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ABSTRACT

In the classical optimal dividends problem, dividend decisions are allowed to
be made at any point in time — according to a continuous strategy. Depend-
ing on the surplus process that is considered and whether dividend payouts are
bounded or not, optimal strategies are generally of a band, barrier or threshold
type. In reality, while surpluses change continuously, dividends are generally
paid on a periodic basis. Because of this, the actuarial literature has recently
considered strategies where dividends are only allowed to be distributed at (ran-
dom) discrete times — according to a periodic strategy.

In this paper, we focus on the Brownian risk model. In this context, the op-
timal continuous and periodic strategies have previously been shown (indepen-
dently of one another) to be of barrier type. For the first time, we consider a
model where both strategies are used. In such a hybrid strategy, decisions are
allowed to be made either at any time (continuously), or periodically at a lower
cost. This proves optimal in some cases. We also determine under which combi-
nation of parameters a pure continuous, pure periodic or hybrid (including both
continuous and periodic dividend payments) barrier strategy is optimal. Inter-
estingly, the hybrid strategy lies in-between periodic and continuous strategies,
which provides some interesting insights. Results are illustrated.
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1. INTRODUCTION

1.1. Motivation and literature review

In actuarial risk theory, stochastic processes are used to model the surplus of
a company. In the early 20th century, the probability of ruin was used as a
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criterion to assess the stability of a company, that is, the probability that the sur-
plus becomes non-positive at some point in future; see, for instance, Bithlmann
(1970) or Asmussen and Albrecher (2010). Because more surplus always leads
to a lower probability of ruin, the probability of ruin can be seen as a one-sided
criterion, suggesting that we should let the surplus grow to infinity. Because of
this unrealistic feature, Bruno de Finetti (1957) proposed an alternative formu-
lation that considers the expected present value of dividends (surplus leakages)
until ruin as a stability criterion. This is a more balanced criterion in that more
dividends lead to an earlier ruin, which itself decreases the expected amount of
dividends received later. This proposition led to the study of optimal dividend
strategies in many actuarial surplus models, see Avanzi (2009) and Albrecher
and Thonhauser (2009) for reviews.

The traditional approach of formulating the optimal dividend problems us-
ing de Finetti’s criterion is to assume that dividend decisions are made at any
point in time, which is here referred to as a continuous strategy. The optimal con-
tinuous dividend strategies are studied by many authors in the literature. Gerber
(1972) shows that an optimal continuous strategy always exists in both discrete
and continuous Markovian surplus processes. Jeanblanc-Picqué and Shiryaev
(1995) prove that the continuous barrier strategies are optimal when dividends
are subjected to proportional transaction costs in the Brownian risk model and
Shreve et al. (1984) show the optimality of the barrier strategies in a general
class of diffusion models.

The objective of maximising the expected present value of dividends until
ruin has some shortcomings. Gerber (1974) pointed out that the resulting op-
timal dividend strategies may not be realistic. For instance, dividend payments
are often irregular in a barrier strategy, which is arguably an unrealistic feature.
Dividend payments tend to occur periodically in reality. This led recently to
an alternative formulation of the optimal dividend problems, whereby dividend
decisions are assumed to be made on discrete and exogenous time points (see,
for example, Albrecher ef al., 2011a,b). This will be here referred to as a peri-
odic strategy. However, periodic strategies with deterministic dividend decision
times do not preserve the time-Markovian structure and this leads to intractable
models. Albrecher et al. (2011a) use an “Erlangisation” approach, which ap-
proximates deterministic inter-dividend-decision times with an Erlang(n) ran-
dom variable; see also, for example, Avanzi ef al. (2013) and Choi and Cheung
(2014). In the case of exponential (Erlang(1)) inter-dividend-decision times, Al-
brecher et al. (2011b) study the periodic barrier strategies by deriving the ex-
pected present value of dividends and the associated optimal periodic barrier.
The optimality of the periodic barrier strategies are studied by Wei et al. (2012)
in the Brownian risk model with regime-switching and Avanzi ef al. (2014) in
the dual model with diffusion.

In principle, a company that distributes dividends periodically still has ac-
cess to the surplus at any time. The company may experience significant growth
in-between periodic dividend times and may wish to distribute a portion of
the growth as dividends immediately. It is plausible to assume that a company
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follows a periodic strategies where dividend decisions arrive periodically. In the
meantime, the company also has the opportunity to distribute dividends at any
time but possibly at a different (higher) cost. Periodic dividends are typically per-
ceived as an ongoing commitment (e.g., annual dividends) and additional pay-
outs (in various forms) are used to distribute cash due to temporary growth (see,
for example, Jagannathan et al., 2000). Indeed, Morningstar (2014) explains

From time to time, companies pay out special dividends when they have
had an extraordinarily good period of profitability. These dividends fall
outside the scope of the “normal” half-year or full-year result.

This is observed in practice (see, e.g., Woodside Petroleum, 2013; Westfarmers,
2014). Motivated by this, we propose a class of hybrid dividend strategies that
allows for a combination of periodic and continuous decision-making. By as-
suming that dividends distributed from periodic and continuous decisions are
subjected to different levels of proportional transaction costs, we find the op-
timal hybrid strategies that maximise the expected present value of dividends
until ruin. Our results show that by varying the ratio between the two transac-
tion costs, the optimal hybrid strategies change from continuous, to hybrid and
to periodic barrier strategies. Results are illustrated using numerical examples.

1.2. Structure of the paper

In Section 2, we give definitions for stationary, continuous, periodic and hybrid
dividend strategies, as well as provide mathematical formulation for the sur-
plus process, expected present value of dividends until ruin and the optimisation
problem. In Section 3, we derive closed-form solutions for the expected present
value of dividends of hybrid barrier strategies with and without liquidation by
solving associated differential equations. We next use the associated verification
lemma to show, in Section 4, the optimality of continuous, hybrid and periodic
barrier strategies in the set of all hybrid dividend strategies under different com-
binations of proportional transaction costs. Lastly, we provide some numerical
illustrations in Section 5.

2. MODEL FORMULATION

2.1. Definitions of stationary, continuous, periodic and hybrid dividend strategies

Using stationary strategies has an advantage of reducing the dimensionality of
optimisation problems. To quote Bellman (1954), “if at any particular time we
know what to do, it is never necessary to know the decisions required at subse-
quent times”. Such strategies are referred to as stationary in Morill (1966) and
since then stationarity became a natural (and often implicit) assumption used
in the literature.
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From here on, all the strategies defined in the paper are assumed to be sta-
tionary. This concept of stationarity is essential to motivate the study in this
paper. Note that a stationary strategy will be the same for any time ¢ > 0. This
means that for a given surplus level, the strategy must be applied no matter
what. This is where periodic strategies differ from continuous ones, and where
they can potentially beat continuous strategies. If the continuous strategies were
not stationary, then periodic strategies would be just a subset of them and the
calculations in this paper would not make sense; but they are not; see also Avanzi
et al. (2014, last paragraph of page 223). Next, we give definitions of continuous
and periodic dividend strategies.

Definition 2.1. When a continuous dividend strategy is applied, dividend decisions
are made continuously at every instant in time. At any given time t, the continuous
strategy maps the current value of the surplus X (t) to a particular value of dividend
distributed. We denote the set of continuous strategies as Dc.

Definition 2.2. When a periodic dividend strategy is applied, dividend decisions
only occur at discrete countable time points. We denote these decision times as
{1, T3, T, .. .}. They are exogenous and independent of the strategy and surplus.
If we are at a dividend decision time — if the current time is t = T, a periodic
strategy maps the current value of the surplus X(T;) to a particular value. We
denote the set of periodic strategies as D p.

For a periodic dividend strategy to be stationary and for the principles of
dynamic programming to be able to be applied (as required in this paper), the
exogenous process generating the dividend decision times {77, T3, T3, ...} must
be Markovian. In this paper, we assume that inter-dividend-decision times are
exponential, but this could be generalised (to Erlang(n), for instance). So far,
continuous and periodic strategies were considered separately. In this paper, we
combine them, which leads to the concept of hybrid dividend strategy.

Definition 2.3. When a hybrid dividend strategy is applied, dividend decisions can
be made continuously and|or periodically in the spirit of Definitions 2.1 and 2.2,
respectively. The set of hybrid dividend strategies is denoted as D y.

The set of hybrid dividend strategies is a bigger family of strategies that con-
tains both Dp and D¢. In the remainder of the paper, when dividends can be
paid only “continuously” or “periodically” (so when the strategy is not hybrid),
then we will qualify those strategies as pure.

2.2. Model formulation
Let (2, F, P) be the probability space on which the surplus process is defined.
The surplus process {U(¢), t > 0} follows a Brownian risk model

U(t) = x4+ ut + o W(t), (2.1
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where x is the initial surplus, u is the drift parameter and o represents the volatil-
ity. The process { W(¢), t > 0} is a standard Brownian motion. We assume that
dividends are distributed from the surplus according to a hybrid strategy (see
Definition 2.3) and the surplus process after dividend distribution is defined as

X)) =x+put+oW — D), (2.2)

where { D(¢), t > 0} represents the aggregate dividends process before transac-
tion costs, with D(0) = 0. In a hybrid dividend strategy @y, the aggregate divi-
dend process before transaction costs comes from two sources, aggregate contin-
uous dividends {D(1), t > 0} and aggregate periodic dividends {D,(?), t > 0},
1.e.,

D(t) = D.(t) + D,(1). (2.3)

We assume that the dividend payments D, (¢) are subject to proportional
transaction costs and use 1. € [0, 1] to represent the net proportion of con-
tinuous dividends received per dollar. In addition, periodic dividend decisions
times {7, 75, T3 . ..} stem from a Poisson process { N, (¢), ¢t > 0} with intensity
y > 0, which is independent of the surplus process. We denote a periodic div-
idend strategy by {%,, ¢ > 0} and a dividend of size 9y is distributed from the
surplus at each periodic dividend decision time 7; for k = 1,2,3,.... So the
aggregate periodic dividend process before transaction costs { D, (1), ¢ > 0} can
be written as

o t
Dy(t) =Y g ligey = /0 9,d N, (s). (2.4)
k=1

We also assume that proportional transaction costs are applied to periodic div-
idends and denote 5, € [0, 1] the net proportion of periodic dividends received
per dollar.

In summary, for an arbitrary hybrid dividend strategy ®py, the expected
present value of dividends received by the shareholders until ruin occurs is

J(x; Oy) =E~ [nc / re"“dDL,(s) +n, / fe“mdzvy(s)] (2.5)
0 0

where é represents a suitable force of (discounting) interest, and where
r=inf{r >0: X(r) =0}. (2.6)

is the time of ruin.

Note that we do not make any initial assumption about the relative size of the
proportional transaction costs 7. and 7,. We will show later that different or-
derings of n. and 1, lead to different optimal strategies. First, consider the case
of n. > n,. Every dollar distributed from continuous strategies has an equal or
higher net gain than every dollar from periodic strategies. It is reasonable to ar-
gue that the optimal hybrid strategies in this case is to only distribute dividends
via pure continuous strategies (due to time-value of money). Now, consider the

https://doi.org/10.1017/asb.2016.17 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2016.17

714 BENJAMIN AVANZI, VINCENT TU AND BERNARD WONG

case of n. < n,. Dividends distributed from periodic strategies yields a higher
net gain than continuous strategies. In this case, the optimal hybrid strategies
are not so obvious. In this paper, we show that the ratio between proportional
transaction costs 7. and 1, determines the structure of the optimal hybrid strat-
egy. More details are provided in Section 4 and summarised in Table 1 on page
18.

2.3. Definition of admissible strategies and formulation of the optimisation
problem

In searching for the optimal hybrid strategy that maximises the expected present
value of dividends after transaction costs, we consider the set of admissible
hybrid strategies, denoted as D. A hybrid strategy @y is considered admissi-
ble if its associated aggregate dividend process {D(¢)} is non-decreasing and
{F;}-adapted with cadlag sample paths and D(0) = 0. In an admissible hybrid
strategy, the set of periodic dividend decision times 7 = {7}, 73, ...} contains
stopping times with respect to {F;} with 0 < T < T, < ... a.s. Each peri-
odic dividend payment at time 7, 97, is measurable with respect to {Fz,} for
k=1,2,3,.... All dividend payments cannot exceed the current surplus level
but are allowed to bring the surplus to zero and cause immediate ruin. Such a
payment corresponds to a liquidation strategy. More formally,

D(t) — D(t—) < X(t—) forall ¢>0. (2.7)

We denote the expected present value of dividends under the optimal hybrid
strategy as

V(x) = max J(x; Op) = E* [nC/ e dD*(s) + np/ e " ¥rdN, (s)] ,
OyeD 0 0
(2.8)
where { D} (1)} is the aggregate dividend process for the optimal continuous strat-
egy and {9} is the payment process associated with the optimal periodic strat-
egy.

2.4. Further terminology and review of the relevant existing literature

Before dwelving into further detail, we would like to make some of the termi-
nology clear, and review the most relevant results, which we will need, but have
already been established in the literature. Throughout the paper, we will consider
four types of barriers:

Barriers within a hybrid barrier strategy: There are two:
— the hybrid continuous barrier (b.), and
— the hybrid periodic barrier (b)).
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These operate at the same time. It makes sense to assume that b, < b, oth-
erwise b, will never be reached, and the strategy would then reduce to the
pure continuous barrier as defined immediately below.

Barriers within a pure strategy: We refer here to barriers of continuous or peri-
odic type, which will be exclusively used for dividend distribution purposes
(not in conjunction with the other). There are also two:

— the pure continuous barrier (yb.), and
— the pure periodic barrier (¢b,).

The optimality of the pure continuous and pure periodic barrier strategies has
already been established in the current literature; see Gerber (1972) and Avanzi
et al. (2014), respectively. The optimal barrier level will be denoted with a star
in the superscript. For example, ¢ is the optimal barrier in a pure continuous
dividend strategy. We now review the form of the associated expected present
value of dividends, which we will need later.

The expected present value of dividends of a pure continuous barrier strat-
egy with proportional transaction costs (1 — n.) in the Brownian risk model is
denoted as G¢(x; 0bF), where ¢b} is the optimal pure continuous barrier. The
function G¢(x; ¢b}) takes the form of

TI'oX S0 X
eO _e()

¢ , € [0, 0b)),
GC(X, Obj) = n }"OerO(Ubﬁ) — Soes‘o(obz‘) X [ 0 (') (29)
Ne(x — ch) + Gc(ob:f; ()b:f), X e [Ob:a 00),
where the optimal continuous barrier ¢b} has the form
1 52
obe = log (%) , (2.10)
ro — So g

and where the roots ry and sy are defined around (3.12) below; see Jeanblanc-
Picqué and Shiryaev (1995).

Consider now the expected present value of the expected present value of
dividends of a pure periodic barrier strategy with transaction costs (1 — 7)),
denoted by G p(x; ob;‘,), where ob;‘, is the optimal pure periodic barrier. The de-
tailed method of deriving G p(x; ¢b*) without proportional costs can be found in
Albrecher et al. (2011b). By adapting the results from Albrecher et al. (2011b),

we have
G p(x; 0b))
erox eSox .

77p <r0€"0(0b2) _ Soeso(ob;)> k] X € [0’ Obp)’
— §  efr(xoby) y % (2.11)
- + + (x — ob;, :

77p|:y+5 5, J/+5(7/+5 ( Op)>

14 * * *
+y +5Gp(obp; 0b3), x € [ob}, 00),
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1st 2nd 3rd

FIGURE 1: Sample paths of X(¢) and D(¢) under a hybrid barrier dividend strategy.

where the optimal periodic barrier has the following explicit form:
1 o (So[()/ +8)s0 — Sy5]>
rol(y + 8)ro — 5,81/

and the root s, is defined in (3.12). The function G p(x; ob;) is strictly increasing
and concave with the following properties:

ob% = (2.12)

ro — So

*. Lk . ’ LOLEY vV .
/P(Obp7 Ob[;) - np and \’ll)ngO GP(xa Obp) - npms (213)

see Avanzi et al. (2014).

3. EXPECTED PRESENT VALUE OF DIVIDENDS UNDER AN OPTIMAL HYBRID
BARRIER STRATEGY

In this section, we focus on a specific class of hybrid strategies — the hybrid
barrier strategies. In a hybrid barrier strategy, dividends can be distributed ac-
cording to a periodic and a continuous barrier strategy. The periodic barrier
is assumed to be strictly less than the continuous barrier. In Figure 1, we plot
a simulated sample path of the modified surplus process { X(¢), ¢ > 0} and the
corresponding dividend process { D(¢), ¢t > 0}. There, three decision times occur.
Prior to the first dividend decision time, the surplus reaches the continuous bar-
rier level (b.) and all the excess surplus is continuously distributed as dividends.
At the first and third (periodic) dividend decision times, lump sum dividend
payments are made to bring the surplus down to the periodic barrier level (b),).
At the second periodic dividend decision time, the surplus is below the periodic
barrier level and hence no dividend is paid.

In the next two sections, we first consider an optimal hybrid barrier strategy
without liquidation in Section 3.1, where both barriers are strictly positive and
finite (0 < b7, < b7 < o0). In Section 3.2, we allow the optimal periodic barrier
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to be zero (0 = b, < b7 < 00) and this is referred as an optimal hybrid barrier
strategy with liquidation-at-first-periodic-opportunity. Throughout Section 3,
we assume that proportional transaction costs on periodic dividends are strictly
less than proportional costs on continuous dividends (7. < n,). In Section 4,
we show that this assumption forms the necessary and sufficient condition for

optimal hybrid strategies to be optimal in the set of hybrid strategies.

3.1. When liquidation is never optimal

Suppose we follow an optimal hybrid barrier strategy with strictly positive and
finite barriers, that is, when 0 < b% < b} < oo. The expected present value of
dividends until ruin G g(x; b;, b¥) is constituted of three layers,
Gr(x), x€]0,b%),
Gu(x; b, b)) = Gu(x), x€[b, b)), (3.1)
Gy(x), xelb}, 00).

We start by determining differential equations that G y(x; b7, b7) must satisfy.
Consider a small time interval [0, /1) and if the surplus level x € [0, 57), then no
dividends can be issued and we have

Gr(x) = (1 — SWE[G(x + ph + o W(h)] + o(h). (3.2)

Thanks to the properties of the Brownian motion, we can expand the expecta-
tion in (3.2) to

2
E[G1(x + ph + o Wh)] = G1(x) + nG,(x)h + %Gg(x)h foh). (3.3)

Substituting (3.3) into (3.2), dividing / on both sides and letting 7 — 0 yields
the following differential equation for G (x):

2
o 1/ / *
TGL(X) +uGr(x) —8GL(x) =0, for xel0, b[,). (3.49)

If the surplus level is zero, then ruin is immediate and no dividends are paid.
Therefore we have G (0) = 0.

When the surplus level is above b% and strictly below b7, then no continuous
dividends are issued and periodic dividends are issued according to a periodic
barrier strategy. Then G y,(x) can be expressed by conditioning on the arrival of
periodic dividends during the time interval [0, &), i.e.,

G u(x) = yh(l = 8h){n,(x — b%) + E[G s’ + 1 + o W)}
+ (1= yh)(1 = 8 XELG y(x + ph + 0 W)+ oh). (3.5
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If we expand the expectations using (3.3), divide 4 to both sides of (3.5) and
take 7 — 0, we obtain

2

" G0+ Gy () = 8Gau() + y[ny (x = b)) + GL(B)) = G ()]
=0, xe[bh b)) (3.6)

Finally, if the surplus is above b7, all excess surplus above b is paid out imme-
diately as continuous dividends and G (x) satisfies a linear equation

Gu(x) = ne(x — b + Gy(b?),  x € [b?, 00). (3.7)

It can be shown that G y(x; b%, b¥) and G/ (x; b;, b¥) are continuous func-
tions of x. First, G y(x; b;, b¥) 1s continuous at x = b} by construction of
a continuous barrier strategy. We can substitute x = b* into (3.7) and have
Gu(b}) = G u(b}). To show that G’ (x; b%, bY) is continuous at b, we consider
the following two scenarios, x = b} and x = b} — €. In the second scenario, the
surplus reaches the barrier b* after an instant due to oscillation from the Brow-
nian motion. In such a small instant, the chance to have a periodic dividend
decision is too small for any periodic dividends to be distributed. In the first
scenario, a dividend of ¢ is distributed. Therefore, the expected present value of
dividends in the first scenario is higher than the second scenario by an amount
of n.e for small €. It follows that

Gub?) = Gu(b)) = Gyt — ) + e = Gy =n..  (3.8)

by dividing € and taking ¢ — 0. By adopting a similar argument discussed in
Zhang and Cheung (2014), we can show that G y(x; b’;,; b¥) and G'y(x; b;; b¥)
are continuous with some help from fluctuation theory. Now, when the optimal
periodic and continuous barriers b% and b} are applied, we have two additional
conditions (only for the optimal barriers)

(Dh—i bhbE) = Gly(bh+i b bi) =n, and G (bi—; bl b)) = 0.
(3.9)
The justification of the first condition can be found in Lemma 3.1 from Avanzi

et al. (2014). The second condition G’ (x; by; b7) = 01is due to smooth pasting.

Remark 3.1. Suppose that G y(x; b;, b*) is an increasing and concave function,
then we have

(b by bY) =1y > ne = Gy(by; by, b)) <= by, < b (3.10)

This suggests that n, > . is necessary and sufficient for an optimal hybrid
barrier strategy to exist. This also means that n. >, <= b} < b;. Note
that a hybrid barrier strategies with b, < b, is equivalent to a pure continuous
barrier strategy since the surplus is always upper-bounded by the continuous
barrier b.. This suggests that if the proportional transaction costs on continuous
dividends satisfy 1. € [n,, 1] (continuous dividends are cheaper than periodic

https://doi.org/10.1017/asb.2016.17 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2016.17

INTERFACE BETWEEN PERIODIC AND DIVIDEND STRATEGIES 719

dividends), the pure continuous barrier strategy is (unsurprisingly) the optimal
hybrid strategy; see Section 4.5 for a proof.

Now we solve the differential equations (3.4) and (3.6) to obtain explicit
solution of G y(x; b%, b¥). We first recognise that (3.4) is a linear second-order
ordinary differentlafequatlon and has general solution

GL(x) = Kie™ + Kze™, for x€[0,b%), (3.11)

where K and K are some constants, and where 7, > 0 and s, < 0 are the roots
(as functions of y) of the characteristic equation

02
SE +uE - +y)=0. (3.12)

Next, we solve (3.6) by recognising that it is a non-homogeneous linear second
order differential equation. The general solution consists of a homogeneous and
a particular solution. The homogeneous solution is Cye'*+ Cye®r*. A particular
solution to (3.6) is in the form of Ax+ B. If we substitute this particular solution
back into (3.6), we obtain

G (b*) —n,b*
A=Y ang o Moty (GLOD = b)Y (3.13)
y+3 (y +96) y+9
Hence, a general solution of (3.6) is
r 14 NpH * %
G Cie'"* + Gye’r + —— b Gr(b
m(x) = Cre" + Ger™ + N |: s +np(x— b))+ Gr( )]

for xe[b},by). (3.14)

To completely specify G y(x; b;, b¥), weneed to find the constants K; and K>
in (3.11), the constants €y and C; in (3.14), as well as the two barriers by and .

We use the initial condition G y(0; b;‘,, b¥) = 0 and the fact that G H(x b* s C)
and Gy (x; b, bY) are continuous functions to obtain the following equations:
GL(0)=0 = K+ K, =0; (3.15)
GL(by) = Gu(by) = K" + Kre's
- i(clefv b Cretrhy + L +5 ”’(’S’”; (3.16)
G (b)) = Gy(bh) = Kiree™r + Kysoe™”r
e s PV
= Clrye ybp + CZSVe ybp + )/ :_ 87 (317)
G (bY) = Gly(b") = Ciryev¥ + Cos e + y”ffa — .. (3.18)
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According to (3.9), the two following additional conditions are satisfied when
the optimal barriers b, and b} are applied:

Glybt: b, b)) =, = Gy(bt) =

p>Up e
ny = Cirye”’r + Cos, e’ + ni_)’s =np  (3.19)
G (b)) = G(bY) = G (b)) =
0 = cl;»2 bl 4 czszeSv ¢ =0. (3.20)

Note that the optimality condition in (3.19), combined with the fact that
G'y(x; by, b7) 1s continuous everywhere, leads to two equivalent equations,
G’ (b )=mnpor G (bp) = 1,. We choose G’ (b;) = 1, for the ease of solving

for GH(x, b;, bY).

Remark 3.2. Solving the six equations (3.15)-(3.20) completely determines all
six unknown parameters K;, K>, C, G, b; and b¥. Equations (3.15)—(3.18)
are sufficient to determine the four constants Kj, K, C; and C, for arbitrary
barriers b, and b..

We now derive an explicit solution of G (x; b%, b¥). First we can solve (3.18)
and (3.20) simultaneously for coefficients C; and[7 G,

—r., b*
y e e g
G = (ﬂc —Np ) - and

y+6 Fyo Sy — 1y
—s, b*
y e 1,
G =|n— . 3.21
2 <n npy+8> 5, s, (3.21)

Substituting C; and G, back into (3.14) gives

Y s ery(xfbjf) r esy(xfb(*)
Gu(x) = <nc —1p ) [ - + Y
y+46 Sy =Ty Ty ry =58, S
Y [ Npit
y+46ly+5$6

(= bE) + GL(bj‘,)} . (3.22)

This is a semi-explicit solution for G y(x) as b% and b} are still unknown at this
point. Next we substitute C; and G, in (3.21) into (3.19) to obtain the following
equation:

4 Sy —ry (b*—b%) Iy —s, (b b*)j| 8
— e 'r\Ve 4 + [ — 14 — _
(ﬂc Upy+5> |:Sy_ry ”V_Sy an‘HS

(3.23)
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The trick here is to solve for b7 — b7, in (3.23), which is equivalent to finding the
root of

_ 14 Sy —r,€ Ty —5,& 8
he) = (1. — g Y ) gy 0 (3.4
© (nc Upy+5> (Sy_rye +ry—s)/e ) np)’+3 ( )

Because b} — b; > 0 here, the natural domain for /(¢) is & € (0, 00). By con-
sidering the sign of /'(¢), a sufficient and necessary condition for /(&) to have
a unique positive root is (see details in Section A.1)

Ne — L <0 <= h(¢) hasno root; (3.25)
Py +35

Ne — Np s > 0 <= h(&) has a unique positive root. (3.26)
4

Condition (3.26) is a necessary and sufficient condition for b —b?% to exist. Com-
bining (3.26) with Remark 3.1 reveals that the necessary and suff]ljment condition
for an optimal hybrid barrier strategies to exist is n. € (1, V +5, np). We prove

this statement using a verification theorem in Section 4.3.

Remark 3.3. Because of (3.26), a pure periodic dividend strategy will be optimal
if and only if
14

y+8

Note that the right-hand side of (3.27) corresponds to the expected present value
of a payment of 7, at the next dividend decision time. It makes sense that this
quantity should be higher than 7. (the value of an immediate payment). If not,
it would never make sense to wait and pay under the umbrella of the periodic
strategy. This is formally shown in Section 4.4.

Ne =Mp—— (3.27)

Next, using the explicit form of G (x) in (3.22), we can substitute x = b;

and obtain
Npit Y y+9 14
Gy (b*) = g
M(p) 5 )/+5+< 5 ><Tlc npy+8>
o~y (b7 =b}) oSy (b7 =b})
% |: Sy e ’ n Ty e » i| ’ (3.28)
Sy —Fy Ty Fy — S8y Sy

where b7 — b7 is the solution to (3.23). This quantity is needed to solve G'1(x).

Remark 3.4. We can simplify (3.28) by using (3.23) and obtain an alternative
form of GM(b;),

woy 1 y +38 y et
Gub?) =, (= —2— r=e - .
M(p) 7717(8 —|—5+ >+( 5 )(nc npy+8) r,

(3.29)
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The expression in the first brackets of (3.29) is the expected present value of
dividends in a pure periodic barrier strategy G p(ob),; 0b’,) without proportional
transaction costs (see, e.g., (31) in Albrecher et al., 201 1{;) The remaining terms
in (3.29) can be interpreted as additional d1V1dends received from hybrid contin-
uous dividends, which goes to zero when the pure periodic dividend strategies
become optimal; that is, when bF — oo; see also illustrations in Section 5.

We now proceed to obtain an explicit solution for G (x). Using (3.15) and
combining (3.17) and (3.19), we have
G’L(b;) =1, = Kiroe™ + Kyspe®tr = Np: (3.30)
Gr(0)=0 = K|+ K, =0. (3.31)
Solving the equations simultaneously yields K| and K,. Substituting K; and K>
into Gy (x) gives
el'()x _ eSox

Gr(x)=n,————
Proerob; _ SOeS()b; ’

€ [0, 5%). (3.32)

Here, the function G 1(x) is not completely specified as b;*, is still unknown. Us-
ing G y(b}) in (3.28) (which is independent of b7) and G (b}) = G u(b}), we

have
o"0by _ g0} .
GL(b )= Upm = GM(b,,)
Np — SOGM(b;)
— b, = log| —————— ). 3.33
P g —so g(ﬂp_VOGM(bj;) (3.33)

Remark 3.5. The lower branch of G y(x; b;‘,, b¥) = Gr(x)in(3.32) has a similar
form to both G¢(x; 0b7) in (2.9) and G p(x; ob7) in (2.11) below their respective
barrier levels. This similarity arises from the fact that when the surplus is below
the hybrid periodic barrier x € [0, b*), no dividends are issued until the surplus
reaches b7, regardless of the arrival of periodic dividend decisions. One can use
the Markov property of the surplus process at the first hitting time of reaching
b}, before ruin time 7 to obtain G'1(x) (see Kyprianou, 2006, Section 8.2). The
expected present value of a dollar paid at the first time the process hits some
higher level has the same functional form here than in G¢(x; ¢b}) for x € [0, ¢b})
and G p(x; Ob;) for x € [0, Ob;), which explains their similarity.

The optimal periodic barrier b* is available in closed form in (3.33), but this
solution may not always be strictly positive. Note that in the first part of (3.33)
roe*?r — 50e%%» and €"0”» — ¢*% are both strictly positive for b}, > 0. So astrictly
positive solution »* exists if and only if G M(b}‘;) > 0 — note that G M(b;) in
(3.28) does not require b3 In fact, when

Gub%; b%,bY) < (3.34)

p’ e
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then the optimal hybrid strategy becomes a hybrid barrier strategy with
liquidation-at-first-periodic-opportunity (0 = b% < b} < o0); this is shown
in Section 4.3.1. We will refer to (3.34) as the insufficient-prospect condition. In
the next section, we consider the liquidation-at-first-periodic-opportunity strat-
egy in detail and derive its expected present value of dividends G y(x; 0, b%). We
discuss the different situations that lead to the insufficient-prospect condition
in Section 5.4.

Remark 3.6. In a pure optimal periodic barrier strategy, the insufficient-
prospect condition is also characterised by the expected present value of div-
idends until ruin when the surplus is evaluated at the optimal periodic barrier
level (see, for example, equation (4.46) in Avanzi et al., 2014).

3.2. When a liquidation-at-first-periodic-opportunity is optimal

Consider now the case where the periodic barrier is zero, but where a strictly
positive continuous barrier exists (0 = b} < b} < 00). Under such a strategy,
dividends are distributed according to a continuous barrier strategy, but the
company is liquidated at the first periodic dividend payment opportunity. We
call this a hybrid barrier strategy with liquidation-at-first-periodic-opportunity.
This happens when business is not really profitable (the insufficient-prospect
condition), but transaction costs are so high within the continuous framework
that it is better to wait and liquidate when this is done at lower cost (at the first
periodic opportunity). In this case, the expected present value of dividends until
ruin G y(x; 0, b%) can be separated into two layers:

Fr(x), x€[0,b)),

Fy(x), x € [b}, 00). (3.35)

Gu(x;0,b)) = {

We can substitute by, = 0 in (3.6) and obtain

2

%Fg(x) + WF) () — 8FL(X) + ylnpx — FL()] =0, xe[0,b9). (3.36)
Similar to Gy (x) in (3.7), Fy(x) satisfies

Fy(x) = ne(x = b))+ Fr(b)), for xel[b], 00). (3.37)

Since ruin occurs at x = 0, a boundary condition is F.(0) = 0. Similar

to Gy(x; b;, b¥), we also require a first-order continuity condition Fj (b}) =
n.. The optimality condition for b} is the second-order continuity condition
F/b¥) =0.

A general solution for F7(x) stems from the second-order inhomogeneous
equation in (3.36),

Iy X Sy X nl)y K *
Fi(x) = Ae™ + B + 22 (x4 2} forxe[0,b"). (3.38
1(X) y+3( y+5> [0, b)) (3.38)
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Using the conditions Fj (b)) = n. and F; (b)) = 0, we have

Fj(b¥) = n. => Ar " + Bs e’ =y, —1n, 13 and (3.39)
y
F/(b}) =0 = Ar’e""" + Bsle"" = 0. (3.40)

Solving 4 and B simultaneously and substituting them back into Fy(x) yields

r, (x—b*) s, (x—b%*)
y s e’y The r efr b
Fr(x) = <nc — 1, ) ( - +—= >
y+46 Sy —r, Iy Fy =5, S

npY 122 %
— —_ f 0,65, 3.41
+y+8<x+y+8>’ or x € [0, 57) ( )

which is very similar to G 5/(x) in (3.22). Next, we use the condition F7(0) =0
to find b}. The continuous barrier b is then the solution of

s efrybf r efsybf
(nc—n,; r )( 4 +— >+ WY B o (3.42)
y+8/)\s,—1r, 1, Py — 58, Sy y+dy+34é

In Section A.3, we show that a unique and positive b} exists if and only if
the proportional costs satisfy n. > n,y/y + § and the drift (u) is strictly
positive. In fact, the two conditions with the insufficient-prospect condi-
tion are key to show the optimality of the optimal hybrid barrier strategy
with liquidation-at-first-periodic-opportunity; the formal proof is provided in
Section 4.3.1.

Remark 3.7. Note that in an optimal hybrid barrier strategy without liquida-
tion, we find b7 — b7 via (3.23) and b7, via (3.33) to specify both barriers. In
a liquidation-at-first-periodic-opportunity strategy, only b is required and is
obtained by solving (3.42).

3.3. Summary

If the proportional transaction costs on dividends issued continuously are at a
level such that n. € (n 1,#, n,) and the insufficient-prospect condition (3.34)
does not hold, the expected present value of dividends for an optimal hybrid
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barrier strategy G p(x; b}, b7) is

FoX S0 X
e() _eO

GL(x)_npr o for x € [0, bf));

e — goe 0’
r, (x—b%*) s, (x—b¥*)
y s, el r, et
G ={|n -
w9 (TI npy+5>|:sy_”y Ty +rV_S}’ Sy :|
y np/'L * *
—_— +n,(x—>b%)+ Grb ]
Y40 [V iy np( ») L(b)
for x € [b),, b7); and

Gu(x) =n.(x—0b))+ Gu(b}), forxel[b], c0)

where b7 — by, is the unique positive root to the equation

s o (b bt r (b b )
(77(? —1p Y ) |: Y o7ty 4 —ye_”(bf_bﬂ)} =M<
y+38/)Ls, —1y ry, — 8y y+8

and where b; 1S

— 50G m(b%,
bt — 1 log<77p 50G m( p)>

P rg—s0 np —roGu(by)

If the proportional transaction costs on dividends issued continuously are
at a level such that n. € (n p#, np) and the insufficient-prospect condition

(3.34) does hold, then the optimal periodic barrier is zero. The expected present
value of dividends of an optimal hybrid barrier strategy with liquidation-at-first-
periodic-opportunity G y(x; 0, b¥) is

y s el (x—b%) r e (x=b%)
FL(X)=<nc_77p >< z + v
y+8)\s, -1, 1y ry—58, 8

+ x+ , forxel0,b));
y+5< y+8> [ )

FU(X):nC(x_b:k)_l_GM(b:k)a forxe[b:j?oo)a

where the continuous barrier b is the solution of the following equation:

y s, e b r, e b nYy W
(nc —p > ( : +—= + 2 =
y+4 Sy =Ty, Iy Fy =8, 8 y+Sy+$§
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TABLE 1

OPTIMAL DIVIDEND STRATEGY UNDER DIFFERENT COMBINATIONS OF TRANSACTION COSTS.

Positive drift (u > 0)

and Insufficient- Positive drift (1 > 0) and Non-positive drift
prospect condition Insufficient-prospect (w=<0)

(3.34) does not hold condition (3.34) holds

ne € [n »o 1) Pure continuous Not applicable Pure continuous
Section 4.5 barrier (yb} > 0) barrier with
immediate
liquidation
(b7 =0)
ne € np ﬁ n,) Hybrid barrier Hybrid barrier with Hybrid barrier with
Section 4.3 (0 < b}, < by <o0) liquidation-at-first- immediate
periodic-opportunity liquidation
(0="5) < b; < 00) (b, =b;=0)
ne €[0,n, ﬁ] Pure periodic barrier Pure periodic barrier with liquidation-at-first-
Section 4.4 (b, > 0) periodic-opportunity (o0, = 0)

4. THE INTERPLAY BETWEEN OPTIMAL PERIODIC AND CONTINUOUS
DIVIDEND STRATEGIES

In this section, we analyse the interaction between periodic and continuous divi-
dend strategies under varying levels of proportional transaction costs. Our find-
ings are summarised in Section 4.1 and Table 1. In order to prove those findings,
a verification lemma is developed and proved in Section 4.2. In subsequent sec-
tions, we use the verification lemma to verify the following statements:

Ne € [0, n p%} <= A pure periodic barrier strategy is optimal; (4.1)
Y

Ne € (n p%, n p> <— A hybrid barrier strategy is optimal; 4.2)
14

ne € [np, 1] <= A pure continuous barrier strategy dominates.
4.3)

4.1. Summary of the findings

Depending on the levels of profitability of the company (the surplus drift), and
the respective levels of transaction costs on periodic and continuous dividends,
different combinations of the continuous and periodic strategies will be optimal.
These cases are summarised in Table 1; refer to Section 2.4 for the terminology.

In the first row, a pure continuous barrier strategy always dominates. When
the net gain per dollar of periodic dividends is lower than that of continuous
dividends — if . € [n,, 1] — then the pure continuous barrier strategies are
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optimal in the set of hybrid strategies D . The drift of the surplus process further
determines whether immediate liquidation is optimal, i.e.,

w>0 < ob:>0;
W<0 e ob* = 0. “.4)
If the business is profitable (positive drift), then it is worthwhile to keep an in-
vestment in the company and receive dividends when the surplus reaches some
strictly positive level (007 > 0). On the other hand, if the business is not prof-
itable (u < 0), then the optimal strategy is to liquidate the initial surplus at time
zero (see, for example, Avanzi et al., 2011).

In the second row, a hybrid barrier dividend strategy will be optimal. As
the transaction costs on continuous dividends increase (1. decreases) such that
N € (npﬁ, np), we have

GH(b*;b;,bj) >0 (=>O<b;‘, < b < o0
u > 0and GH(b*;b}’;,bj) <0 <:>0=b; < b} < oc; 4.5)
n=0 b, =b:=0.

Under good prospects (G y(by; by, br) > 0), both hybrid periodic and contin-
uous barriers are positive. As the prospects become insufficient (for example,
low dividend frequencies) while the business still remains profitable in terms
of expected value (u > 0), it may still be worthwhile to distribute continuous
dividends. If periodic dividend decision times are relatively infrequent and pe-
riodic transaction costs are relatively low, one should liquidate the surplus at
the first periodic dividend opportunity to take advantage of the low transac-
tion costs (second column). In the case when the business is not profitable at all
(n < 0), the optimal strategy is to liquidate the initial surplus immediately (third
column).

In the bottom row, periodic dividends are always preferable to continuous
dividends. There, the transaction costs on continuous dividends are so high (7,
further decreases) that the net gain on continuous dividends is less than or equal
the expected net gain on periodic dividends: 1, € [0, n pﬁ]. In this case,

Gp(ob;; ob;) >0 <— ()bj7 > 0; (4.6)
Gp(ob’;,; ob;) <0 ob; =0.
Under good prospects (G p(pdb*; ob;) > (), the optimal periodic barrier is
strictly positive. Under insufficient prospects (G p(pb*; ob}’;) < 0), the optimal
periodic strategy is to liquidate the surplus at the first periodic dividend oppor-
tunity. Note that while the latter will always happen when p < 0, it may also
happen even if « > 0. This behaviour was discussed in Avanzi et al. (2014).
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4.2. Verification lemma

Lemma 4.1. Suppose that we follow a hybrid dividend strategy ®y. For a non-
negative function H(x) that is twice continuously differentiable except at countable
many points and that satisfies

1. ymaxo<i<x{npl + H(x —1) — H(x)} + (A —8) H(x) <0, with H(0) =0,
2. max(n,, np#) < H'(x) < oo,
3. H'(x) <0,

for x > 0, where (A — 8) H(x) = %ZHN(X) + wH'(x) — § H(x), then it holds that

where V(x) is defined in (2.8).
Furthermore, when the optimal hybrid strategies are applied, if there exists a
point b} < oo such that

4. ymaxo<<x{npl + Hx = 1) — Hx)} + (A — §) H(x) = 0 and H' (x) > n.
SJor x € [0, b)),
5. (A= 8)H(x) < 0and H(x) = n.(x — b*) + H(b*) for x € [b*, ),

and if there exists b}, € [0, by) such that H'(b}) = n,, then the optimal hybrid
strategy is in the form

N, (1)
DXt)= L1 and Di(ny= Y (X()—bi)*, x=0.  (4.8)

i=1
Otherwise, the optimal hybrid strategy is in the form of

Di() =Lt and Di(1)=0, x=0, (4.9)

where L[;}*'(l) = fot I{X(S)z;,zf}dL[; (s) is a local time of the process X at the barrier
b.
If such a point b} does not exist and H(x) satisfies

6. y maxo<<x{npl + H(x — 1) — H(x)} 4+ (A — §) H(x) = 0 for x € [0, 00),
then the optimal hybrid strategy is in the form

N, (1)
Di(t)y=0 and D)= Y (X(1)=bp*, x=0. (4.10)

i=1
In all three cases described in (4.8)—(4.10), we have

Hx)=V(x), x=>0. 4.11)
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Proof 1. Using Itd formula for jump diffusion processes on {e2“? H(X (1A
7))}, we have

INT
e*‘S(Z“)H(X(l‘ AT)) = H(x) — / Se % H(X(s))ds
0

INT
+ / e S H (X(5)d X (s)
0

0_2 IAT A X(s5)#£0
+ /0 e H'(X(s)ds + Y e [H(X(s—)
+ AX(s)) — H(X(s—)], (4.12)

where X (¢) is the continuous component of X(¢) and  is the time of ruin.
Note that X (¢) consists of the original surplus process and the continuous
dividend process,

dX(t) = udt + od W(t) — dD.(1), (4.13)
where D.(¢) is the aggregate continuous dividend process before transaction

costs. As X(¢) only jumps when a periodic dividend is issued, we can express
the sum in (4.12) as a stochastic integral with respect to the Poisson process

{Ny (D},

A X(5)#£0
> e M[H(X(s—) + AX(s)) — H(X(s—))]

S<IAT

= /0 eyt + H(X(s—) — 95) — H(X(s—))d N, (5)

INT
- / npe S 0,d N, (s). (4.14)
0

Next, we substitute (4.13) and (4.14) into (4.12) and after some algebraic sim-
plifications, we have

eI H(X (A T)) = H(X)
INT 2
+ fo e ylnyds + HOXG =) = 99) — HX -]+ 5 H'()
+ uH (x) — 8 H(x)}ds (4.15)

+ / " oe S H' (X(s))d W(s) (4.16)
0
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INT
+ / e e — H (X(5)))d De(s) 4.17)
0
INT
[ B+ HOKG) = 00— HOG-)N, 0 = 79 @19)

INT INT
_ / noe=2d Do(s) — / npe 9, N, (s). (4.19)
0 0

Now, since H(x) is a concave function due to condition 3, then H'(x) is
bounded and the following stochastic integral

f " oe 5 H' (X(s))d W(s) (4.20)
0

is a uniformly integrable martingale and therefore the expectation of (4.16) is
Zero.

Second, we have . — H'(X(s)) < 0 from condition 2 and since D (¢) is
non-negative, so we have

INT
/ e . — H'(X(s)]dD.(s) < 0. 4.21)
0

and therefore the expectation of (4.17) is less than zero.

Lastly, we show that (4.18) is a uniformly integrable martingale. Since (4.18)
is a stochastic integral with respect to a compensated Poisson process N, (¢), so
it suffices to show that

INT
E~ [ / (e7%[n,05 + H(X(s—) — 0y) — H(X(s—))])2 ds} <oc0. (422)
0

Since H is an increasing function from condition 2, we have
npﬁS+H(X(S_) —v) — H(X(s—)) < npl?s < X(s). (4.23)

Next, since the modified surplus process is always less than or equal to the orig-
inal surplus process, we have X(s) < U(s) = x + us + o W(s) and this gives

sup E¥ |:/ (ef‘ss[npﬁs + H(X(s—) — 9) — H(X(S—))])2 ds:|
0

t>0

t
< supE* [ / (e U))? ds] : (4.24)
0

t>0

Since the process {e~%* U(s)} has regular sample path (see Definition 8.1, Kle-
baner, 2005), we can apply Fubini’s theorem (see Theorem 2.39, Klebaner, 2005)
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to interchange the expectation and integration signs,

t t
E* [ / e 20 U(s)zdsi| = / e RN U(s)?]ds. (4.25)
0 0
Since U(s) ~ N(x + us, o2s), EX[U(s)?] = o>s + (x + us)? and we have
t
/ e 25 (0% + (x + ws)?)ds
0

t t t
= x2/ e ds + (o7 + ZxM)/ se”?5ds + ,u2/ ste *ds
0 0 0

1 —e 2 1 —(1+28t)e 2
— 2 2
B R ST
1 — (1 +28¢(1 + 81))e=2
2 : 4.26
+ u 153 (4.26)
Hence, taking the supremum yields
‘ 2 2 2
. iy 2 X o-+2xu
stlzlg)E [/0 (e™U(9)) ds] <55 + BT + 15 < 4.27)

Combining (4.24) and (4.27) proves (4.22) and therefore (4.18) is a uniformly
integrable martingale with zero expectation. Now, if we take expectation of the
whole equation (4.19) and use the facts that (4.16) and (4.18) have zero expec-
tations and (4.17) has a less-than-zero expectation, we have

H(x) = E*[e "D H(X(t A 1))]
+E* [ / ‘ nee dD.(s) + / ' n,,e“ﬁsdzvy(s)} . (4.28)
0 0

We now take the limit # — oo on both sides of (4.28). We first use Fatou’s lemma
and have

lim E*[e7 H(X(t A T)] 2 B lim e O H(XG A7), (429)

—>00

‘We can condition on the value of ruin time and have
lim e~ H(X(t A 1))
—00
= lim e H(X(t A D) g <o) + lim e H(X(E A )=o)
—00 — 00

= e O H(X()reoo) + tlim e H(X()) r—o0).- (4.30)
— 00
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Since H(X(t)) = 0, we have

lim E¥ [e "D H(X(t A T))] > 0. 4.31)

—00

We now consider the case when conditions 4-6 are satisfied. First, assume
that there exists a point b7 < oo such that conditions 4 and 5 are satisfied and the
optimal hybrid strategies are in the form of either (4.8) or (4.9). In either cases,
the modified surplus process is bounded between 0 < X(¢) < b’ for # > 0. Next,
we substitute condition 4 into (4.15). Using the fact that (4.16) and (4.18) are
uniformly integrable martingales, taking expectation of (4.15) yields

H(x) =E* [e "D H(X(t A T))]

INT
_E [ / . - H’(X(s))]dD:%s)}
0

INT INT
+E { f nee”d D} (s) + / npe_‘ssdD;(s)} . (4.32)
0 0

From the definition of D}(s) in (4.8) and (4.9), continuous dividends are only
distributed when the surplus process reaches b}, so we can write

- { / " et - H’(X(s))]dD?<s>]
0
= E~ [/0 e e — H’(X(S))]I{X<s>=bz‘}dD?(S)]

INT
=E* [/ e *[ne - m]lms):b;}dDZ‘(S)} =0. (4.33)
0

In (4.33), we use the fact that H’ is a continuous and decreasing function from
condition 3 of the verification lemma and have H'(X(s))1;x(s)=s:} = 1 fors > 0.
Next, by conditioning on the value of ¢ relative to T and using the fact that X(7)
is upper bounded by b}, we have

0<e ™ HX(tAT)) =e " HX(O))yery < e H(bY). (4.34)

Taking the limit of 1 — oo, we have lim,_,o E* [e 7" H(X(t A T))] = 0.
Substituting this and (4.33) into (4.32) and using the monotone convergence
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theorem,

INT SAT
H(x) = lim E¥ [ / nee S dDi(s) + / n,,e“dD;;(s)]
0 0

— 00

=E* [ / ' nee *dD}(s) + / ' npe—éde;(s)}
0 0
= V(x). (4.35)

Next, suppose that such a point b} < oo does not exist and condition 6 is satis-
fied, the optimal hybrid strategies are in the form of (4.10). A similar proof can
be obtained by removing the jump component in Section 3.4 in Avanzi et al.
(2014) to show that the periodic barrier strategies are optimal in the set of hybrid
strategies. [ |

4.3. On the global optimality of the hybrid barrier strategies

In this section, we prove that if the net gain on continuous dividends (.) falls
strictly in the interval (1, # 1,), then the optimal hybrid barrier strategies are

optimal in the set of all hybrid strategies,
ne € <n p%, n p) — A hybrid barrier strategy is optimal. (4.36)
Y

Suppose that the net gain on continuous dividends satisfies . € (1, # np)-
We need to show that the expected present value of dividends until ruin
Gy(x; b;, b?¥) satisfies conditions 2-5 in the verification lemma. First, we prove
that G p(x; by, b7) satisfies conditions 2 and 3 by showing that it is an increasing
and concave function — this is done in Appendix A.2.

Next, we show that G g(x; b*, b*) satisfies condition 4. From (3.4) and (3.6),

the function G g(x; b;, b¥) satisllii’esc
(A=8)Gu(x;b,,b7) =0 xe[0,b)); 4.37)
y[np(x = b)) + Gu(b,; by, bp) — Gu(x; by, b))+ (A —8) G u(x; by, by)
=0 xel[by,,b). (4.38)

Using Lemma 3.1 from Avanzi et al (2014) and due to concavity of
G u(x; by, b7) and Gy (by; by, b)) = n,p, (4.37) and (4.38) together attain the
maximum of the following equation:

Yy maxXo</<[n,l + Gu(x—1I; b;, b¥) + Gu(x; b;, b+ (A—-8)Gu(x; b;‘,, b*)

=0 forxel0,b?). (4.39)

Therefore, G y(x; b;, b¥) for x € [0, b}) satisfies condition 4 in the verification
lemma.
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Lastly, we show that G y(x; b’[’;, b¥) satisfies the condition 5 in the verifi-
cation lemma for x € [b}, 00). We substitute G y(x; b%, b)) = n.(x — b)) +

G y(b*; b*, b*) into the inequality in condition 5, e

¢ Ypr e
(A=8)G (x; by, b7) = pune —8G u(x; by, by) < une —8G p(by; by, by). (4.40)
We can substitute x = b} into (3.22) and have
Gu(b?: b b7y = ne—— + —L (0, (b" = b%) + Gu(b: b5, b)) . (441)
c*Upr e V+5 )/+5 P\ p p’>UpTc

Since G y(x; b;, b¥) is increasing and concave, then by the Mean Value Theo-
rem, we have G y(b}; b;‘), bY) < ny(b: — b}‘,) + G y(b*; b;;, b¥). Substituting this

inequality into (4.41) yields

L'i‘LaGH(b

¢ *b*, bt Gy
y+46 y+ ) < Gl

55 by, b 5by b = Gubi b b)) > ek

(4.42)
Substituting (4.42) into (4.40) shows that (A — §)G y(x; b;, b¥) < Ofor x €
[bF, 00), where G p(x; b;, b¥) = ne(x = b¥) + Gu(b}; b}’;, b¥). This shows that

Gu(x; b;“,, b¥) satisfies condition 5 and the proof is complete.

n

4.3.1. On the optimality of hybrid barrier strategies with liquidation-at-first-
periodic-opportunity. In this section, we show that if the insufficient-prospect
condition is satisfied (i.e., G y(by; by, bY) < 0), then the hybrid barrier strategy
with liquidation-at-first-periodic-opportunity is optimal. Before we proceed, we
present a useful Lemma, whose proof is included in Appendix A.5.

Lemma 4.2. The insufficient-prospect condition G p(by; b, by) < 0 is satisfied if

s Yo

and only if the function Fr(x) derived in (3.41) satisfies F;(0) < n,,.

Now, suppose that the insufficient-prospect condition is satisfied, then it re-
mains to verify that the function G y(x; 0, b7) satisfies conditions 2-5 in the ver-
ification lemma. In Section A.4, we demonstrate that G 5 (x; 0, b}) is an increas-
ing and concave function, which shows that conditions 2 and 3 are satisfied.
Next, from (3.36) and (3.37), the function G y(x; 0, b}) satisfies

yInpx — FL()]+ (A=) FL(x) =0 for x € [0, b7),
Fu(x) = no(x = ) + F(b?)  for x € [b, 00).

To verify conditions 4 and 5, it remains to show that for x € [0, b¥),

14 gggi{npl + Fr(x—=10)— Fr(x0)} = y[ny,x — FL(x)]. (4.43)

Since the insufficient-prospect condition is satisfied (G g (b*; b;, b¥) < 0), by

Lemma 4.2, it implies that F;(0) < n,. Due to concavity of F7(x), we have
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F; (x) < n, for x € [0, b}) and we have
d /
E(npl +Fi(x—D—=F(x)=n,—F,(x-=0)=>0, for0</<x. (444)

Then, maxo</<{n,/ + Fr.(x —[) — Fr(x)} has to occur at the endpoint / = x
and this gives (4.43) and the proof is complete.

4.4. On the global optimality of the pure periodic barrier strategies

In this section, we show that if the proportional transaction costs on continuous
dividends are at a level such that n. € [0, n p#], then the optimal periodic

barrier strategies are optimal in the set of hybrid strategies,

Ne € |:0, n p%} —> A pure periodic barrier strategy is optimal. (4.45)
14
Now, assume that n, satisfies n € [0, ,%5]. We need to show that the func-
tion G p(x; ob’[",) in (2.11) satisfies conditions 2, 3 and 6 of the verification lemma.
Details of this can be found in Sections 5.1 and 5.2 in Avanzi et al. (2014) by
removing the jumps in the surplus process.

4.5. On the global optimality of the pure continuous barrier strategies

In this section, we show that if the proportional transaction costs on continu-
ous dividends are at a level such that n. € [5,, 1], then the optimal continuous
barrier strategies are optimal in the set of hybrid strategies,

ne € [np, 1] == A pure continuous barrier strategy is optimal. (4.46)

Now, suppose that the net gain of continuous dividends 7, satisfies the in-
equality n, < n. < 1. We show that the expected present value of dividends
of a continuous dividend strategy Gc(x; ¢b}) in (2.9) satisfies conditions 2-5
in the verification lemma. It is well known that G¢(x; ¢b}) satisfies conditions
2, 3 and 5 (see, e.g., Jeanblanc-Picqué and Shiryaev, 1995). It remains to show
that G¢(x; ob}) satisfies condition 4. Since we know that G-(x; ¢b}) > n, for
x € [0, b}) due to concavity of G¢(x; b)) and n, < 1., there isno x € [0, b))
such that G.(x; ¢b}) = n, and therefore

y 5nlax{17,,l + Ge(x —1; b)) — Ge(x; 06} =0 for xe[0,0)). (4.47)

Furthermore, since Gc(x; b)) for x € [0, bF) is derived by solving (A —
8)Gc(x;0bF) = 0, we have shown that condition 4 is satisfied and the proof
is complete.
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FIGURE 2: Continuous, hybrid and periodic barriers as functions of .. § = 0.5,0 =1,y =0.5.
@n,=05 = (npﬁ, n,) = (0.25,0.5). (b) n, =0.75 = (r],,ﬁ, n,) = (0.375,0.75).

5. NUMERICAL ILLUSTRATIONS

In Table 1 on page 18, we provided a summary of the optimal dividend strate-
gies under different combinations of transaction costs (1. and 7,), dividend fre-
quency (y) and force of interest (§). In this section, we illustrate our findings. In
particular, we consider transitions between different optimal strategy types.

5.1. The interface between pure continuous and periodic strategies via hybrid
strategies

We start by offering a pictural representation of our paper, that is, of the inter-
face between the optimal (pure) periodic and continuous strategies, when trans-
action costs are included.

Figure 2 displays the pure continuous and periodic barriers (ob; and ¢b})
with the grey dashed and solid lines using equations (2.10) and (2.12). The hy-
brid continuous and periodic barriers (b; and b}) are shown using the black
dashed and solid lines, respectively. Here, we change the level of 5, from 0 to 1
and fix n, to be 0.5 and 0.75 on the left-hand and right-hand sides, respectively.
Note that the barriers provided in the shaded area (the hybrid barriers in solid
black) are calculated using results from this paper, whereas the grey barrier is
calculated thanks to formulas in the papers cited in Section 2.4.

The grey region corresponds to the cases where a hybrid strategy is optimal,
that is, when 5, € ( pﬁ, np). On its left, the pure periodic barrier strategy is
optimal. On its right, the pure continuous barrier strategy is optimal. The right
bound of this region is defined by 75,: if 7, is higher (that is, if dividends paid
from a continuous strategy attract the lowest transaction costs), then a pure
continuous strategy is obviously optimal. The left bound depends on the ratio
between y (the intensity to pay dividends periodically) and § (the indicator of
time impatience in the model). The higher that ratio is, the closer the left bound
is to the right bound, which makes sense: if dividends can be paid relatively
often, and at lower transaction costs, then the attractivity of dividends paid from
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the continuous barrier decreases and a pure periodic barrier strategy is more
likely to be optimal.

In the shaded area, as 7, increases, the net gain on hybrid continuous divi-
dends improves and they become a marginally more attractive alternative to the
hybrid periodic dividends. This is represented by the diminishing gap of b7 — b7,
The decreasing b} allows for an earlier access to continuous dividends, while the
increasing b), delays the distribution of periodic dividends. It is interesting to
note that this gap is a key quantity when solving for the expected present value
of dividends of a hybrid strategy; recall equations (3.23) and (3.24).

5.2. Dominance of the hybrid barrier strategy

In Section 5.1, we illustrated how the hybrid barrier strategies are connected
to the pure continuous and periodic strategies. As explained earlier, the hybrid
barrier strategies are optimal in the grey regions of Figure 2; we illustrate this
dominance in this section.

We start by examining the dominance of the hybrid barrier strategies from
the point of view of transaction costs 7. (using the same angle as in Section
5.1). In Figure 3(a), we plot the expected present value of dividends G p(1; ¢b}),
Gce(1;0b)) and Gy(1; b;, b¥) as functions of .. First, note that G p(1; ob;) in
a pure periodic barrier strategy is unaffected by the change of 5, (the flat grey
solid line). In a pure continuous barrier strategy, G¢(1; ¢b}) is a linear function
that increases with 7, (the grey dashed line). Both G p(1; ob;) and G¢(1; ob)) are
calculated using formulas reviewed in Section 2.4. Lastly, we plot G y(1; b3, b)
in its respective domain of 7. (the black solid line in the shaded region), which
is similar to Figure 2. As . approaches the boundaries of its domain (the upper
and lower bounds of the shaded region), the dominance of the hybrid barrier
strategies vanishes and the pure continuous or periodic strategies become op-
timal. This is similar to the behaviour explained in previous Section 5.1. Im-
portantly, this graph shows that the optimality question does not boil down
to choosing between a pure periodic or a pure continuous strategy, but that a
combination of both is actually optimal in certain cases.

Next, we illustrate the dominance of the hybrid barrier strategies from the
viewpoint of dividend frequency (y). From Section 4.3, we know that for given
levels of transaction costs (1. and 7,), the frequency of hybrid periodic divi-
dends () has a natural domain,

Y Ne
n—<nc=>ye(0,8 ) (5.1
"y +4 Np — Ne

This redefines the left bound of the shaded areas as a function of y under a
hybrid barrier strategy.

In Figure 3(b), we plot the expected present value of dividends G p(1; ¢b%),
Gc(l;0b)) and G u(1; b;‘;, b¥) as functions of y. One first notice that G¢(1; ogjf)
in a pure continuous strategy is unaffected by the increasing y (the flat dashed
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FIGURE 3: Expected present value of dividends G y(1; by, b7), Gp(1;0by) and Ge(1; 0b)).
@y =051, =075 = (1,55, 1,) = (0375,0.75). (b) n, = 0.75,n =05 = (0,8;2) = (0, ).

6 |
i == Hybrid continuous barrier
1
5 I} — Hybrid periodic barrier
4 ," -= Pure continuous barrier
1
,/ — Pure periodic barrier
’
3 s
2
1
0 vV
0.001 0.01 0.1 1 10 100

FIGURE 4: Continuous, hybrid and periodic barriers as functions of y.
8=01l,0=1,pu=1n=0573,=1

grey line) and G p(1; 9b}) in a pure periodic strategy increases as dividends are
distributed more frequently (the solid grey line). Last, we plot G i(1; b7, b7) (the
black solid line), which lies above both G p(1; ob;) and G¢(1; ¢b}). One can see
that the premium obtained by the opportunity to pay continuously or periodi-
cally — the difference between black and grey lines, for given y — reduces as y
increases to eventually vanish where black and solid grey line intersect. Beyond
that point, a pure periodic strategy is optimal.

5.3. Continuous, hybrid and periodic barriers as functions of y

In this section, we keep the angle defined in the previous section and re-plot
Figure 2, but as a function of y. Since y is considered here, the right-hand side
(sic, the orientation of the graph is flipped around horizontally) area of Figure 2
is not plotted, but corresponds to the limit on the y-axis where pure and hybrid
continuous barriers meet.
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FIGURE 5: Contour plots of GH(b;; b;, b¥) as a function of 1 and y.
(@)8=0.1,7=09,7,=0950=0.75 ()5 =0.1,9=09,n9,=0950 =15

In Figure 4, we plot the hybrid periodic and continuous barriers in an op-
timal hybrid strategy (b}, and b7, solid and dashed black lines), the periodic
barrier in an optimal pure periodic strategy (pb*, grey solid line) and the con-
tinuous barrier in an optimal pure continuous strategy (ob}, grey dashed line)
in the same graph as we change dividend frequency (y).

First, note that the pure continuous barrier (b is constant with respect to y
(unsurprisingly). On the other hand, the pure periodic barrier ¢b* starts at zero
for small y (due to liquidating-at-first-periodic-opportunity). As y increases, the
pure periodic barrier increases and approaches the pure continuous barrier (i.e.,
lim,, o0 Ob; = ob}). Next, we note that the natural domain of y in an optimal
hybrid barrier strategy is (0, 0.1) according to (5.1), which is represented by
the shaded region. As y — § np'fm , the hybrid continuous barrier approaches
infinity (b} — oo) and the hybrid periodic barrier approaches the pure periodic
barrier (bj, — Ob;).

5.4. Situations leading to the insufficient-prospect condition

In Section 4.3.1, we showed that under the insufficient-prospect condition
(Gu(by; by, by) < 0) and with positive drift, the optimal strategy is hybrid with
liquidation-at-first-periodic-opportunity (0 = b}, < b < o0). In Figure 2, this
would translate into a solid black line touching the x-axis for some range of 7,
on the left of the shaded area. In this section, we illustrate different combina-
tions of parameters that lead to the insufficient-prospect condition.

In Figures 5(a) and (b), we display two contour plots of G (b}; by, b))
against the drift (1) and the frequency of periodic dividends (y) using the ex-
plicit formula in (3.28). Because of (5.1), Figure 5 focusses on the range y < 1.8.

https://doi.org/10.1017/asb.2016.17 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2016.17

740 BENJAMIN AVANZI, VINCENT TU AND BERNARD WONG

Both graphs are separated into two regions by a black dashed line, which repre-
sent the frontier that consists all pairs of («, ) that produce G (b3 b3, b7) = 0.
If the parameters 1 and y fall into the region to the left of the dashed line (i.e.,
satisfying the insufficient-prospect condition), the optimal hybrid barrier strat-
egy is to liquidate at the first periodic dividend time (b, = 0), but to still pay con-
tinuous dividends according to a barrier strategy in the meantime (0 < b} < 00).

In a pure periodic framework, the liquidation-at-first-periodic-opportunity
strategy becomes optimal when the frequency of dividend payments becomes
too low, regardless of the drift of the surplus process; see also Section 4.4 in
Avanzi et al. (2014). This is not true in a hybrid barrier strategy. Suppose that
the drift of the surplus (u) is high enough such that it falls in the region to the
right of the dashed lines in Figure 5, then G H(b;; b;, b¥) is strictly positive for
all possible values of ¥ and the liquidation-at-first-periodic-opportunity strat-
egy is never optimal (the dashed line intersects the x-axis at y = 0, it does
not approach it). Despite low periodic dividend frequencies, one should still let
the business carry on. This is because of the availability of dividend payments
thanks to a hybrid continuous barrier; such an opportunity does not exist in a
pure periodic strategy.

6. CONCLUSION

In this paper, we teased out the relationship between so-called continuous and
periodic dividend strategies, in a Brownian risk model. We obtained explicit ex-
pressions for the expected present value of dividends paid until ruin for different
levels of transaction costs (1. and n,), and for different levels of expected profit
(n); see Table 1. We formally determined which dividend strategy (or combina-
tion thereof) is optimal in all those cases. A key assumption is that periodic div-
idends (assumed to be of a regular nature) attract lower transaction costs than
continuous dividends (to organise extra, immediate payments is more costly
than to issue regular dividends).

This paper showed and illustrated, for the first time, how those two types
of dividend strategies interact. Interestingly, they not only connect nicely, but it
also turns out that a combination of both — referred to as a “hybrid” strategy
— does constitute an optimal interface in some cases. Figure 2 illustrates this
very nicely.

While proportional transaction costs form a reasonable approximation and
are enough for drawing qualitative conclusions, in reality transaction costs have
fixed and variable components. Furthermore, differences of costs between pro-
portional and continuous dividends are likely to manifest themselves in that
fixed component. Hence, fixed transaction costs would be a welcome addition
to the model. Finally, the model considered in this paper has continuous sample
paths, and it would be interesting to study the impact of the inclusion of jumps
to its stochastic surplus process.
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APPENDIX

A.1. Existence and uniqueness of b? — b;

From (3.23), b} — b’; is the root of the following function /(§),

y Sy “rE ry st 1)
h = —n,—— )| ———e7"" + v )\ —n,———, 0, 00).
) <77c npy—l—S)(sy—rye ry—sye ) npy—l—(S xe( )
(A.1)

First, note that the function /(¢) has a y-intercept,

y Sy ry 8
h) = n. — —Npy———==1n—1np, (A2
() (77 ana) <Sy_ry +ry_sy) Mo s = e e (A.2)

which is strictly negative as long as . < n,. Next, we obtain the first derivative
of h(§),

I 14 I'ySy —ry & —s,&
BE) = —(ne —ny—t | XX (778 — o=55), A3
®) (n " 5)Sy e e (A3)

Since /(&) is defined on positive real numbers and using the signs of r,, and s,,,
we have e"7¥ —e™*¢ < Oforall§ € (0, %), r,s, < 0ands,—r, < 0.Combining
these facts, the sign of /’(£) is controlled by the sign of n. — 1,y /(y + 8). Since
h(&) is continuous and has a negative y-intercept, /#(£) has a unique positive
root if and only if /4 is strictly increasing, i.e.,

Ne — 77,;% <0 <= M) <0 < h()hasno root; (A4)
Y

Ne — n,,% >0<<= (&) >0 < h() hasa unique positive root.
14
(A.5)

A2. Gy(x; b;, b?) is an increasing and concave function

First, we use the explicit form of G (x) in (3.32) and obtain its first and second

derivatives,
roe" " — speso* r&e’ox — sée“'“x
! " *
GL(X) =1Np rob* sob* and GL(X) =TNp rob* Sob™ RS [Oa bp)
roe P — Sper roe "y — Sper
(A.6)

We first show that G’ (x) < 0 for x € [0, b}). Combining the explicit form of
G u(b}) in (3.28) and equation (3.23), we have an alternative form of G y(b7)
after some algebra

i) sy b))
Kk (A.7)

m(D,) =np R O B )
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From (A.7), we see that G (b}) < npu/8 and we can establish the following

inequality,
Gulb) < nple = Gult}) < nps(’s;oro, (A-8)
which further becomes

G u(b},
w(by) <1y 070 np —roG m(b}) S

2
log (S_g> = e =3 <0, (A9)

Since r2e™~ — s3e*~ is an increasing function of x, we must have e’ —s2e*~ <
0and G’/ (x) < 0 for x € [0, b;) This shows that G’ (x) is a decreasing function
and we have

np = GL(b%) < Gy(x) < GL(0) x€[0,b%), (A.10)

which shows that G’ (x) > 0 for x € [0, 7). This completes the proof that
G 1(x) is an increasing and concave function on x € [0, b*).

Next, we use the explicit form of G ,(x) in (3.22) and compute its first and
second derivatives

N " * r . %
G//\/[(x) = (776 - r)p y ) |: Y e’V(x_br) + —Vesy(x—b[.)] + 77 L
Fy =38y

el (1811)

1" _ 14 Syly r, (x—b*) s, (x—b*)
G (x) = (e =y —L— ) 2V (v _ gsy ek A.12
m(X) (77 npy i 3) S, — 1, (e e ) ( )

Using the signs of ry > 0and s, < 0, we have G'},(x) < 0. Next, since G'},(x) is
concave, so G'),(x) is a decreasing function and we must have

ne = Gy(b¥) < Gy (x) xel[b}, b)), (A.13)

P’C

which shows that G'),(x) > 0 for x € [b* b¥). This completes the proof that
G y(x) 1s an increasing and concave functlon on x € [b* b¥).

By construction, Gy(x) in (3.7) is a linear function w1th positive first deriva-
tive. So Gy(x) is an increasing and concave function on x € [b¥, 00).
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A.3. Existence and uniqueness of b7 in a
liquidation-at-first-periodic-opportunity strategy

In an optimal hybrid barrier strategy with liquidation-at-first-periodic-
opportunity, we assume that proportional transaction costs satisfy

Ne = np—— > 0, and that the drift ;o > 0. (A.14)
y+3é

Then, from (3.42) b} is the solution to the following equation g(&):

_ _ 14 sy, et ry e Y i
g(S)—(Tlc npy+5>(sy—ry ry +ry—sy sy +np)/+5)/+5'
(A.15)

The derivative of g(§) is

ey = — (. — Y Sy oL v s Al6
£6) (ﬂc np)"i‘a)(*gy_’"yc +VV_SVC > (A.16)

Since we have n, — n,-t~ > 0 and using the signs of r, and s, the derivative
y+38 14 14
g’ (&) is strictly negative. Furthermore, as & — oo, we have

—ry§ —5y§
. 4 s, e r, e
lim = - +
5”00g($) <77c np)’+3> (sy_”y Ty Ty =Sy Sy )

g, t - (A.17)

Py Fsy+5

Therefore, a continuous function g(£¢) has a unique positive root if and only if
2(0) > 0, which can be verified

y s, 1 ry 1) y "
0)=1{n— —+ — | +n———
g (77 npy—}—é)(sy—ryry Fy — Sy Sy np)/+5)/+5

- nc# = 0. (A.18)

A4. Gy(x;0, bY) is an increasing and concave function

Using the explicit form of F;(x) in derived in (3.41) , we can obtain its first and
second derivatives. For x € [0, b%)

14 Sy - (x—b%) Ty s, (x—b*) NpY
Fj(x) = (n— e b Y et ) 0T,
L) <”‘ "py+8)<sy—ry ry =5, y+3
(A.19)
Sy T . .
Fi = (o= ny g ) S (@0 i) < (A20)
y =Ty
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So Fr(x) is an increasing and concave function on x € [0, b)) and Fy(x) is
by-construction linear on [b}, 00).

A.5. Proof of Lemma 4.2

Proof 2. First, the underlying strategies of the optimal hybrid barrier type,
therefore the proportional costs satisfy n. > n,y/y +é8andr, > 0ands, <0
are the roots of the equation (3.12) with § = § + y. Before we begin the proof,
let us re-state the insufficient-prospect condition. Let b > 0 be the solution of
the equation /(&) in (3.24). Then, the inequality for the insufficient-prospect
condition is

woy y+34 Y s, erb r, et
®) np5y+3 8 (m npy+5)(sy_ry ry Py =S8y Sy

<0. (A.21)

Our goal is to show that G(b) < 0 <= F;(0) < n,. Recall from (3.41), we
have

s - b r .
F(0) = (nc - ) ( Lo 4 _Ve—sybt.) +n,

p
y+46 Sy — 1y ry, — 8y

where b} is the solution to the equation

—r, b —s,b*
y s e v r e v N,y M
(Uc K ) ( _y _y ) ; 0
y+46 Sy =Ty Ty Py — 8y 8y y+éy+5$6

(A.23)
Note that (A.23) achieves the equality of (A.21), (i.e., G(b) < G(b}) = 0). Next,
we can show that G (b) is a decreasing function of b,

d y+9 14 Sy —rb Ty —s,b
—Gbh)=—"——(n.— "y —L e 0.
"= (” ””y+8)(sy—rye s )T
(A.24)
Therefore, we have G(b) < G(b}) <= b} < b. Next, since b is the solution to

h(b) = 0 and 4 is a strictly increasing function (see Section A.1),
Gb)<GbH=0
— b <b
& hb;) <h)=0

14 Sy —r, b* Iy —s,b* $
— - e Ve ———e Ve )| <np,——
(776 np)/+5) (sy_ry ry — 38y ) an""S

< F'(0) <n,. (A.25)

Since all arguments are reversible and the proof is complete. [ |
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