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Abstract

In this note we give a simple proof of the endpoint regularity for the uncentred Hardy—Littlewood maximal
function on R. Our proof is based on identities for the local maximum points of the corresponding
maximal functions, which are of interest in their own right.
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1. Introduction

Let d be a positive integer and R? denote the d-dimensional Euclidean space. For
feLl (RY), the centred Hardy-Littlewood maximal operator is defined by

loc

M@ =suip—— [ 1eldy
>0 |B(x, r)l B(x,r)
for any x € R¢, where B(x, r) is the ball in R? centred at x with radius r and |B(x, r)|
denotes the volume of B(x, r). As is well known, the operator M is bounded on L” (RY)
for any 1 < p < oo and maps L'(R¢) into L"*(R9). In 1997, Kinnunen [6] first studied
the regularity of M and showed that M is bounded on the Sobolev spaces W!”(R¢)
for all 1 < p < co, where the Sobolev spaces W!(R9), 1 < p < oo, are defined by

WEPRY = {f 2 flhp = Iy + IV C)Ilp) < o0}

and V(f) = (0f/0x1,...,0f/0xy) is the weak gradient. See [4] for the basic properties
of Sobolev functions. Subsequently, Kinnunen and Lindqvist [7] gave a local version
of the original boundedness on W'?(Q), where Q is an open set of R?. This paradigm
that an L”-bound implies a W'”-bound was extended to a fractional version in [8] and
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to a bilinear version in [3] and to a multisublinear version in [ 10]. Later, the continuity
of M: W' — W' for p > 1 was established by Luiro in [11] and in [12] for its
local version. (Continuity is not immediate from boundedness because of the lack of
linearity.)

As usual, the endpoint case p = 1 is significantly different from the case p > 1, not
only because M(f) ¢ L'(R?) whenever f is nontrivial, while the maximal operator
acts boundedly on L” for p > 1, but also because L'(R?) is not reflexive (so weak
compactness arguments used when 1 < p < co are not available for p = 1). Since
Kinnunen’s result does not hold for p = 1, understanding the regularity in the endpoint
case seems to be a deeper issue. In this regard, one of the main questions was posed
by Hajlasz and Onninen in [5]:

QuesTion 1.1. Is the operator f — [VM(f)| bounded from W' (R?) to L' (R%)?

In 2002, Tanaka [13] first gave a positive answer to Question 1.1 for the uncentred
Hardy-Littlewood maximal function in the case d = 1. More precisely, Tanaka
considered the uncentred Hardy—Littlewood maximal operator defined by

X+1

— 1
M()(x) = sup —— lfO)l dy.

5,1>0 xX—

and showed that if f € W!(R), then M( f) has a weak derivative in L'(R) and

KM e < 201F -

This result was later refined by Aldaz and Pérez Léazaro [1] who showed, under the
assumption that f is of bounded variation on R, that M(f) is absolutely continuous
and

MY Nl gy < Var(f),

where Var(f) denotes the total variation of f. This yields

M ey < I s (1.1)

if f € WHL(R).

In this paper, we will continue to focus on Question 1.1. By studying the behaviour
of the local maxima of M( f) on R, we will present a simple proof of the inequality
(1.1) for f € WH(R). More precisely, we shall prove the following result.

Turorem 1.2. If f € WH(R), then M( f) is absolutely continuous, and
M ey < 1 Nl .

Remark 1.3. Obviously, Theorem 1.2 is an improvement of Tanaka’s result in [13].
We remark that our proof is different from the proof of (1.1) given by Aldaz and Pérez

Lazaro in [1], where the authors deduced that II(M( MNow <1l @w) by proving
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that Var(M( f)) < Var(f). Here, we will give a direct proof of the former inequality:
M( /) is weakly differentiable and the weak derivative is integrable on R, which is
equivalent to the absolute continuity of M( f) on R. This implies Var(M( f)) < Var(f)
under the hypothesis f € WH!(R). Our method is quite elementary and simple. The
main ingredients are identities at the local maximum points of M( f), which are
of interest in their own right (see Lemma 2.4). For the centred Hardy-Littlewood
maximal operator M, Kurka [9] recently showed that Var(M(f)) < C Var(f) with a
certain constant C > 1, if f is of bounded variation on R. However, our method does
not work for M. An interesting question to ask is whether the corresponding result to
Theorem 1.2 for M also holds, provided f € W"!(R) with constant C = 1.

The rest of this paper is organised as follows. After presenting some key lemmas
in Section 2, we will prove Theorem 1.2 in Section 3. It should be pointed out that
the main ideas in our proof are greatly motivated by [2, 13], but some new techniques
are also necessary. Throughout this paper, the letter C, sometimes with additional
parameters, will stand for positive constants, not necessarily the same one at each
occurrence, but independent of the essential variables.

2. Some notation and lemmas
Let us begin with the following definition.
DeriniTioN 2.1. We say that a point xg is a local maximum of f if there exists @ > 0

such that
f(xo) = fxo—h), f(xo)=f(xo+h) forO<h<a.

Lemmvia 2.2, If fis continuous and integrable on R, then M( f) is continuous on R and
M(F)(x) = |f(x)| for all x € R. Moreover; if f € WH(R), then both f and M(f) vanish
at infinity.

Proor. When |[|f||.1®) = 0, it follows from the continuity of f that f =0 and the

conclusions are obvious. Thus, we may assume that || f]|.1g) > O for the entire proof.
It follows from the continuity of f and the Lebesgue differentiation theorem that

M) 2 |f(@)] VxeR.
We shall prove the continuity of M( f). For any x, h € R, one can easily check that

X+t

— — 1
IM(F)x + h) = M(f)(x)] < sup P lf&+h) = fO)ldy.

550 S+ x—

For any € > 0, we set 61 = 2||f|lp®)/€. Since f is uniformly continuous on [x —
261, x + 26;], for any € > 0 there exists 0 < § < d; such that |f(y) — f(z)| < € for all
v,Z € [x — 281, x +26;] with |y — z| < 6. We consider the following two cases:

(i) Ifs+1<6y,then forall A <0,
X+t

1 1 X+t
— If(y+h)—f(y)|dys—f edy<e.
s+t Y—s

S+ Jis
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(i1) Ifs+1t> 8, then forall A,

1 X+1 2
N — < — .
7 ) Vo= ey < Ml <€

Thus, for any € > 0, there exists ¢ > 0 such that
IM()x + h) = M(H@)| < e

for all || < 6. The continuity of M( f) follows from this.

Moreover, if f € W (R), then f is absolutely continuous on R and its classical
derivative is equal to the weak derivative almost everywhere. From the fundamental
theorem of calculus, for any x € R,

f) = f0) = fo f@at.

Taking x — oo, by the dominated convergence theorem,
lim f(x) = f f'@dt+ f(0),
X—00 0

but then lim,_,, f(x) = 0 since we also have f € L'(R). Similarly, lim,_,_o, f(x) = 0.
Thus f vanishes at infinity.

We claim that M( /) vanishes at infinity. Since f vanishes at infinity, for any € > 0
there exists By > 0 such that |f(x)| < € for all |x| > By. Let B, = By + ||fll1r)/€. For
any |x| > By,

— 1 X+t 1 X+t
M(HHx) < sup S—Hf lfO)ldy +  sup mf LfOldy

5,1>0 5,t>0
max{s,t}>B,— B, max{s,t}<By—B
1/l
< E + € = 2e,
B, — B
which confirms our claim. O

REmMARK 2.3. We remark that the first part of Lemma 2.2 can be obtained from [I,
Lemma 3.4]. In the second part of Lemma 2.2, the condition f € W"!(R) can be
weakened to f being an integrable function of bounded variation on R. In fact, the
function of bounded variation has one-sided limits everywhere, thus the limits at
infinity must be zero because of the integrability of f. By the same argument as in
the proof of Lemma 2.2, we can show that M( f) vanishes at infinity.

The next lemma deals with the local maximum points of the corresponding maximal
function. It will play a key role in the proof of Theorem 1.2.

Lemma 2.4. Let f : R — R be continuous and integrable. If xy is a local maximum of

M(S), then M(f)(x0) = |f (x0).
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Proor. We shall prove the lemma by considering the following two cases.

Case 1. Suppose /\7( f)(xop) is attained for some 5o > 0, #y > O such that

M(f)(x0) =

f U ldx. @.1)

SO + tO X0—S0

We may assume that sg, #p > 0 (since the other cases can be obtained by a simple
modification of our arguments). For any fixed 0 < &€ < min{sy, #p},

— 1 X0 +1o
Mo = —— f OOl dx

050

so—¢ 1 Xo—& th—c 1 Yo+o
_ S0 f )l + 2 f Ol dx

S0+ 70 S0 — € Jxy—so So+ 10 l0— & Jxyre
28 1 Xo+E

— d
e el
S0 + fo — 26 — 2¢ 1 Yo+
<—M + — dx.
" (Hxo0) ot Ju s |f ()l dx
Therefore,
—_— 1 Xo+E
M) < 5 f )l dx.
& Xp—&

I:Etting g — 0 gives M( )(xo) < |f(x0)]. Combining this with Lemma 2.2 yields
M(f)(x0) = | f(x0)l-

Case 2. Suppose there are no s, fo > 0 such that (2.1) holds. Without loss of generality,
we may assume that M(f)(xp) is not attained for any s > 0. Then

X+t

— 1
M(f)(x0) = sup — Ifoldx Yk=1,2,....

s>k,t>0 ! Xo—S

Otherwise, there exists some M > 0 such that

X+t

M) = sup  —— F ()l dx,

0<s<M,t>0 X0—

which gives a contradiction. Clearly,
— 1
M(f)(xo) < sup ;”f“L‘(R) Yk=1,2,...,
s>k

which implies M(f)(xo) = 0 and, from Lemma 2.2, M(f)(xo) = |f(x0)l = 0. This
completes the proof. O
Lemma 2.5. Let f be a function on R. Let (a,b) be an interval such that both f and
M(f) are continuous on (a, b). Suppose thatﬂ\/i\/((f)(x) > | f(x)| for any x € (a, b) and

MC(f) is strictly monotonic on (a,b). Then M(f) is absolutely continuous on (a, b)
provided that one of the following conditions holds:
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i) -—-co<a<b<oo

(i) @ =00, b< ooandlim,, o M(f)(x) exists;

(iil) a> —oo, b = o0 and lim,_, M( f)(x) exists;

(iv) a= —o0, b = oo and both lim,_,_, M( )(x) and lim,_,, M( (x) exist.

Proor. One can easily check that there exists C > 0 such that M( f)(x) < C for any
x € (a, b), provided one of the conditions (i)—(iv) holds. We may assume M( f)is
strict%increasing on (a,b). Let G :={x € (a,b) : (M( ) (x) = oo}. It suffices to show
that IM(f)(G)| =

We shall prove G = 0. Fix x € (a, b). By the continuity of f at the point x, there
exists 0 > 0 such that

1FQO < 1f (o)l + LM (x0) = 1f (o)D)

for any |x — xo| < 8. This together with the definition of M( f) yields that, for any € > 0,
there exist sg > 0 and ¢y > O such that sq + 7y > 6 and

Xo+1o
f FOldy +e

050

— 1
M(f)(xo) <
S o

For any 4 € (0, 9),

M(f)(x0) = M(f)(x0 — h)

1 X0+ | 0to
< dy+e— ——— d
So + o .[0_. FOdy + € so+to+h “£—l1—~\‘0 LfDldy

S0 0

1 X0+1o 1 X0 +1o
< f lfDldy + € - P f lfO)ldy

S0+ 10 Jxy-so o+ Xo—S0
]’l X0+1o
= lfO)ldy + €
(s0 + 10)(so + 10 + 1) Jy,—s,
X0 +1o h
< —- IfO)ldy + e < =C + €. (2.2)
5(50 + tO) X0—S0 6

Since € > 0 is arbitrary, (2.2) implies
1 — — 1
Z[M(f )(x0) = M(f)(xo — )] < SC for h € (0,6),

and hence (M( 1)) (xp) # oo. Thus G = 0, and then IM( )(G)| = 0. This completes the
proof. O

3. Proof of Theorem 1.2

For f € W-(R), f is absolutely continuous on R and vanishes at infinity. By
Lemma 2.2, M( F)(x) = |f(x)| for all x € R and M( f) is continuous and vanishes at
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infinity. Therefore, the set A := {x e R : ]V(v( F)(x) > |f(x)|} is open. We can write A as
a countable union of disjoint open intervals:

A= J1:={ @8,
J J

where M( @) =1f(@)l and M@ /) = |£(B))l. Moreover, if @; = —co or f; = +eo,
then f(a) = M(f)(@)) = 0 and f(8,) = M(f)(B)) = 0.

Since constant segments are not allowed, we claim that each interval I; satisfies
only one of the following conditions:

@) M( f) is strictly increasing on /;;
(i1) M(f) is strictly decreasing on [;;

(iii) there exists b; € I; such that M( f) is strictly decreasing on (a/, b;) and is strictly
increasing on (b, 3).

Otherwise, there exist a; < ¢ < ¢ < ¢3 < such that
M(f)er) < M(f)ea).  M(f)ea) 2 M(f)(es)  or
M(f)(c1) < M(f)(c2),  M(f)(c2) > M(f)(c3).

From the Weierstrass extreme value theorem and the continuity of M( ), there exists
a local maximum of M(f) in [cy, c3] at least. But this contradicts Lemma 2.4.

Next, we shall conclude that M( f) is absolutely continuous on /; and
Var(M(f): 1)) < Var(f; 1)), 3.1)

where Var(f; ;) denotes the total variation of f on ;. If I; satisfies (i) or (ii), M( f)is
absolutely continuous on /; by Lemma 2.5 and

Var(M(f): 1) = IMF)B,) — M(F)apl = [IFB) - |f (@)l < Var(f1; 1) < Var(f; ).
Thus (3.1) holds. If I; satisfies (iii),
Var(M(f); 1)) = (MFB;) — M(F)(B;) + (M(f)@)) = M(F)B)))

<(fBPI=1f@HD + (f@pl = 1f b))
<IfB)) = fbpl + | flay) = f(bjl < Var(f: 1))

and again (3.1) holds. On the other hand, by Lemma 2.5 again, M( f) is absolutely
continuous on (&}, b;) and on (b}, ;). Then M(f) maps sets of measure zero in (@}, b;)
and in (b, ;) onto sets of measure zero. Thus, for any set G C I; of measure zero,

IM(F)(G)| < IM(F)(G N (), b)) + IM(FG N (b, B))] =0,

which implies that M( f) maps sets of measure zero in /; onto sets of measure
zero. Since M(f) is continuous and of bounded variation on I;, M(f) is absolutely
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continuous on /; and thus has a weak derivative v on each I;. Moreover, the weak
derivative coincides with the classical derivative almost everywhere.

Next, similarly to Tanaka’s arguments in [13], we will prove that M( f) is weakly
differentiable on R with

(M) = 1fIxac + vxas (3.2)

where y4 and y4- denote the indicator functions of the sets A and A¢. Indeed, for any
@ € C(R), M(f)¢ is absolutely continuous on /;. By integration by parts,

f,. M) () dx = (F Bl (B)) = |f@lgpta) - f1 V(p(x) dax.
It follows that
fR M0 (x) dx = fA MU' (x) dax + fA M) (x) dx

= Z(|f(:8j)|‘10(:8j) = |f(aplee))) - fA v(x)e(x) dx + A lflg’ () dx. (3.3)
- .
Also, f is absolutely continuous on /;. By integration by parts again,
Bkt - plptan - [vmptodrs [ 1l dx
- .

= fA [f(0)le’(x) dox + fA L1 (x)ep(x) dox — fA v(x)e(x)dx + fA @l (x) dx

- [t @axs [ i@ [ veax (3.4)
R A A
Obviously, |f] is weakly differentiable on R because |f]| is absolutely continuous on R,
so for any ¢ € C(R),
[ reonoar=- [ ireecdx
R R
Therefore,

fR I () dx + fA I (o) dx — fA W) dx
. fR (T (eae () + (DA (D) di.

Combining this with (3.3) and (3.4) yields (3.2).
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It follows from (3.1) and (3.2) that

M iz = fA M) ()l dx + fA C M) ()l dx

= [ beoiars [iretds= Y v+ [ il
j (.

< Yvadfi s+ [ iteolar=Y, [iides [ ireids
]_ c ), C.

< fR [T (o)l dx = Var(If]) < Var(f) = Iflloig)-

Finally, since M(f) is weakly differentiable on R and (M(f)) € L'(R), M(f) is
absolutely continuous on R.
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