ON THE RIEMANN DERIVATIVES FOR
INTEGRABLE FUNCTIONS
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1. Introduction. The central difference of order s of the function f(x),
Az, f(x), corresponding to a number % > 0, is defined inductively by the
relations

Anf(x) = fx + b) — f(x — k), o5f(x) = An[Asf(x)].

If the limit of the difference quotient
lim (2k) " Anf(x)
hs0

exists at the point , it is called the sth Riemann derivative or the generalized
sth derivative of f(x) at the point x.

This paper deals with the following problem: What are the necessary and
sufficient conditions in order that a given integrable function f(x) be p.p.
(almost everywhere) equal to an indefinite repeated integral of another
function g(x)? The main result (Theorem 2) gives this condition in terms of the
weak convergence of the difference quotient of f(x) to g(x).

In particular, in §3 we prove by an elementary but apparently powerful
method, a theorem which contains the well-known proposition of Brouwer
(3 or 1 or 6, p. 70) which states:

A. If f(x) is continuous for a < x < b and
Asf(x) =0, a<x—sh<x+sh<b,
then f(x) is a polynomial of degree at most (s — 1) in (a, b).

In §4 we come to our main result mentioned above which in §5 we use to
establish a certain type of extension of the following theorem of de la Vallée-
Poussin (12, p. 274):

B. If f(x) is continuous in [a, b] and has at every point of this interval a finite
second Riemann derivative g(x), with g(x) € L(a, b), then

z 129
flx) = f dty g(t2) dtz + co + cix, a<x<b,
a a
where ¢y and ¢, are constants.

This last theorem is fundamental in the uniqueness theory of trigonometrical
series.
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Finally in §6 we state results due to Anghelutza, Marchaud, Popoviciu,
and Reid which follow from our main theorem. We also consider in this section
an application to generalized convex functions.

2. Preliminary results. Consider the space L(a,b), that is, the space of
functions which are Lebesgue integrable over (a, b). The distance between
two elements f, & € L(a, b) is defined as

=l = [ 1) = ho)] a.

If ||f, — fll = 0 as # — o, then f,(x) is said to be convergent in the mean to

flx). If

@) (15l < M, alln

(i) ffn(t) dt — ff(t) dat
for every x € [a, b], then f,(x) is said to be weakly convergent to f(x) (with
index 1).

It is known that convergence in the mean implies the weak convergence of
fn(x) to f(x) in the space L(a, b).

We also define the space L{a, b} as the class of functions integrable over
every closed subinterval contained in the open interval (a, b). Letf(x) € L{a,b}.

Define the operator
z+h

M 4o = | serva=g | soa

z—h

a<x—h<x+h<b,
and in general,

W) = 45 [43 f(x)].

These integral operators, or repeated average values, or integral means as
they are sometimes called have been employed previously (8 or 4) and several
of their properties necessary for our work will be recalled.

LEmMA 1. If f(x) € L{a, b}, the operator A; f(x) 1s continuous and has deri-

vatives [As f(x)]P (1 =1,2,...,s — 1), which are absolutely continuous and
moreover,
@) [45F@)]P = (2h) ™" A% f(x) p.p.in (@ — sh, b+ sh).
LeEMMmA 2. If f(x) € L{a, b}, then
lim 47 f(x) = f(x) s=12...)
750
p.p. on (a,d).
LemMma 3. If f(x) € L{a, b},
8
limf |45 f(x) — fx)|dx =0 s=12...)
h>0 a

for every closed subinterval [, 8] contained in (a, b).

https://doi.org/10.4153/CJM-1954-062-5 Published online by Cambridge University Press


file:///Alfix
https://doi.org/10.4153/CJM-1954-062-5

574 P. L. BUTZER AND W. KOZAKIEWICZ

LEMMA 4.
A A%, f(x) = As, A3 f(x),
a<x—51h1—32h2<x+slh1+s2h2<b.

This relation follows readily from the linearity of the operator defined in (1)
and since

Ahf(x) = Z (- 1>f< ) fle+ (s = 2)) A
The following lemma will also be of use and for the proof, one may see
(10, p. 73).
LeMMA 5. If the sth derivative f® (x) exists at the point x, then
lim (2)7° A3, f(x) = £ (x).
h—0

For the sake of brevity we put

z 123 te—1
Feglx) = J1 dtlf dty . .. f g(ts) dis;

P(x) always denotes a polynomial in x of degree not exceeding s.

3. An integral-difference equation. We shall now study an equation which
connects the integral operators and the differences and in particular contains
proposition 4.

TaEOREM 1. Let f(x) and g(x) both € Lf{a,b}. If, for every fixed h, 0 < h
<(b — a)/2s,

3) Anf(x) = (2h) Ang(x)

for almost every x satisfying the inequality a < x — sh < x + sh < b, then there
exists a P,_y such that

4) flx) = Jeglx) + Poa(x)
almost everywhere in (a, b), with a < ¢ < b.

Conversely, if the equality (4) 1s satisfied almost everywhere, then the relation
(3) holds almost everywhere.

Proof. To begin with, consider the equation
(5) Anfx) =0

holding for every fixed 0 < % < (b — a)/2s and for almost every
x € (¢ + sh,b — sh).

To solve (5), consider first the case f(x) € C® (a, b). Then, by Lemma 5
lim (27)°A% f(x) = f9(x), a<x<b,
h0

which implies that f® (x) = 0 (¢ < x < b), and consequently f(x) = P,_1(x)
(a <x <b).
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Secondly, consider f(x) € L{a, b}. Let k be fixed, such that 0 <k < (b —a)/
(2s + 2). Applying the operator
s+1
k

to equation (5), by Lemma 4, we obtain
A3 AT f() =0
for every k and x such that
a4+ G+ Dk<x—sh<x+sh<b— (s+ 1)k
Since
P ) € €
we deduce from the first case that
(6) P ) = Poa(x; ), x€@+ (s+ Dk b— (s+ k),

where the polynomial P, _;(x; k) depends on k.
Let [, 8] be a closed subinterval of (a, b). It is obvious that (6) implies that

AL f(x) = Poa(x; 1/n)
fora <x < Bandn > N, N = N(a, §). By Lemma 2,
At f(x)

approaches f(x) p.p. in [e, 8] as # — « and therefore P,_;(x; 1/7) must con-
verge to a limit P,_;(x) p.p. in [a, B8]. This latter limit must be a polynomial
of degree at most s — 1 for if a sequence of polynomials, the degree of each
being at most /, converges for / 4+ 1 different values of x, it converges for every
value of x and its limit is a polynomial of degree at most /. Consequently,

() f(x) = Ps1(x) p-p. in [a, B].
Since the relation (7) holds for every closed subinterval of (a, ), it holds for
(a, d).

Let us now return to equation (3) with the conditions specified in the
theorem. It can easily be established (by induction on s) that

(8) An Jegx) = (2h) 4 g(x),
and therefore the function
F(x) = f(x) — Jeg)

satisfies the equation (5) for x € (a + sk, b — sk). The theorem now follows
readily. The converse is obvious. _

In the particular case f(x) is continuous in (a, b) and g(x) is zero we obtain
proposition A. The known proofs of the former proposition (for references see
§1) that the authors have seen appear to depend rather too heavily on intrinsic

properties of the differences and thus perhaps cannot be applied to the type of
problems we consider in this paper.
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4. The fundamental theorem.

Put
9) an(x) = 7 (x) — g(x)
where
Ta(x) = (k) *Ads, f ().

THEOREM 2. Let f(x) and g(x) € L{a, b}. There exists a polynomial P,_(x)
such that

fx) = Jigx) + Pya(x)

p.p.n (a, b) witha < ¢ < b, if and only if there exists a sequence {h,} of positive
numbers converging to zero such that the sequence of functions {7,(x)} converges
weakly to g(x) in every closed subinterval o, 8] in (a, d), in other words if the
conditions

)] fﬂlrn(x)] dx < M, alln

B B
(ii) J; T, (x) dx — J; g(x) dx
are satisfied in every |a, 8] of (a, b).

Proof. We shall at first prove the sufficiency of our hypothesis.

Let [a, 8] be an arbitrary subinterval in (a, b) and let % be a fixed number
with 0 < & < (8 — a)/2s. Applying the operator 4; to both sides of the rela-
tion (9), for x € [« 4+ sk, 8 — sk] and sufficiently small %, we find that

(10) Apon(x) = (2h,) A, Anf(x) — 45 g(x)

where we have used Lemma 4 to invert the integral and difference operators
of the first term on the right-hand side of this equality.
Now

z+h z+h
aro) = g5 [ et it=g; [l — e

and hencefby (ii), A oa(x) converges to zero for x € [« + k, 8 — k]. But by
(1),

aie) < & [Tnota < v o),

and’so as g(x) € Lfa, b},
A; 0’,,(96)

converges dominatedly to zero for x € [a 4 %, 8 — %]. By Lebesgue’s theorem
on dominated convergence,

. 1 z+h L
Ay on(x) = % J‘—n Ay 0, (2) dt

converges to zero for x € [a + 2k, 8 — 2k].
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Repeating this argument s — 2 more times we finally find that

(11) lim 4; 0,(x) =0

N—00

for x € [« + sh, 8 — sh].
On the other hand, by Lemmas 1 and 5, and the relation (2), we deduce

lim (2h,) " * A, A5 F(x) = [A]f(x)]

12) T = (2h) Al f(x)

for almost every x in [a + sk, 8 — sk].
The relations (10), (11) and (12) show that

(2h)"*Anf(x) = Az g(x)

for almost every x € [« + sk, 8 — sk] and since [, 8] was an arbitrary closed
subinterval of (a, b), the last condition holds for every fixed0 < & < (b — a)/2s
and for almost every x such that ¢ < x — sk < x + sk < b. Applying Theo-
rem 1, we deduce for almost every x in (a, b),

) = Jegx) + Psalx)

where ¢ is fixed with a < ¢ < b.
To establish the converse, we note that

8 8 8
[ ine —s@lic< [ i) - aie@lar+ [ 1atg@ e as,

where the first term on the right-hand side is zero by (8) and the second
approaches zero by Lemma 3. Hence 7,(x) converges in the mean and there-
fore weakly converges to g(x) in [a, 8]. The theorem is now complete.

It is obvious from the proof that in case s = 1 the hypothesis (i) of the
above theorem is not necessary.

THEOREM 3. Let f(x) and g(x) € L{a, b}. The existence of a sequence of
positive numbers {h,} converging to zero such that the sequence of functions
{r.(x)} converges in the mean to g(x) in every [a, B] of (a, b), is a necessary and
sufficient condition in order that there exists a P,_(x) with

fx) = Jcg®) + Poa(x)

for almost every x in (a, b) where a < ¢ < b.

Since mean convergence implies weak convergence, this theorem follows
from the preceding.

5. Riemann derivatives. We now wish to express the previous theorem
more directly in terms of the Riemann derivatives in a form, which, though
weaker, can easily be recognized.
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THEOREM 4. Let f(x) € Lia, b}. If

(i) there exists a sequence of positive numbers {h,} converging to zero such
that

Iim 7,(x) = g(x) p.p. 1 (a, d),

n—oo

(i1) there exists a function 7(x) € L{a, b} such that
sup [m(x)| < 7(x), a <x— sh, <x+ sh, <,
n>0

then there exists a P,_1(x) such that

flx) = 3o g@®) + Pya(x)
p.p. in (a, b), where a < ¢ < b.

Proof. By Lebesgue’s theorem on dominated convergence, we obtain
g(x) € L{a, b} and

B
J ) = g as o, o e,

for every [a, 8] in (a, b). The theorem now follows from the above.

In the particular case of Theorem 4, when f(x) is continuous, conditions
(1) and (ii) remaining unaltered, it follows immediately that for every x in
(a, b),

fx) = Jegx) + Psalx).

Theorems 2, 3 or 4 may be considered as certain types of extensions of
proposition B of §1 on the second Riemann derivatives to those of higher
order, but we must note that the convergence conditions are somewhat

different. The direct generalization (in case of an open interval) would be the
following:

C. If f(x) is continuous in (a,b) and fC~?(x) exists everywhere in (a, b),
f(x) has a finite sth Riemann derivative g(x), with g(x) € L{a, b}, then for
a<x<b

flx) = Jeg) + Pos(x).

For s = 3, 4, this result is known (9 or 11). It is conjectured that the result
would hold for s > 5. That one must assume the existence of f¢~2(x) for
s > 3 even in the case g(x) = 0 can be seen from the following counter-
example:

f(x) = |ac|oes—s.

In fact, the first s — 3 ordinary derivatives of this function exist, but the
(s — 2)nd ordinary derivative does not exist at x = 0, while the Riemann
sth derivative is everywhere zero.

The importance of proposition B lies in the fact that it is used in proving the
result that if a trigonometrical series converges, except in an enumerable set,
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to a finite and integrable function g(x), then it is the Fourier series of g(x)
(12, p. 274).

6. Related theorems. We shall now state several corollaries to our
theorems.

CoroLLARY 1. If f(x) € L{a, b} and 7,(x) converges boundedly to g(x) in
every closed [a, B8] of (a, b), then for almost every x in (a, b),

Jx) = Jeg(x) + Pialx).
COROLLARY 2. If f(x) 4s continuous in (a, b) and if
lim 2h) " A fx) = g(®)
uniformly in every [a, B] of (@, b), then for every x in (a, b)

) = Jeg@) + Poa(x).

This corollary was previously established by Marchaud (5) and in the case
g(x) = 0 by Anghelutza (2).

CororrLarY 3. If f(x) € L{a, b} and

B
lim (2h)"* f A% £ ()] dx = O
B0 a

for every [, B] in (a, b), then
flx) = Psa(x)
p.p. in (a, b).

This result is due to Reid (8), who used it to obtain integral criteria for a
function to be p.p. equal to a solution of a linear differential equation.

Our final result concerns the class of functions defined in (e, b), every one
of whose members can be represented in every [a, 8] of (a, b) as the difference
of two non-concave functions of order /. This class, which will be denoted by
DC%a, b}, is connected with the class of functions of /th generalized bounded
variation (7, p. 24). :

At first we recall the definition of non-concave functions in general. A
function f(x) is said to be non-concave of order I in (a, b), if it is continuous in
(a,b) and if fora < x — lh < x4+ Ik < b,

(@) A f(x) > 0.
If f(x) is non-concave of order /, it is known (7, pp. 48, 25) that
(b) Anf(x) = O(")

uniformly for x in every [e, 8] of (a, b).
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THEOREM 5. Let f(x) € L{a, b} and s > 2. The necessary and sufficient
conditions that there exists a P, _1(x) with

) = Pia(x) p.p.in (a,0),

are

(i) f(x) is p.p. in (a, b) equal to a function ¢(x) € DC*! {a, b},

8
) | anfe = o0, 50,
for every |a, 8] of (a, D).
Proof. The necessity is obvious.

To prove the sufficiency, according to Theorem 2 (the case g(x) = 0) we
only need to show that the condition (i) implies that

ﬂ ’
J 18t ) ax = 00y

for every [a, 8] of (a, b).
It follows from the hypothesis (i) that f(x) = ¢(x) p.p. in (a, b) where
¢(x) can be represented in [a, 8] in the form

¢ (x) = ¢1(x) — d2(x)
where ¢1(x) and ¢.(x) satisfy (a) and (b) forl = s — 1.
We have

B B8 B8 B8
f A% )| dxc = f A% o(x)] dx < f Ay ¢1(x) dx + fA 62(x)

B
J 1t i+ 1) — A5 61 — )]

B
+ 188" gl + 1) — AF? 4ae — W] de

B+h a+th .
AR ) N SOy
h a—h

B+h . ath .
+ f an s it~ [ At 6 a
h

a—h

= O(h"). i

The theorem is now established.
The authors believe no previous attention has been given to results of this
type, showing a relation between the class DC*® {a, b} and polynomials of

degree s.
Finally we would like to add that results corresponding to every one of the

above theorems may be established for the forward and also the backward
differences.
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