoff function y and M such that Pg‘SM has an eigenvalue in €. If we
do that, A + xSy will have a resonance in §2 which will be in contradiction with the
previous part.

We have assumed in Theorem 5.1]that, for all M, Sy, has an analytic continuation
to U x W, and V too. Hence we can restrict these two continuations to Xy and now
work on Xy. V € xL*°(X), so V tends to 0 when we reach 0Xjy. Consequently, there
exists x € C>°(Xp), S! invariant, which continues analytically in U x W, such that
XV — V|1 (x,) is as small as we want. With the hypothesis of Theorem[5.1] we also
have that the partial sums Sy tend to V on Xy in infinite norm. Finally there exist
as we have just described, and M such that

52

é?
o+ 5

IV = xSmllzexy) <

where 67! = max,er ||(P) — z)7"| and  is the length of I'. We have been inspired
by Gohberg and Krejn in [GK71, Theorem 3.1].

We consider the projectors of L*(Xy) associated with the generalized eigenspaces
of the two operators that we are comparing:

1 _
Iy = %/F(PX_Z) ldz,
My, = — [ (P —2)7'd
XSm — i I‘( 9 z) Z.

We have (Pf*" —z)~! = (PY —2) (I+(xSu—V)(P) —2) ') ' Since /0 +L£) <
0 for all z € I, we can be certain of the convergence in

o0

B =27 = (B =2 (14 300 = xS @) =27V
j=1

Look at the difference between the two projectors:

oo

1 - o
HXSM - HV - % /F(Pg —Z) 1;[(‘/ — XSM)(PX —Z) 1]]CIZ.
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Hence

¢ Py —2)7 Y2 IV — xSwul|1=
HHXSM _HVH < — max H( [ VZ) UIH X MHL (Xp) ,
2m zer 1= [[(Py =27 IV = xSmllzee )

but ||(Py —z)~!|| < §~! by definition of § and ||V — xSum|| jeerxy < 53—1 by hypothesis,

hence 1 — [|(Py —2) |||V — xSmllrex,) > 1 — ﬁ and so

[Mys, — My [l < 1.

Consequently the ranges of Iy and II,,, have the same dimension, which is not

. . S . .
zero because z is an eigenvalue of P), so P\>* has an eigenvalue in €2, and we have
our contradiction.

5.4.3 Persistence of Resonances

To finish the proof of Theorem [5.I] we have to show that Res(A) C Res(A + V) in
Dt = {z € C: argz < 26,}. This time we use the complex scaling instead of
Agmon’s perturbation theory of resonances.

Let zp € D" a resonance of A with multiplicity m. We take

QC{zeC:argz <260y}

a domain such that Q NRes(A) = {zy}. We consider the family of operators A + tV/
with t > 0. Observe that tV verifies the hypothesis of Theorem[5.1] so we can localize
its resonances as in the previous part, Res(A + V) C Res(A), and thus:

Res(A +tV)NQ C {z}.
We are going to prove, by connectivity, that the set
E:= {to >0:Vt € [0,5],Res(A + V) N Q = {2} with multiplicity m} ,

is equal to [0, +oo[. It is not empty because 0 € E.

Take ty € E, and 6 such that argzy < 20 < 20y and Q C {z € C: argz < 20}.
We know by complex scaling that the spectrum of P;“V in 2 exactly corresponds with
the resonances of A + )V with the same multiplicities. Hence

Spec(Py¥) N Q = {z]}.
Moreover t — P is a holomorphic family in the sens of Kato for ¢ in a complex
neighbourhood of #, because ng = Ay +tV|x, and V is bounded in Xj. So its
eigenvalues are continuous for ¢ in a neighbourhood of #,. But with the localization

of the resonances of A + ¢tV we obtain that for all ¢

Spec(P})NQ C {z},
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so there exists ¢ > 0, such that forall ¢t € |ty — ¢, + €],
Spec(P) ) N Q = {z},

with multiplicity m. Then, thanks to the complex scaling parallel, we get that for all
tEJtg—e,tg+¢|
Res(A +tV) N ={z}

with multiplicity m, and thus ]ty — €, fp + €[ is included in E which is open.

We show that E is also closed doing the same work with the complementary set of
Ein [0, +o0].

In conclusion, E = [0, +o0o[, and taking t = 1 we have, in {2, Res(A+V) = Res(A)
with the same multiplicities. Doing the same work in the neighbourhood of each
resonance of the free Laplacian we obtain Res(A + V) = Res(A) with the same
multiplicities in all D*, which finishes the proof of Theorem 5.1l
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