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ON A REALIZATION OF PRIME TANGLES
AND KNOTS

QUACH THI CAM VAN

The notion of a prime tangle is introduced by Kirby and Lickorish [7].
It is related deeply to the notion of a prime knot by the following result
in [8]: summing together two prime tangles gives always a prime knot.

The purpose of this paper is to exploit this above mentioned result of
Lickorish in creating or detecting prime knots which satisfy certain
properties. First, we shall express certain knots (two-bridge knots and
Terasaka slice knots [14]) as a sum of a prime tangle and an untangle
(the existence of such a sum is proven to every knot in {7] and is not
unique) in a natural way (natural means here depending on certain
specific geometrical characters of the class of knots). Second, every
Alexander polynomial (or Conway polynomial) is shown to be realized
by a prime algebraic knot (algebraic in the sense of Conway [3], Bonahon-
Siebenmann [2]) which can be expressed as the sum of two prime algebraic
tangles. Finally, an application of these prime tangles and knots can be
found in realizing Alexander polynomial concordance by a concordance of
prime knots, first shown by Bleiler [1].

1. Definitions and notations.
(a) Tangles. The notion of tangle is introduced by Conway [3].

Definition. A (two-string) tangle is a pair (B, t) where B is a 3-ball and
t is a pair of disjoint spanning arcs in B ({ N\ dB = dt). A tangle (B, {) is
untangled if the two arcs of ¢t are unknotted and if there is a properly
embedded disc in B(D M B = D) which separates the two arcs of ¢.

Every untangle can be constructed in the following way: starting from
the corner points of a square ‘‘pillowcase’’, which are on the boundary of
a 3-ball B, draw p/q slope lines on its front and —p/q slope lines on its
back for a certain p/q € Q \U 1/0 (Figure 1); we shall denote it by
Ty, = (B, ty;). The single or two-component link, produced by joining
outside the diagram the top right of ¢,,, to its bottom right and the top
left to its bottom left, is called the link K, ,, associated to the tangle T,
(Figure 1). Every two-bridge knot is a link K}, associated to a tangle
Ty, with p even and ¢ odd ([11, p. 114}, [12], [13]).
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FIGURE 1

Given two tangles (B, t1) and (Bs, t2), a new tangle can be produced
by identifying a (disc, point pair of d¢1) in the boundary of B, to a (disc,
point pair of d¢;) in the boundary of B.. The result is called a partial sum
of the tangles (B, t1) and (Bg, ¢;). If one makes the choice of identification
asdepicted in Figure 2a, one obtains the Conway sum of tangles T" = (B, t)
and " = (B, ¢). Itisdenoted by T" + T".

Given two tangles (B, ¢1) and (Bs, £2) let f: (3B,, 9t1) — (9Ba, dt2) be
a homeomorphism. A single or two-component link can be created by
identifying the boundaries of the tangles via f. The result (By, t1) U,
(Bg, t2) is called a sum of tangles. If one makes the choice of identification
illustrated in Fig. 2b (which consists practically to join the tangles by
bands), the resulting link is called, in Bleiler’s terminology [1], the join
of tangles (By, t1) and (B, {2).
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FIGURE 2

If a tangle T" = (B, ¢t) carries the string orientation shown in Figure 3a
(the entry and exit points alternate), the two ways to complete T in an
oriented knot or link depicted in Figure 3b and in Figure 3c, are called
respectively the denominator D, and numerator Np of T.
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FIGURE 3

In [7], the definition of a prime tangle is given as follows:

Definition. A tangle (B, t) is prime if it satisfies the following properties:
Any 2-sphere in B, which meets ¢ transversely in two points, bounds in
B a ball meeting ¢ in an unknotted arc; (a) (B, t) is not untangled.

(b) Algebraic tangles and knots (algebraic in the sense of [3], [2]):
A band is an embedding of S' X [0, 1] or the Moébius band in S? such
that its core is unknotted.

Definition. Let A, and A, be two bands and F a 2-sphere separating .S5?
in 3-balls B; and B, such that 4, C B;, A; C By and dB; N 4, =
dB: M A, is a square on which the intersection of the bands’ cores is
transverse. The surface 4, \J 4. is a plumbing of bands 4, and 4, (it is
a special case of Murasugi plumbing [10]). If .S is an (non-)orientable
surface obtained by bands plumbing, a weighted graph G can be associated
such that:

the vertices of G represent the bands and their weights the number of
half-twists of the corresponding bands;

two vertices of G are connected by an edge if and only if there is a
plumbing of the corresponding bands.

G is called a plumbing graph.

Definition. A knot is algebraic if it is the boundary of a surface obtained
by bands plumbing according to a plumbing graph which is a tree.
Equivalently, a knot js algebraic if it results from a sum of an untangle
with a tangle obtained by partially summing a finite collection of un-
tangles together. A tangle is algebraic if it is obtained by partially sum-
ming a finite collection of untangles.

2. (a) Let T3, and T, ,, be two untangles. Consider the Conway
sum Tpl/ql + sz/%.
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LemMA 1. If p1/q1 and po/qs € Z\J 1/0 and 1f ¢, and qs are odd, T 4,
+ Ty, q, 15 a prime tangle.

Remark. 1f ¢, or g2 = 1, for instance ¢s, the Conway sum T}, o, + 715, /4,
results in the untangle 7', 1p,q,)/0,- If there is just one p,/q; = 1/0, for
instance p/qs, the tangle 75,,,, + 711, is neither prime nor untangled.
If p1/q1 = p2/q2 = 1/0 the Conway sum 1, + 7', is not a two-string
tangle.

Proof of Lemma 1. An untangle can be added to Ty 4, + 13,5, to
produce the connected sum of knots K, ,, and K,, ,,,. Thus the Conway
sum 7T ;o + T, q, is not untangled.

The join of tangles 75 ,, and T, , gives a two-bridge knot or link
K,,, which is the boundary of a surface obtained by bands plumbing
according to the following linear tree:

by, b1,ny—1 b1a rn + 7y bon ba,s bany
@@ ccrcecsccccg ® Y @erccccccece®

where b; ,, and r; appear as integer coefficients of a continued fraction
expansion of p;/q; = 7y + [bi1. .. b, ,;) with

[bi.l LR bi,ni] =

big —

3 1

bt.n.’—l -
bt.m

If p1 and p, are of the same parity, ¢ = p1g2 + p2¢: is even, therefore
K, is a link (see for example [13]). Since a two-bridge link has both of
its components unknotted, the existence of a knotted arc-ball pair in the
tangle T}, ,, + T5,,, could not be possible. Hence T 4, + T, 4, is, in
this case, a prime tangle.

If p1 and p. are not of the same parity, suppose (without loss of
generality) that p; is even and p, odd. Consider now the Conway sum

T 10, + Toyre, + Tan
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which is, as already remarked, equivalent to the sum
To10, + Ty sa, With P = p2 + go.

p1and p," are now of the same parity, then, by the discussion given above,
Ty, 10, + Tp,sq, is prime. Finally, a theorem of Lickorish (8, Theorem 3]
implies that 7, ,i1 + Tp./qe, is also a prime tangle.

COROLLARY 1. 4 two-bridge knot can be expressed as a sum of an untangle
with a prime algebraic tangle.

Proof. Every two-bridge knot can be obtained as a knot K, associated
to an untangle T,,, with p even and ¢ odd such that

p/q=1[2b1,...,2b,],b, €Z —0 and n = 2.

A two-bridge knot K, ,, can therefore be considered as the boundary of
an orientable surface obtained by bands plumbing according to the tree

2b 2b, 2b, 2b,_y 2b,,
@@ crcctcsscs@recctssccci@Q— @
Let p'/q’ = [2b1 — 3, 2bs, . . ., 2b,] be obtained from p/q by replacing

the first coefficient 2b; by 2b; — 3. Consider now the Conway sum
Ty 1y + T3 By Lemma 1, the Conway sum 75 ,,» + T3 1s a prime tangle
which is, by construction, algebraic. It is easy to see that the join of
T,/ ,o and T3 produces the two-bridge knot K, ,.

Remarks. Consider now the partial sum of 7,., + Ti;3 with the
untangle T, as illustrated in Figure 4. The arcs of the resulting tangle
admit an orientation which allows us to speak about the denominator
and numerator of the considered tangle denoted by S, ,,. The numerator
of S,,, restitutes also the knot K, ,.

The tangle, Conway sum of two untangles described in Lemma 1, is
in fact a particular case of algebraic tangles, the primeness of which can
be shown by the passage to two-fold cyclic branched coverings [10] and
by using the results of [15] and [8]. The above given proof avoids this
sophisticated passage.

(b) LEMMA 2. Let (Bo, to) be a tangle (with string orientation depicted in
Figure 3a) such that its numerator is the unlink and its denominator 1s not
the trivial knot. Then (B, to) is a prime tangle.

Proof. As the numerator of (B, to) is, by assumption, the unlink, the
condition (@) to be prime is satisfied.

Suppose that (B, ¢o) is an untangle; say 75, . Since the denominator
and numerator of an untangle 7, are respectively the single or two com-
ponent link K,,, and K, to be an unlink when completed in the numera-
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FIGURE 4

tor, the tangle T},,,, must have po/go = 1/0 and its denominator would
be the trivial knot. Hence (B, ¢p) is not an untangle.

Let A(¢) be an Alexander polynomial which satisfies the Fox—Milnor
condition [4]: there exists a polynomial f(¢) € Z][¢, t~'] such that

A() = £f(OFE).

COROLLARY 2. Let A(t) be an Alexander polynomial satisfying the Fox—
Milnor condition. Then there exists a tangle G, such that its numerator is the
unlink and its denominator is a knot with Alexander polynomial

A@) = £fOf ).

Proof. By Terasaka [14] there exists a slice knot K, constructed from
two circles connecting by a band with Alexander polynomial

A() = £f(OFE).

Let C be a ball intersecting the connecting band as illustrated in Figure 5.
Hence (C, C N\ K,) is an untangle and, by construction, the tangle
complement

(8*/C, (§8*/C) NV K,) = G,
has the required properties.
3. In the following, we shall use the Conway rather than the Alexander

polynomial.
Recall that a knot Conway polynomial is

V(z) =1 + Za,zzi With a; € Z.
i=0
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FIGURE 5

ProrosiTiON 3. Let

Vi) =1+ (—1)"1{:2: (—1)’p,z2“‘”}

with p; € Z. Then there exists an algebraic knot with Conway polynomial
¥ (z).

Proof. Consider the surfaces F;, 7 = 0, .. ., /, depicted in Figure 6 with
their respective plumbing graphs. The surface S, ..,,_,, illustrated in
Figure 7 with its corresponding plumbing graph, is obtained by Murasugi
plumbing of these surfaces F;,7 = 0,..., .. The knot Kppio _yp» boundary
of S,,o,,,,,l_ o 18 therefore, by construction, algebraic.

Exploiting Conway’s methods of calculation (see [3] or [6]) and the
property of K, ..., _, to be of unknotting number one (it suffices to
replace the plumbing element Fo of S, ...,,_, by a non-twisted band), it is

easy to prove by induction that the Conway polynomial of K, ..., _, is

Vi) =1+ (—1)’*‘{2‘;:1 (—1)‘1)1-22”—”}.

ProrosITION 4. Let K, ,...p,_, be the knot constructed as above for
Proposition 3, withl = 3. Then:
(4a) there exists embedded in S* a 2-sphere cuiting K,

and bounding 3-balls B, and Bs such that
(*) By BiMNKy,,...p,_,) 15 a prime tangle, © = 1, 2.
(4b) K,

Proof. By [8, Theorem 1], (4b) is merely a consequence of (4a). There-
fore it suffices to prove (4a).

-1

» in four points

greeepy_y 1S @ prIME knot.
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+2

FIGURE 6

+2 20 —1) —2 20,—1) -2 2(1’1 - 1) -2 2(1’0 -1

+2 2(p—1) 0 =2 2(p; — 200 -1 0 =2 21
+2
FIGURE 7

A regular projection of K, ..., is given by Figure 8. Consider now
the 2-sphere F meeting K, ..., _, as depicted in Figure 8.

Assertion. F is a 2-sphere satisfying the property (*).

By the knot’s construction, the assertion can be proved by induction,
directly in S without passing to two-fold cyclic branched covering.

https://doi.org/10.4153/CJM-1983-017-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1983-017-8

PRIME TANGLES AND KNOTS 319

FIGURE 8
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Consider the tangles (Bs, B N\ K) with B, = F and (By, By N K)
illustrated in Figure 8. (B./, B, N K) is not an untangle, as its denomi-
nator produces a connected sum of links. Completing the tangle (B,
By’ M K) in numerator gives the trivial knot. Hence (By, By M K) is
prime. Therefore, by [8, Theorem 3], the tangle (B, B» M K) is also

prime.
For I = 3, it is easy to verify in the same way that the tangle comple-
ment
(S*\B2(S?\B:) N\ K)
is prime.

Suppose now that the assertion and therefore the proposition are
proved until / — 1 (until K, ..., ).

Denote the tangle complement to (Bz, By N K, ...,) by U, The
denominator of U, gives the connected sum of K,,, ... ,, and a Hopf link.
Hence U, is not untangled. The numerator N(U;) of U, is the knot
Ky, +15,,...5,- By assumption of induction, the knots K,,....», and
K3,+1....5, would be the same. Since the p; characterizing the two knots
are different and therefore their Conway polynomials are, by Proposition
3, not equal, it follows that such a knotted arc-ball pair could not exist.

Remark. The knots K, .., , are of unknotting number one. An
affirmative answer to a problem in [5] would be an alternative proof for
their primeness.

We are now in a position to prove the following theorem:

THEOREM 5. Let

V() =1+ (—-1)"‘{2 (—1)‘p,z2”"’}

withp, € Z. Thereexistsa knot Ky ..., with ¥V (z) as Conway polynomial
such that there exists embedded in S® a 2-sphere satisfying the property (*).

Proof. For I = 3, the theorem is given by Proposition 4. For / = 1 and
2, consider the tangle V, depicted in Figure 9. It gives, when completed
in denominator Dy, the connected sum of the pretzel knot K(—3, 5, 7)
with its image rK (—3, 5, 7) where r : S3 — 3 is an orientation reversing
homeomorphism. The Conway polynomials of the numerator Ny, and
the denominator Dy of Vare: V(Ny) = 0and V(D) = 1.

Let M,_;, I = 1, 2, be the following tangle: For / = 2, it is the prime
algebraic tangle S, ,, described in a remark of Corollary 1, the numerator
of which is the knot K, of Proposition 3 (recall that K, is a two-bridge
knot). For ! = 1, M, is the prime algebraic tangle depicted in Figure 10
which produces, when completed in numerator, the knot K, ,, of Propo-
sition 3.
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FIGURE 9

PES

Consider now the Conway sum of V and M, 7 = 0, 1. The join of V
and M; (the numerator of V + M) (Figure 11) is the knot K; with
Conway polynomial (see [3] or [6]):

V(Ki) = V(NV)V(DM;) + V(NM;‘)V(DV) = V(NM,)
_ 1 + p()Z2 1 = 0,
T+ puz? — pezt 1= 1.

By construction, the knot is ribbon-concordant (in terminology of
Gordon) to K, when ¢ = 0 and K, , when: = 1, algebraic and by (8,
Theorem 1], prime.

21 — 1)

FIGURE 10

Consider now the join of the tangles G, and C,, where:

G, is the tangle described in Corollary 2 (i.e., the numerator N(G,) of
G, is the unlink and its denominator D(G,) is the Terasaka knot K,).
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FIGURE 11

C,, is a prime algebraic tangle such that its numerator N(G, ) is the
knot K, ..., described in Theorem 5 (such a prime tangle can be taken,
for instance, as the one described in the proof of Proposition 4).

The knot L, join of prime tangles G,and G, is, therefore, by construc-
tion, prime and concordant to the prime knot K, ... »,.
The Conway polynomial of the knot L is:

V(L) = V(Ne)V (De,) + V(Ne,)V (Dey) = V (N, )V (D).

(As Ng, is an unlink, V(Na,) = 0.) We have therefore, with more
simplification, a result of Bleiler [1].

COROLLARY 5. Giwven polynomials f(¢) and g(t) in Z[t, t'] with g(t)
= g(t™!) and f(1) = g(1) = 1, there exist prime concordant knots K, L
with their Alexander polynomial Ax(t) = g(t) and

Ay () = xmgOfOFE).
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