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Abstract

Let y be a hyperbolic closed orbit of a C! vector field X on a compact C* manifold M and let Hx(y)
be the homoclinic class of X containing y. In this paper, we prove that if a C'-persistently expansive
homoclinic class Hx(y) has the shadowing property, then Hx(y) is hyperbolic.
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1. Introduction

A main research topic in differentiable dynamical systems is to understand the
influence of a persistent dynamical property (that is, a property that holds for a system
and all C! nearby ones) on the underlying manifold would influence the behavior of
the tangent map on the tangent bundle . For instance, Moriyasu et al. [9] showed
that if a C! vector field X on a compact C* manifold M is C'-persistently expansive
(that is, X and all C' nearby ones are expansive), then X is quasi-Anosov; that is, any
nonzero vector grows exponentially in norm by positive or negative directions of the
tangent maps DX,.

In this paper, we study the case where the homoclinic class Hy(y) of X containing a
hyperbolic closed orbit y is C!-persistently expansive. Let us be more precise. Let
M be a compact C* manifold and let X!'(M) be the space of C' vector fields on
M endowed with the C' topology. Denote by d the distance on M induced from a
Riemannian metric || - || on the tangent bundle 7M.

We know that every X € X!(M) generates a C' flow X, : M x R — M. Throughout
this paper, for X, Y, ... € X'(M), we always denote the generated flows by X;, Y;,. ..,
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respectively. For a compact X;-invariant set A C M, we say that X is expansive on A
(or A is expansive for X) if for any € > O there is e > 0 such that d(X;(x), Xy (y)) < e
for x,y € A and some h € Rep(R), then y € X|_(x) = {X;(x) : —e < t < +€}, where
Rep(R) denotes the set of all increasing homeomorphisms (reparametrizations) 7 :
R — R with h(0) = 0. Here e is called an expansive constant of X;|5. Expansiveness is
a property shared by a large class of dynamical systems exhibiting chaotic behavior. It
is well known that there are only a finite number of singularities for an expansive flow
and each is an isolated point of M. This reduces the study of expansive flows to those
without singularities (for more details, see [3]).

Recall that a compact invariant set A C M is called hyperbolic for X if the tangent
bundle ThM has a DX,-invariant splitting E° @ (X,) ® E* and there exist constants
C > 0,0 < A < 1 such that

IDX gl < Ce™  and  [IDX_lpuwll < Ce™

for all r > 0, where (X, ) is the subspace generated by the vector field X.

For any two hyperbolic closed orbits y; and y, of X, we say that y; and y, are
homoclinically related, denoted by y; ~ v,, if the stable manifold W*(y;) of y; has
a transversal intersection with the unstable manifold W*(y;) of ¥, and the unstable
manifold W“(y) of y; has a transversal intersection with the stable manifold W*(y,)
of yy; that is,

W) M Wiy2) #0 and  W'(y2) h W'(y1) # 0.
For any hyperbolic closed orbit y of X, the set
Hx(y) =y € POKX) -y ~ 7}

is called the homoclinic class of X containing 7y, where PO,(X) denotes the set of
hyperbolic closed orbits of X. It is clear that if ' ~ y, then index(y) = index(y’);
that is, dim W*(y) = dim W*(y’). Note that if y is a hyperbolic closed orbit of X,
then there are a C' neighborhood U(X) of X and a neighborhood U of y such that
for any Y € U(X), there exists a unique hyperbolic closed orbit yy of Y in U with
index(y) = index(yy). Such hyperbolic closed orbit yy is called the continuation of y
with respect to Y.

We say that the homoclinic class Hx(y) is C!-persistently expansive if there is a C!
neighborhood U(X) of X such that for any Y € U(X), Hy(yy) is expansive for Y.

A series of works to show the hyperbolicity of (C!-persistently expansive)
homoclinic classes H ¢(p) of a diffeomorphism f containing a hyperbolic periodic orbit
p has been done by Bonatti, Gan, Pacifico, Sambarino, Vieitez and others in [1, 7, 10—
12, 14]. In this direction, the following problem is still open: are the C'-persistently
expansive homoclinic classes Hy(p) hyperbolic? Recently, Wen et al. [13] showed
that if a C'-persistently expansive homoclinic class H (p) has the shadowing property,
then it is hyperbolic.

In this paper, we extend the above results, which are obtained for the case
of diffeomorphisms, to the case of vector fields. Many results on dynamics for
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diffeomorphisms can be extended to the case of vector fields, but this is not always
possible. In particular, the results involving the hyperbolic structure may not be
extended to the case of vector fields. For example, it is well known that if a
diffeomorphism f has a C' neighborhood U(f) such that every periodic point of
g € U(f) is hyperbolic, then the nonwandering set (f) is hyperbolic. However, the
result is not true for the case of vector fields (for more details, see [5]).

In attempting to solve the problem mentioned above, we were faced with several
difficulties. For instance, the hyperbolic-like structures near singular points and
periodic orbits of a vector field are qualitatively different, the time parameterization
in the expansiveness of vector fields causes complexity of the calculations, what kinds
of dominated splitting (for flow or for linear Poincaré flow) are suitable to get the
hyperbolic structure?, etc.

A sequence {(x;, ;) : x; € M,t; > 1,a < i < b} (acanbe —co and b can be o) in M X R
is called a (6, 1)-pseudo orbit of X if d(X,,(x;), xi1) <dforanya <i<b—1.Let Abe
a compact X;-invariant set. We say that X has the shadowing property on A (or A is
shadowable for X,) if, for any € > 0, there is ¢ > 0 satisfying the following property:
given any (4, 1)-pseudo orbit {(x;,#;) : x; € A,t; > 1,a < i < b}, there exist a pointy € M
and & € Rep(R) such that

d(Xt_Ti(X,'),Xh(,)(y)) <g forall T; <t < Tiyy.

The main purpose of this paper is to characterize the hyperbolicity of the homoclinic
class Hx(y) containing a hyperbolic closed orbit y by making use of the expansiveness
under the C! open condition. More precisely, we have the following theorem.

MaiN TaEOREM. Every C'-persistently expansive homoclinic class Hx(y) is hyperbolic
if it is shadowable.

2. Proof of main theorem

We assume that the exponential map exp, : T, M(1) — M is well defined for all
p € M, where T\,M(r) denotes the r-ball {v € T,M : ||v]| < r}in T,M. For every regular
point x € M, let
N, = (X(x))* cT:M

and N,(r) be the r-ball in N,. Let ﬁx,r = exp,(Ny(r)). Given any regular point
x€M and t € R, there are r >0 and a C Umap 7: N, — R with 7(x) = ¢ such that
X:»(y) € ﬁx,(x),] for any y € N,,. We say that 7(y) is the first time of y. Then we define
the Poincaré map f,, by

Fer i Ny = Nxo3 Y = for) = Xy ).

Let My = {x e M : X(x) # 0}. It is easy to check that for any fixed ¢, there exists
a continuous map ro : My — (0, 1) such that for any x € My, the Poincaré map
St Nxso) = Nx,(v.1 1s well defined and the respective time function 7 satisfies

%t <7(y) < %t fory € Ny ()
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During the study of the structural stability conjecture, Liao [8] raised the notion
of linear Poincaré flow (LPF) for a C! vector field. Let N = Uxemy Nx be the
normal bundle based on My. Then we can define a flow, called linear Poincaré flow,
Y, : N > N by

Wiy, = wn, o Dy XiIn,,

where mry_: TyM — N, is the projection along X(x) and D, X; : TxM — Tx,)M is the
derivative map of X;.

DermniTioN 2.1. Let A be an X;-invariant subset of M which contains no singularity.
We call an W;-invariant splitting Ny = A’ @ A" a [-dominated splitting for the linear
Poincaré flow V¥, if

¥l as ool - 11—l aex, ool < %

for any x € A and any ¢ > [. We call an ¥,-splitting Np = A* & A* a hyperbolic splitting
if there are C > 0 and A € (0, 1) such that

¥ asoll < CA and  ||¥_|puwll < CA
forany x € A and ¢ > 0.

Note that the dominated splitting for the linear Poincaré flow ¥, and the dominated
splitting for the corresponding flow need not be equivalent (for more details, see [2]).
Unlike the case of dominated splitting, the hyperbolic splitting for the linear Poincaré
flow and the hyperbolic splitting for the corresponding flow are equivalent, as we can
see in the following lemma.

Lemma 2.2 [4]. Let A C M be a compact X;-invariant set which contains no singularity.
Then A is a hyperbolic set of X, if and only if the linear Poincaré flow Y, restricted on
A has a hyperbolic splitting.

The following two lemmas, which will be useful for the proof of our main theorem,
were proved in [7].

LemmMa 2.3. Let X € X'(M) and let y be a hyperbolic closed orbit of X. If Hx(y) is C'-
persistently expansive, then Hx(y) admits a ¥;-dominated splitting Ny, ,, = A* & A"
with dim (A®) = index(y).

Lemma 2.4. Let X € X' (M) and let y be a hyperbolic closed orbit of X. If Hx(y) is
C'-persistently expansive, then there exist constants T > 1, 7> 0 and T > 0 such that
for any y' ~ vy, if the period T of ¥’ is greater than T, then the following properties
hold:

(i) foranyxey andt>T,

1
;(IOg I as ol — log m(W|au)) < —2m;
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(i) letxey andletO=Ty< T <---<T,=1beapartitionwithT <T; —T;_; <2T
foranyi=1,2,...,1. Then

1 L
- Z log W71, lascxr,_, ool < =105
im1

1 L
. Z log m(¥r,-1,_, lavcxr,_, p) > 10-
i=1

To prove our main theorem, it suffices to prove the following proposition.

ProrosiTioN 2.5. Let X € X'(M) and let y be a hyperbolic closed orbit of X. Let
T>1,n>0and T >0 be given. For anyy' ~ v, if the period T of ' is greater than

T, we assume that Hx(y) satisfies the following properties (P1)—(P3).
(P1) Foranyxey andt>T,

1
7 (o [[¥ilascoll = log m(¥ilauw)) < =2n.

P2) Letxey and0=Ty< Ty <---<T,=7beapartitionwithT <T; —T;_y <2T
foranyi=1,...,1. Then

l =L
- Z log W71, lascxy,_ wll <=,

i=1
1 1=t
; ; log m(\PT,'—T,;] |A“(XT’.71X)) > TI'

(P3) X has the shadowing property on Hx(y).
Then Hx(y) is hyperbolic.

First of all, we introduce two technical lemmas which are necessary to control the
time reparametrization for flows.

LEmMA 2.6. Let X € X(M) and let A be a closed invariant set of X, containing no

singularity. Then there exist a neighborhood U of A and a constant Ty > 0 which

satisfy the following:

(1) for 0 <e<Ty there is 6§ >0 such that for any x € U and 0 < s,t < Ty,
d(X(x), X;(x)) < 6 implies |s — t] < €;

(2) forT €(0,Ty), there is € > 0 such that X|o 4(x) C B(x, €) implies t € [0, T] for any
xeU.

Proor. The proof is straightforward. For more details, see [6]. ]

Lemma 2.7. Let X € X'(M) and let A be a closed invariant set of X; containing no
singularity. Let U and Ty be as given in Lemma 2.6, and take a neighborhood V
of A such that X;(x) € U for any x € V and 0 <t < Ty. Then, for any € € (0, 1) and
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T, € (0, Tyl, there is € > 0 such that for any x,y € V, if an increasing continuous
map g : [0, T1] — R satisfies g(0) = 0 and d(X,(x), X (y)) < € forall t € [0, Ty], then
lg(T1) —T1| < €T.

Proor. The proof is straightforward. For more details, see [6]. O

If a dominated splitting Nx = A* @ A” is not a hyperbolic splitting for ¥;, then
either A® is not W;-contracting or A” is not ¥;-expanding. Now we assume that A® is
not contracting. Then we have the following proposition.

ProposiTionN 2.8. Suppose that a closed invariant set A C M admits a dominated
splitting Ny = A ® A" for the linear Poincaré flow Y, If the subbundle A® is not
contracting for ¥,, then there exists a point b € A, called an obstruction point, such
that |[Yi|aswll = 1 for all t > 0.

Proor. Assume that for any x € A, there is ¢, > 0 with ||, sl = 4x < 1. For any
x € A, we can find 6, such that |[¥, |axll < VA, for y € B(x,8,) N A. Since A is
compact, we can find a finite set {xj, ..., x;} such that

k
Ac| B, 6.).
i=1

Let K =max{ty, :i=1,...,k}, A=max{d, :i = 1,...,k}"/*€ and C = sup{||¥,|n:vl :
OSZSK,xeA}-/l‘K.GivenanyxeAandt>0,wecanﬁnd0st1 < K such that

W7 Lasoll < A% <A™
Then we can find £, such that 0 < t, — f; < K and
K _
19,1, ascx,, copll < A% < A7

Hence, ||¥,, |5l < 2. Similarly, we cantake 0 <#; <t <--- <fy<twithr -, < K
such that
| S |AS(X,[7])” <Ak < it

Finally, we can verify that [[¥;|,s|| < CA’. This contradicts the assumption that A® is
not ¥;-contracting. O

Now we will show in the following theorem that we can choose an ‘adaptable point’
of v if Hx(y) is C'-persistently expansive.

ProposiTioN 2.9. Let T > 0,n > 0 and y’ be as in Lemma 2.4. Then, for any x € y’ and
apartition0=To<T\<---<T,=1twithT <T; —Ti—y <2T foranyi=1,2,...,4 if
the partition {T;} satisfies

1 i=t
— D ogl¥r e, ol < -1
i=1

i=t

1
; ; 10g m(TT,'—T,;l |AM(XT1'—] X)) > 779
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denote by {T;}icz the extension of {T;}o<i<, satisfying Tiiy, = T; + kT for any integer i, k;
then there exists an integer 0 < iy < ¢ such that

Jj=k
> log ¥y,

io+i—Tig+j-1 |A:(XT-O
J=1

i +/.7]X)|| S _7]’

Tier = T;
(%)

j=k

Z log m(Wr,, -1,y lavcxr, _0) 21

Tiy = Tig-k

forany k > 1. Here the point Xr, (x) in'y which satisfies () is said to be an ‘adaptable
point’ of y.
To prove Proposition 2.9, we need the following lemma.

Lemma 2.10. Let T > 0,n > 0 andy’ be as in Lemma 2.4. For any x € y" and a partition
0=Ty<T)<---<T,=7withT <T; —T;_y <2T foranyi=1,2,...,1, ifthe partition
{T;} satisfies the following inequality:

i=t

1
; Z 1Og ”\PTI'—T,;| |AS(XTI.7] .X)” < _77’

i=1
then there exists an integer 0 < iy <t such that

Jj=k

Z log ||\PT,'0+I'—T,'O+]‘_1 |Al‘(XTi0+j—l X)” S _]7

Tiy+k = T; =

foranyk > 1.
Proor. For each k € Z, we define S (T}) by

k-1
10g ¥7,., 7, sty o if k>0,
j=0
S(T) =10 ifk=0,

-1
- Z log %77l ol ifk <O.
J—k

Then
S(T)<-nT, and S(Ty)=ST)+ST)

for any i € Z. Hence,
S(Tm+i) - S(Tl) < _U(Tmﬂ' - Tl)

We prove that the set

A= {j() €Z: S(Tjo+k) - S(Tjo) < —T](Tj0+k - Tjo) for k > O}
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is not empty. By contradiction, we assume that for j > 0, there exists k; > 0 such that
S(Tjsk;) = S(Tj) =2 —n(T jux; — T)).

Then we can find kg for 0, and kg, for ko, ....Let 0 < ky < k; <--- be a sequence such
that
S(Ty) — STy ) =2 —n(Ty, — Ti,.,)

for any i > 0. It is obvious that there exists 0 < j < i such that k; — k; is a multiple of ¢.
The choice of the sequence means that

S(Ty) = S(Ti) = —n(Ty, = Ty,

This contradicts the assumption. O

The same result respecting A* can be obtained as follows. We can define S (7}) as

k=1
S(Ty) = - Z logm(Wr,-1,_, lavcxr,_ )
=0
0
ST =- Z logm(Wr,-1,_,|lavxr,_, )
Jj=—k+1

for any k£ > 0. Then we can easily check that
S(T)<-nT, and S§(Tpn:)=8T)+S(T)
for any integer i. Similarly, we can also prove that the set
B={joeZ:8(T;,)—S8(Tjp—) < —1(T;j, = Tj,-) for k > 0}
is not empty.

Proor orF ProrosiTion 2.9. Let A and B be the sets which were obtained in the proof of
Lemma 2.10. It is obvious that if a € A then +t +a € A, and if b € Bthen +t + b € B.
We will prove that A N BN [0,¢) is not empty. If A N BN [0,¢) = O, then there are a € A
and b € Bsuch that b <a and (b,a) N (AU B) =0. Sincea—1 ¢ A,

S(Ty) =S (Ta-1) 2 —n(Ty — Ty-1).
From

———og|[Pilasx,  pll = logm(Wilanx, () < =27,
Ta —_ Ta—l a-1 a-1

S(Ta) - S(Ta—l) < _U(Ta - Ta—l)'
Similarly, ifa -2 ¢ A,
S(Ta) - S(Ta—Z) 2 _U(Ta - Ta—Z)-
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Suppose not. Then
S(Ta) - S(Ta—Q) < _U(Ta - Ta—2)

and
S(Ta—l) - S(Ta—Z) < _U(Ta—l - Ta—Z)-
These two inequalities and a € A imply that a — 2 € A. From
T log | ¥Y1,-7. Iascxr ooy Il =logm(¥r,—7,_ lavcx,  x)) < =271
Tll — Td*] a-1 a-1

and

———(og | Y7, -1, a5, ooy | —logm(Wr, -1, |avx, o)) < =27,
Ta—l — ]’a_2 a-2 a-2
S(Ta) - g(T(kZ) < _U(Ta - T072)-
Inductively, we can prove that for any i € [b, a),
S(Ta) - S(Ti) <-n(Tq—T).

These two inequalities and the fact that b € B imply that a € B. This gives a
contradiction with the assumption that A N B = (). Consequently, we can choose an
integer i) € A N BN [0,¢). Hence, we can see that the integer i, satisfies the conclusion
of the proposition. O

To complete the proof of our main theorem, we introduce the notion of a quasi-
hyperbolic orbit arc and the shadowing lemma as in [8].

DeriniTION 2.11. Let A € My be a closed X,-invariant set that has a continuous ¥;-
invariant splitting Na = A* @ A" with dimA®* =p, 1 < p <dim M — 1. For two real
numbers 7 > 0 and n > 0, an orbit arc (x,?) = Xjo(x) is called an (1, T, p) quasi-
hyperbolic orbit arc of X with respect to the splitting A® @ A" if [0, ] has a partition

0=Ty<T)<---<T;=t

suchthat T <T; - T;-; <2T,i=1,...,1, with the following conditions:

() (/T X5 log I¥7,-7,., lascxr,, opll < =13

@) /(T = Tie) Zig log m(¥r,1y aver, ) 2 11

(3) IOg ||\I’Tk,7~k71 |AS(X1‘k,1(x)) ” - IOg m(lPT;kafl |A"(X1‘k,1(x))) < —277 for k = 1, ey L
The first and second inequalities in the above definition involve a kind of contraction

and expansion along the partition (T,-)f:0 of the segment [0, ¢]. The third one is nothing

but the dominated structure on the arc Xjo,(x). The most important property, which

was proved by Liao [8], of a quasi-hyperbolic orbit arc is that it can be shadowed by a
periodic point if the two end points of the arcs are sufficiently close.
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Prorosition 2.12 (Generalized shadowing lemma [8]). Let X € X' (M) and let A be a
closed invariant set containing no singularity. Assume that there exists a continuous
Y,-invariant splitting Ny = A @ A" with dim A® = p, 1 < p <dim M — 1. Then, for
any n>0,T >0 and € > 0, there exists { > 0 such that if (x,7) is a (n,T, p)-quasi-
hyperbolic orbit arc of X with respect to the splitting A° & A" and d(X.(x), x) < {, then
there exist y € M and an orientation-preserving homeomorphism g : [0,7] — R with
8(0) = 0 such that d(Xy)(y), Xi(x)) < € for any t € [0, 7] and Xox)(y) = y.

The following lemma is a flow version of Corollary 2.2 in [1].

Lemma 2.13. For any 0 < n < 1 and any admissible neighborhood U of Hx(y), there is
0y > 0 such that for every adaptable point x,y € (\;cr X/(U),

d(x,y) <6, = W'(x) h Wi(y) #0.

In particular, if x and y are periodic points, then they are hyperbolic, have the same
index and are homoclinically related.

We will construct a pseudo orbit in Hx(7y) which is a quasi-hyperbolic orbit arc of X.

ProrosiTion 2.14. Assume that Hx(y) satisfies the hypotheses (P1)—(P3) in Proposition
2.5, and A is not contracting. Then, for any given constants d > 0and 0 <n; <m, <n,
we can construct a (6, 1)-pseudo orbit {(x;, t;)}fz_()] in Hx(y) such that:

(1)  xq is an adaptable point of y’;

2) X, (xp-1) = X0,

3) %T<t,-<‘7—1Tf0rany0SiSn—l;

(4) bydenoting Ty =ty+ -+t forall 1 <k <n,

>~
—_

1
7o 2 1o l¥lacoll < =,
k20
k
— > logm(¥, _.|r«x, ) > 123
T"_Tn—k; gm(¥y, lonop) > m

S) 1T, X log ¥, lascoll > =11

Proor. Since A° is not contracting, there exists an obstruction point b € Hx(y) such
that [[¥|as)ll = 1 for all > 0. Fix constants 6 > 0 and 0 <7 <12 <7. We take a
constant 0 < € < ¢ small enough such that d(x, y) < € implies that d(X;(x), X;(y)) <
for any 0 <t <27T. Since Hx(y) is the homoclinic class containing v, there exists
v" ~ y with period 7 arbitrarily large such that Hx(y) C B(y’, €). We can assume that 7
is big enough such that %T <t/t< ZTT, where ¢ is the integer part of 7/(37/2). Now
we take x € y such that d(x,y) < € < ¢ and divide [0, 7] into ¢ parts:

0<I<21<~"<(L—1)I<T.
L L L
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From Proposition 2.9, there is 0 < iy < 7 such that
=

kT/L Z log ”\PT/L|A‘Y(X(j+i0)r/l(x))” <-7n
Jj=0

and
1 k
F/L j—zl log m(\PT/‘|A“'(X(j+i0>r/:(x))) 27

for any k > 1. Take an integer s > 0. Now we take X; = X(;,+ir/.(x) and #; = 7/t for
0 <i < st —ip. We know that Xy is an adaptable point of v’ and X /,(X5,—i,—1) = x. Now,
for j >0, let

Xsigrj = Xor/2j(b) and Ty = 3T.

By the property of the obstruction point b, we can choose L > 0 such that

1 st—ig+L—1 m+n
1 2
- _ > logl¥ilaell 2 — =2
fIp+---+ tst—i0+L—l =0 2
and
1 st—ig+Il—1 m o+
1 2
> = D logWilll < -
fo+ o+ Lol 4 2

for all 0 </ < L. It is easy to check that L is increasing as s is increasing. Since
Hx(y) € B(y’, €), we can find 0 < jy <t and a point ¢’ € [jo7/t, (jo + 1)7/¢) such that

d(Xa21r (Xg—igr1-1), Xr (X)) < €.

Since (jo + )7/t — ¢ < 2T,

d(X3/2)T+Go+)r)i—r KsimigrL—-1)s X(jo+ 1)/ (X)) < 0.
To construct a (6, 1)-pseudo orbit, we can still let X5—jp+.-1 = X1 3 +(b), but change
fuigrr-1 0 be 3T + (jo + 1)t/t — . Then let

XsmigrLri = X(jor1+02(X)  and  fy—jpsr = ;

forany 0 <i<2t— jo+ip. Let

n=st—ig+L+2t—jo+ip=(s+2)+ L~ jy.

We can see that (X;, f; :‘:‘01 is a (6, 1)-pseudo orbit, and X;_, (X,-1) = xo. Unfortunately,
the constant 7,_;,+7—; may not be contained in (%T, IT). Now we modify the (4, 1)-
pseudo orbit (X, t_,»)fz‘l. We let x; =X%; and t; =1 for 0<i<st—iy+ L —8 and
st —ip + L <i < n. Then we put

_ 3. o+ Dr/e—t
Xsi—ig+L-8 = Xsi—ig+L—-8 and To—ig+L-8 = ET + T,

3 o+ D1/t -7
Xsi—ig+L-8+i = Xi(gr+((jo+l)§—t’)/8) and Ly jrr-8+i = ET s
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for 1 <i <7. Then we can see that #; € (%T, IT) for every 0 <i < n. We will check
that if 7 and s are large enough, then (x;, ti):‘z‘ol is a desired (0, 1)-pseudo orbit. Let
K = sup{||¥n,Il : x € Hx(y), 2T < T <2T}. To simplify the notation, we change
fy—i,+L-1 back to be %T. Then we know that

(ks

tn—i0+L—8+i|A‘(YM,,-0+L,3+,')

log

<2logK

Il Lsi—ig+L-8+i |Aj(x.u—i0+L78+i) Il

and

m(lIJ;.n—iO-#L—S-H|A”(}S1,[O+L,3+;))

log <2logK

m(le.ufiwasu | (Xsi-igy i)

forall 1 <i<7.Letn; =st—ip+ L— 8. By the choice of L,

k=1

1 n+m
— 1 W, Aseen || < —
T, i§=0 og [ |asxyl 5

for 0 < k < ny. Hence,

T, - n‘;nz + (k—ny)logK
Ty

k—1
1 —_
T ZO 10g [1¥ s o) |l <

for n; < k < n. We know thatn —ny =2t — jo + iy + 7 < 3¢ + 8. Hence,
Te—T, <(Bt+8)2T and (k—nj)logK < (3t +8)logK

for any n; < k < n. So, if s is large enough,

k-1

1

= ) log|¥:lascepll < —m1.
7 210 ¥ ol <=

By the choice of L,

}’l1+7 77 + 77

1 2

= - § log [[¥7|asll 2 ———=—
fo+ -+ 147 = 2

and hence

nj
> log ¥, acoll = -

m+n
i=0 2

(fg+--- +fn1+6)_710gK

S _mtm

T, —7TlogK.

Then

1 & —(m +m2)/2T,, —7TlogK — (n—n)log K
— log [, |ascen || > ! .
TZ:‘ 02 ¥, |asco T
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If s is large enough,

1 n

— log ||¥; |as Il > —1n2.
T, - g s asoll > =12

Il
(=)

Let n, = st — ip + L. By the choice of xy and x,,_,

k
1
T _ 7T 1 \I] AAu(x,_; > >
Ty — Touei ,221 ogm(W;,_lavx, ) >1n>m

for any 1 < k < n — ny. By the choice of L,

k
_ ! E : m+mnm
- - log ||‘Ft’n2_,»|A*‘(xn2_i)|| > 4
Iny—k 2o+ lny-1 2
and hence
! Zk o+
1 2
- logm(W; |awz. ) > 21— >
tnz—k +oet tn2—1 i=1 ® ( l”z-l|A (xnz_l)) g 2 n

for all 1 < k < n,. Hence,

k
D 1ogm(¥, e, ) > 1Ty = Ty) + nEic + -+ + Ty y) = 141og K
i=1

>n(T, — Th—x —2T) — 14log K
for all n — ny < k < n. Consequently,

n(T, —T,—x —2T) - 14logK
T, — Tyt

k
1
— IOg m(\II n—i|A“ i ) >
Tn — In-k ; ’ (o)

foralln —ny; <k <n. Weknow thatn —ny >cand T,, — T\, > (T if k > n — n,. Finally,
if we choose 7 large enough, then

k
— > logm(¥Y; _|aux, ) >
T, — T ; gm( t,,_,|A ( n_l)) m
for all n — n, < k < n. This completes the proof. -

EnD oF ProoF oF MaIN THEOREM. Suppose that Hy(y) satisfies (P1)—(P3) of
Proposition 2.5 and the bundle A®(x) is not contracting for ;. By the shadowing
property of Hx(y), it follows that for any neighborhood U of Hx(y) and constants
0 <7 <m <nand € > 0, there exist y’ ~ vy, an adaptable point p € ¥’ and a shadowing
point z which is € close to p. Applying Lemma 2.13,

We(orb(z)) h W*(y") #0 and W"(orb(z)) h W*(y") # 0.
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Hence, orb(z) € Hx(y). In the construction of the pseudo orbit in Proposition 2.14, we
can make L be arbitrarily big, and so we can assume that the period of z is bigger than
T. The property

1 n—1
T log W7, -7:lascxr, Il > =112
i=0
contradicts the assumption (P2) of Proposition 2.5. This completes the proof of our
main theorem. O
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