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ON THE DVORETZKY-ROGERS THEOREM

by FUENSANTA ANDREU
(Received 9th April 1983)

The classical Dvoretzky—Rogers theorem states that if E is a normed space for which
IN(E)=1I"{E} (or equivalently I'®,E~I'®,E), then E is finite dimensional (see [12]
p. 67). This property still holds for any /” (1 <p<o0) in place of I' (see [7] p. 104 and
[2] Corollary 5.5). Recently it has been shown that this result remains true when one
replaces I' by any non nuclear perfect sequence space having the normal topology (see
[14]). In this context, De Grande-De Kimpe [4] gives an extension of the Devoretzky-
Rogers theorem for perfect Banach sequence spaces.

In this paper, we show that the Dvoretzky—Rogers theorem holds for any echelon
space of order p(1<p<o0) or order (p,q) (see [1]). We also give a characterization of
the nuclearity for echelon spaces of order (p, ).

1. Preliminaries

All classical notations and properties concerning locally convex spaces and sequence
spaces are taken from [9]. We follow [12] for nuclearity and [10] for tensor products.

We fix the following notations: We denote by K the field of real or complex numbers,
by N the set of positive integers. Given a and f in K we define (a; f) as 0 if §=0 and
/B if B+0. We write |o; B| instead of |(o; B)]. If not specified, in what follows E is a
separated locally convex topological vector space over the field K with topological dual
E'. The spaces ¢y and P (1=<p< ) will represent the classical Banach spaces, whose
definitions and properties can be seen in [9]. If E is a vector space, w(E) is the vector
space of all sequences in E and ¢(E) is the subspace of w(E) of all sequences x=(x;)
which have finitely many non-zero x;. If E is the field K, we write @ and ¢ instead of
o(l§) and ¢(I<) respectively. Given E and F locally convex spaces, the symbol E~F has
the following meaning: E and F are equal as vector spaces and the identity mapping is a
topological isomorphism between them. If 4 is a sequence space, we define

l“:{y=(yj)ew: Y, |xjyi|<oo for all (xj)el}.
=1

If A=(A%% then 4 is called a perfect sequence space. Given a perfect sequence space A
whose topology is defined by the seminorms {p;,ieI} and (E,|| ||) a normed space, we
consider the following generalized sequence spaces (see [3], [11] and [13])

AE]={x=(x;)ew(E):({x;,up)ei forall uekE'},
105
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provided with the e-topology defined by the seminorms:

gi(x)=sup {p:(<x;,ud):uelU®, iel,

U° being the polar set in E’ of the closed unit ball U of E. If x=(x;) ew(E), the sections
of x are defined by

n
(m _
x —,Z Xjéj
j=1

for every neN, ¢; being the sequence (5;;). The subspace of A[E] of all the elements x
such that {x"™} converges to x for the e-topology is denoted by A(E), and we consider it
endowed with the induced topology. Finally,

ME}={x=(x;) e o(E):(||x;|}) e 4}.
provided with the n-topology defined by the seminorms:

m(x) =Pi(”xj||)a iel

If A=1', the former spaces are studied in [12]. The same notations and definitions will
be used if 4 is a space of double sequences, having in mind that in this case the sections
x™ of x=(x,;) are defined by

n
x(")= Z .xijeij
i,j=1

for every neN,e;; being the double sequence whose coordinates are null save the (i,j)
coordinate which has value one.
2. The Dvoretzky—Rogers Theorem for echelon spaces of order p

Let {a” =(a{”)} be a sequence of elements of w satisfying:

() a”>0 forall rjeN
@ dPsdrd forail rjen.

If p is a real number with p=1, we denote by 4, the echelon space of order p defined by
the steps {a"} (see [9] and [15)), i.e.,
A,= {x=(xj) ew: Y |x;aP)P<co forall re N},

j=1

endowed with the topology defined by the seminorms:

0 1/p
el =( §, ba) ", etz
Jj=1
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Analogously 1., and A, denote the echelon spaces of order infinite and of order zero,
respectively, defined by the steps {a”} with its usual topology (see [5] and [15]). It is
well known (see [15]) that 4, is a nuclear space if and only if given a positive integer r
there is a positive integer k>r such that

Y (@ a) < co.
j=1
By the former result and the Grothendieck-Pietsch criterion (see [8]), we get:

Proposition 2.1. If p is a real number with p>1, A, is a nuclear space if and only if
given a positive integer r there is a positive integer k>r such that

a0
-21 (a”;aM)P < co.
=

By [12] page 99, 4, is a nuclear space if and only if 1, ~A,~1,,.
The next result is a consequence of this result and the former proposition.

Corollary 2.2. Given a real number p with p>1, A, is a nuclear space if and only if
Ayl
We need the following lemma essentially included in [6].

Lemma (Dvoretzky—Rogers). Let (E, || ||) be an infinite dimensional normed space and
let 6=(8;) be an element of I>. Then there is x=(x;) in I'(E)with ||x;||=|5;| for all j in N.

Theorem 2.3. Let (E,
following are equivalent:

(i) A, (E)=4,{E},

(i) A,[E]~A,{E},

(i) 4,®.,E~1,®,E,

(iv) ,®.E~1,&,E,

(v) 4, is a nuclear space or E is finite dimensional.

| ||) be a normed space and let p be a real number with p>1, the

Proof. (i)=(ii): Since A,(E) is provided with the &-topology and
A {E}c A, (E)cA,[E], we need only to show that A,[E]<i,{E}. Let x=(x;) be an
element in A,[E]. Then every section x™ of x is in 4,(E). By hypothesis, given a positive
integer r there is a positive integer k>r and a real number p >0 such that

n 1/p
pm(x")=p (,Z} (bl a&")P)

n i/p
§sup{( y |<xj,u>a§-"’|"> ue Uo}
i=1

=8k(x("))’
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where U? is the polar set in E’ of the closed unit ball U of E. Since this hold for all n,
we obtain

p1(x) = &(x) < 0.

(i))=>(i) is obvious. Also (iii)<>(ii) is clear and (v)=-(iii) is a well known result (see [12]
7.3.3). (iii)=>(i) follows by an argument similar to [10] p. 197 and p. 291.

(1)=(v): We suppose E is infinite dimensional. Given a positive integer r, by (i), there
is a positive integer k>r and a real number p>0 such that pz,(x)=Z¢g/(x) for all x in
A(E), ie.,

© 1/p 0 1/p .
p( Y (||xj||a§-")") <sup {( Y Kxj, u>a§~"’|") ue UO} for all xel,(E). 1)
i=1 i=1

Let y=(y;) be an element in ['(E). Define y" =(y}) for every n in N, such that

Vi =(yja'yj“1/qa3'k)) if j<n

y;=0if j>n, q being the conjugate number of p. Since y" belongs to 1,(E) for all n, it
follows from (1) that

j:

S 1 n . 1p
P( Zl(a§r);a§k>)v||y,~||> §Sup{<.Z:l(|<yj,u>|l’;”yj“p/q)> :uer}

© 1/p
<sup {<';l|(yj,u>|> ‘ue UO} (2)

and consequently
p( Y (a§”;a§-"’)”||yj||) <oo forall yell(E). (3)
Jji=1

Applying the Dvoretzky—Rogers lemma to (3), we get that
((ag.r); a;k))p)
is an element of 2, '
Repeating the former argument for k and applying Holder’s inequality, we can state
that, given a positive integer r, there is a positive integer s>r such that

(@;a8)

is in I?, so by 2.1, 4, is nuclear.
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3. The Dvoretzky—Rogers Theorem for echelon spaces of order (p, q)
Let {a"” =(a{})} be a sequence of elements of w satisfying:

() a?>0 forall rijeN
() aff <afi™® forall rijeN.

If p and q are real numbers with p>1 and g=1, we denote by A,, the echelon space of
order (p, q) defined by the steps {a”} (see [1]), i.e.,

« @ q/p
qu={x=(x.-,-)€w: Y <z |x; ;{7 ") <oo for all reN}
ji=1\i=1

endowed with the topology defined by the seminorms:
o) @ q/p\1/p
o= §, (£ ko)) " ren
i=1\i=1

Analogously, we denote by 1, the echelon space of infinite order defined by the steps
{a"} and provided with the topology defined by the seminorms:

|x|, =sup |x;;af?|,reN.
i

From now on p and g will denote conjugate real numbers with p>1 and g> 1.
In [1] we proved the following result:

Proposition 3.1. The space A, is nuclear if and only if, given a positive integer r,
there is a positive integer k>r such that

[+ o}
3 (@psa)<eo
i,

[

By this proposition and since
A A,y o ALcAL i,

we get:

Corollary 3.2. The space A, is nuclear if and only if

A, ~2

pa @

We can now establish the following useful characterization of nuclearity:

Proposition 3.3. The space A, is nuclear if and only if given a positive integer r there
is a positive integer k>r such that
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sup( Y (a7, a"")") <o

i=1

and 0y

o0 q
> | sup (af;), a) | <oco.
j i

Jj=1

Proof. If A,  is a nuclear space it follows from Proposition 3.1 that the condition (1)
is satisfied.
Conversely, suppose that condition (1) is satisfied. We consider the space

0 q
A1={x=(xij)ew: Y (suplxija§§)> <oo for all reN}
=\

provided with the topology defined by the seminorms:

© 9\ 1/q
S (o CI7)

Let x be an element of A,,, then x belongs to A, and ||x||} <||x||, for all r in N. On the
other hand, if x is an element of A, given a positive integer r we suppose there exists a
positive integer k> r such that (1) is satisfied. Then

q/p\1/q
Il =( 5, (suplet) (5, izt )
J=1\ i

< (sun( £ st ) Yt <co
i \i=

from where it follows that A, ~A,.
Analogously, it is easy to prove that A; ~A_. Finally, applying 3.2, we obtain that
A,, is a nuclear space.

() ApE)=Ap, E},

(i) A,[EI~A,{E},

(ii)) A, ®.E~A,,Q.E,

(iv) A DE~ A ® E,

(v) A  i5a nuclear space or E is finite dimensional.

Proof. As in the proof of 2.3, it is easy to prove that (i)<>(ii), (iii)<>(iv), (v)=>(iii) and

(ii)=>(i). We now prove (i)=>(v). Suppose that E is infinite dimensional. Since
A,E)~A,{E} by assumption, given a positive integer r there is a positive integer k>r
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and a real number p >0 such that pn, (x) <¢(x) for all x in A, (E), i.e.,

( <Z (llx: |4l > ,,)1, <SUp{< <Z |<x; > udal®) P)qlp>llq:ue U°} (1)

for all x=(x;;) in A,,(E), U° being the polar set in E’ of the closed unit ball U of E.
We denote by A(E) the subspace of w(E) of all the elements x =(x;;) such that

sup {(i (i |<xij7u>|>q/p>:“€ U°}<oo. (2

Given x=(x;;) in A(E), define y" =(y};) for every nin N by
yi=0 x| ea®) if i<n and j=<n

yi;=0 if i>n or j>n

By (1), we have: )
n n a/p\ 1/q
pm(y") = <Z <; (af?; aff))?||xi; ||> )
n n q/p\ 1/q
sswn{( (£ demtililirn)”) “ueve]
i=1\i=1

© © q/p\1/q
=£k(y") <sup {(Zl (;1 |<xij, u>l> ) ‘Ue UO},

from where it follows that
© © /p\ 1/q
o5 (£ wtatsriial) )
J=1\i=1

<sup{< (Z |<x”,u>|> ) " = UO} for all xeA(E). (3)

Let y=(y;) be an element of I*(E). Define z/ =(zi,) for every j in N, such that
Li=yiz,=0 forall k#j, i=12,....

Obviously, z/ is in A(E) and it follows from (3) that
(£ wiatyrinl)”

0 1/p
§sup{<z |<yi,u>|> ‘ue Uo} for all yel'(E),jeN. 4
i=1
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Applying the Dvoretzky—Rogers lemma to (4), we obtain that

{(af?; affY)i, jeN]

is a bounded subset of /2.
Repeating the former argument for k and using Holder’s inequality, we can suppose
that, given a positive integer r, there is a positive integer s>r with

sqp( Y (af?;aly) >< 0. &)

i=1
We consider the space A, defined in 3.3. As in the proof of this proposition, we can

conclude that A, ~A,,. Therefore A,(E)~A,{E} and consequently, given a positive
integer r, there is a positive integer k>r and h>0 such that

© 1/q
(£, (suptlay))
i= i

© 1/q
§sup{<z (supl(x,,,u)a""")) :ueUO} for all xeA, (E). (6)

Let y=(y;) be an element of I'(E), for every nin N, we define x" =(x};) by
xti = |lyl|Pa®) if isn and j<n
xi;=0 if i>n or j>n

Hence x" e A(E) for all nin N. Now it follows from (6) that

h(Z |1yl (SUP(af?,a(k))q>>uqésup {( i (<, II""’)> ueU"}

0 1/q
<sup {( 21 I<yj» u>l> ‘ue U"},
i=
and consequently

© 1/q o 1/q
h( Y il (sup(afj’,a“")")) <sup {( Y |<yj,u)|> ‘ue Uo} for all yel'(E).
=1 i=1

Proceeding in the same way as we did to obtain (5), we establish that, given a positive
integer r, there is a positive integer s>r such that

9] q
Y (sup (a{?;al ) < 0. N

i=1 i

Finally, from (5), (7) and 3.3, it follows that A, is nuclear.
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