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Abstract. The jacobian variety of the Catalan curve y? = P — 1 is shown to be nondegenerate.
As an application, a 0-1-matrix whose determinant computes the relative class number of the pg-th
cyclotomic field is constructed.
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1. Introduction

In [4], Kubota showed that the jacobian variety of the hyperelliptic curve defined
by 42 = 2P — 1 with p an odd prime is nondegenerate, namely the dimension
of its Hodge group is as large as possible. The purpose of the present paper is to
generalize this result and to show that the jacobian variety of ‘the Catalan curve
y? = 2P — 1 with p, ¢ distinct odd primes is nondegenerate. Nondegeneracy of an
abelian variety with abelian CM-field is known to be equivalent to non-vanishing
of certain character sums attached to it. And Kubota's proof is based on a certain
elementary but ingenious manipulation of those character sums arising from the
CM-type of the hyperelliptic curve. For the Catalan curve, however, a similar
argument does not seem to work well. Generally the problem to determine whether
such character sums vanish or not is highly nontrivial, as is seen in [6], where
certain examplesof degenerate abelian varieties of CM-type having the cyclotomic
field as their endomorphism algebra, are given. Therefore, even if we restrict our
attention to such abelian varieties, we become aware that the nondegeneracy is
a delicate property depending on the arithmetic of the underlying fields and their
CM-types. Inthe present paper, we proceed to expressthe character sumsdirectly as
linear combinations of thevaluesat s = 1 of certain L-series. For our computation
we owe much to the article [1]. From the standpoint that the Catalan curve is a
quotient of the Fermat curve of degree pq, one can identify the character sums
in question as certain factors of the Hasse zeta function of the Fermat curve (see
[11]). Therefore our method can be considered as giving a direct computation of
these factors. Moreover, in view of the fact that the nondegeneracy of the jacobian
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variety of the hyperelliptic curve 4> = z? — 1 is one of the starting points of the
‘inductive structure’ of the Fermat varieties[8], our result may give another initial
step which extends the scope of the method employed in [loc. cit.].

As an application of our computation, we obtain a class humber formula for
the pg-th cyclotomic field. It is expressed essentially as the determinant of a 0-1-
matrix which is easily computed once we are given the prime numbers p, g. This
result is considered as anatural generalization of the class number formulafor the
p-th cyclotomic field, given in our previous article [3]. In view of the fact that our
previous formula plays a certain role in the study of this field (see [7], [9], [10Q]),
we believe the present formula would give some insight in the investigation of the
arithmetic of the pg-th cyclotomic field.

The plan of this paper is as follows. In Section 2, we compute the CM-type of
the jacobian variety of the Catalan curve. In Section 3, we recall the definition of
the Hodge group of an abelian variety, when it is of CM-type, and we state the
main theorem of this paper. Section 4 is devoted to the proof of the theorem. And
in Section 5, we give the class number formula mentioned above.

The author would like to thank the referee for his/her valuable suggestions and
corrections.

2. CM-type of the Catalan curve

Let p, ¢ bedistinct odd prime numbers. Let C' denote the nonsingular curve defined
by y? = 2P — 1. Thegenus g = ¢(C) of C is given by the formulag = (p —
1)(q — 1)/2. For any positive integer n, let ¢ = exp(2rv/—1/n). Let o denotethe
automorphism of C defined by o(z,y) = ({px,sy). It defines an action of the
group 1, of the pg-th roots of unity on C'. By functoriality, it also definesan action
of 11,4 0N the jacobian variety J(C) of C'. Thus J(C) isan abelian variety of CM-
type with endomorphism algebra Q(¢,,). (Note that the degree of the extension is
Q(¢pg) 1 Q] = (p — 1)(¢ — 1) = 2g). In order to describe the CM-type of J(C),
we introduce some notation. Let G = Gal(Q(¢,q)/Q) denote the Galois group of
the extension Q(¢,,)/Q, which we identify with the product (Z /pZ)* x (Z/qZ)*.
With thisidentification, the CM-type of J(C) is given as follows

PROPOSITION 2.1. Notation being as above, the CM-type of J(C') isgiven by the
subset

S ={(¢gemodp,—pdmodq) € G;1<d<q—1,1<c<pd/q}
of G.
Proof. In order to determine the CM-type of J(C), it suffices to consider the
induced action of the automorphism o, on the vector space Q*(C) of differential
forms of the first kind on C'. One can check that a basis of Q*(C) is given by

2z /)y’ with 0<a<p,1<b<q—1,pb—qa—q—1>0.
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Note that the condition for a, b is equivalent to the condition
1<b<qg—11<a+1<pb/q.

The effect of the automorphism o* of Q(C) on the above basis, is computed as
follows

o* (.’Eadm/yb) — Cglga—l—l)—pbxadx/yb‘

Considering the natural isomorphism (Z /pqZ)* = (Z/pZ)* x (Z/qZ)*, and
putting ¢ = a + 1, d = b, we obtain the assertion of the proposition.

3. TheHodge group of J(C'): main theorem

Let Hg(J(C)) denote the Hodge group of J(C') (see [2] for the definition and
its basic properties). Since our J(C') is an abelian variety of CM-type, its Hodge
group is a Q-torus and its dimension is equal to dimgQ[G].S, where Q[G] denote
the group ring of G over Q and the CM-type S is identified with the element
Ysess of Q[G] (see [6]). It is known that, for any abelian variety A we have
dimHg(A) < A, and that, if the equality holds, then the ring of Hodge classes on
any power A™ isgenerated by its divisor classes(see[2]). We say an abelian variety
A isnondegenerateif dim Hg(A) = dim A. Our purposeis to show the following

MAIN THEOREM. The jacobian variety .J(C') of the Catalan curve C : y? =
xP — 1 is nondegenerate. Hence, the ring of Hodge classes on any power J(C)"
is generated by its divisor classes. In particular, the Hodge Conjecture holds for
J(C)" foranyn > 1.

4. Proof of main theorem

For the computation of the dimension of the Hodge group, we use the following

PROPOSITION 4.1. ([6]). Let A be an abelian variety of CM-type (K, T") with K
an abelian number field and 7" a CM-type. Then dim Hg(A) = #{¢: ¢ an odd
character of Gal(K/Q) suchthat X;cr¢(t) # 0}.

Let r, (resp. r,) denote a primitive root of (Z/pZ)* (resp. (Z/qZ)*). For each
iWitho < @ < p— 2 (resp. each j with0 < j < ¢ — 2), let x; (resp. ¢;) denote the
character of (Z/pZ)* (resp. (Z/qZ)*) defined by

Xilrp) = ¢ 1, Wi(rg) = ¢y
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Then the set of odd characters of G = Gal(Q((pe)/Q) is equa to the set & =
{xi%j;i+ 7 = odd}. Therefore our task isto compute the character sum X c s (s)
for any ¢ € ®. To compute this, we fix some notation. For a character ¢ € ®, we
denote by £, the conductor of ¢, and by ¢ the associated primitive character. Let
G(y) denote the Gauss sum

fo1 ,
Glp) = Y ¢sli)CF, -
i=1

For ¢ € ®, wedenoteby L(1, ) thevalueat s = 1 of the L-function

L(s,p) = > (n)/n’,

(n,pg)=1

and we let

Lo(s,p) = ) (n)/n’.
(nafsa):]-

When ¢ is nonprimitive, comparing Euler products we have

L(1,¢) = (1= »(q)/q)Lo(L, ). )
PROPOSITION 4.2. Let ¢ = x be an element of ®. For any d with 1 < d <
(¢ —1)/2, et Ty a(x) = Yacocpasq X(£)- 1f x isnontrivial, then

doels) =2x(@v(—p) D, Y(d)Tga(x) )

s€S 1<d<(g—1)/2
Proof. It follows from Proposition 2.1 that

> (xw)(s) = > x(qe)p(—pd)

sES 1<d<q—1,1<c<pd/q

= x(q)¥(—p) > x(e)(d)

1<d<g—1,1<c<pd/q

= x(@Qv(-p) D

1<d<(g-1)/2

(Z x@pd) + Y X(C)¢(q—d)>

1<e<pd/q 1<e<p(g—d)/q
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(Z x@p(d) - Y X(—C)T/’(d))

1<ce<pd/q 1<e<p(g—d)/q

(since x is odd)

( > x(@pd+ Y] X(Cl)¢(d)>

1<e<pd/q 1<c'<pd/q
(sinceXi1¢<p—1x(c") = Ofor x nontrivial)
= x(@¥(=p) Y Pd)Talx).
1<d<(g-1)/2
This completes the proof of Proposition 4.2.

Now we proceed to the proof of the Main Theorem. We divide it into two cases

(Case l). x isodd and 1) is even.
(Case2). x iseven and v isodd.

(We will see below that (Case 2) is reduced to (Case 1) by a symmetry argument).

(Case l). x isodd and ¢ is even.
The situations for ) nontrivial and that for ¢ trivial are somewhat different. We
begin with the former case.

(Case1.1). ¢ isnontrivial.
We prove the following

PROPOSITION 4.3. Notation being as above
> ) (s) = (V=1/$)G (x¥h) L(L, x3b).

acsS
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In particular, the character sum X¢c s (x%)(s) does not vanish.

Proof. For convenience, we put go = (¢ —1)/2. Inthiscasewe can put ) = 1)y
for some £ with 1 < & < go — 1. In order to compute T;, 4(x) for 1 < d < qo, we
introduce the following odd function £, 4(x), which is periodic with period 27

(0 - <z < —2nd/q,
-1/2 z=-2rd/q,
-1 —2rd/q < x <0,
Foa(z) =¢ 0 z =0,

1 0<z < 2rd/q,

1/2 z=2nd/q,
| 0 2nd/qg<z<w
One can compute its Fourier expansion as follows

Fya(z) = (=2/m) Z (cos(2mrmd/q) — 1) Z (sin nx)/n. (3)

1<m<qo n=m,—m(mod q)

We recall the following lemma which is nothing other than the orthogonality
relation of characters

LEMMA 4.3.1. For any m.n € (Z/qZ)*,
qo n=m,—m,
0 otherwise.

> Ya(m)p(n) =

0<l<go—1
Using this lemmaand (3), we can express F, ;(x) asfollows

Foa() = (=2/(qom) Y. (cos(2rmd/q) — 1)

1<m<qo
X (i ( Y a(m)p(n)(sin nm)/n)) . 4
n=1 \0<{<q—1

For any positive integer n, let G(n,x) = Y1, 1x(7)¢)7, S0 that G(x) =
G(1, x). Since x isodd, we have

Gn,x) = Y x()¢'— > x

1<5<po 1<i<po
= Y x(4)-2v-1sin(2rnj/p)
1<5<po
== Z x(7) sin(2rnj/p). ®)

1<<p-1
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Using (4) and (5), we compute as follows

(=2/(gom)) > (cos(2mmd/q) = 1) D war(m)pee(n)G(n, x)/n

1<m<qo 0<l<go—1

— (~2V T/ (gom)
< Y (cos2rmd/)) - DY Y Galm)u(n)

1<m<qo n=10<l<qgo—1

(Z x(j Sng?U/p)) /n (by (5))

1<i<p-1

=V-1 > x()Fa2rj/p)  (by (4))

1<i<p—1
=v-1 ( > x() - > X(j))
1<j<pd/q p—(pd/q)<j<p—1

(by the definition of the function £, 4(x))
= 2V/—1T, 4(x) (6)

(Thelast equality follows from the definition of 77, 4(x)). Substituting the equality
G(n,x) = x(n)G(x) in the most left side of (6), we obtain

2\/__1Tq,d(X)
= [6pt] = (-2/(gom)) Y (cos(2mmd/q)—1)

1<m<qo

<> Y Bam)pun)xn)G)/n

n=10<l<qo—1

= (—2G(x)/(qom)) >

1<0<g0—1

1<m<qo

{ > tha(m)(cos(2rmd/q) — 1)L (L)W&e)}- )

To compute the sum X1« g2k (d)Ty,q(x), Which appears in (2), we need the
following
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LEMMA 4.3.2. Fix an integer k£ with 1 < k£ < go — 1. Then for any ¢ with
0<l<qg—1,

> thor(d) Y a(m)(cos(2rmd/q) — 1)

1<d<qo 1<m<qo

_ { qoG (P20) /2 if £ =qo— K, @®

0 otherwise.

Proof of Lemma 4.3.2. The left-hand side of (8) is computed as follows

S Yald) Y arlm)(cos(2rmad/q) — 1)

1<d<qo 1<m<qo

= Y o(d) D Pa(m) (M +¢,)/2

1<d<qo l<m<q0

= > ald) D aulm

1<d<qo 1<m<qo

=1/2 > ho(d) D Pa(m)

1<d<qo 1<mgg-1

(sinceyyisevenand > ¢y(d) = 0)

1<d<qo

=1/2 > ¢a(d)G(d, Pz)

1<d<qo

=GW)/2 > tu(d)px(d)

1<d<qo

| 90G(2k)/2 if £=qo—k,
10 otherwise,

(by Lemma4.3.1 and by the fact ¢5(4o_¢) = 12¢).

It follows from this lemma and (7) that

V=1 Y ¢u(d)Tyax)

1<d<qo

= (=G /(qm) Y,

0<l<go—1
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( > harl(d) Y tha(m)(cos(2rmd/q) — 1)> L(1, xtb2e)
1<d<qo l<m<q0

= (=G (x)/(aom))(q0G (Y2x)/2) L(1, xth2x)

= (—1/(2m))G (x) G (th2) L(L, xtpa)-

Hence, by Proposition 4.2, we have

> oxw(s) = 2x(@v(—p) D> Y(d)Tya(x)

sES 1<d<qo
= 2x(9)¢(-p) - (V-1/(2r))
xG(X)G($)L(L,xp)  (by(9)),
= (V=1/m)x(9)$(—p)G ()G () L(L, x¥p).

Since G(xy) = x(¢)¥(p)G(x)G () asis easily checked, we have

> xi(s) = (V=1/m)G(xy)L(1, x¥),

seS

which is nonzero. This completes the proof of Proposition 4.3.

(Case 1.2). ¢ = 1), thetrivial character of conductor q.
We prove the following

PROPOSITION 4.4. Notation being as above,

> (xtho) (s) = (V=1/m)x(a) (x(a) — @) G(x)lo(L, xtbo).

seS

Proof. In this case, we need the following lemmainstead of Lemma4.3.2
LEMMA 4.4.1. For any / with0 < £ < g0 — 1,

> > a(m)(cos(2rmd/q) — 1)

1<d<qo 1<m<qo

_ —qo(qo + %) if £=0,
0 otherwise.

Proof of Lemma 4.4.1. Note that
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1<d<go 1<m<qo 1<m<qo
g3 if £=0,
0 otherwise.

Since G(¢p) = —1, the assertion follows from this and a similar computation to
that in the proof of Lemma 4.3.2.
Therefore, by (7), we have

V-1 Z Tq,d(X)

1<d<qo

= (=G /(qm) Y,

0<l<go—1

{ 2¢(m)(cos(2rmd/q) — 1)} L(1, xtp2r)

1<d<go I<m<qo
(=G (x)/(gom))(—go(go + 3))L(L, Xtbo)

(by Lemma4.4.1)

(¢G(x)/(2m)) L(L, xtbo)- (10)

Hence we can compute the character sum as follows:

> (o) (s) = 2x(q) > Tyalx (by Proposition 4.2)

seS 1<d<qo
(—vV=1/m)ax(q)G(x)L(L, xtbo) (by (10))
= (vV=1/m)x(a)(x(q) — ¢)G(x) Lo(1, xtbo).

(Thelast equality follows from (1)). This completes the proof of Proposition 4.4.

(Case2). x isevenand v isodd

This case is reduced to (Case 1) because of the symmetry. More precisely, the
Catalan curve y? = z¥ — 1isisomorphic to the curve C,, ,: =¥ + 37 = 1 over Q.
Further, the transposition (z,y) — (y, x) of the coordinates gives an isomorphism
of Cp 4 10 Cyp, and it transforms (Case 2) for C), , to (Case 1) for C, ,. Therefore
we obtain the following
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PROPOSITION 4.5. Notation being as above, if x isnontrivial, then

> (x)(s) = (V=1/m)G(x¥h) L(L, x¥)-

seS
If x = xo, thetrivial character of conductor p, then

> (xo)(s) = (V=1/m)9(p) (9 (p) — p)G () Lo(L, x0t))-

seS
Therefore in both cases the character sums are nonzero.

Thus we complete the proof of Main Theorem.

REMARK. Without appealing to the symmetry, we can give another proof for
(Case 2), by using an even step function instead of Fj, 4(x).

5. Classnumber of Q(¢pq)

Asan application of the resultsin the previous Section, we construct a(0,1) square
matrix, whose determinant gives the relative class number of Q((,,). Throughout
this Section we assumethat p > ¢. Let us put

T={(c,d);1<d<q—11<c<pd/q},

which is regarded as a subset of G = (Z/pZ)* x (Z/qZ)*. Then the CM-type S
of J(C) isequa to (¢,—p) - T, hence T' is aso a CM-type of a certain abelian
variety isomorphic to J(C). Let G’ = (Z/pqZ)* andlet T" = o 1(T') C G’ be
the inverse image of 7', under the natural isomorphisma:: G' — G.

DEFINITION 5.1. Wedenoteby H = (H,)qpc7 the g x g matrix defined by the
following

lifabe T,
T 0ifab g T,

Our purposeisto prove the following

THEOREM 5.2. For arbitrary distinct odd prime numbersp, ¢, let f(p; ¢) denote
theorder of p in F; and let e(p; q) = (¢ — 1)/ f(p; q). Let us put

Ao (p/P9)/2 4 1)e:9) if f(p; q)iseven,
Pq) =
(p/@0) — 1)eP:D/2 if f(p; ¢) is odd.

Let A~ denote the relative class number of Q({p,). Then

h™ = 2pq|det H|/(A(p; ) A(q; p)).

https://doi.org/10.1023/A:1000106427229 Published online by Cambridge University Press


https://doi.org/10.1023/A:1000106427229

350 FUMIO HAZAMA

Proof. First we need some elementary lemmas.
LEMMAS521. Let M = (M, )qper denotethe g x g matrix defined by

1 ifabeT,
T —1if abg T,
Thendet M = 29-1det H.
Proof of Lemma 5.2.1. First note that 1 € 7" under our assumption that p > q.

Therefore the ‘1’ -th column of M isequal to‘(1,...,1). Foreachb € 7" — {1},
addingthe' 1’ -th column of M toits'b’-th column, weseethat det M = 29~ 1 det H.

LEMMA 5.2.2. Let S’ denote the subset o~1(S) of G’ corresponding to S. Let
N = (Ngp)apes denotethe g x g matrix defined by

Nab:

’

1 if abe S,
—1if abg S".
Then |det N| = |det M].

Proof of Lemma 5.2.2. Let M = (M, )acr pecr denote the g x 2g matrix
defined by

_ 1 ifabeT,
Ma,b = .
—lifabg T'.
For any b € G/, let M,, denote the b-th column of the matrix M. Then we have
M_y = (—1) - 1. (1)

Let » = a~1(¢g, —p). Then it follows from the equality S = (¢, —p) - T' that
S'=r-T'. Lete,d € S. Thenthereexist a,b € T" suchthat ¢ = ra,d = rb, and
we have

Nc,d = Ma,rba (12)

for, by the definition of the matrix N,

ch:

il

1 ifrabeT’,

—1lifrabg T'.
Since both 7" and r - T" are CM-types, if we put 7" = {t1,...,t,}, then we have
r- T = {e1t1,...,e4tq}, for somee; € {£1}(1 < i < g). Henceit follows from
(11) that

det(Ma,rb)a,bET’ = idet(Ma,b)a,beT’- (13)
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By (12) and (13), we obtain the assertion of Lemma5.2.2.
LEMMA 5.2.3. Let H = (H,)acs denotetheg x g matrix defined by
5 1 abtes,
Tl —1abtg S
Then |det H| = |det NV|.

Proof of Lemma 5.2.3. A proof similar to that for Lemma 5.2.2 can be con-
structed, because (S')~1(= {a71;a € S'}) isaso aCM-type.

LEMMA 5.2.4. |det H| = 29~ !|det H].
Proof of Lemma 5.2.4. Combine (5.2.1), (5.2.2), and (5.2.3).

LEMMA 5.2.5. For any character ¢, let ¢(S) denotethe character sumX e s¢(s).
Thendet H = I1,:0dd0(5), Where o movesthrough the set of odd charactersof the
group G.

Proof of Lemma 5.2.5. We prove this by generalizing the proof of [5, Chap. 3,
Theorem 6.1]. Let F' be the space of odd functions on G. Namely, we put

F ={f; fisaC-valued functionon G, and f(—z) = — f(z) for anyz € G}.
It is ag-dimensional vector space, and has two natural bases
{¢; pisanodd character onG}, and{ds;s € S},
wherewe put, for any b € G,
1  ifz=0,
d(z) =< =1 ifz=—b,

0 otherwise.

Foreacha € G let T, f bethefunction suchthat 7, f (x) = f(az). Then every odd
character ¢ is an eigenvector of T;, with eigenvalue p(a). Let T' = X, sTs. Then
T isalinear map on F', and we have

Ty, = ().

Therefore ¢ is an eigenvector of T', and the determinant of T is the product of the
character sums occurring on the right hand side of the equality in our lemma. On
the other hand, we have

T8, = S Tuty = 3 by = 3 o

a€S a€S cebS—1
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hence, if welet H' = (Hj ;) a,bes denotethematrix of T'w.r.t. thebasis {d,; s € S},
then

a,b —

1 ifaehbS™1,
“1 ifagbSL.

Noting that the condition a € bS~! is equivalent to the condition a=b € S, we
seethat H' isthetranspose of H. This completes the proof of Lemma5.2.5.

For any character o of G, let denote B,, denote the sum X1y 1, 10y (d)d/ f,,.
LEMMA 5.2.6 ([5, Chap. 3]). For any odd character of G,

Lo(1,¢) = (V=1xnG(ps)/ f,)Bs.

By this and the well-known fact that

G| = \/fo, (14)
we have
[Lo(1,0)| = (/[ )1 Byl (15)

It follows from (4.3), (4.4), and (4.5), that
[Te) = Il YnGxd)LLx¥)

SES x € P, nontrivia
x T1 (vV=1/m)x(q)(x(a) — 9)G(x)Lo(1, Xbo)
x:odd
x [T (V=1/m)¢(p)(4(p) — p)G(¥)Lo(1, xot))-
1:0dd

Therefore, by (14) and (15), we have

IT «(9)

p:odd

(16)

I1 B.

p:odd

IT (x(@) — @)

x:odd

IT W) —p)|.

1:0dd

Asfor the products1l,.odd(x(¢) — ¢) and ILy:0dd (0 (p) — p), we have the following
LEMMA 5.2.7. Notation being asin Theorem 5.2,

II x(@) —9) = A(g:p), and ] (¥(p) —p) = Alp; q)-

x:odd 1:0dd
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Proof of Lemma 5.2.7. A proof similar to that in [3] can be constructed.
Further, asfor the product 11,040 3,,, we have the following

PROPOSITION 5.2.8 ([5, Chap. 3, Theorem 3.2]). Let K denote an arbitrary
abelian number field with [K : Q] = 2g¢. Let () denote the unit index, w the number
of roots of unity in K, h~ the relative class number of K. Then

II B, = (-2 /(Qu).

p:odd

When K = Q((pq), we have () = 2 (see [loc. cit., Chap. 3, Theorem 4.1]) and
w = 2pq. Hence we have

II By = (=272~ /(4pq). (17)
p:odd

Combining (16), (17), and (5.2.6), we have

II ()| = (2°h~ /(4p0)) A(p; 0) A(q; p)-
p:odd

By (5.2.4) and (5.2.5), thisimplies that

h™ = 2pq|det H|/(A(p; ¢) A(q; p))-

This completes the proof of Theorem 5.2.
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