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ON GENERALIZED WHITTAKER FUNCTIONS ON
SIEGEL’S UPPER HALF SPACE OF DEGREE 2

S. NIWA
Dedicated to Professor Tomio Kubota on his sixtieth birthday

In [5], H. Maass showed that the dimension of a space of generalized
Whittaker functions satisfying certain system of differential equations on
Siegel’s upper half space H, of degree 2 is three. First of all, we shall
investigate the structure of a space of generalized Whittaker functions
which are eigen functions for the algebra of invariant differential operators
on H, The theory of generalized Whittaker functions is discussed in
Yamashita [12], [13], [14], [15] with full generality. But, we will get an
outlook of the space of generalized Whittaker functions by using elemen-
tary calculus instead of representation theory of Lie groups. Generalized
Whittaker functions, naturally appear in the theory of indefinite theta
function, and so we shall next show commutation relations between the
invariant differential operators on H, and those on the product H, X H,
of two copies of the upper half plane H, operated on a theta function.
The relations are analogies of commutation relations for Hecke operators
in [1], [16], [17] and are proved in some cases with the Laplacian in [8],
[2]. We essentially use the result in Nakajima [10] where the generators
of the center of the universal enveloping algebra of 3p(2, R) are explicitly
given. By commutation relations we can construct an automorphic form
F on H, corresponding to an L-function with Gréssencharacter of a certain
biquadratic field. Generalized Whittaker functions investigated in the
present paper appear in the Fourier expansion of F' with respect to trans-
lations in H, and so we can define the “‘constant part” of the Fourier
coefficient as the ratio of the Fourier coefficient to a generalized Whit-
taker function. The constant part of a certain Fourier coefficient of an
automorphic form analogous to F'is given in 2. (See in particular (2.10).)
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§1.

We denote, as usual, by Z, Q, R, and C the ring of rational integers,
the rational number field, the real number field, and the complex number
field. We denote the algebra of invariant differential operators on H, by
2 and the center of the universal enveloping algebra of 3p(2, R) by %.
S. Nakajima calculated generators of 2, ¥ in [9], [10]. The generators
of @ are

- Ji Yey,8:0y — d@d, + 35, — (1/2)3:5)
and
4y = d¥53, — (43 (@3,d, — (L/4)3:
+ f——l(1/4)d(i23 y,at>(3, 5, — (1/4)3
+ V1A (290)08 — (1430
+ (1/16)d@3:3; + 29, — (1/2)3,3)
where we put

z, =%+ v—1y, 1<iky,

5 _ 9 —= ‘
a¢=ai—(1/2)(ax N 16%) 1<i<?),
.8 9 — 3 .
=L _(1/2)(ax + o layi) 1<i<39),

and d = y,y, — y: for (2‘ ?) e H,, For two complex numbers d,, d,, we
3

2

consider the space # formed by functions f(Z) = g(Y)e*' ¥ of Z= X +
iY € H,, satisfying 4,f = d,f and 4,f = d.,f with some functions g of Y,
which we call generalized Whittaker functions. If g(Y)e***** belongs to
#°, g has to satisfy

(1.1) —1'(4y3y2 7 + 4y; 7 + ZyQi + 4y,y, 7
8 0 sayz ayaa Y 03 0Y20,
2 2 _ 8 z) = d
+ Vi a + ¥i—— ay2 iy 'yl )g = d,g

and
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d ( 3
1.2 — 2 ((ea6dz® + 1)-2— — 32(8dr* — Dz?
(1.2) 556 (2(16d= )ayg (8dr )
o* o Pl o Py
+ d(s — 16 + a0 + 64z )
0,0530s 0yioys oy 0y; 0y3
o° 3 5° o
+ 16y, — 4y + 16y, — 8
3:05:0Ys ' 93,03 3y:0y? 95105
16y 0 ety Ly T a4y, O
010, A 0y; 030,
+ 647y, 9 — 647y, 9 )g = d,g
a 2 a 1

with d = y,y, — 33 Put

(1.3) Y — (yl yz) _ (t, 0)[cos0 —sin 0]’ 2(Y) = h(t, t,, 6).

Y2 Vs 0 t/Lsinég cos
Then A is periodic with respect to 4, so that A has a Fourier expansion
(1'4) h(th tZ, 0) = Z; Bn(th tZ)ezn”
ne
where B,(¢,t,) is a solution of differential equations
(L5)  — 47t — tz)‘2<4(t§ Ot — L) + 2ttt
0 o* 0 )
- t—t2<t2 +t2———)——ttt ——t<~ - ))B,,:dB,,
(l 2) 1 at% 2 6t§ 12(1 2) atl at2 1

and
(1.6) ?34‘(5‘?2_ &7(2(16(4 — L)att, + 58 — 1868, + 5O’

+ 8(8772t1t2 - 1)(t1 — tz)‘ﬂ'z + 4n‘t;t2

— (b, — t)(A42 — tyntt, — 16(1, — L)t — 38 + 8t,t, — 38) aat
2
2
- (t1 - t2)2t2(16(t1 - tz)27f2t1 + 3t1 — 212) aat?
2
— (t, — 1)(16(t, — LY + AL, — 2%, + 3 — 8t,t, + 3t) ai
1
2
— = BY(6(, — BYF — 2+ 3)
1
oAt — b0 —an — -0
? 08,0t atiat,

o* o
24n? + Dtt, — &) Attt — t)* )B,_:dBn.
+ 2(4n* + Dtty(t, 2) oo, + 4t ty(t, 2) o 2
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Since the differential equations do not change when n — —n, we assume
n > 0 hereafter. Now we introduce variables x =t — ¢, y =t + ¢ and
put

1.7 B,(t, t) = C,(x,y)

where y >0, —y < x <y. Then the differential equations for B, yield
the following condition for C,:

2
18D — L (w4 )+ 0F — 2 — 2+ )L
8x oy
— x(x + yz)a—2 — x(y* — xz)—a—~ — 4x3y—82——>C =d,C
ox? ox axay/) " W
(y* — ») 4 A0 (a2 _ a2 20202 A 244 _ a2 2),,2
(1.8.2) e (n* + 167*x)(y* — x%) + 2(4n’x’y® — 4r'x* — 2y + Tx)n
X
aS a2 83
— 8r'x* + 4x° (x —x )
m N T axay 9y

+ 2(y* — xz)( T2 7+ 2 )
0y

0x%0y* ox*
o 0
(e x( _ )
(0" + %) 0x0y* ax®

— 2¥2n%y* — 2n’x® + 8r’y'x® — 8n’xt 4+ y* — 3x?)

az
oxt

+ x(2nty* — 6nix* — 8n'x’y? — 8n’x* 4+ y* — 7x2)78—
x

aZ
2

+ 2x(nty* — nixt — dn'x’y: + dn’xt 4+ x?) ;
Y

— day(n? + 4n2x2)7a_)c,, — 4,C,.
y

Put C,(x,y) = (& — ") Dro a(y)x* where a(y) =0 if k < m with an in-
teger m > 0 such that a,(y) = 0. Then the equation (1.8.1) implies

(1.9.1) %((k2 + 2k 4+ n* — 42’y — 2)a, + (R + 2! — n')y'a,,, — 4n%a;_,
+ ai, + ya + (4k + Yyai) = dya,,

especially (m? — n')y’a, = 0, ((m + 1 — n*)¥’a,,, = 0 which results in
m=n, a,,, =0 and therefore a, = 0 unless £ = mmod 2. The equation
(1.8.2) implies
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(1.9.2) -Légmk+n+mw—n+2ww¢n+m;»

— (K — 2k + 16Ky — 6K + 16ka’y

— 16k + n' — 16n2*y* — 10n® + 162*y* + 407’y + 12)a,

— 2(2k* + 2k — 2n* — 47%y' — 1)ya)

+ 2k + 2k — n* + 42%* + T)(k 4+ n + 2)(k — n + 2)y*ay,,
+ 8(k* — 2k — n* + 4r’y* — 3)ra,_,

+ 2(k* — 2k — n* — 8% + Nayl_,

— 4(k* — 8k — n* — 47*y* — 8)ya;,

—(k+n+Hk+n+ 2k —n+ HYk — n+ 2)y'e.,

— a®, + 8%y, + 2yal®, + 4yal®, — 16x*ya;_,

- y4al<c4) - 4yaa](r3) - 167f4ak-4) = d2ak

for all integers k. Since we especially have

1
110) @=L (24, —# — n+ 2% + Da,
(110 ' 4(n+1)y2((‘ 7y 4+ 1)
— 4(n + l)ya, — yal)),
1 o
pyy = ———(2(4d, — n* — 3n + 2r*y* — 3)a,.
4 8(n+2)y2(( 1 Ty ) 2

— 4(n + d)ya,. — ¥'a)., — a; + 4z%a,)
and

(1.11)  4(64d, + 4n* — 4na*y’ + 4n — 4z'y* — 107*y* — 3)a,
+ 8y*(2n + 42*y* + T)Y(n + Da,., + 16(2n + 7%* + 2)ya,
—2@2n — 47%y* — 1)y'ay — 32(n + 2)(n + Da,..»*
+ 8y'(n + D(ya)), + 2a;.,) — y'af — 4y'a)? = 0,

we obtain from (1.9.1), (1.9.2) an ordinary differential equation

(1.12)  B8(n*+ n + 1)d, — 16d? + 64d, — n* — 2n* + n* + 2n + 8x%Pa,
+ 4(4(n + 1d, — n* — 3n* — 2n + 47%)ya,
+ 2(4d, — 3n* — 9n + 2%y — 6)y*a))
— 4n + 2y'a — y'a =0,

for a,. It is more convenient to introduce parameters 1,, i, defined by

A4 —2 A — 2 A+ 3
11 d=tTh—2 g A—4) 3
(1.13) ' 8 : 256 32 T

to describe the solutions of (1.12). With these 2,, 4, (1.12) becomes
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(1.14) — (LA, — n(n + DA, — n(n + DA, + n* + 2n® + n* — 8a%Ha,
+ 2((4 + 2)(n + 1) — 2n° — 6nF — 6n + 87%y* — 2)ya,
+ (A4 + 2, — 6nF — 18n + 47°y* — 14)y*a)/
— 4(n + 2)y'ad — y'a’ =0.

For ve C, me Z, denote the associated Legendre function of the first kind
by P™2) and that of the second kind by @m(z) as usual. Then we have
L15)  Pnz) = F_(;’Fi(u!_n;%ﬁjo (z + (2 — 1) cos £)* cos mid
mF(V+m+1) m, Il (1—'t2)v
"2) = (=) (F — )™~ R b A
Q” (2) ( ) 2»+1[‘(’J + 1) ( ) -1 (z — t)y+1n+l

for z not on the real axis between 1 and —oo, assuming w* = ersv,
logw =log|w|+ iargw, —x <argw <z for w, peC. We put
(1.16) P™(x) = lim &2 P™(x + iy) = lim e™?P™(x — iy),

y—-+0

y—+0

Qr(x) = % lirr}) (e-™ 2 Q(x + iy) — e™*Qm(x — iy))
Y-+

for —1 < x<1 PMz2) and Q™(2) are independent solutions of Legendre’s
differential equation

m2

1__22u=0.

d nd
(1.17) E((l — 2 )_gz—>u o+ Du —
Put

(118) ¢y = —@0) = 472" sin (%n)r( ”2; 1) / r(% + 1),

=207 /(1 + ) (=5,

= - 0 = vz ()3 )/ (1),

= =z (e 1) ({5 )

Then ¢, # 0, ¢ # 0 for —1 < Rey, < 0. Put

(1.19) R (2) = ¢, PS(2) + c,@0(2),
80.(2) = cuP(2) + c@(2) -

Then we obtain
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Put v, — '”‘é”“‘»w —1+g1+422’ and
assume that —1 < Rey, <0, —1 < Rey, < 0 and that 4, A, are not integers.
Then there exist polynomials h,, h, in y~! of degree n — 1, n such that

ProposiTION 1.

A = j i (f RY,(2)Pr(z)(— 2rnyz) (2 — 1>"/Ze-'~'“mdzz)dzl —h,
0 1

B,(y) = j (f St (2) Pr(e)( — 2 yz) (2 — 1)”/2e-2mmdzz)dzl ~ h,
0 1

o) = [ [} PrePue@ — D@ — e tromdada,

are linearly independent solutions of the equation (1.14). Further assume
that 2, A, are real. Then there exists a polynomial h, in y~' of degree n
such that together with above three functions

D, = [\ ([, PrleIPi(—a)et — 1r(e — Dyrre-trowvdz,)d,

_—nF(V1+n+1) N e B .
T I'yy, —n+1)Jo <I1 P} (z)P}(—2)(—21yz,)

X (28 — 1)”/2e*2“m-”dzz)dzl +

generates all the solutions of the equation (1.14).
Note that polynomials A, A,, A, can be given explicitly.

Proof. Put
(1.20) L= —4 — n(n + Da — an + D, + n* + 2n° + n? — 8%
+ 2k + ) + 1) — 20° — 612 — 6n + 8%yt — 2)y51
Yy

2
+(21+22—‘6n2_‘ 18n+4n2y2_ 14)y2 662
y
@ ¢*
—4n+ 2y -y,
(n )y 3y Y ay?
d d m’
121 L’"—_—__(zf‘—l———)— ;
( ) ! dz, (& ) dz, -1
d ( d ) m’
Ir = 22— 1) - )
2 dzz ( 2 7/ d22 zg — 1

(1.22) L' = —(IL2 — n(n + DL — n(n + DLF + n* + 20° + 12 — 82%Y)
+ 2L + LY + 1) — 2n° — 6n! — 6n 4 8%y — 2)yaa_y
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2
+ (L3 + L2 — 6 — 180 + 42" — 14)y* aa :
y
a3 84
— 4(n + 2)y° -y .
( )y 2 Yy

Then we have
123 L f: (fj R (2) P (2)(— 2my2,) "2} — 1)”’Ze‘““‘”dzz>dzl

=[] (- BRu@LPLE) + nin + DR EIPLE)
+ R\(2)L;Pi(z,)) — (n* + 2n° + n* — 8R! (2,)P(2,)
+ 2(n + WERY2)P(=) + Ri(2)LiPL(z)
+ R (2)Pr(z)(— 2n° — 6n* — 6n + 8%y — 2))yaa—y
+ (LIRY(2)P3(z) + R (2)LiPL(z)
+ R(2)Pi@)(— 6t — 18n + 4z — 14»y2—ai’;T — Riz)P(=)

0° o
+ 4
2y* Y oy

- j j R(2) PL(z)L/((— 2ny2) (2} — 1)"ie-*=%)dz,dz,
0 1

2

x (4 + 2 ))(—2ey2) @ — Doz ds,

+ n(n + 1)

0
Z

2 R0 f"Pz<z2><—2nyz2>-"<z§ _ 12z,
1 1

by partial integration. We note that all integrals should be considered
as limits of integrals of finite interval. Since we easily see that

(1.24) L'((—2ryz) (25 — )P tra12v) = (),
Ly™ = 314—01 — (= m) — (n— M)A — (0 — m — (n — m)y™
- Tlﬁ—ﬂz(n — D(n — 2)y™**,

there exists a polynomial A, in y~! of degree n such that A, is a solution
of (1,14). In the same way we can show existence of h,, h,;, A, such
that B,, C,, D, are solutions of (1.14). It is easy to see that yA,, yB,
are bounded when y — oo and that C, and D, are rapidly decreasing
and increasing respectively when y — oo. Since we easily see that A,,
B, have different asymptotic expansions by considering
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azm) [ ([ mEPue—2mye) e — Drretrinda)d,
0 1
[ (] st@Psex—2ryz) (e — prreenndz,)dz,
0 1
for small ¢, functions A,, B,, C,, D, are linearly independent.

By the recurrence relation (1.9.1) and the partial integration using
(1.17), we especially obtain

ProposiTiON 2. The functions of x,y
Cur,) = @ =) [ [ PaPue

X o, (2ri(22 — 1)V(22 — 1)Vx)e *2vdz dz,

are solutions of the equations (1.8.1), (1.8.2) where J, denotes the Bessel
function of the first kind.

THEOREM 1. Put v, = -1+ ‘2/1+ 4'2‘, Y, = —1+ g1+ 4'22, and
assume that —1 < Rey, <0, —1 < Rewv, < 0 and that 2, e R are not

integers.

Let f(X + 1Y) = g(Y)e "X be a generalized Whittaker functions i.e.,
f(X + 1Y) satisfies 4.f = d.f, 4,f = d,f with d,, d, in (1.13). Assume that
g(Y) is a real analytic function of t, — t, with

Y — (% y2> _ (tl 0>[cos ¢ —sin 0]
Yo s 0 t/lsin @ cos @
and that for all positive integers m, a, b, ¢, the convergence

aa+b+c
trY) __ g(Y)—>0
070505

holds uniformly on compact sets of y, — y, and y, when tr Y — 0.
Then g(Y) is expanded as follows:

8(Y) = 2, b.Colts + &, 1y — tr)e™
ne

where C,(x,y) is the function defined in Proposition 2 and b, € C.
Proof. Put x =1t —t, y =14 + t. Then

0 l f" —2in f"(cos%( 0 il )
1.26 — Y)e #70dh = _9
(1.26) 3 |amo E(XY)e A2 oy, i
_ sin 26 0 )n g( Y)e—2in0d0
2 0y, Y1-yY3=0,y2=0
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holds. Since the left hand side of (1.26) is a solution of (1.14), it should
be one of the functions in Proposition 1. The right hand side of (1.26)
decreases rapidly by the assumption and therefore it equals to C,(y) in
Proposition 1.

§2.

Here we introduce a certain theta function and show the commuta-
tion relations of invariant differential operators and explain their connec-
tion with the generalized Whittaker functions. We deal with L-function
of biquadratic fields with Gréssencharacter at the end.

For (g, g) € SL(R) X SL(R), put

» KR
2.1) P(gh &) = 1—7) - 1 o
o 1| &) |eE aE| lo 1
. — 1 0 az bz : :
with E = 0 1) &=\ 4d) Then p(g,, &) is an element in the ortho-
2 2

gonal group for (% g) For an odd squarefree integer N, we define a
lattice # by

my My

(2.2) £ = [{"Mu Ml eZ for (i,j) # (1,2), NmyeZ}.
my Mg,
my My,

For Z = X + iY e H, and a Dirichlet character X modulo N, put
(2.3) 0.2, (g, 8)) = lYi Z UNm,,)

%
m={ & % Je®
* 3k

% exp (m'N tr (X((% ](f)[p(g,, gz)m])))
X exp (~—7rNtr(Y((€ %)[p(g,, gz)m]>>)

where S[T] means ‘TST. The function in (2.3) is usually called theta
1/2

function. Put g,,,, = ((1) ch)<y0 y(“)’”) for x + iye H,, the upper half

plane, and put

(3.4) 0(Z, 2, 2,) = OZ, (8.,, 8:,)) -
Then using Nakajima [10] where the generators of the center ¥ of the
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universal enveloping algebra of 3p (2, R) are given, we have

THEOREM 2.V For z, = x, + Iy, 2, = %, + iy, € H,,

4,0(Z, z, z,) = ——(yl( 7 -+ 7 ) + yz< 7 + —5’9—2-——> - 2)0(Z 2z, 2),
8 ox? 0y 0x: 0y;

1 62 62 82 82 2
402 2) = (555 (4 )=t 5e))
M2 =g\ o T o) ~Maa T o

1 (y( o4 )+y2( ¢ 4 & ))+—~)0<Z 2 2).
T 39 9x2 0y? 03 0y;

Note that 4,, 4, defined in §1 are differential operators with respect
to Z not to z, z,.

Proof. Put V= M,,(R) and define the Weil representation r of
G=S8p R) on AV X V) by

@2.5) r((‘g )é))f(§)—exp(2nztr(x XXz))f< )

(5 -3,
r((_g. g))( ) [ < )exp(2mtr(‘YX2+ Y,X,)dY,dY,

for fe #(V X V) where X, X,e V and d(x“ x”) = dx,,dx,,dx,dxy;.  The

Xoy Koy
representation r of G derives the representation 7 of ¥. Let A,, 4; be
generators of € in [10]. Then we can express 7(4,), #(4,) by differential
0

[=

operators 9 , o - for
0%y, axn
X1z Ko
Xo1  Xag
eV V).
f X3  Xs (
Xg Xy

o(8, &) acts on L(V X V) by

(o2 220(35) = Feten (%)) -

p derives the representation g of the direct product of two copies of the cen-

ter of the universal enveloping algebra ¢ of 3[ (2, R) which is generated by

the Casimir operator 2. (2, 1), g(1, ) also can be expressed by —;—-, . -E?C_.
X1 42

D A computer machine is used to prove this theorem.
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Comparing these expressions for 7(4,), #(4,), p(4, 1), (1, 2) by a computer
machine, we obtain desired results.

Let ¢,, ¢, be Maass wave cusp forms with the character X satisfying
0 0 ot 7
y2<_axT + —a—yz‘)%(z) = 4p:(2), yz< Py + _3?)%(2) = 2py(2). Put dz =

y~idxdy for z = x + iy, and define

(2.6) oyl = f 62, 2, )o@z d
with I" = I'(IN). Then we have

2.7 4,F,, ,(Z) = d,F,, ,(2), 4,F, ,(Z) =d,F, (Z),
with d,, d, defined by the equalities (1.13) for 1, 4,, and

(2.8) F,, ,(cZ) = 2UA)F,, . (Z)

holds for ¢ = e I’y where

Gy G Gy )| o€ Sp2, Q)
Qa. a a a
[y=q0=1|" 2 % 11 g, Gy, Qgay Ay, @€ NZ,

@y @y Qg Gy |NageZ, other a,;€Z

There exists a lattice J in {(g 3) a, b, ceQ} containing (](;7 (1)) such

that F,, ,,(Z) is expanded as follows:

(2.9 F, (Z2) = 3 AT, Y)erinan,
Tes

Hence

_ N 0\ (VN 0\y VN1 0
v =40 1) (Y0 (o 1)
is a generalized Whittaker function. A direct calculation shows that
W((t‘ 0)[0080 —sin 0]) is equal to > ,cz 0,C.(t, — L, t + )™’ and b,

0 ¢)|siné cos §
is equal to
1
2.10 1 <__“_“f:) (__i:)
( ) ]Z:=1 (a)e CjN+x/-—N (23 N+ V=N
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up to a constant multiple, where 1, = a,Z + (¢;N + v —N)Z runs over
the full set of representatives of the ideal class group of Qv —N) with
class number A and C,(¢, t,) is same as defined in Proposition 2.

Note that the corresponding L-function (the spinor L-function) of
F, ,(Z) is the product L(s, ¢,)L(s, ¢;) of L-functions of ¢, and ¢,. Let
K, = QWd,) be a real quadratic field with discriminant d, for i = 1,2, 3.
Let d, = d,d, and assume the class number of K = K, is one. Let o be
the ring of integers in K and E, the group of all totally positive units
in 0. Put

(211) 82 &) = 2 En(WyKind2n|Nyoply) cos (2nxNysop) ,
#Gnqg)zw

g2(25 ‘Sm) = G;E Sm(#)‘l/‘(ﬂ)yllzKimx(2” INK/Qluly) Ccos (zanK/QAU)
##0

where &,.(w) = g/ ™, & = 2rfloge, Y(y) = (—-QL>, ¢ the fundamental
NK/QIU
unit in K, K,,. the modified Bessel function. Then g, is a Maass wave

form on I'(d,d,) with character ((—1-‘51> and g, a Maass wave form on

I'(did,) with character (gL*dl) Though in this case N = did, is not

squarefree, we can define 0, § and F,, ,, for ¢, = g,, ¢, = &, in the same
way as above. In this case L-function corresponding to F, , is

1,92
Z "S(NF/ka)NF/Qa_ ¢

where a runs over all integral ideals in F = Q(v/d,, ¥/d,;). (2.10) may be
a little more complicated in this case.

Added in proof. The author would like to express his hearty thanks
to Prof. T. Oda and Mr. A. Hori who corrected mistaks of sign in the
relation between y,, v, and A,, A,.
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