
Canad. J. Math. Vol. 63 (4), 2011 pp. 721–754
doi:10.4153/CJM-2011-031-8
c©Canadian Mathematical Society 2011

Isoresonant Complex-valued Potentials and
Symmetries

Aymeric Autin

Abstract. Let X be a connected Riemannian manifold such that the resolvent of the free Laplacian

(∆ − z)−1, z ∈ C \ R
+, has a meromorphic continuation through R

+. The poles of this continuation

are called resonances. When X has some symmetries, we construct complex-valued potentials, V , such

that the resolvent of ∆+V , which has also a meromorphic continuation, has the same resonances with

multiplicities as the free Laplacian.

1 Introduction and Statement of the Results

Let (X, g) be a connected Riemannian manifold with dimension n ≥ 2. On X we have

the free non-negative Laplacian, ∆, acting on functions with domain H2(X) whose

spectrum is included in R
+. So for z ∈ C \ R

+, the resolvent R0(z) := (∆ − z)−1 of

the Laplacian is a bounded operator from L2(X) to H2(X). We will assume that the

resolvent has a meromorphic continuation through R
+ in a domain of C, D+. For

example, this holds for Euclidean spaces, asymptotically hyperbolic manifolds and

manifolds with asymptotically cylindrical ends.

We call a pole of R0 in D+ a resonance of ∆, and we write Res(∆) for the set of these

poles. This definition includes eigenvalues in the set of resonances. If z0 ∈ Res(∆),

then, in a neighbourhood of z0 in D+, we have a finite Laurent expansion:

R0(z) =

p∑

i=1

(z − z0)−iSi + H(z),

where Si has a finite rank, H is holomorphic and p is the order of the resonance. We

call the multiplicity of z0 the dimension of the resonant space which is the range of

S1. See [Agm98].

If we perturb the Laplacian with a potential V and if V is sufficiently decreasing

at infinity on X, for example compactly supported, then the resolvent of ∆ + V ,

(∆+V −z)−1, can also be continued meromorphically to D+. Then we can introduce

the resonances of (∆ + V ), and we write their set Res(∆ + V ).

For such a V , sufficiently decreasing, we have the equality σess(∆ + V ) = σess(∆)

for the essential spectrum, because V is then relatively compact with respect to ∆. So

we can wonder how these potentials modify resonances. We reach the main question

of this work: Do there exist potentials V such that Res(∆ + V ) = Res(∆) ?
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722 A. Autin

We will construct such potentials and call them isoresonant. In terms of the in-

verse problem, we can’t detect their presence only with the observation of the set of

resonances.

Our potentials will be complex-valued, and this is crucial. For example, it is

known that in R
n, for n ≥ 2 and even or n = 3, nontrivial, real valued, smooth

and compactly supported potentials create an infinite number of resonances. See

[Mel95], [SBZ95], [Chr99], [SB99].

We have been inspired by the work of Christiansen in [Chr06] and [Chr08]. She

constructs in Euclidean spaces R
n (n ≥ 2) isoresonant complex potentials, i.e., in this

case: Res(∆ + V ) = Res(∆) = ∅. She uses an action of S
1 on R

n. We generalize this

construction to manifolds that have an isometric action of S
1, and we use other sym-

metries, such as (S
1)m and SO(n). On these manifolds, the free Laplacian already has

some resonances, so there is more work to prove the isoresonance of the potentials.

By comparison, in the Euclidean space it is sufficient to prove Res(∆ +V ) ⊂ Res(∆),

because Res(∆) = ∅.

We are going to describe the method for the construction and the statements of

the results. We assume that (X, g) has an isometric action of S
1. This action induces

a unitary representation of S
1 on L2(X):

S1 → U (L2(X)),

eiθ → f →
(

x → f (e−iθ.x)
)
.

Then we can decompose L2(X) according to isotypical components:

L2(X) =

⊥⊕
j∈Z

L2
j (X),

with, for all j ∈ Z,

L2
j (X) := { f ∈ L2(X) : ∀θ ∈ [0, 2π],∀x ∈ X, f (e−iθ.x) = ei jθ f (x)},

is the space of S
1 homogeneous functions of weight j.

We take for our isoresonant potentials sums of S
1 homogeneous functions with

weights of the same sign. Such functions create a shift on the isotypical components

of L2(X): if V ∈ L∞(X) ∩ L2
m(X) and f ∈ L2

j (X), then V f ∈ L2
j+m(X). On the

contrary, the Laplacian stabilizes these isotypical components. Thanks to this shift

we will prove the inclusion Res(∆ +V ) ⊂ Res(∆), first for truncated V , and then for

all V , thanks to a characterization of resonances as zeros of regularized determinants.

On the way, we have to estimate, for all compact K, the lower bound of the spec-

trum of the Dirichlet Laplacian acting on S
1 homogeneous functions of weight j

supported in K (we denote this space L2
j (K)). This is an interesting result on its own:

Proposition 1.1 Let K be a compact manifold with boundary, having an action of S
1

and a metric g such that S
1 acts by isometries on (K, g) and g has a product form in a

neighborhood of the boundary of K. Then there exist strictly positive constants, C1(K)

and C2(K), such that, for all j ∈ Z, we have:

C1 j2 ≤ Min Spec ∆L2
j (K) ≤ C2(1 + j2).
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For the other inclusion, Res(∆) ⊂ Res(∆ + V ), we use Agmon’s perturbation

theory of resonances, developed in [Agm98]. Thanks to this theory we can view

resonances as eigenvalues of auxiliary operators and so we can use Kato’s theory in

order to study their perturbations.

Finally we get the following result, given here in restricted cases for simplicity:

Theorem 1.2 On the Euclidean space R
n or the hyperbolic space H

n, let be the poten-

tial

V =

M∑

m=1

Vm,

where Vm ∈ L∞(X) is compactly supported and S
1 homogeneous with weight m.

Then in C we have Res(∆ + V ) = Res(∆) with the same multiplicities.

See the theorem 3.1 for the general case with a more general manifold, an infinite

sum for V , and V not compactly supported.

Remark 1.3 Instead of the free Laplacian we can perturb ∆ + V0 with V0

a real, compactly supported and S
1 invariant potential and the result becomes

Res(∆ + V0 + V ) = Res(∆ + V0) with the same multiplicities. We can imagine the

perturbation of other operators which respect the decomposition of L2(X) according

to the isotypical components.

The construction of isoresonant potentials using the action of (S
1)m is essentially

the same as in the case S
1 so we don’t describe it in this article, but it can be found

in [Aut08]. On the contrary, if we look at the action of SO(n) (n ≥ 3), as this group is

not commutative, we don’t have any simple description of the isotypical components.

Then we add an hypothesis and assume that we can write

L2(X) =
⊕
k∈N

L2(R
+) ⊗ Hk,

where Hk
= Ker

(
∆Sn−1 − k(k + n− 2)

)
, k ∈ N, is the eigenspace of the Laplacian on

the sphere S
n−1. As in the case S

1, we are going to construct some V which induces a

shift in this decomposition of L2(X). This time V is a sum of highest weight vectors of

the representations Hk of the complexification of the Lie algebra son. Moreover, for

the action of SO(n) we don’t need to use the first proposition of this introduction,

which simplifies the proof of the isoresonance. Here we have been inspired by the

construction of isospectral potentials by Guillemin and Uribe in [GU83]. In that

article, the authors treat the case of compact manifolds and isospectral potentials on

them.

The isoresonant potentials don’t modify the set of resonances of the free Laplacian

and their multiplicity. We can wonder if, with more information, we would be able

to detect them. In this way, we prove that on H
2 there exist some potentials among

the family of isoresonant potentials which modify the order of the resonances. On H
2

resonances of the free Laplacian are, up to a change of spectral parameter, the negative

integers with order one. Taking for the hyperbolic plane the model R
+ × S

1 with

coordinates (r, θ) and metric g = dr2 + sh(r)2dθ2, we have
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Proposition 1.4 On the hyperbolic plane H
2, let k be a strictly positive integer. There

exists a potential V ∈ F := {Vm(r)eim θ : m ∈ Z \ {0},Vm ∈ L∞
c (R

+)} such that −k

is a resonance of ∆ + V with order strictly bigger than one.

In the last part of this article, we construct isoresonant potentials using the S
1

action on another example, the catenoid, i.e.,
(

R × S
1, dr2 + (r2 + a2)dα2

)
with

(r, eiα) ∈ R × S
1 and a ∈ R. We treat this example separately because we can’t use

Agmon’s theory for defining the continuation of the resolvent and for perturbations

of resonances; instead we have to use a complex scaling method, following [WZ00].

I would like to thank the Laboratory Jean Leray in Nantes, France, for the good

work conditions that have been provided for me, and Laurent Guillopé for his help

during this work.

2 Framework and Conditions

We take a cover f : Σ → Ω, where Ω is an open set of C, and an unbounded domain

D ⊂ Σ such that f (D) ⊂ C \ R
+. We note R0(λ) :=

(
∆ − f (λ)

)−1
which is first

defined holomorphic in D with values in L
(

L2(X)
)

(the space of bounded operators

from L2(X) to itself). Let two Banach spaces B0 and B1 be such that

B0
J0→֒ L2(X)

J→֒ B1,

where J0 and J are continuous injections, J0(B0) is dense in L2(X) and J
(

L2(X)
)

is

dense in B1. We note, for λ ∈ D,

R̃0(λ) = JR0(λ) J0.

R̃0 is holomorphic on D with values in L(B0, B1).

Our first assumption is the following condition.

Condition A R̃0 has a meromorphic continuation with finite rank poles (we

will say finite-meromorphic) from D to D+ a domain of Σ.

In order that Condition A not hold trivially, we assume that f (D+) intersects the

essential spectrum of ∆.

Let us give some examples:

• X is R
n with the Euclidean metric,

– If n is odd, then we take Σ = C and R0(λ) := (∆ − λ2)−1 is first defined in

D = {λ ∈ C : Im λ > 0} with values in L
(

L2(R
n)

)
and has, for all N > 0,

a holomorphic continuation in D+
N = {λ ∈ C : | Im λ| < N} with values

in L
(

e−N〈z〉L2(R
n), eN〈z〉L2(R

n)
)

, where 〈z〉 = (1 + |z|2)
1
2 . See [Mel95] and

[SBZ95].

– If n is even, then we take for Σ the logarithmic cover of C \ {0}, and R0(λ) :=

(∆ − e2λ)−1 is first defined in D = {λ ∈ C; 0 < Im λ < π} with values in

L
(

L2(R
n)

)
and has, for all N > 0, a holomorphic continuation in D+

N = {λ ∈
C : | Im(eλ)| < N} with values in L

(
e−N〈z〉L2(X), eN〈z〉L2(X)

)
. See [Mel95].
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• X is an asymptotically hyperbolic manifold. We begin with the definition of such

a manifold. Let X = X ∪ ∂X, a smooth compact manifold of dimension n with

boundary ∂X and ρ0 a boundary-defining function that is a smooth function on

X such that

ρ0 ≥ 0, ∂X = {m ∈ X; ρ0(m) = 0}, dρ0|∂X 6= 0.

We say that a smooth metric g on X is asymptotically hyperbolic if ρ2
0g continues

as a smooth metric on X and |dρ0|ρ2
0g = 1 on ∂X. Thanks to this condition, the

sectional curvature of g tends to −1 at the boundary, and there exists a function ρ
defining the boundary, a collar neighborhood of the boundary, Uρ := [0, ε)×∂X,

and a family h(ρ), ρ ∈ [0, ε), of smooth metrics on ∂X such that

(2.1) g =
dρ2 + h(ρ)

ρ2
on Uρ.

For example the hyperbolic space H
n and its convex co-compact quotients are

asymptotically hyperbolic.

We take Σ = C and R0(λ) :=
(
∆ − λ(n − 1 − λ)

)−1
is first defined and mero-

morphic in D = {λ ∈ C : Re λ > n−1
2
} with values in L(L2(X)) and λ is one of

its poles if and only if λ(n − 1 − λ) ∈ σd(∆), and it is of finite rank.

Mazzeo and Melrose [MM87] and after Guillarmou [Gui05] have proved that R0

has a finite-meromorphic continuation in C \ ( n
2
− N) and in all C if and only

if the metric g is even. The metric g is even if the family h(ρ) defined in (2.1)

has a Taylor’s series in ρ = 0 only with even powers of ρ (it does not depend

on the choice of ρ). More precisely, for all N ≥ 0, R0 has a finite-meromorphic

continuation on D+
N := {λ ∈ C; Re λ > n−1

2
− N} if g is even, and otherwise on

D+
N \ ( n

2
− N), with values in L

(
ρN L2(X), ρ−N L2(X)

)
.

• X is a Riemannian manifold with asymptotically cylindrical ends. As in the pre-

vious case, let X = X ∪ ∂X be a smooth compact manifold of dimension n with

boundary. We say that a smooth metric g on X is a metric with asymptotically

cylindrical ends if there exists a function ρ defining the boundary, a collar neigh-

borhood of the boundary, Uρ := [0, ε) × ∂X, and a family h(ρ), ρ ∈ [0, ε), of

smooth metrics on ∂X such that

(2.2) g =
dρ2

ρ2
+ h(ρ) on Uρ.

Let ∆∂X be the Laplacian on the compact manifold ∂X and 0 = σ1 < σ2 < · · ·
its spectrum. For ∆, the Laplacian on X, [σ j , σ j+1) is continuous spectrum for all

j > 0 with a multiplicity equal to the sum of the multiplicities of {σ1, . . . , σ j} as

eigenvalues of ∆∂X and there may be embedded eigenvalues with finite multiplic-

ity in [0, +∞).

Melrose, in [Mel93], proves the continuation of the resolvent of the free Lapla-

cian on the Riemannian surface Σ which is the surface such that all the functions

r j(λ) := (λ − σ j)
1
2 are holomorphic on it. This surface is ramified at points
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λ = σ j . R0(λ) = (∆−λ)−1 is first defined in D =
{

λ ∈ Σ : ∀ j Im
(

r j(λ)
)

> 0
}

with values in L
(

L2(X)
)

and, for all N ≥ 0, it has a finite-meromorphic contin-

uation in a domain D+
N with values in L

(
ρN L2(X), ρ−N L2(X)

)
.

• X is a rank-one symmetric space of the noncompact type. In this case, Hilgert and

Pasquale prove, in [HP09], the finite-meromorphic continuation of the resolvent

of the free Laplacian.

In order to treat all these examples with a single notation, we reformulate Condi-

tion A, with N > 0, and ρ = e−〈z〉 for the Euclidean case and a boundary-defining

function on X for the other examples, as follows.

Condition AN,ρ R̃0 has a finite-meromorphic continuation from D to D+
N an

unbounded domain of Σ, with values in L
(
ρN L2(X), ρ−N L2(X)

)
.

Agmon [Agm98] shows that notions of resonances, multiplicity and order do not

depend of the weight ρN chosen.

In order to have the finite-meromorphic continuation to D+
N of the resolvent of

∆ + V , (∆ + V − z)−1, z ∈ C \ Spec(∆ + V ), we introduce a condition for V :

Condition BN,ρ R̃V (λ) := J
(
∆ + V − f (λ)

)−1
J0 with values in L

(
ρN L2(X),

ρ−N L2(X)
)

has a finite-meromorphic continuation from D to D+
N , and ρ−2NV

is bounded on X.

Remark 2.1 With the hypothesis ρ−2NV bounded, we will be able to apply Agmon’s

perturbation theory of resonances [Agm98].

Remark 2.2 If V is compactly supported or if V is smooth on X and vanishes to all

orders in ρ at the boundary, then V verifies Condition BN,ρ for all N. In these cases,

the resolvent of ∆ + V has a finite-meromorphic continuation in all Σ.

3 Circular Symmetries

3.1 Statement of the result and examples

We can now give the main result of this part:

Theorem 3.1 Let (X, g) be a connected Riemannian manifold with an action of S
1

by isometries verifying the Condition AN,ρ for some N > 0 and some S
1 invariant

function ρ.

Let V be the potential

V =

+∞∑

m=1

Vm,

where Vm ∈ L∞(X) is S
1 homogeneous of weight m, with

∑+∞
m=1 ‖Vm‖∞ < +∞. If V

verifies Condition BN,ρ and for all λ ∈ D+
N \Res(∆), ρ−(N+1)V R̃0(λ)ρN is in a Schatten

class Sq, q ∈ N \ {0}, then on D+
N , Res(∆ + V ) = Res(∆) with the same multiplicities.

We will recall the definition of the Schatten classes in Definition 3.8 below.
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Remark 3.2 The last assumption, ρ−(N+1)V R̃0(λ)ρN ∈ Sq, is technical and will

allow us to use regularized determinants. If V is compactly supported then it holds

with q > dim X
2

and for any N. In the Euclidean space R
n, if V is bounded and super-

exponentially decaying we still have the assumption for all N. On an asymptotically

hyperbolic manifold X, if V is smooth on X and vanishes to all orders in ρ at the

boundary then V verifies the assumption for all N.

Let us describe the S
1 action and the potentials for the examples of Section 2 veri-

fying Condition A:

• Let R
n

= (R
2)k × R

n−2k be the Euclidean space with the following S
1 action

k⊕
i=1

R(piθ) ⊕ IdRn−2k ,

where θ ∈ [0, 2π), (p1, . . . , pk) ∈ (Z \ {0})k, and R(φ) is the rotation of an-

gle φ on R
2. The components S

1 homogeneous of weight m of the isoresonant

potentials of the theorem have the following form:

Vm(r1eiα1 , . . . , rkeiαk , z) =

∑

(ℓ1,...,ℓk)∈Z
k

Pk
i=1 ℓi pi=−m

Wm,ℓ1,...,ℓk
(x̄)eiℓ1α1 · · · eiℓkαk

where (r1eiα1 , . . . , rkeiαk , z) ∈ (R
2)k × R

n−2k, x̄ ∈ R
n/S

1 and the sum converges

in infinite norm.
• For the hyperbolic space H

n, we can take the Poincaré model, i.e., the unit ball of

R
n centered at the origin with the metric 4(1 − ‖x‖2)−2geuclid. The action of S

1

on R
n described in the previous point induces an isometric action of S

1 on H
n.

The isoresonant potentials have the same form as in the Euclidean case. We recall

[GZ95a] that if n is odd Res(∆) = ∅ and if n is even Res(∆) = −N and the

multiplicity of the integer −k is the multiplicity of k(k + n − 1) as eigenvalue of

the Laplacian on the Euclidean sphere S
n.

• Let us consider H
n with the model R

+
∗ ×R

n−1 with the corresponding coordinates

(x, y). We take for X the hyperbolic cylinder H
n/〈γ〉 where γ is the isometry

w → eℓw. S
1 acts on X isometrically by eiθ.[x, y] = [e

ℓθ
2π x, e

ℓθ
2π y]. We can see

X as R
+ × S

1 × S
n−2 with the coordinates (r, θ, ω), the metric dr2 + ch2 rdθ2 +

sh2 rdω2, and the S
1 action is the trivial action on the factor S

1. The components

S
1 homogeneous of weight m of the isoresonant potentials have the form:

Vm(r, θ, ω) = Wm(r, ω)e− im θ.

Here, according to [GZ95a], we have Res(∆) = −N + iZ2π/ℓ [GZ95a].

We recall that the isometric S
1 action induces a decomposition of L2(X) according

to isotypical subspaces:

L2(X) =
⊕
j∈Z

L2
j (X).
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Let P j : L2(X) → L2
j (X) be the corresponding orthogonal projection.

The main idea of the proof is that if Vm ∈ L∞(X) is S
1 homogeneous of weight m

then it induces by multiplication a shift on these isotypical representations:

Vm : L2
j (X) → L2

j+m(X).

3.2 A Preliminary Lemma

Lemma 3.3 Let (X, g) be a connected Riemannian manifold with a S
1 action by

isometries. For all compact K ⊂ X there exists a compact manifold with boundary

K̃ which is diffeomorphic to a compact of X containing K, and which has an isomet-

ric S
1 action, with a smooth metric g̃ such that g̃|K = g|K , and g̃ is a product metric

dδ2 + h̃∂ eK in a neighbourhood of the boundary ∂K̃ of K̃, with δ a S
1 invariant function

defining ∂K̃ and h̃ is independent of δ.

Before giving the proof of this general result, let us verify this result for our previ-

ous examples:

• For the Euclidean space, we can remark that every compact K can be included in

a ball B(0, R) and we can take for K̃ a bigger ball B(0, R̃) with R̃ > R with the

following metric in polar coordinates:

g̃ = dr2 + f (r)dω2, (r, ω) ∈ R
+ × S

n−1,

where dω2 is the metric on the (n − 1)-sphere in R
n and f is smooth on [0, R̃],

constant near R̃ and f (r) = r2 on [0, R].

• For the hyperbolic space H
n, if K is included in a ball of radius R and centered at

the origin, then we take for K̃ a ball of radius R̃ > R and, in polar coordinates,

g̃ = dr2 + f (r)dω2 with this time f (r) = sh2 r on [0, R].

• For the hyperbolic cylinder H
n/〈γ〉, every compact is included in a K = [0, R] ×

S
1 × S

n−2, so we can take K̃ = [0, R̃] × S
1 × S

n−2 with the metric g̃ = dr2 +

h1(r)dθ2 + h2(r)dω2 where h1 and h2 are smooth on [0, R̃], constant near R̃ and

on [0, R], h1(r) = ch2 r, h2(r) = sh2 r.

Proof Let φ be an exhaustion function on X and ψ defined by:

∀m ∈ X, ψ(m) =

∫

S1

φ(u.m) du.

For all A ∈ R, by definition of φ, there exists a compact KA such that φ ≥ A out-

side KA. With LA = S
1.KA, ψ ≥ A outside LA, and so ψ is also an exhaustion function

on X. In addition ψ is S
1 invariant.

Take K a compact of X. Thanks to the Sard’s theorem, there exists a sequence

(vi)i∈N of regular values of ψ with limi→+∞ vi = +∞. So there exists a vi for which

K ⊂ ψ−1(]−∞, vi[). We note that L = ψ−1(]−∞, vi[); it is an S
1 invariant compact

of X with a smooth boundary.
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Let ρ be an S
1 invariant boundary-defining function of X \ L. We have a collar

neighborhood, in X \ L, of the boundary ∂L = ψ−1({vi}), [0, 2ε) × ∂L, where the

metric g of X can be written in the form dρ2 + h(ρ), where h(ρ) is a family of smooth

metrics on ∂L. Let gε = dρ2 + h(ε) and χ ∈ C∞(X) which only depend on ρ and

such that: {
χ = 1 on L,

χ = 0 if ρ ≥ ε.

Then consider the compact K̃ =
(

L ⊔ ([0, 2ε) × ∂L)
)
/∂L with the metric g̃ =

χg+(1−χ)gε. Then (K̃, g̃) has an isometric S
1 action and its metric near its boundary

is gε which can be write in the form dδ2 + h̃ taking δ = 2ε − ρ and h̃ = h(ε).

3.3 Spectral Lower Bound for the Laplacian on Homogeneous Functions

In the following we will need a spectral lower bound for the Laplacian on S
1 homoge-

neous and compactly supported functions. As we have not read this result anywhere

before, we also give an upper bound for the first eigenvalue. A more precise discus-

sion about this result can be found in [Aut08].

Proposition 3.4 Let K be a compact manifold with boundary with an S
1 action and

equipped with a metric g such that S
1 acts by isometries on (K, g). We assume g has

a product form dδ2 + h∂K in a neighbourhood of ∂K with δ a S
1 invariant function

defining ∂K, and h is independent of δ. Then there are constants C1 = C1(K) > 0 and

C2 = C2(K) > 0 such that for all j ∈ Z, we have

C1 j2 ≤ Min Spec ∆L2
j (K) ≤ C2〈 j〉2,

where ∆L2
j (K) is the Friedrichs selfadjoint extension in L2

j (K) of the Laplacian defined on

C∞
c (K) ∩ L2

j (K) and 〈 j〉 := (1 + | j|2)
1
2 .

Remark 3.5 In the case where K is a disk centered at 0 in R
2, we can apply this

lemma by including K in a bigger disk K̃ as explained before, but we can also prove

the lower bound directly because it is just an estimate of the first zero of Bessel func-

tions.

Proof We begin with the lower bound. Consider two copies of K. We can iden-

tify their regular boundaries and get a compact closed manifold M. More precisely,

there exists a collar neighbourhood W of ∂K diffeomorphic to [0, ǫ) × ∂K by the

diffeomorphism:

ψ : [0, ǫ) × ∂K → W

(t, y) → ψt (y),

with ψt the gradient flow of δ for the metric g. So, on the topological space M =

(K ⊔ K)/∂K, we can construct a differential atlas beginning with ∂K ⊂ M which is
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included in a open set [W ] = (W ⊔W )/∂K diffeomorphic to (−ǫ, ǫ) × ∂K by

(−ǫ, ǫ) × ∂K → [W ]

(t, y) →
{

ψt (y), if t ≥ 0,

ψ−t (y), if t ≤ 0.

On [W ] the S
1 action is, via the previous diffeomorphism, the action on ∂K. The

other charts are those in the interior of K.

As the metric g has a product form in a neighbourhood of ∂K, it can be continued

by symmetry on δ. We get a smooth metric on M, and we still have an isometrical

action of S
1 on M. Let Y be the corresponding vector field, which we will consider

as a differential operator of order one (so Y. f (m) = −i∂θ( f (e−iθ.m))|θ=0). Another

pseudo-differential operator of order one on M is P :=
√

∆M + 1, where ∆M is

the Laplacian on (M, g). P and Y commute because S
1 acts by isometries on M.

We consider Q := P2 + Y 2, whose principal symbol is q(x, ξ) = |ξ|2 + (ξ(Y ))2,

(x, ξ) ∈ T∗M; so Q is elliptic.

Let Λ ⊂ R
2 be the joint spectrum of (P,Y ), it is constituted by the points (λP

k , λ
Y
k )

such that Pφk = λP
k φk and Y φk = λY

k φk where (φk) is a orthonormal basis of L2(M).

We note that the spectrum of Y is equal to Z and we are looking for the minimum

of the first coordinates of points of Λ whose second coordinate is j. We call this

minimum λ
j
1.

Let p(x, ξ) = (|ξ|, ξ(Y )) be the joint principal symbol of P and Y . Then p is a

homogeneous function of degree one. Let Γ be the linear cone Γ = R
+ p(S(T∗M)),

where S(T∗M) is the unit sphere bundle of T∗M. Moreover, we have p(S(T∗M)) =

{(1, ξ(Y )), |ξ| = 1}. Now, as P and Y commute and Q is elliptic, we can apply

[CdV79, Theorem 0.6]: if C is a cone of R
2 such that C∩Γ = {0}, then C∩Λ is finite.

Taking, for example, CK = R{(a, |Y |K ), |a| ≤ 1
2
} where |Y |K = supm∈K |Y (m)|, it

means that there exists a constant c := 1/2|Y |K and J ∈ N such that, for all j ∈ Z,

| j| ≥ J, we have λ
j
1 ≥ c| j|, and we can take a smaller c and have λ

j
1 ≥ c| j| for all

j ∈ Z. As P =
√

∆M + 1, there is another constant c, such that the minimum of the

spectrum of the Laplacian on homogeneous functions of weight j on M is superior

than c j2.

Moreover, the spectrum of ∆L2
j (K) with Dirichlet conditions is included in the

spectrum of ∆M acting on L2
j (M). Indeed, let I be the involution that exchanges

the two copies of K in M. Then the eigenfunctions of ∆M that are odd for I van-

ish on the image of ∂K in M. So they correspond to eigenfunctions of the Dirichlet

Laplacian on K.

In order to prove the upper bound, we remark that

Min Spec ∆L2
j (K) = inf

φ∈L2
j (K)\{0}

〈∆φ, φ〉
‖φ‖2

.

So it’s sufficient to construct, for j large, one φ j ∈ L2
j (K)\{0} such that 〈∆φ j , φ j〉 ≤

C j2‖φ j‖2, with C independent of j. Let K̂ be the set of principal orbits of the ac-

tion of S
1 in K. The principal orbits are those for which the stability groups are the
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identity. K̂ is an open, connected and dense subset of X. We consider the principal S
1

fibration K̂ → K̂/S
1 and we take U j , a S

1 invariant open set of K̂, where this fibration

is trivial. So U j is diffeomorphic to (U j/S
1) × S

1 and we can take U j small enough

to be sure that U j/S
1 is a coordinate patch and we denote the corresponding coordi-

nates by (y, θ) := (y1, . . . , yN , θ), where N = dim U j/S
1. In those coordinates the

metric has the form

g|Uφ j
=

N∑

k,ℓ=1

ak,ℓ(y, θ)dykdyℓ + b(y, θ)dθ2 +

N∑

k=1

ck(y, θ)dykdθ,

with ak,ℓ, b and ck smooth on U j , and the Laplacian becomes

∆ =

N∑

k,ℓ=1

Ak,ℓ(y, θ)∂yk
∂yℓ

+ B(y, θ)∂2
θ +

N∑

k=1

Ck(y, θ)∂θ∂yk

+

N∑

k=1

Dk(y, θ)∂yk
+ E(y, θ)∂θ,

where Ak,ℓ, B,Ck, Dk and E are smooth on U j .

We take φ j(y, θ) = ψ(y)e−i jθ with ψ smooth and compactly supported in U j/S
1.

So we have φ j ∈ L2
j (K) and

∆φ j =

( N∑

k,ℓ=1

Ak,ℓ(y, θ)∂yk
∂yℓ

ψ − j2B(y, θ)ψ − i j

N∑

k=1

Ck(y, θ)∂yk
ψ

+

N∑

k=1

Dk(y, θ)∂yk
ψ − i jE(y, θ)ψ

)
ei jθ,

and

〈∆φ j , φ j〉 = − j2

∫

supp φ j

B(y, θ)|ψ|2 dvol(g)

− i j

∫

supp φ j

N∑

k=1

Ck(y, θ)(∂yk
ψ)ψ + E(y, θ)|ψ|2 dvol(g)

+

∫

supp φ j

N∑

k,ℓ=1

Ak,ℓ(y, θ)(∂yk
∂yℓ

ψ)ψ +

N∑

k=1

Dk(y, θ)(∂yk
ψ)ψ dvol(g),

so

〈∆φ j , φ j〉 = |〈∆φ j , φ j〉| ≤ Λ1(ψ) j2‖ψ‖2
L2(K,g) + Λ2(ψ)| j| + Λ3(ψ),

where Λ1,Λ2,Λ3 are positive constants which only depend on ψ.

By fixing ψ as ‖φ j‖ = ‖ψ‖, we get a constant C2 such that, for all j ∈ Z,

〈∆φ j , φ j〉 ≤ C2〈 j〉2‖φ j‖2.
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With Proposition 3.4 and Lemma 3.3 we will prove the following:

Lemma 3.6 Let λ ∈ D+
N \ Res(∆) and χ ∈ C∞

c (X) be S
1-invariant. Then there is a

constant C = C(λ, χ) > 0 such that, for all j ∈ Z,

‖χR̃0(λ)P jχ‖ ≤ C

1 + j2
.

Proof Since S
1 acts by isometries on X, we have, for all j, ∆P j = P j∆ and P jR̃0 =

R̃0P j . The fact that χ is S
1 invariant also gives χP j = P jχ.

We have

χ(∆ − f (λ))R̃0(λ)χ = χ2,

so

(∆ − f (λ))χR̃0(λ)P jχ = χ2P j + [∆, χ]R̃0(λ)χP j ,

then

(3.1) ‖(∆ − f (λ))χR̃0(λ)P jχ‖ ≤ ‖χ2P j‖ + ‖[∆, χ]R̃0(λ)χP j‖ ≤ C(λ, χ).

Let (K̃, g̃) the compact containing K := supp χ given by Lemma 3.3. If v ∈ L2(X)

then u = χP jR̃0(λ)χv is in L2
j (K, g) and, as supp u ⊂ K and g̃|K = g|K , we also

have u ∈ L2
j (K̃, g̃). In addition, u is, at the same time, in the domain of the Dirichlet

Laplacian on K̃, of the Dirichlet Laplacian on K and of the Laplacian on X, and we

have

∆(eK,eg)u = ∆(K,g)u = ∆(X,g)u.

Let (φk) (depending on K̃ and j) an orthonormal basis of L2
j (K̃, g̃) constituted by

eigenfunctions of ∆(eK,eg). We denote µk( j, K̃) the eigenvalue corresponding to φk. If

we expand u following this basis: u =
∑

k ukφk, we have

(∆(eK,eg) − f (λ))u =

∑

k

(µk( j, K̃) − f (λ))ukφk

so that

‖(∆ − f (λ))u‖2
=

∑

k

|µk( j, K̃) − f (λ)|2 |uk|2

≥
∑

k

(
µk( j, K̃) − Re( f (λ))

) 2|uk|2.

Thus, using Proposition 3.4, there exists a constant C = C(K̃) > 0 such that

∀k ∈ N,∀ j ∈ Z µk( j, K̃) ≥ C j2.

We take J in order to have C J2 > Re( f (λ)), then for all | j| ≥ J, we have

‖(∆ − f (λ))u‖2 ≥
(

C j2 − Re( f (λ))
) 2 ∑

k

|uk|2 =
(

C j2 − Re( f (λ))
) 2‖u‖2.
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Using this in the inequality (3.1) we get that for all | j| ≥ J

‖χR̃0(λ)P jχ‖ ≤ C(λ, χ)

C j2 − Re( f (λ))
.

So there exists another constant C > 0 such that, for all | j| ≥ J, ‖χR̃0(λ)P jχ‖ ≤
C j−2, and we can take a greater C to have, for all j ∈ Z,

‖χR̃0(λ)P jχ‖ ≤ C

1 + j2
.

3.4 Localization of Resonances

We begin the proof of Theorem 3.1 by the inclusion Res(∆ + V ) ⊂ Res(∆). First, we

consider truncations in space of partial sums of V .

3.4.1 Localization of Resonances for the Truncated Partial Sums of V

We consider SM :=
∑M

m=1 Vm where Vm is the component S
1 homogeneous of weight

m of V . Let χ ∈ C∞
c (X) be invariant under the action of S

1. In this part, our purpose

is to show that Res(∆ + χSM) ⊂ Res(∆), on D+
N .

For λ ∈ D+
N \ Res(∆), we have

(
∆ + χSM − f (λ)

)
R̃0(λ)ρN

= ρN
(

I + ρ−NχSMR̃0(λ)ρN
)
.

In addition, we have

ρ−NχSMR̃0(λ)ρN
= χρ−2N SMρN R̃0(λ)ρN .

So, thanks to the condition AN,ρ, ρ−NχSMR̃0(λ)ρN is a holomorphic family of com-

pact operators in D+
N \ Res(∆) such that

‖ρ−NχSMR̃0(λ)ρN‖ < 1

for |λ| sufficiently large in D+
N .

Then by the analytic Fredholm theory we get that
(

I + ρ−NχSMR̃0(λ)ρN
)−1

is

meromorphic on D+
N \ Res(∆) and we have the often called Lipmann–Schwinger

equation which establishes the link between the resolvent of ∆ + χSM and that of the

free Laplacian:

(LS) ρN R̃χSM
(λ)ρN

= ρN R̃0(λ)ρN
(

I + ρ−NχSMR̃0(λ)ρN
)−1

.

So if λ0 is a pole of R̃χSM
in D+

N\Res(∆), then λ0 is a pole of
(

I+ρ−NχSMR̃0(λ)ρN
)−1

,

and still by Fredholm theory, there is a nontrivial u ∈ L2(X) such that

(
I + ρ−NχSMR̃0(λ)ρN

)
u = 0.
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We remark with the last equality that supp u ⊂ supp χ. Let χ2 ∈ C∞
c (X) invariant

under the action of S
1 and such that χ2 = 1 on the support of χ. If we denote

u j := P ju ∈ L2
j (X), we have

u j = P j

(
−ρ−NχSMR̃0(λ)ρN u

)
= P j

(
−ρ−NχSMχ2R̃0(λ)χ2ρ

N u
)
,

and by linearity,

u j = −
M∑

m=1

P j

(
ρ−NχVmχ2R̃0(λ)χ2ρ

N u
)
.

However, each Vm induces a shift on the isotypical representations:

Vm : L2
j (X) → L2

j+m(X),

so we have

u j = −
M∑

m=1

VmP j−m

(
ρ−Nχχ2R̃0(λ)χ2ρ

N u
)
,

u j = −
M∑

m=1

Vmρ−Nχχ2R̃0(λ)χ2ρ
N P j−m(u),

where we have also used that the projections P j−m commute with R̃0, ρ, χ and χ2.

By hypothesis, for all m, ‖Vm‖∞ ≤ ∑+∞
m ′=1 ‖Vm ′‖∞ < +∞. Then, applying

Lemma 3.6 to χ2R̃0χ2P j−m, we get a constant C such that, for all j ∈ Z,

‖u j‖ ≤
M∑

m=1

C

1 + ( j − m)2
‖u j−m‖,

so, for all j ∈ Z,

‖u j‖ ≤ ǫ j

M∑

m=1

‖u j−m‖,

where ǫ j → 0 for | j| → +∞.

Thus we can use the following lemma:

Lemma 3.7 Let (a j) j∈Z ∈ ℓ1(Z) non-negative. If there is M ∈ N and, for all j ∈ Z,

a j ≤ ǫ j

∑M
m=1 a j−m with ǫ j → 0 for | j| → +∞, then a j = 0 for all j.

Proof Let J ′ ≤ 0 such that, for all j ≤ J ′, ǫ j ≤ 1
M

. Then, for all j ≤ J ′, we have a j ≤
1
M

∑M
m=1 a j−m and if we sum all these inequalities we get, denoting S =

∑
j≤ J ′ a j ,

S ≤ 1

M

(
(S − a J ′) + (S − a J ′ − a J ′−1) + · · · + (S − a J ′ − · · · − a J ′−M+1)

)

=
1

M

(
MS − Ma J ′ − (M − 1)a J ′−1 − · · · − a J ′−M+1

)
,
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from which we deduce

0 ≤ −Ma J ′ − (M − 1)a J ′−1 − · · · − a J ′−M+1,

and thus

a J ′ = a J ′−1 = · · · = a J ′−M+1 = 0.

Moreover, as ǫ j → 0 for | j| → +∞, there exists a constant C such that, for all j ∈ Z,

a j ≤ C
∑M

m=1 a j−m, so we have

∀ j ≥ J ′ − M + 1, a j = 0,

and we can tighten J ′ to −∞ and finally we have a j = 0 for all j ∈ Z.

We apply Lemma 3.7 to the sequence {‖u j‖2} j . We get that ‖u j‖ = 0 for all

j and thus u ≡ 0. This is in contradiction with the existence of a pole of R̃χSm
in

D+
N \ Res(∆).

Finally, for all M and all χ ∈ C∞
c (X), invariant under the action of S

1, ∆ + χSM

has no resonance in D+
N \ Res(∆), which can be expressed by

Res(∆ + χSM) ⊂ Res(∆), in D+
N .

3.4.2 Localization of Resonances for the Potential V

Let us recall some results and notations about regularized determinant that will be

needed in the following [Yaf92].

Definition 3.8 Let H be an Hilbert space. If A : H → H is a compact operator,

we define its singular values (sn(A))n∈N as the eigenvalues of the selfadjoint operator

(A∗A)1/2. For 1 ≤ p < +∞, Sp, is the two-sided ideal of L(H) formed by operators

A for which the sum

‖A‖p
p =

∞∑

n=0

sp
n(A)

is finite.

Definition 3.9 For A ∈ Sp we define the regularized determinant, detp, by

detp(I + A) =

∞∏

n=1

(1 + λn(A)) exp
( p−1∑

k=1

(−1)k

k
λk

n(A)
)

,

where the (λn(A))n∈N are the eigenvalues of A.

We list some properties of this determinant.

Proposition 3.10

(1) A → detp(I + A) is continuous on (Sp, ‖ · ‖p).
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(2) If z → A(z) is holomorphic in some domain of C, with values in Sp, then z →
detp(I + A(z)) is also holomorphic in the same domain.

(3) For A ∈ Sp, I + A is invertible if and only if detp(I + A) 6= 0.

We have assumed that there exists q such that ρ−(N+1)V R̃0(λ)ρN is in a Schatten

class Sq for all λ ∈ D+
N \ Res(∆), so ρ−NV R̃0(λ)ρN is in Sq too.

Let us first prove a preliminary fact. For all χ ∈ C∞
c (X) there exists p such that

χρ−N R̃0(λ)ρN ∈ Sp for all λ ∈ D+
N \ Res(∆). To see this, take a compact K with a

smooth boundary and containing supp χ. Let ∆K be the Dirichlet Laplacian on K,

and (µk)k∈N the eigenvalues of (∆K + 1)−1. Then Weyl’s formula gives, when k tends

to +∞,

µk ∼
(2π)2

(ωn Vol(K))
2
n

k−
2
n ,

where n = dim X and ωn is the volume of the unity ball in R
n. Thus for p > n

2
,

(∆K + 1)−1 ∈ Sp. Moreover, for all λ ∈ D+
N \ Res(∆), (∆K + 1)χρ−N R̃0(λ)ρN is a

bounded operator in L2(X), and, as Sp is a two-sided ideal of L(L2(X)), we have

χρ−N R̃0(λ)ρN
= (∆K + 1)−1(∆K + 1)χρ−N R̃0(λ)ρN ∈ Sp.

As Sp1
⊂ Sp2

, for p1 ≤ p2, we can take the maximum of p and q and we still note

it q, and get that χρ−N R̃0(λ)ρN and ρ−NV R̃0(λ)ρN are both in Sq.

The Lipmann–Schwinger equation, (LS), with V instead of χSM give

ρN R̃V (λ)ρN
= ρN R̃0(λ)ρN

(
I + ρ−NV R̃0(λ)ρN

)−1
.

So thanks to the third point of Proposition 3.10 we have

λ ∈ Res(∆ + V ) ∩ D+
N \ Res(∆) ⇐⇒ detq

(
I + ρ−NV R̃0(λ)ρN

)
= 0.

On D+
N \ Res(∆), we define

F(V, λ) := detq

(
I + ρ−NV R̃0(λ)ρN

)
.

If there exists λ0 ∈ Res(∆ + V ) \ Res(∆), then

F(V, λ0) = 0.

Let Γ be a simple loop around λ0 such that λ0 is the only zero of F(V, · ) in the

domain U delimited by Γ, and such that U ⊂ D+
N \ Res(∆). It is possible because,

thanks to the second point of Proposition 3.10, F is holomorphic in λ and so its zeros

are isolated.

Let χr a smooth family of compactly supported and S
1-invariant functions such

that,

lim
r→+∞

‖(χr − 1)ρ‖∞ = 0.
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As we have assumed that Vρ−(N+1)R̃0(λ)ρN ∈ Sq we can write, for all λ ∈ Γ,

‖χrVρ−N R̃0(λ)ρN −Vρ−N R̃0(λ)ρN‖q ≤ ‖(χr − 1)ρ‖∞ ‖Vρ−(N+1)R̃0(λ)ρN‖q.

So when r tends to +∞, χrVρ−N R̃0(λ)ρN tends to Vρ−N R̃0(λ)ρN in Sq uniformly

on Γ. With the first point of Proposition 3.10, F(χrV, λ) → F(V, λ) uniformly on Γ.

From that, there exists r0 such that for all r > r0 and for all λ ∈ Γ we have

|F(χrV, λ) − F(V, λ)| < |F(V, λ)|.

Thus, by Rouché’s theorem, F(χrV, · ) has the same number of zeros, in U , as F(V, · ).

In the same way, fixing r > r0, using χrρ
−N R̃0(λ)ρN ∈ Sq we can write

‖χrSMρ−N R̃0(λ)ρN − χrVρ−N R̃0(λ)ρN‖q ≤ ‖SM −V‖∞ ‖χrρ
−N R̃0(λ)ρN‖q.

Using the fact that by hypothesis, ‖SM −V‖∞ tends to 0 when M tends to ∞, we have

F(χrSM , λ) → F(χrV, λ) uniformly on Γ and we can use Rouché’s theorem again.

In conclusion, there exist r and M such that F(χrSM , · ) has the same number

of zeros, in U , as F(V, · ). It means that ∆ + χrSM has a resonance in the domain

U ⊂ D+
N \ Res(∆) which is in contradiction with the previous part. Therefore, on

D+
N ,

Res(∆ + V ) ⊂ Res(∆).

Remark 3.11 In [Chr08], Christiansen proves the inclusion, Res(∆+V ) ⊂ Res(∆),

without using the shift created by the potential V on the isotypical components of

L2(X) but with regularized determinant and an hypothesis of analycity: W (z) :=∑∞
m=1 zmVm should be holomorphic in a domain of C containing the closed disc of

center 0 and radius one.

3.5 Persistence of Resonances

In order to achieve the proof of Theorem 3.1, we have to show that the points in

Res(∆) ∩ D+
N are also resonances of ∆ + V with the same multiplicity. To make this,

we will use Agmon’s perturbation theory of resonances [Agm98].

Let λ0 ∈ D+
N be a resonance of ∆ with multiplicity m. Let U ⊂ D+

N with smooth

boundary Γ such that U ∩ Res(∆) = {λ0}. If V satisfies the hypothesis of Theo-

rem 3.1 then for all t ≥ 0, tV satisfies these hypothesis too. So we can apply the result

of the previous part: for all t ≥ 0, Res(∆ + tV ) ⊂ Res(∆) and thus

Res(∆ + tV ) ∩U ⊂ {λ0}.

Let E := {t0 ≥ 0 : ∀t ∈ [0, t0], Res(∆+ tV )∩U = {λ0} with multiplicity m}; we are

going to prove by connectivity that E is in fact equal to [0, +∞[. First it is not empty

because 0 ∈ E by definition of λ0.
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We take t0 ∈ E, and we want to establish the existence of δ > 0 such that

]t0 − δ, t0 + δ[ ⊂ E. Following the theory of Agmon [Agm98], we begin with the

definition of the Banach space

BΓ =
{

f ∈ ρ−N L2(X) : f = g +
∫

Γ
R̃t0V (ξ)Φ(ξ) dξ,

g ∈ ρN L2(X),Φ ∈ C(Γ, ρN L2(X))
}

,

where C(Γ, ρN L2(X)) is the space of continuous functions on Γ with values in

ρN L2(X). On the space BΓ we take the norm

‖ f ‖BΓ
= inf

g,Φ
(‖g‖ρN L2(X) + ‖Φ‖C(Γ,ρN L2(X))),

where the infimum is taken among all the g ∈ ρN L2(X) and the Φ ∈ C(Γ, ρN L2(X))

such that f = g +
∫

Γ
R̃t0V (ξ)Φ(ξ)dξ. On this Banach space, still following Agmon,

we can define the operator (∆ + t0V )Γ : D((∆ + t0V )Γ) → BΓ. It is a restriction of

∆ + t0V in the sense that

(∆ + t0V )Γu = (∆ + t0V )u, u ∈ D((∆ + t0V )Γ),

where ∆ + t0V is the closure of the operator ∆ + t0V viewed as an operator densely

defined in ρ−N L2(X). Agmon proves that (∆ + t0V )Γ has a discrete spectrum in U

that is exactly the set of the poles of R̃t0V , i.e., the resonances of ∆ + t0V , with the

same multiplicities.

Next, with the condition BN,ρ, the family tV verifies all the hypothesis in order

to apply the “perturbation” part of the paper [Agm98]. We perturb ∆ + t0V by tV .

So there exists δ > 0 such that, for all t ∈ ]−δ, δ[, we can define in BΓ the operator

(∆+t0V +tV )Γ. Moreover, for all t ∈ ]−δ, δ[, (∆+t0V +tV )Γ has a discrete spectrum

in U which is exactly the set of the poles of R̃t0V +tV with the same multiplicities.

Now our problem becomes a problem of eigenvalues. Using Kato’s perturbation

theory of eigenvalues [Kat66], we know that, perhaps taking a smaller δ, the eigenval-

ues of (∆ + t0V + tV )Γ in U are continuous for all t ∈ ]−δ, δ[. As these eigenvalues

are also resonances of ∆ + t0V + tV , λ0 is the unique possibility. So λ0 is the unique

eigenvalue in U of (∆ + t0V + tV )Γ for all t ∈ ]−δ, δ[ with constant multiplicity.

Therefore, thanks to the parallel established before, λ0 is the unique resonance in

U of ∆ + t0V + tV for all t ∈ ]−δ, δ[ with constant multiplicity. It signifies that

]t0 − δ, t0 + δ[ ⊂ E and so E is an open set.

We can prove that E is also a closed set doing the same proof with the complemen-

tary set of E. If t0 is not in E, then λ0 is a resonance of ∆ + t0V with a multiplicity

not equal to m (it can be 0). Perturbing this operator by tV and using Agmon’s cor-

respondence, we can prove that λ0 is a resonance of ∆ + tV with a multiplicity not

equal to m for all t in a neighbourhood of t0.

In conclusion, E = [0, +∞[ and we can take t0 = 1 to obtain, in U , Res(∆+V ) =

Res(∆) with the same multiplicity. To finish, we have to do the same work in the

neighbourhood of any resonance of the free Laplacian. This completes the proof of

Theorem 3.1.
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3.6 An Example where the Order of Resonances Grows

The isoresonant potentials introduced in Theorem 3.1 cannot be detected by only

observing the set of resonances and their multiplicities. We can wonder if their exis-

tence can be seen through the order of the resonances. We are going to prove, in an

example, that there exist potentials verifying Theorem 3.1 which change the order of

resonances.

We consider the hyperbolic plane H
2 with the model R

+ × S
1, the coordinates

(r, θ) and the metric g = dr2 + sh(r)2dθ2. We have already said that the resonances

of the free Laplacian are all the negative integers and the multiplicity of −k, k ∈ N,

is 2k + 1 (see [GZ95a]). Moreover the order of these resonances is one. We denote

F :=
{

Vm(r)eim θ : m ∈ Z \ {0},Vm ∈ L∞
c (R

+)
}

, each of which is a family of

isoresonant potentials by Theorem 3.1.

Proposition 3.12 Let H
2 be the hyperbolic plane and k a strictly positive integer. There

exists a potential V ∈ F :=
{

Vm(r)eim θ : m ∈ Z \ {0},Vm ∈ L∞
c (R

+)
}

such that −k

is a resonance of ∆ + V with an order strictly greater than one.

Proof Let k ∈ N \ {0}, we suppose, ad absurdum, for all V ∈ F, −k is a resonance

of order one of ∆ + V .

For all V ∈ F, the resolvent
(
∆ + V − λ(1 − λ)

)−1
has a meromorphic contin-

uation R̃V on D+
N = {λ ∈ C; Re λ > 1

2
− N} as an operator from B0 := ρN L2(H

2)

to B1 := ρ−N L2(H
2) where ρ is a boundary defining function of a compactification

of H
2. We take N sufficiently large to have −k ∈ D+

N . B0 and B1 are dual, thanks to

the nondegenerate symmetric form

〈u, v〉 =

∫

Hn

uv dvol(g).

We remark that, for all t ∈ R and all V ∈ F, we have tV ∈ F. With our hypothesis,

for λ in a neighbourhood of −k we have

R̃tV (λ) = (λ + k)−1S(t) + H(t, λ),

where H(t, · ) is holomorphic with values in L(B0, B1) and S(t) ∈ L(B0, B1) has a

finite rank.

We apply the Agmon’s perturbation theory of resonances. Consider a domain

U ⊂ D+
N with smooth boundary Γ such that U ∩ Res(∆) = {−k}. We have the

corresponding Banach space,

BΓ =

{
f ∈ B1 : f = g +

∫

Γ

R̃0(ξ)Φ(ξ) dξ, g ∈ B0,Φ ∈ C(Γ, B0)
}

,

with B0 ⊂ BΓ ⊂ B1.

Then there exists δ > 0 such that, for all V ∈ F and all t ∈ ]−δ, δ[, we can define

the operators (∆+tV )Γ in BΓ and their resolvents RΓ
tV . Thanks to [Agm98], we know
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that (∆ + tV )Γ has a discrete spectrum in U which correspond to the resonances of

∆ + tV in U with the same multiplicities and orders. So for λ near −k in U we have

(3.2) RΓ

tV (λ) = (λ + k)−1SΓ(t) + HΓ(t, λ),

with HΓ(t, · ) holomorphic with values in L(BΓ) and SΓ(t) ∈ L(BΓ) of finite rank.

Still following [Agm98] we know that S(t) and SΓ(t) have the same range and they

coincide on B0.

Let V ∈ F, for all t ∈ ]−δ, δ[ and φ ∈ BΓ we define ψ(t) := SΓ(t)φ. From (3.2)

we obtain for all t ∈ ]−δ, δ[,

(
(∆ + tV )Γ + k(k + 1)

)
ψ(t) = 0.

ψ(t) is differentiable in t like SΓ(t) (because

SΓ(t) =
1

2πi

∫

Γ

(
∆

Γ + tV − λ(1 − λ)
)−1

dλ),

so we can differentiate the last equality at t = 0 and get

Vψ(0) +
(
∆

Γ + k(k + 1)
)
ψ ′(0) = 0.

Compose this new equality with SΓ(0), using

SΓ(0)
(
∆

Γ + k(k + 1)
)

=
(
∆

Γ + k(k + 1)
)

SΓ(0) = 0,

SΓ(0) =
1

2πi

∫

Γ

(
∆

Γ − λ(1 − λ)
)−1

dλ,

and the fact that −k(k + 1) is an eigenvalue of order one of ∆
Γ, we obtain

SΓ(0)Vψ(0) = 0.

As ψ(0) ∈ Ran SΓ(0) = Ran S(0), there exists f0 ∈ B0 such that ψ(0) = S(0) f0 =

SΓ(0) f0. Moreover SΓ(0)Vψ(0) ∈ BΓ ⊂ B1, so we can evaluate

〈SΓ(0)Vψ(0), f0〉 = 0.

Next, as the Laplacian is a real operator, it is symmetric for 〈 · , · 〉. Thus the re-

solvent, R̃0(λ), is symmetric too, first for Re(λ) > 1
2

and after in all D+
N by analytic

continuation. In conclusion SΓ(0) is symmetric for 〈 · , · 〉. So

〈Vψ(0), SΓ(0) f0〉 = 〈Vψ(0), ψ(0)〉 = 0,

and we have that equality for all V ∈ F.

Thus, for all m ∈ Z \ {0} and all Vm ∈ L∞
c (R

+) we have

∫ 2π

0

eim θ

∫

R+

Vm(r)ψ(0)2(r, θ) dvol(g) = 0.
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This implies that for all the resonant states ψ(0) of the free Laplacian, ψ(0)2 does not

depend on θ. But, considering the expression of the hyperbolic Laplacian and taking

its decomposition corresponding to
⊕

ℓ∈Z

(
L2(R

+, sh rdr) ⊗ eiℓθ
)

, we have resonant

states of the form ψ(0)(r, θ) = ψℓ(r)eiℓθ where |ℓ| ≤ k and ψℓ are hypergeometric

functions (see the annexe of [GZ95b]). Then for ℓ 6= 0, ψ(0)2 depend on θ; we have

our contradiction.

Finally, there exists V ∈ F such that −k is a resonance of ∆ + V of order strictly

greater than one.

4 SO(n) Symmetries

This time we consider an isometric action of SO(n) on a complete Riemannian man-

ifold (X, g) of dimension n ≥ 3. Contrary to the case S
1, SO(n) is not commutative,

so we don’t have a simple description of the isotypical components. To have a shift

we add a hypothesis.

Condition C The isometric action of SO(n) on (X, g) has a fixed point O and

the polar coordinates with pole O define a diffeomorphism from X \ {O} to

R
+ \ {0} × S

n−1.

With this condition, in the polar coordinates the metric g becomes:

dr2 + f (r)dω2, (r, ω) ∈ R
+ × S

n−1,

where dω2 is the metric on the (n − 1)-sphere in R
n. For example with f (r) = r2

we have the Euclidean space and, with f (r) = sh(r)2, the hyperbolic space. If f is

independent of r outside a compact then (X, g) is a manifold with a cylindrical end

of section S
n−1.

With the condition C we have

L2(X) =
⊕
k∈N

L2(R
+) ⊗ Hk,

where Hk
= Ker

(
∆Sn−1 − k(k + n − 2)

)
, k ∈ N, be the eigenspaces of the Laplacian

on S
n−1. The action of SO(n) on X induces a representation of SO(n) on L2(X) ≃

L2(R
+)⊗L2(S

n−1) which only acts on the factor L2(S
n−1), so on the Hk. Moreover the

restriction of this representation to each Hk is irreducible (cf. [BGM71]). The shift

that we will use in order to construct isoresonant potentials, will appear on these Hk.

4.1 Representation

The group action of SO(n) on L2(X) induces an action of its Lie algebra, son. We can

describe this action with the following operators,

Dξ f (x) :=
d

dt
f (e−tξ.x)|t=0, ξ ∈ son, f ∈ L2(X), x ∈ X.

We consider the complexification of the Lie algebra son, g := soC

n = son + ison. Let

h be one of the Cartan subalgebras of g, i.e., one of the maximal Abelian subalgebras
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of g. Let us describe h as a subalgabra of gl(C
n). h is the Lie algebra whose basis is

(ζk)1≤k≤p, where p is the integer part of n
2

and ζk has all its entries null except the kth

2 × 2-block, which is (
0 i

−i 0

)
.

Let (ωk) be the dual basis of (ζk) in h∗.

Remember that g acts on itself by the adjoint representation:

ad(Y ) : Z → [Y, Z], (Y, Z) ∈ g2.

We consider the following scalar product,

〈Y, Z〉 = Tr
(

ad(Y ) ◦ ad(Z)
)
, (Y, Z) ∈ g2

where the conjugation is defined by U + iV = −U + iV with real U and V . So,

for all Y, Z ∈ g, [Y, Z] = −[Y , Z]. With this we remark that, for all ξ ∈ h, we

have ξ = ξ and thus ad(ξ) is selfadjoint (cf. [Sim96, p. 177]). So {ad(ξ); ξ ∈ h} is a

family of selfadjoint operators on g which commute together. We can simultaneously

diagonalize them and decompose g according to the eigenspaces.

We obtain g = h ⊕ ⊕
gα where the sum is over a finite set of α ∈ h∗ which are

the roots of g and we denote gα := {X ∈ g : ad(ξ)(X) = α(ξ)X,∀ξ ∈ h}, which

are the root spaces (they are all one dimensional, cf. [Sim96, p. 180]). Let Λ ⊂ h∗ the

integer lattice generated by the roots. In Λ we choose a lexicographical order “º”,

with ω1 º · · · º ωp. Then we denote g+ :=
⊕

α≻0 gα (respectively g− :=
⊕

α≺0 gα)

the subalgebra of g generated by root spaces with positive root (respectively negative).

So we have g = h ⊕ g+ ⊕ g−. For a general theory see [Sim96, chapter VIII].

We come back to the irreducible representation Hk. It has a decomposition ac-

cording to the action of h:

Hk
=

⊕

ωk
Min¹ω¹ωk

max

Hk
ω,

where the sum is over a finite set of h∗, and these ω are the weights of Hk and the

corresponding weight spaces, Hk
ω , are defined by

Hk
ω = { f ∈ Hk : Dξ f = ω(ξ) f ,∀ξ ∈ h}.

We will need the following lemma.

Lemma 4.1 If f ∈ Hk
ω and if ξ ∈ gα, then Dξ f ∈ Hk

ω+α.

Proof For all ζ ∈ h, we have

Dζ(Dξ f ) = Dξ(Dζ f ) + D[ζ,ξ] f .

But [ζ, ξ] = ad(ζ)(ξ) = α(ζ)ξ, because ξ ∈ gα, and Dζ f = ω(ζ) f by definition of

Hk
ω . So

Dζ(Dξ f ) = ω(ζ)Dξ f + α(ζ)Dξ f = (ω + α)(ζ)(Dξ f ).
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We define particular vectors in the Hk, k ∈ N, that will be used to create the

necessary shift.

Definition 4.2 A nonzero vector v ∈ Hk is a highest weight vector if it is an eigen-

vector for the action of all the Dξ , ξ ∈ h, and it is in the kernel of all the Dξ , ξ ∈ g+.

As g is semi-simple and Hk is an irreducible representation of it, there is a unique

highest weight vector up to scalar: we note it by vk
max. In fact Hk

αk
max

is one dimensional,

generated by vk
max. With our choice, vk

max can be calculated explicitly (see [Aut08]):

vk
max ◦ φ(x1, . . . , xn) = (x1 + ix2)k,

where φ : R
+ \ {0} × S

n−1 → X \ {O} is the diffeomorphism of Condition C and

(x1, x2, . . . , xn) are the standard coordinates of R
n restricted to S

n−1.

We will need the following lemma.

Lemma 4.3

Hk
ωk

max
= Hk ∩

( ⋂
ξ∈g+

Ker Dξ

)
.

Proof The first inclusion Hk
ωk

max
⊂ Hk ∩

(⋂
ξ∈g+

Ker Dξ

)
is the definition of a highest

weight vector.

Let u ∈ Hk ∩
(⋂

ξ∈g+
Ker Dξ

)
, so u ∈ Hk

=
⊕

ωk
Min¹ω¹ωk

max
Hk

ω and we write

u =
∑

ωk
Min¹ω¹ωk

max
uω with uω ∈ Hk

ω . For all ξ ∈ gβ with β ≻ 0, we have, thanks to

Lemma 4.1, Dξuω ∈ Hk
α+β . By hypothesis, we have

Dξu =

∑

ωk
Min¹ω¹ωk

max

Dξuω = 0,

and, as the previous sum is direct, we get for all ω,

∀ξ ∈ g+ Dξuω = 0.

Moreover, for all ω, by the definition of Hk
ω , uω is an eigenvector for the action of all

the Dξ , ξ ∈ h. Thus by the definition of a highest weight vector, we have uω = 0

except for uωk
max

, and in conclusion u ∈ Hk
ωk

max
.

4.2 Isoresonant potentials

Let

L2(X)+
=

⊕
k∈N

L2(R
+) ⊗ Hk

ωk
max

and note Pk the corresponding projections into L2(R
+) ⊗ Hk

ωk
max

.
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Theorem 4.4 Let (X, g) a Riemannian manifold of dimension n ≥ 3, with an isomet-

ric action of SO(n), verifying condition C. We assume that we have condition AN,ρ for

some N > 0 with a function ρ invariant under the action of SO(n).

Let V be the potential,

V =

∞∑

k=1

Vk

where Vk ∈ L2(R
+) ⊗ Hk

ωk
max

and supk ‖Vk‖∞ < +∞. If V verifies condition BN,ρ, and

for all λ ∈ D+
N \Res(∆), ρ−(N+1)V R̃0(λ)ρN is in a Schatten class Sq, q ∈ N\{0}, then,

in D+
N , Res(∆ + V ) = Res(∆) with the same multiplicities.

The Euclidean space R
n, the hyperbolic space H

n, asymptotically hyperbolic

spaces and manifolds with asymptotically cylindrical ends with an action of SO(n),

are examples where this theorem can be applied.

Remark 4.5 If X has an isometric action of SO(n) it has also an isometric action

of S
1. With Condition C, X is diffeomorphic to R

+ \ {0} × S
n−1 and SO(n) acts on

the factor S
n−1. Taking, on S

n−1, the hyperspherical coordinates (φ1, . . . , φn−1) ∈
[− π

2
, π

2
]n−2 × [0, 2π), we can consider the action of S

1 on X, corresponding to one

of the inclusions S
1 ⊂ SO(n), defined by

eiθ.(r, φ1, . . . , φn−1) = (r, φ1, . . . , φn−1 − θ).

If we consider the components Vk ∈ L2(R
+) ⊗ Hk

ωk
max

of V , they have the following

form

Vk(r, φ1, . . . , φn−1) = sk(r)vk
max(φ1, . . . , φn−1) = sk(r)

( n−2∏
i=1

cos φi

) k

eikφn−1 .

In fact we have vk
max = (x1 + ix2)k with x1 = (

∏n−2
i=1 cos φi) cos φn−1 and x2 =

(
∏n−2

i=1 cos φi) sin φn−1. So Vk is S
1 homogeneous of weight k for the previously de-

scribed S
1 action.

In conclusion, the family of potentials constructed thanks to the action of SO(n)

is included into the potentials constructed with the action of S
1.

So, why look at the SO(n) action? In fact, as we will see, using the SO(n) action

simplifies the proof of isoresonance. In particular we don’t need the lower bound of

the spectrum of the Laplacian on functions of weight j, i.e., Proposition 3.4. This

allows us to add to the free Laplacian a real SO(n)-invariant potential V0 not com-

pactly supported but just decreasing at infinity in order to continue RV0
(compare

with Remark 1.3 in the introduction).

In order to prove Theorem 4.4, first, note that Vk maps L2(R
+) ⊗ Hℓ

ωℓ
max

into

L2(R
+) ⊗ Hℓ+k

ωℓ+k
max

. As for the action of S
1, this shift will be the key to the proof.
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4.3 From L2(X) to L2(X)+

Let χ ∈ C∞
c (X) invariant under the action of SO(n). As for the circular action we

begin studying Res(∆+χV ), on D+
N . We can write the Lipmann–Schwinger equation

and get that if λ0 ∈ Res(∆ + χV ) ∩
(

D+
N \ Res(∆)

)
then there exists a nontrivial

u ∈ L2(X) such that (
I + ρ−NχV R̃0(λ0)ρN

)
u = 0.

We want to prove that we can choose u in L2(X)+.

Lemma 4.6 For λ0 ∈ Res(∆ + χV ) ∩
(

D+
N \ Res(∆)

)
, there exists a nontrivial

w ∈ L2(X)+ such that (
I + ρ−NχV R̃0(λ0)ρN

)
w = 0.

Proof As ρ−NχV R̃0(λ0)ρN : L2(X) → L2(X) is a compact operator, we have H−1 :=

Ker
(

I + ρ−NχV R̃0(λ0)ρN
)

is finite dimensional.

In addition, for all ξ ∈ g+, Dξ maps H−1 into itself. Indeed, by definition of

highest weight vector, we have DξV =
∑∞

k=1 DξVk = 0. Moreover, as the action

of SO(n) is isometric, Dξ commutes with the Laplacian and so with R̃0(λ0). The

operator Dξ commutes also with ρ and χ because they are SO(n)-invariant. So, if

u ∈ H−1 then u = −ρ−NχV R̃0(λ0)ρN u and

Dξu = −ρ−NχDξ

(
V R̃0(λ0)ρN u

)

= −ρ−Nχ
(

Dξ(V )R̃0(λ0)ρN u + V Dξ(R̃0(λ0)ρN u)
)

= −ρ−NχV R̃0(λ0)ρN Dξu,

and finally Dξu ∈ H−1.

So H−1 is a finite representation of g+. Moreover g+ is a nilpotent algebra. It

comes from the fact that there is only a finite number of positive roots of g and from

the following calculation: if ξ ∈ gα and ζ ∈ gβ then ad(ξ)(ζ) ∈ gα+β . To see this, for

all σ ∈ h, we have

ad(σ)([ξ, ζ]) =
[
σ, [ξ, ζ]

]
=

[
ξ, [σ, ζ]

]
+

[
[σ, ξ], ζ

]

= [ξ, β(σ)ζ] + [α(σ)ξ, ζ]

= (α + β)(σ)[ξ, ζ].

Then by Engel’s theorem (see [FH91, p. 125]) there exists a nonzero vector w ∈ H−1

such that Dξw = 0 for all ξ ∈ g+.

We can decompose w:

w =

∑

k∈N

wk, wk ∈ L2(R
+) ⊗ Hk,

and for ξ ∈ g+ we have

Dξw =

∑

k∈N

Dξwk = 0,
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with Dξwk ∈ L2(R
+) ⊗ Hk. As the previous sum is direct, we have, for all k, wk ∈

(L2(R
+) ⊗ Hk) ∩ (

⋂
ξ∈g+

Ker Dξ). But with Lemma 4.3 we have

(
L2(R

+) ⊗ Hk
)
∩

( ⋂
ξ∈g+

Ker Dξ

)
= L2(R

+) ⊗ Hk
ωk

max
.

In conclusion, for all k, wk ∈ Hk
ωk

max
and w ∈ L2(X)+.

4.4 The End of the Proof of Theorem 4.4

We assume that there exists λ0 ∈ Res(∆ + χV ) ∩
(

D+
N \ Res(∆)

)
, and we take a

nontrivial w ∈ L2(X)+, whose existence is given by Lemma 4.6 and which satisfies

(
I + ρ−NχV R̃0(λ0)ρN

)
w = 0.

For all j ∈ N, we denote w j := P jw ∈ L2(R
+) ⊗ H

j

ω
j
max

. The P j commute with ρ,

χ because they are both invariant under the action of SO(n) and R̃0(λ0) because the

action is isometric. We have

w j = P j

(
−ρ−NχV R̃0(λ0)ρN w

)
= −

∞∑

k=1

ρ−2NχP j

(
Vkρ

N R̃0(λ0)ρN w
)
.

Moreover we have already seen that, for all ξ ∈ g+, Dξ commute with R̃0(λ0) and ρ.

Thus, if w ∈ L2(X)+ then ρN R̃0(λ0)ρN w ∈ L2(X)+ and we have ρN R̃0(λ0)ρN w =∑∞
ℓ=0 Pℓ

(
ρN R̃0(λ0)ρN w

)
.

We use the shift created by highest weight vectors, i.e.:

Vk : L2(R
+) ⊗ Hℓ

ωℓ
max

→ L2(R
+) ⊗ Hℓ+k

ωℓ+k
max

.

So

w j = −
∞∑

k=1

ρ−2NχVkP j−k

(
ρN R̃0(λ0)ρN w

)
= −

∞∑

k=1

ρ−2NχVkρ
N R̃0(λ0)ρN P j−k(w).

Thanks to the hypothesis supk ‖Vk‖∞ < +∞, the operators ρ−2NχVkρ
N R̃0(λ0)ρN

are uniformly bounded in k, and consequently there exists a constant C such that for

all j ∈ N,

‖w j‖ ≤ C

∞∑

k=1

‖w j−k‖.

With this inequality and the fact that w j = 0 for all j ≤ 0, we get w j = 0 for all

j ∈ N, and thus w = 0 which is in contradiction with our hypothesis.

Finally we have proved that for all χ ∈ C∞
c (X) invariant under the action of

SO(n), we have D+
N ∩ Res(∆ + χV ) ⊂ Res(∆).
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In a second part we pass from χV to V as in the case of the S
1 action. We intro-

duce a family of smooth and compactly supported functions (χr) invariant under the

action of SO(n) such that ‖(χr − 1)ρ‖∞ tends to 0 when r tends to +∞. We use the

assumption ρ−(N+1)V R̃0(λ)ρN ∈ Sq in order to characterize the resonances of ∆ + V

as the zeros of the holomorphic function in λ, F(V, λ) := detq

(
I + ρ−NV R̃0(λ)ρN

)
.

Finally with Rouché’s theorem we prove that if R̃V has a pole in D+
N \ Res(∆) then

there exists r such that R̃χrV has also a pole which is in contradiction with the previous

part. So D+
N ∩ Res(∆ + V ) ⊂ Res(∆).

To conclude, we prove that D+
N ∩ Res(∆) ⊂ Res(∆ + V ), and in fact the equality

with multiplicity, using Agmon’s perturbation theory of resonances exactly in the

same way as in the case S
1. This achieves the proof of Theorem 4.4.

5 Isoresonant Potentials on the Catenoid

We are going to construct isoresonant potentials on the catenoid. In this case we

use complex scaling defined by Wunsch and Zworski in [WZ00] instead of Agmon’s

theory.

5.1 Statement of the Result

The catenoid is the surface X diffeomorphic to the cylinder R × S
1 with the metric

g = dr2 + (r2 + a2)dα2, where (r, eiα) ∈ R × S
1 and a ∈ R \ {0}. We take x =

1
|r|

outside {r = 0} as the function defining the boundary at infinity of X, ∂∞X, which

is two copies of S
1. Near the boundary, we have

g =
dx2

x4
+

(1 + a2x2)dα2

x2
;

it’s a scattering metric in Melrose’s sense [Mel95].

The catenoid is an example in the Wunsch and Zworski article [WZ00], so we

can use their results. They proved that there exists θ0 > 0 such that the resol-

vent of the free Laplacian, (∆ − z)−1, has a finite-meromorphic continuation from

{z ∈ C : Im z < 0} to {z ∈ C : arg z < 2θ0} with values in operators from L2
c (X) to

H2
loc(X). We denote this continuation by R̃0. As in the previous part we call its poles

resonances and we denote their set by Res(∆).

The group S
1 acts isometrically on X by its trivial action on the factor

S
1: eiβ .(r, eiα) = (r, ei(α+β)). Using this action we are going to construct isoresonant

potentials.

Theorem 5.1 Let X be the catenoid
(

R×S
1, dr2 +(r2 +a2)dα2

)
with (r, eiα) ∈ R×S

1

and a ∈ R \ {0}. Take x =
1
|r| outside {r = 0} as the function defining the boundary

at infinity of X. Let V ∈ xL∞(X) defined by

V (r, eiα) =

∞∑

m=1

Vm(r)eim α, (r, eiα) ∈ R × S
1,
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where, for all m, Vm ∈ L∞(R). Assume that, in a neighborhood of ∂∞X, V (x, eiα) with

all its partial sums have an analytic continuation in U × W , where U is an open set of

C including {ζ ∈ C : |ζ| ≤ 1, 0 ≤ arg ζ ≤ θ0} with θ0 > 0 and W is a neighborhood

of S
1 in C. Also assume that, in X and in all compacts of U ×W , the partial sums of V

tend to V in infinite norm.

Then the resolvent (∆ + V − z)−1 has a finite-meromorphic continuation from

{z ∈ C : Im z < 0} to {z ∈ C : arg z < 2θ0} with values in operators from L2
c (X) to

H2
loc(X). Moreover, in this open set, Res(∆+V ) = Res(∆) with the same multiplicities.

The following is an example of isoresonant potential on the catenoid:

V (x, eiα) =
xeiα

1 − ρeiα
= x

∞∑

m=1

ρm−1eim α,

with 0 ≤ ρ < 1 and U = C, W = {ω ∈ C : |ω| < ρ−1}.

5.2 Complex Scaling

We will use the complex scaling twice: to continue the resolvent of ∆+V , and to study

perturbations of resonances. So we begin with the description of this construction.

We will follow [WZ00], where the construction is done for the free Laplacian. It is

also valid when we add a potential V ∈ xL∞(X).

We begin with the construction of a family (Xθ)0≤θ≤θ0
of submanifolds of C × C

with the θ0 of the statement of Theorem 5.1. They will be totally real (i.e., for all

p ∈ Xθ, TpXθ ∩ iTpXθ = {0}) and of maximal dimension. We define them as

follows.

Let ǫ > 0 and (t0, t1) ∈ ]0, 1[2 with t0 < t1. Then there exists a smooth deforma-

tion of [0, 1) in U , denoted by γθ(t), t ∈ [0, 1), satisfying the following properties:

γθ(t) = teiθ for 0 ≤ t < t0

γθ(t) ≡ t for t > t1

arg γθ(t) ≥ 0(5.1)

0 ≤ arg γθ(t) − arg γ ′
θ(t) ≤ ǫ

0 ≤ 2 arg γθ(t) − arg γ ′
θ(t) ≤ θ + ǫ.

Now we can define Xθ := (γθ × ∂∞X) ∪ (X ∩ {x ≥ 1}).

On a neighborhood of ∂∞X, the metric g has the form dx2

x4 + h
x2 where h =

(1 + a2x2)dα2 continues holomorphically to U × W . So consider PV := ∆ + V ,

which is first an operator on X. If V verifies the hypothesis of Theorem 5.1, then its

coefficients continue holomorphically in U × W . We denote by P̃V the differential

operator coming from this continuation. Since Xθ is totally real and of maximal di-

mension, we can define without ambiguity (cf. [SZ91]) the differential operator PV
θ

by

∀u ∈ C∞(Xθ), PV
θ u = (P̃V ũ)|Xθ
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where ũ is an almost analytic extension of u, that is

ũ ∈ C∞(U ×W ), ũ|Xθ
= u, ∂ũ|Xθ

= O
(

d( · , Xθ)N
)
, for all N.

We have

Proposition 5.2 With V ∈ xL∞(X), for all 0 ≤ θ ≤ θ0, PV
θ has a discrete spectrum

in C \ e2iθ
R

+. Moreover, for θ such that 0 ≤ θ2 ≤ θ ≤ θ0, the spectrum of PV
θ in

{0 ≤ arg z < 2θ2} with its multiplicity do not depend on θ. This spectrum doesn’t

depend too on the choice of a γθ verifying (5.2).

Proof Following exactly the Wunsch and Zworski proof in [WZ00] we can prove

that, for all z ∈ C \ e2iθ
R

+, PV
θ − z : H2(Xθ) → L2(Xθ) is a Fredholm operator with

index zero. The unique difference is the presence of our potential V . But since it is

null at the boundary of Xθ (= ∂∞X), it doesn’t change the principal symbol and the

normal symbol of ∆θ − z.

5.3 Continuation of the Resolvent

We want to get the meromorphic continuation of the resolvent RV (z) := (∆ + V −
z)−1 from {z ∈ C : Im z < 0} to {z ∈ C : arg z < 2θ0} with values in operators from

L2
c (X) to H2

loc(X).

Let z with arg z < 2θ0 which is not an eigenvalue of PV
θ0

. Take f ∈ L2
c (X). With

Proposition 5.2, we can choose γθ0
and more precisely the t1 in Definition 5.2 such

that on the support of f , Xθ0
coincides with X. Then f ∈ L2(Xθ0

), and there exists an

unique solution uθ0
∈ H2(Xθ0

) of

(PV
θ0
− z)uθ0

= f .

We state a lemma whose proof is given in [SZ91].

Lemma 5.3 Let Ω ⊂ C
n be an open set, K ⊂ Ω compact, and Xt , t ∈ [0, 1], a

continuous family of totally real submanifolds of Ω of maximal dimension such that

Xt ∩ (Ω \ K) = Xt ′ ∩ (Ω \ K) for all t, t ′ ∈ [0, 1]. Let P̃ a differential operator with

holomorphic coefficients in Ω such that PXt
(the restriction of P̃ on Xt ) is elliptic for all

t ∈ [0, 1]. If u is a distribution on X0 and if PX0
u continues as a holomorphic function

on a neighborhood of
⋃

t∈[0,1] Xt , then the same is true for u.

In our case, f has a holomorphic continuation to
⋃

θ∈[0,θ0] Xθ, because deforma-

tions occur outside its support. Since PV
θ − z is elliptic for all θ ∈ [0, θ0], we can

apply Lemma 5.3 and get a holomorphic continuation of uθ0
on

⋃
θ∈[0,θ0] Xθ. We

denote this continuation by G.

Then we define the continuation to the resolvent by

R̃V (z) f = G|X0
∈ H2(X).
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Now take z0 to be an eigenvalue of PV
θ0

; then it is also an eigenvalue PV
θ for all

arg z0 < 2θ ≤ 2θ0. For z near z0 and θ such that arg z < 2θ we have the Laurent

expansion

(PV
θ − z)−1

=

M(z0)∑

j=1

Aθ
j (z0)

(z − z0) j
+ Hθ(z, z0),

where Aθ
j (z0) are finite rank operators and Hθ(z, z0) is holomorphic in z near z0. Still

following [WZ00], we obtain that the continued resolvent has, near each of its poles,

a Laurent expansion with exactly the same form.

In conclusion, a resonance z0 ∈ {arg z < 2θ0} of ∆X + V , which is first defined as

poles of the continuation of the resolvent, is also characterized as an element of the

spectrum of a PV
θ with arg z0 < 2θ ≤ 2θ0. Multiplicities and orders are the same in

the two visions, so, thanks to Proposition 5.2, they do not depend on the chosen θ.

5.4 Proof of the Isoresonance

5.4.1 Localization of Resonances for the Truncated Partial Sums of V

Let SM(r, eiα) =
∑M

m=1 Vm(r)eim α and χ ∈ C∞
c (X), S

1 invariant. In this part we will

prove Res(∆ + χSM) ⊂ Res(∆) in D+ := {z ∈ C : arg z < 2θ0}.

We take another S
1 invariant cutoff function χ1 ∈ C∞

c (X) such that χ1 = 1 on

the support of χ. Then we have, for z ∈ D+ \ Res(∆),

(∆ + χSM − z)R̃0(z)χ1 = χ1

(
I + χSMR̃0(z)χ1

)
.

Also χSMR̃0(z)χ1 is a holomorphic family of compact operators in D+ \ Res(∆)

such that

‖χSMR̃0(z)χ1‖ < 1

with |z| sufficiently large in {z ∈ C : Im z < 0}. So we can apply the Fredholm

analytic theory and get (I + χSMR̃0(z)χ1)−1 and thus R̃χSM
(z) := (∆ + χSM − z)−1

meromorphic in D+ \ Res(∆). Moreover, in D+ \ Res(∆), we can characterize poles

of R̃χSM
, that is resonances, by the existence of a nontrivial u ∈ L2(X) solution of

(I + χSMR̃0(z)χ1)u = 0.

Now we prove that this nontrivial solution u can’t exist. It is exactly the same

proof than for Theorem 3.1. We use the shift created by the components Vm(r)eim α

on the spaces L2
j (X). We just have to verify that R̃0 commutes with the action of S

1

in order to have the commutation with the projectors P j . For that, remember that

the complex scaling doesn’t touch the factor ∂∞X of the catenoid and S
1 only acts on

this factor. So the action of S
1 is isometric on all the Xθ and so it commutes with R̃0.

Finally we get Res(∆ + χSM) ⊂ Res(∆) in D+.
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5.4.2 Localization of Resonances for V

We have to control perturbations of resonances when we pass from χSM to V . Instead

of using regularized determinants as before (they were adapted to the weight spaces

ρN L2 but not to cutoff functions), we use complex scaling in order to transform res-

onances into eigenvalues.

Assume, ab absurdum, ∆ + V has a resonance z0 in D+ \ Res(∆). Using complex

scaling, this means: z0 is an eigenvalue of PV
θ with arg z0 < 2θ ≤ 2θ0. Let Ω ⊂

{z ∈ C : arg z < 2θ} \ Res(∆) an open set with a smooth boundary Γ, containing

z0 and such that Ω ∩ Res(∆ + V ) = {z0}. Our aim is to show that there exists an

S
1 invariant cutoff function χ and M such that P

χSM

θ has an eigenvalue in Ω. If we

do that, ∆ + χSM will have a resonance in Ω which will be in contradiction with the

previous part.

We have assumed in Theorem 5.1 that, for all M, SM has an analytic continuation

to U ×W , and V too. Hence we can restrict these two continuations to Xθ and now

work on Xθ. V ∈ xL∞(X), so V tends to 0 when we reach ∂Xθ. Consequently, there

exists χ ∈ C∞
c (Xθ), S

1 invariant, which continues analytically in U × W , such that

‖χV −V‖L∞(Xθ) is as small as we want. With the hypothesis of Theorem 5.1, we also

have that the partial sums SM tend to V on Xθ in infinite norm. Finally there exist χ
as we have just described, and M such that

‖V − χSM‖L∞(Xθ) <
δ2

δ + ℓ
2π

,

where δ−1
= maxz∈Γ ‖(PV

θ − z)−1‖ and ℓ is the length of Γ. We have been inspired

by Gohberg and Krejn in [GK71, Theorem 3.1].

We consider the projectors of L2(Xθ) associated with the generalized eigenspaces

of the two operators that we are comparing:

ΠV =
1

2πi

∫

Γ

(PV
θ − z)−1 dz,

ΠχSM
=

1

2πi

∫

Γ

(P
χSM

θ − z)−1 dz.

We have (P
χSM

θ −z)−1
= (PV

θ −z)−1
(

I+(χSM−V )(PV
θ −z)−1

)−1
. Since δ2/(δ + ℓ

2π ) <
δ for all z ∈ Γ, we can be certain of the convergence in

(P
χSM

θ − z)−1
= (PV

θ − z)−1
(

I +

∞∑

j=1

[(V − χSM)(PV
θ − z)−1] j

)
.

Look at the difference between the two projectors:

ΠχSM
− ΠV =

1

2πi

∫

Γ

(PV
θ − z)−1

∞∑

j=1

[(V − χSM)(PV
θ − z)−1] j dz.
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Hence

‖ΠχSM
− ΠV‖ ≤ ℓ

2π
max
z∈Γ

‖(PV
θ − z)−1‖2 ‖V − χSM‖L∞(Xθ)

1 − ‖(PV
θ − z)−1‖ ‖V − χSM‖L∞(Xθ)

,

but ‖(PV
θ −z)−1‖ ≤ δ−1 by definition of δ and ‖V−χSM‖L∞(Xθ ) < δ2

δ+ ℓ
2π

by hypothesis,

hence 1 − ‖(PV
θ − z)−1‖ ‖V − χSM‖L∞(Xθ) > 1 − δ

δ+ ℓ
2π

and so

‖ΠχSM
− ΠV‖ < 1.

Consequently the ranges of ΠV and ΠχSM
have the same dimension, which is not

zero because z0 is an eigenvalue of PV
θ , so P

χSM

θ has an eigenvalue in Ω, and we have

our contradiction.

5.4.3 Persistence of Resonances

To finish the proof of Theorem 5.1 we have to show that Res(∆) ⊂ Res(∆ + V ) in

D+
= {z ∈ C : arg z < 2θ0}. This time we use the complex scaling instead of

Agmon’s perturbation theory of resonances.

Let z0 ∈ D+ a resonance of ∆ with multiplicity m. We take

Ω ⊂ {z ∈ C : arg z < 2θ0}

a domain such that Ω ∩ Res(∆) = {z0}. We consider the family of operators ∆ + tV

with t ≥ 0. Observe that tV verifies the hypothesis of Theorem 5.1, so we can localize

its resonances as in the previous part, Res(∆ + tV ) ⊂ Res(∆), and thus:

Res(∆ + tV ) ∩ Ω ⊂ {z0}.

We are going to prove, by connectivity, that the set

E :=
{

t0 ≥ 0 : ∀t ∈ [0, t0], Res(∆ + tV ) ∩ Ω = {z0} with multiplicity m
}

,

is equal to [0, +∞[. It is not empty because 0 ∈ E.

Take t0 ∈ E, and θ such that arg z0 < 2θ ≤ 2θ0 and Ω ⊂ {z ∈ C : arg z < 2θ}.

We know by complex scaling that the spectrum of Pt0V
θ in Ω exactly corresponds with

the resonances of ∆ + t0V with the same multiplicities. Hence

Spec(Pt0V
θ ) ∩ Ω = {z0}.

Moreover t → PtV
θ is a holomorphic family in the sens of Kato for t in a complex

neighbourhood of t0 because PtV
θ = ∆θ + tV|Xθ

and V is bounded in Xθ. So its

eigenvalues are continuous for t in a neighbourhood of t0. But with the localization

of the resonances of ∆ + tV we obtain that for all t

Spec(PtV
θ ) ∩ Ω ⊂ {z0},
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so there exists ε > 0, such that for all t ∈ ]t0 − ε, t0 + ε[,

Spec(PtV
θ ) ∩ Ω = {z0},

with multiplicity m. Then, thanks to the complex scaling parallel, we get that for all

t ∈ ]t0 − ε, t0 + ε[

Res(∆ + tV ) ∩ Ω = {z0}

with multiplicity m, and thus ]t0 − ε, t0 + ε[ is included in E which is open.

We show that E is also closed doing the same work with the complementary set of

E in [0, +∞[.

In conclusion, E = [0, +∞[, and taking t = 1 we have, in Ω, Res(∆+V ) = Res(∆)

with the same multiplicities. Doing the same work in the neighbourhood of each

resonance of the free Laplacian we obtain Res(∆ + V ) = Res(∆) with the same

multiplicities in all D+, which finishes the proof of Theorem 5.1.

References

[Agm98] S. Agmon, A perturbation theory of resonances. Commun. Pure Appl. Math. 51(1998),
1255–1309. doi:10.1002/(SICI)1097-0312(199811/12)51:11/12〈1255::AID-CPA2〉3.0.CO;2-O
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