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Abstract

Let Q be a member of a certain class of convex ellipsoids of finite/infinite type in C2. In this paper, we
prove that every holomorphic function in LP(Q) can be approximated by holomorphic functions on Q
in LP(Q)-norm, for 1 < p < co. For the case p = co, the continuity up to the boundary is additionally
required. The proof is based on L” bounds in the additive Cousin problem.
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1. Introduction and main theorem

Let Q c C? be a bounded domain, with smooth boundary Q. The smoothness means
that Q admits a smooth, global defining function p on a neighbourhood of Q in the
sense that Q = {z € C? : p(z) <0} and Vp # 0 on bQ = {z € C? : p(z) = 0}, and Vp L bQQ.

The main purpose of this paper is to study the L” global approximation question:
Can every holomorphic function in LP(Q) be approximated by holomorphic functions
on Q in LP(Q)-norm, for 1 < p < co?

This problem is simple and classical when € is a domain in the complex plane
(see, for example, [13] or [5]). In higher dimensions, it is a difficult problem because
the boundary behaviour of domains in C" for n > 2 is more complicated than in C.
Lieb [11] and Kerzman [9] independently obtained the first significant results by
applying the LP-estimates for the Henkin solution of the d equation to give a positive
answer to the problem on strongly pseudoconvex domains. Their method provides a
connection between the approximation problem and the additive Cousin problem in
several complex variables (see [6]). Via this argument, Cole and Range [3] extended
the results on A-measure in Henkin [7] to relatively compact, strongly pseudoconvex
subdomains of complex manifolds.

This research is funded by Vietnam National Foundation for Science and Technology Development
(NAFOSTED) under grant no. 101.02-2017.06.

© 2018 Australian Mathematical Publishing Association Inc.

446

https://doi.org/10.1017/S0004972718000114 Published online by Cambridge University Press


http://orcid.org/0000-0003-3272-3601
https://doi.org/10.1017/S0004972718000114

[2] Approximation of holomorphic functions 447

We would like to extend the result of Kerzman and Lieb to more general domains
in C2. Unfortunately, the Henkin solutions are not available on weakly pseudoconvex
domains (even of finite type) as shown in [10]. Therefore, we consider a more
restricted class of convex domains on which we can establish the Henkin solutions.

Let Q be a smooth, bounded domain in C?, with defining function p such that for any
p € bQ, there exist a neighbourhood U, = B(p, ) of p, a function F, and coordinates
Zp = (2p,1, 2p,2) With the origin at p and such that

QNU,=1zp = @p1,2p2) € C* : p(zp) = Fplzp11?) + 1p(z,) < O} (1.1)

or
QNU, ={z, = (2p1.2p2) € C* 1 plz,) = F(xf;,l) +1p(zp) <0}, (1.2)

where z,,j = x,, j + iy, With x,, ,y,; €R, j=1,2,and i = V~1. We also assume that
the functions F, : R - Rand r,, : C? — R satisfy:

i) Fp0)=0;

(i1) F[’,(t), F;j’(t), Fl’,”(t) and (F,(t)/t)’ are nonnegative on (0, 6);

(iii) 7r,(0) =0and dr,/0z,, # O;

(iv) rpis convex.

The class of such domains includes the following two well-known examples.

Exampie 1.1. If Fp(f?) = t*™ at the point P € bQ, then Q N Up is convex of finite type
2m at P. In particular, when m = 1, Q is strictly convex or, equivalently, strongly
pseudoconvex at P.

ExampLe 1.2. If Fp(1?) = 2exp(—1/t%) for 0 < a < 1 or Fp(t*) = 2exp(—1/t|In#|*) for
a > 2 at the point P € bQ, then Q N Up is of infinite type at P.

Let H*(Q) be the weak-star closure of the algebra of functions that are continuous
on Q and holomorphic in Q. The following is our main result.

Tueorem 1.3 (Global L? approximation theorem). Assume either of the following
conditions hold:

(1) Qs defined by (1.1) and there is a 6 > 0 such that
f [In Fp(r*)|dt < 0o for all P € bQ;
0

(1) Qs defined by (1.2) and there is a 6 > 0 such that

f |In(r) In Fp(t?)|dt < 0o for all P € bQY.
0

Then, each holomorphic function f € LP(Q) can be approximated in LP(Q)-norm
by holomorphic functions {f"}rezy) on Q (as T — 0%), for some small 7y, and for
1 <p<oo.
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Moreover, if the holomorphic function f only belongs to H*(€2) N C(Q), we also
obtain a family of holomorphic functions {f }rc,1,) on € so that:

@  f e~ < Iflla=) for all T € (0, 19);
(b) f"— finLP(Q)-normast— 0%, forall 1 < p < oo;
(©) fT— funiformly on Qast— 0.

Here and in what follows, the notations < and > denote inequalities up to a positive
constant and ~ means the combination of < and >.

In [4], the authors provide an example to show that the approximation theorem does
not hold in general on smoothly bounded pseudoconvex domains. In 1978, Bedford
and Fornaess [1] established the theorem on weakly pseudoconvex domains with real
analytic boundary in C2. More generally, Beatrous and Range [2] obtained the result
on weakly pseudoconvex domains in C" under the additional condition that the closure
of the domain is holomorphically convex.

The paper is organised as follows. In Section 2, we solve the additive Cousin
problem on Q. Section 3 is devoted to proving the global L” approximation theorem.

2. The solution of the additive Cousin problem

TuEOREM 2.1. Assume the conditions on Q in Theorem 1.3 hold. Let V;=U; N Q,
where {U}j—o1,..n is an open covering of Q. Then we can find a finite positive constant
C such that the following property holds.

If the holomorphic functions g;; on V; NV satisfy
8ij = —&jis @1
gij+&gik+8u=0,

foralli, jk=0,1,...,N, then there are holomorphic functions g; on V;, for j =0,
1,...,N, such that

gj_gi:gij onV,-ﬂVj,
lgjllrvy < Mp({gij}) for1 < p < oo,
where M,({gi;}) = max{l|\gijllrviavy 2 i, =0,1,...,N}.

Proor. The proof comprises two steps. The first is to construct functions v; € C*(V}),
Jj=0,1,...,N, which satisfy v; —v; = g;;on V; NV, forall i, j = 0,1, .. .. The second
is to change these nonholomorphic functions into holomorphic functions by using the
following theorem.

THEOREM 2.2 [8, Theorem 1.2]. If therg exists 6 > 0 and either of the conditions (i) or
(i1) in Theorem 1.3 hold, then for any 6—(:105_“ed 0, )-form ¢ in LP(Q) with 1 < p < oo,
the Henkin kernel solution u on Q satisfies u = ¢ and

llellr ) < 1@l
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Step 1. On Q, we choose a partition of unity {x;j}j=0,1,...n, where the y; are smooth
functions with compact support in U; for j=0,1,..., N and Z?]:()Xj =10onQ. Set

N
Vji= Zngvj'
v=0

From the local finiteness of {V}, the functions v;, j=0,1,..., N, are smooth on V;
and, by the Minkowski inequality,

Villevyy S Mp({8i})- (2.2)

Moreover,

N N N N
Vi—Vi= z{;/\/ygvj - z(;)(vgvi = z(;/\/v(gvj —&vi) = E;XVgij = 8ij>
v= v= = v=

where we have used (2.1) to replace g,; — g by g;;. Note that the functions v;,
j=0,1,..., N, are not holomorphic. However, since dg;; = 0 on V; N V;, then

évi:('_)vj onV;NnV;foralli,j=0,1,...,N. 2.3)
Step 2. The above identity (2.3) implies that there is a smooth, globally well-defined

(0, 1)-form ¢ on Q, which is locally equal to évj onV; for j=0,1,...,N.
Since dv; = 3N (9x,)gy,» it follows that

N
I¢llzg @) < D10Vl S Mp(igih.
j=0
Since 5¢ =0, by Theorem 2.2, there is a function u satisfying ou= ¢ on Q and
llullzr) S 1@l S My({giih), (2.4)
for 1 < p < co. Now, on each V;, for j =0,1,...,N, we define
gj=vj—u

s0 0g;j =0v;— Ou=0v; — ¢ =0 on V;. Thus, each function g; is holomorphic in V;,
for j=0,1,...,N. Moreover,

gi—8&=0j—uw—-Wi—u)=vij-vi=g; onV,NV;
Finally, (2.2) and (2.4) imply
Igillev) < Mp({gish)  for 1 < p < co.

This completes the proof. O
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3. Proof of the global L? approximation theorem

For convenience, we recall a preparation lemma which was proved in [3, 9] and
[12] on arbitrary smooth domains.

Let{U;, j=1,...,N}be an open covering of bQ) by neighbourhoods U ; of boundary
points P; € bQ such that there is a constant 79 > 0 for which

z+Tu;€Q forallzeQNU; and 0<7<T10.

Here y; is the unit inner normal to bQ at P;. We choose x; € C(U), xo € C(€2), so

that Z?’: oXx;j =1 on a neighbourhood Qof Q. For0<t< 79, we choose n(7) > 0 (in
fact, lim,_,o+ (7) = 0) such that

N
Q=€ C:p) <o < n (| Up).

Jj=0

where U(T) =Q and U]T ={w—tu;j:wel;nQ}NU;, for j=1,...,N. Moreover,
when 7 is sufficiently small, {UJT :j=0,1,...,N}is acovering of Q, the L” estimates
for the Henkin solutions to the d equations on €, are independent of 7, and

supp)(jﬂQ,,(T)CU; forall0<t<71y and j=0,1,...,N.

Lemma 3.1. Suppose that 1 < p < oo and f € LP(Q) is holomorphic on Q. For
0 <7 <7, define fj = f and

i@ =fe+Tu) forj=1,...,N.
Then the following statements hold:
(a) ij is holomorphic on UJT and L”(U]T.)—integrablefor j=0,1,...,N;
(b) lim,_o+ f;’ = f pointwise on QN U ;
(¢) limq_+ IIfI.T = fllrw,ne) =0 if either 1 < p < oo, or p =00 and f € c(Q).
(d) Define g; = f{ — f7 on Ui N U} and
M (g = max{lig;llrwrnun 16,/ =0,1,...,N}.
Then
lirgl+ Mi({giH) =0 ifl<p<ooorifp=ocoandfe C(Q),
and
ML (gD S fllee i f € L™ ().

Proor oF THEorREM 1.3. The main idea is to apply the construction of the additive
Cousin problem. Set

Vi=U;NQyq for0<t<1o.
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Applying Theorem 2.2 to the holomorphic functions gl.Tj on Vi’ N V;, we obtain
holomorphic functions g§ on V]T for j=0,1,...,N, which satisfy

g;_gf:gfj on ViTﬁVJT (3.1

and
gl s MESED. (3.2)

The constant C implied in (3.2) is independent of 7 since the L? estimates of the Henkin
solution and the partition of unity {y;} are independent of 7. By the definition of the f;
in Lemma 3.1 and (3.1),

fi-gj=f—-g onVinVj
J J J

Therefore, we can find a globally well-defined function f© which is holomorphic on
Q) such that
ff=fi-g; onV] (3.3)

and

N
1f = F ey < D IF = Fllw,ne + (N + DCMESE.
j=1

Combining this estimate with Lemma 3.1,
lim [|f = fllzr@) =0
70"

if either 1 < p < o0, or p = oo and f extends continuously to Q.
Finally, if f € H*(Q) N C(Q), then (3.3), (3.2) and Lemma 3.1 also imply

I/l < Iflle=) uniformly in 7 € (0, 7).

Since H™ is a subset of L”(C)-functions which are holomorphic on Q for 1 < p < oo,

the limit
lim [|f = fTllr@ =0
70"
also holds for any 1 < p < co. This completes the proof. O
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