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Abstract

Recall a closed convex set C is said to have the weak drop property if for every weakly sequentially
closed set A disjoint from C there exists x € A such that co(fx} U C) N A = {x}. Giles and
Kutzarova proved that every bounded closed convex set with the weak drop property is weakly
compact. In this article, we show that if C is an unbounded closed convex set of X with the weak
drop property, then C has nonempty interior and X is a reflexive space.
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Let C be a closed convex set. (Note: in this article, C always denotes a closed
convex set.) A drop D(x, C) determined by a point x ¢ C is the convex hull of
the set {x}UC. C is said to have the drop property if for every nonempty closed
set A disjoint from C, there exists a point a € A such that D(a, C) N A = {a}.
Danes [1] proved that if C is a bounded closed convex subset of X and A is
a closed set at positive distance from C, then there exists an a € A such that
D(a, C) N A = {a}. Modifying the above result, Kutzarova and Rolewicz {5]
say that a nonempty proper closed convex set C has the drop property if for
every nonempty closed set A disjoint from C, there exists a pointa € A such
that D(a, C) N A = {a}. A closed convex set C is said to have the weak drop
property if for every weakly sequentially closed set A disjoint from C there is
a € A such that D(a, C) N A = {a}. The weak drop property was introduced
by Giles, Sims, and Yorke [3] (also see [4]). They proved that the unit ball has
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the weak drop property if and only if X is reflexive.
Recall that the Kurarowski measure of a closed set D is the number

a(D) = inf{r: Dis covered by a finite family of open sets with diameter < r}.

(Hence, if D is an unbounded set, then a (D) = 00.)

For a convex closed set C, F(C) denotes the set of all bounded linear func-
tionals x* € X*, x* % 0 which is bounded above on C. If x* € F(C), and
8§ > 0, the slice S(x*,C,6) is the set {x € C : x*(x) = M — §}, where
M = sup{x*(x) : x € C}. C is said to have property (a) if

girr(}a(S(x*, C,8)=0

for every x* € F(C). In [5], Kutzarova and Rolewicz proved that if a convex
closed set C has the drop property, then C has property (). Clearly, if C
has property (), then for every x* € F(C) and x, € S(C,x*, 1/n), {x,}
contains a convergent subsequence. Hence, we say a closed convex set has
weak property () if for every x* € F(C), and x, € S(C, x*,1/n), {x,} has a
weakly convergent subsequence. By James’ Theorem, every bounded closed
convex set with weak property («) is weakly compact. On the other hand,
one can easily show that every weakly compact convex set has the weak drop
property and weak property (o). In [4], Giles and Kutzarova proved that every
bounded closed convex set with the weak drop property is weakly compact. In
this article, we prove that if C is not weakly compact, then C has the weak drop
property if and only if X is reflexive and C has the weak property («) (in this
case, C cannot be bounded). First, we show that every closed convex set with
the weak drop property has weak property (). The proof is essentially same as
the proof of (i) implies (ii) in {4, Theorem 3].

PROPOSITION 1. Let C be a closed convex set. If C has the weak drop
property, then C has weak property (a). Hence, if x* € F(C), then x* attains
its supremum on C.

PROOF. Recall asequence {x,} € X\Ciscalledastreamifx,,; € D(x,, C)\
{x,} for all n > 1. Clearly, every substream is a stream. Assume that C does
not have weak property (). We shall construct a stream which does not have
any weakly convergent subsequence. Since C does not have weak property (@),
there exist x* € F(C) and a sequence {x,} such that

@ x,eS&*C,1/4%);
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(ii) no subsequence of {x,} converges weakly.
Let x,, be any element in X such that x*(x,) = M 42 where M = sup{x*(x) :
x € C}. Foreveryn € N, let

1 - 1
Yn = Exg + Zl 2n—i+1 Xi.

Then x*(y,) > M +1/2""! and {y,} is a stream. If {y,} contains a subsequence
{yn.} which does not have any further weakly convergent subsequence, then
{yn} is weakly sequentially closed and we are done. Hence, we may assume
that every subsequence of {y,} has a further weakly convergent subsequence.
So there exists an increasing sequence (n,) such that both (y,) and (y,+1)
converge weakly. But y, ., = %(y,,k ~+ Xp,11). So (x,,+1) converges weakly and
we get a contradiction. Therefore, C must have weak property ().

REMARK 1. In [6], it has been proved that if C; and C, have the drop property,
then C, N C; has the drop property. The same argument shows if C; and C,
have the weak drop property, then C; N C, has the weak drop property.

In [5], it has been proved that if C is a noncompact set with the drop property,
then the interior of C is nonempty. The same argument shows that a similar
result holds if C is an unbounded closed convex set with the weak drop property.
We present a proof here.

THEOREM 2. If X contains a closed convex subset which is not weakly com-
pact and which has the weak drop property, then X is reflexive.

PROOF. Let C be a non-compact closed convex subset of X with the weak
drop property. There exists a sequence {x,} € C such that {x,} does not have
any weakly convergent subsequence. For any x ¢ C, y, is defined by

1 1 1
Yn = E;X + ZI: '—2n_i+1xi-

We call the sequence (y,} a dyadic stream generated x. We claim that every
dyadic stream has a nonempty intersection with C.

Suppose this is not true. Then {y,} is a stream. Since {x,} does not contain
any weakly convergent subsequence, by the proof of Proposition 1 there is a
substream of {y,} which does not have any weakly convergent subsequence.
This contradicts C having the weak drop property. We have proved our claim.
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For any z € X and &k # O, the homothetic operation T, : X — X is given
by
T,:(x) =z 4+ k(x — z2).

Clearly, T, , is a homeomorphism forevery z € X andk # 0. Let T, ., .. =
T 2Tyn ... T, 2. Itis easy to see that y, € C ifand only if x € T}, ., ,;(C).
So

x
X\ C = T 00xn) (O).

n=1
By the Baire category theorem, T,, ., . ,,;(C) contains an open set for some n.
So C has nonempty interior.

Suppose that int(C) # @. Without loss of generality, we may assume that

0 € int(C). So 0 € int(C N (—C)). By Remark 1, C N (—C) has the weak drop
property. Since it is a symmetric set, by [5, Proposition 4] it is bounded. So X
is a reflexive space.

REMARK 2. Kutzarova and Rolewicz [5] proved the following:
(1) If Cisaclosed convex set the with drop property, then D (b, C) is closed
forevery b ¢ C.

(ii) If C, and C; have property («), then both co(C;, C,) and C; + C, have
property (o).

(iii) Suppose that X is reflexive. Let C be an unbounded closed convex
subset of X. If C has property (&) and if int(C) # @, then C contains a ray
{c +Ab : A = 0}. Moreover, for any x € X, there is 8 > 0 such that C contains
the ray {x + Ab : L > B}.

The same argument shows the above statements are still true if we replace
property () by weak property (a).

It is natural to ask whether X is reflexive if X contains a closed convex subset
C such that

(a) C isnot weakly compact.

(b) C has the weak drop property.

The following theorem shows that this is true if C satisfies the following
additional assumption

(¢) int(C) # 4.

THEOREM 3. Suppose that X contains a closed convex set C which satisfies
the following conditions:
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(@) C is not weakly compact.
(b) C has the weak drop property.
(c) int(C) # 0.

Then X is a reflexive space.

PROOF. We claim that that C is w*-closed. Suppose the claim has been
proved. Without loss of generality, we may assume that 0 € int(C). Then
C N (—C) is a bounded w*-closed set with nonempty interior. So X is reflexive.

If x** € 3C*, then by Phelps Theorem [7] for any € > O there are x* e ac*
and x* € X* such that ||x** — x*|| < € and

x*(x*) = supx*(C) = sup x*(C*).

Hence, x* € F(C). But C has weak property (@); so D = {x € C : x*(x) =
sup x*(C)} is weakly compact, and x}* is an element of D € C. Since C is a
closed set, this implies C contains x**. We have proved our claim.

THEOREM 4. Let C be any unbounded closed convex subset of X with a
nonempty interior. Then C has the weak drop property if C has weak property
().

PROOF. By Theorem 3, X is reflexive. Hence, if C does not have the weak
drop property, then there is a weakly closed stream {x,} which is disjoint with
C. So {x,} does not contain any weakly convergent subsequence. Since C
is an unbounded set with weak property (o), by Remark 2 (iii), there exists
b # 0 such that for every x € X there is 8 > 0 such that C contains the ray
{x+Ab:1>pB}). Letn=sup{B: (Bb+ [x, : n € N}) N C = B}. Note

@ nb+CCC;

(i) ifnb+ x, € C, thennb + x,, € C foreverym > n.

Hence, ifa; > 0, Y a; = 1,and nb + Y_ a;x; € int(C), then
; i=1

i=1

Xpy1 + nb € co({nb + Zaix,-} U (nb + C)) € int(C).

i=1

This is impossible. So we have that (b + co(x,)) N int(C) = @. By the
Hahn-Banach Theorem, there is x* € X* such that

inf{x*(nb + x,) : n € N} = M = sup{x*(c) : c € C}.
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By the definition of n, there exists a sequnce y,, € C such that
lim {nb 4+ x,, — y,, || =0, and lim x*(y,) =M.
k—00 k— 00

Since C has the weak property («), {y,,} contains a weakly convergent sub-
sequence. This implies {x, : n € N} has a weakly convergent subsequence.
This is a contradiction.
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