
ON SINGULAR FIBERINGS 

MARK MAHOWALD 

1. The purpose of this note is to discuss some properties of singular 
fibrations introduced by Montgomery and Samelson (4) and studied by Hu 
(2) and Conner and Dyer (1). This work was motivated by the last paper, 
where singular fibrations in which the fibre is a sphere were studied. Here 
more general fibres will be considered. 

A fibre space with singularities is a quadruple [(X, A), ( F, B), T, F] such 
that 

(1) T : (X, A) —> (F, B) is a proper open onto mapping, 

(2) TT~1(B) = A and T/A is a homeomorphism, and 

(3) T/X - A :X - A —> F - £ is a fibre mapping with fibre F. 

The cohomology used will be the Cech cohomology groups with coefficients 
in Z2. Cohomology groups with compact supports will be denoted by a sub­
script c. 

In addition we require that x i ( F — B) acts simply on Hq(F). This will be 
true in particular if -K is a bundle map and the structure group is pathwise 
connected (5). We also assume that if dim F = r, then Hr(F) = Z^. 

2. One of the principal tools we shall use is a truncated exact sequence 
obtained from the spectral sequence of (X — Ay Y — B, F). The following 
description is from Hu (2, p. 241). Let X < m < ix be integers. Then a spectral 
sequence satisfies the two-term condition {X, M; 2} if E2 has the following 
properties. For each integer m such that X < m < /x, Ep>q

2 = 0 if p + q = m 
and (p, q) is different from two given pairs (am, bm) and (cm, dm) where 

Q"m l "m = = W = Cm ~\~ dm, dm " ^ Cm. 

Moreover, the following condition also must be fulfilled: 

(1) EPtq
2 = 0 if p + q = m — 1, p ^ am — 2, and X < m < n, 

(2) EPtP
2 = 0 if p + q = m + 1, p > cm + 2, and X < m < /z. 

Then, if the spectral sequence is a regular 8 sequence we have the following 
exact sequence: 

EcXdX — » . . . • — > ECmdm —> § m —> Eam,6m — > . . . - * £ a M V 
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We recall that for a fibre space (X — A> Y — B, F) with coefficients in 
Z2, we have §m = Hc

m(X - A) and Epq* = H<?(Y - B;H'(F)), (3, pp. 
270-271). 

Our first theorem is similar to Theorem 1.1 of (1). 

THEOREM 1. If [(X, A), (F, 5 ) , TT, F] is a singular fibering of a finite-dimen­
sional space X by an r-dimensional fibre F such that for some integer m, H*(X) = 0 
for i > m, then H\A) = 0 for i > m and Hl(Y) o^ H^B) for i > m — r. 

Proof. Consider the following diagram 

H\A) ^Hc
i+\X - A) ->Hi+\X) 

^ Î T T i * Î7T* 

H\B) -+Hc
i+\Y - B) ->Hi+1(Y) 

Since Hl{X) = 0, i > w, the homomorphism 5* is onto for i > m — 1, but 
7Ti* is an isomorphism. Thus T* is onto for i > m — 1. 

Let 5 be the least integer such that HC
S(Y — B) ?± 0. Since X is finite-

dimensional, F is also finite-dimensional and hence s exists. We wish to apply 
the truncated exact sequence to this situation with /x = 5 + r + 1 and 
X = s + r. Up+q = r-\-s + l then either p > r or a > s. In both cases 
HC

P(Y - B;Hq(F)) = 0. If p + a = r + s, then if p > r or a > s we have 
i ^ ( F - 5 ; H<(F)) = 0. But if p = r and g = s, HP(Y - B;H<(F)) is not 
necessarily zero. If we take for our two pairs 

V + 1 r J s+r+i V + 1 r - 1/,+/ 

then conditions 1 and 2 are satisfied, as is easily checked. Our exact sequence 
then is 
(1) HC

S+1(Y - B;Hr-i(F))-*Hc
r+s(X - A)-*HC

S(Y - B;Hr(F)) 
-^Hc

s+l(Y - B;Hr(F)). 

But the first and last terms are zero; therefore 

He
r+'(X - A)~HC

S(Y - B;HT(F)) = HC
S(Y - B). 

By the induction hypothesis HC
T+S(Y — B) = 0. But 7r* maps this onto 

Hc
r+s(X - A) if r + s > m; therefore, H/+S(X - A) = 0 = HC

S(Y - B). 
This proves that s < m — r and Hc

i(X — A) = 0 if i > m. This, together 
with H^X) = 0 if i > m, implies that H^A) = 0 if i > m. If £ > m — r we 
have Hi{Y)c^Hi{B) since « « ' ( F - B) = 0. 

3. In this section some additional results are obtained under the hypothesis 
that X is a (mod 2) n-sphere. We also assume that HT{F) = Z2. 

THEOREM 2. Suppose X is a cohomology (mod 2) n-sphere. Then either A is 
a cohomology n-sphere and Y — B is acyclic or the cohomology dim A < n — r 
and Hc

n~T{Y - B) = Z2. 
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Proof. As in Theorem 1 we have that TT*: jff«(F - B) -> Hl(X - A) is 
onto for all i except i — n. Theorem 1 implies that HjÇX — A) = 0 for all 
i > n — r except i = n. The exact sequence (1) applies here and we conclude 
that Hc

m(X - A) ~Hc
n-r(Y - B). Consider the sequence 

Hc
n+\X - A) <-H\A) ±-Hn(X) £-Hc

n(X -A) £-H*-\A). 

Since Ô* = TTVTTI*-1 and Hc
n{Y - B) = 0, we see that 5* is trivial. Since 

Hn~l{X) = 0, therefore Hn~l{A) = 0. Then ker j * = 0. But Hn(X) = Z2; 
therefore j * is either an isomorphism or is trivial. Hence either Hn(A) = 0 
and Hc

n(X — A) = Z2 or conversely. In the first case H\A) = 0 for all 
i > n — r from the sequence of the pair {X, A). In the second case we have 
Hc

n{X - A) ~ Hc
n-r(Y - B) = 0. Then the induction argument of Theorem 

1 applies, proving that HC\Y - B) = 0 for all i > 0. 

In the rest of the paper we investigate what happens if A is not a cohomology 
w-sphere, that is, we require in the remainder of the paper that Hc

s( Y — B)=Z2 

where s = n — r. 

THEOREM 3. If r > 1 then Hc
s~l{Y - B) = 0, HC

S~2(Y - B) = HT~l{F)y 

HS~2(B) = Hs(B) = 0 and either HS(Y) = Z2 or H'~l(B) = Z2 (the other 
group in each case being zero). 

Proof. We wish to apply the two-term exact sequence to this situation. We 
take fi = r + s and X = r + s — 2 where a = n — r. Then, as before 

( s r ) 
\s+l r - 1/ 

is an acceptable p, q pair for m = y.. For m = r + 5 — 1 the only interesting 
pair will be 

For m = r + 5 — 2 the interesting pair will be 

A - 2 r \ 
I s - 1 r - 1 I . 
V 5 r - 2 / 

We shall use the first two to show Hs~l ( F — B) = 0 and then the two-term 
condition will be satisfied by 

(s-2 r \ 
\ s r - 2 / 

H / ( F - B-H^iF^^HrKX - 4 ) - ^ H Z - H F - B;Hr(F)) 
-*HC"+1{Y - B;Hr~l(F)). 
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The last term is zero and Hc
n~l(X - A) = 0; therefore Hc

s~l(Y - B\ 
Hr(F)) = 0. But this is just He

8'l(Y - B). Hence we can add the next term 
and we have 

H / ( ( F - B);Hr-*(F))-*Hc
n-*(X - A) ->HC°-*(Y - B;Hr(F)) 

-+HC
S(Y - £ ; # ' - i ( i 0 ) - » 0 . 

Therefore HC
S~2(Y - B; Hr(F)) ~HC

8(Y -- B; H'-^F)). But this is just 
i I / ~ 2 ( F — B) c^.Hr~l(F). The final statement comes from considering 

HC-\X - i l) -^HS~\X) -+HS~\A) 
Î Xx*T Î7T* 

fT^ (B) -*HC-\Y - 5 ) ->JET-^F) ^HS-\B) 

-+HC\X - i l) ->H\X) ->H\A) ->HC
S+1(X - i l ) 

î î Î 
->He'(Y - B) -+H'(Y) ->H\B) 

We see that HS(B) ~H*(A) = 0. That HS~2(B) = 0 follows by the same 
argument used to show that Hn~l(A) = 0. Now i* is an isomorphism into, but 
since xi* is trivial and 7r* is also an isomorphism we see that i* is trivial. Hence 
Hs~l(Y) = 0. Now we are left with 

0 -> H'-^B) -> Z2 -* i ï ' ( F ) -> 0. 

Hence either Hs~~l(B) or HS(Y) vanishes and the other equals Zi. 

If we further restrict F we can get more specific information. The following 
theorems are examples of such results. 

THEOREM 4. Suppose HS(Y) = 0 and HT~Z{F) = Hr-*(F) = 0 (/or example, 
if r = 2), /&ew we Aaue the exact sequence 

* 
0 -» fT / - s (F - -B) -+He-\Y -B)Z-> H.-\X -A)-+0. 

In addition HC—(Y - B) = 0 and Ht-*{Y - B) ~ tf/-2(F - 5 ; Jf(JT)). 

fVoo/. By Theorem 3 H/'^Y - B) = 0. Consider 

(•T1^-e:i,:1).CEi;:j).C-=i;:j)-
Using the first two-pair and the truncated exact sequence we shall show 

that HC
S~3(Y — B) = 0. The result then follows from the sequence by using 

the remaining pair. 
Now for the proof that He-*(Y - B) = 0. 
Using the first two-pair, and setting r — 2, the truncated exact sequence 

becomes 
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HC
S-\Y - B;HT~\F)) ->HC

S~\X - A) -+HC
S~\Y - B) 

-+HC\Y - B) £HC\X -A)->0. 

We have a zero for the last map since 7r* is onto. But HC
8(Y — B) = Z2 and 

since HS(Y) = 0, Hs~l(B) = Z2 = H*~l(A). Hence TT* is also an isomor­
phism. From Theorem 3 we see that Hc

s~l(X - A) = 0; hence He
8-*(Y - B) 

= 0. This also implies HC
S~Z(X - A) = 0. 

THEOREM 5. If HT~l{F) = 0 and r > 4, then HC
S~*(Y - B) = HT~Z(F), 

HC
S-*(Y - B)~Hr-*(F), and HC

S~2(Y - B) = 0 = # ' - 8 ( S ) = # S - 2 ( F ) = 

fir*-1 (JO. 

The proof of this result is similar to the above and since the result is rather 
special we omit the proof. 

4. We now consider some applications. In this section, X is always a (mod 2) 
w-sphere. We shall need the following lemma. 

LEMMA 8. If HS(Y) ^ 0, Y satisfies Poincarê duality, and B is connected, 
we have Hl(Y) = 0, and H2(Y) =• IP(F). 

Proof. Since B is connected and H^iY) = 0 we have Hl(Y) = 0. Hence 
He

l(Y - B) = 0. Hence we have 

(2) 0-*H\F) ->Hc\Y -B)Z+ HC\X - A) -* 0. 

The last zero follows from the fact that 7r* is onto. 
We also have the diagram 

0->H\B) ^>HC\Y - B) £>H\Y) -* 0 

0 -> Hl(A) -> HC
2(X - A) -> 0 

7T* is an isomorphism on the image of ô*. Hence ker 7r* f~\ im 3* = 0. We also 
have ker ir* 0 im 5* = HC

2{Y — B). Hence j * is an isomorphism on ker 7r*. 
But from (2) we see that ker 7r* = im r and r is an isomorphism into, hence 
imf^H^F). 

4.1. If Y has dimension 3, r > 2, iiP(F) ^ 0, then Y is a (mod 2) ^-sphere 
and B is acyclic with H°(B) = HT~l(F) (H° is the reduced group). 

This follows directly from Theorem 3. 

4.2. If Y has dimension 3 and HZ{Y) = 0, then B is a (mod 2) cohomology 
2-sphere, Y is acyclic, and H1^) = 0. 

Proof. We know that HC
2(Y - B) = 0 and He-*(Y - B) = HT~l(F) = 

Hl(F). Consider the truncated sequence for 

\ 3 - 1 / ' \ 3 0/ 
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We have 

HC*(Y - B\H-*(F))-*H*(X - A)->HS(Y - B;Hl(F)) 
* 

-> HC*(Y - B; HQ(F)) ^ HC*(X - A)-+ H^Y - B; HJ)). 

Now 7T* is the projection map, which is an isomorphism here if H3(Y) = 0. 
Therefore 0 -> He

l(Y - B; IP(F)) -> 0 or IP(F) ® Hl(F) = 0; hence 
IP(F) = 0. 

4.3. If Y is ^-dimensional, satisfies Poincarê duality, r > 2, awd 5 w am-
*wcted, then B is acyclic and H2(Y) = tf^F) a»d # 3 ( F ) = Hl(Y) = 0. 

4.4. If Y is ^.-dimensional, HA(Y) = 0, F w 2-dimensional, then F is a 
cohomology 2-sphere, B is a cohomology 3-sphere, and Y is acyclic. 

Proof. Theorem 4 implies HC
S~*{Y - B) = 0 and HC

S~2(Y - B\ IP(F)) 
~H°(Y - B) = 0. B u t s i n c e # y - 2 ( F - B) ~ Hl{F), we see that Hl{F) = 0. 
Therefore HC

S~2(Y - B) = 0. Hence if H*(Y) = 0, F is acyclic and 5 is a 
cohomology 3-sphere. 

4.5. / / dim F = 5, # 3 ( F) = 0, then 

H\Y) = # 3 ( F ) = # 2 ( F ) = # 3 (3 ) = Hl{B) = 0, 

H2(£) = i W ) , # 4 (£ ) = #° (£) = Z2, ffi(F) = ffi(/0 ®z2IP(F). 

This follows as above from Theorem 4. 

4.6. If Y is a cohomology 5-manifold and r > 2 awd 2? w connected, then 
H*(Y) = £P(F) = 0 arcd # 2 ( F ) = # 3 ( F ) = ^ ( F ) . B to cohomology dimen­
sion < 1. 7/ f T " 1 ^ ) = 0, /At* i^CB) = 2?*(F). 

Remark. In (4) Montgomery and Samelson suggest that it seems likely 
that the singular set of a fibering of a sphere must be a cohomology sphere. 
Results 4.1, 4.2, 4.3, and 4.4 answer the question affirmatively if the dimension 
of F is less than or equal to 4. But 4.5 shows that if there is a singular fibration 
of S7 with a 2-dimensional fibre which is not a cohomology sphere then the 
conjecture is false. We have not been able to construct such a map. 
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