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ON THE HYPERELLIPTIC RIEMANN SURFACES

OF INFINITE GENUS WITH ABSOLUTELY

CONVERGENT RIEMANN'S THETA

FUNCTIONS

KENICHI TAHARA

Introduction

The Riemann's theta functions associated with a closed Riemann surface

are absolutely convergent. In the present paper, we shall show an example

of an hyperelliptic Riemann surface $t of infinite genus such that the

Riemann's theta functions associated with 'έft are absolutely convergent.

In §1, we shall formally define theta functions of countably many

variables with rational characteristics in the same way as the usual theta

functions of finite variables, and show the sufficient conditions under which

these theta functions are absolutely convergent.

In §2, using the condition we shall really construct an hyperelliptic

Riemann surface Sft of infinite genus such that the Riemann's theta functions

associated with id are absolutely convergent.

The auther expresses his appreciation to professor Morikawa for his

suggestions and encouragements during the preparation of this paper.

We shall freely use the following notations and conventions throughout

the present paper;

Ω: the coordinate vector space consisting of all vectors with countably

many components in the rational number field Q, of which almost all

components are zero,

Γ: the subgroup of Ω consisting of all the integral vectors,

A = Ω/Γ: the residue group of Ω by Γ,

[a] = [aί9 a29 ••••]: the class of a vector a = (a19 a2, ) in the residue

group A.
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§1. The sufficient conditions for absolute convergence of the

theta functions of countably many variables

1. 1 We shall formally define the theta functions of countably many

variables with rational characteristics in the same way as usual theta func-

tions of finite variables.

Let τitJ(i9j = 1, 2, ) be complex numbers such that τitJ = τjti9

and Zi(i = 1,2, •) be complex variables. For the sake of simplicity we

shall use the matrices notations; τ = {τitj) and z = {zί9z29 ••••)• For each

element [a] = [al9a29 •] in A9 we shall formally define the theta function

of variables zi9 z29 with characteristic [α] by the formal series

(1. 1) Aβl(r|z) = Σ / ^ { Λ i r ' '^+«> c"'+ β ' ) +^ι ( * + β >«}.

The function •#[«](*• I z) does not depend on the choice of the representative

α = (al9a29 •) of the class [α], and generally it does not converge. The

theta zero-value is defined by

(1.2) *[α](r)= Σ / ^ L W ^ +

From the definitions (1. 1) and (1. 2), we have the following formula in the

same way as the usual theta functions;

-7rV-l ( Σ τi,jlilj+2 Σ hzt]

(1.3) ϋ[a](τ\lr + z) = e ^ ' - i i-i %3(r|z)

{l = {h,h, )e*-)

(1.4) «[«i(f|-*) = «-[.](r|a)

(1.5) &[a](τ\bτ + z) = « v« '-i «-» ^

([6] e A)

(1.6) ^ α ] W = ^ - [ θ ] W

([6] e ^) .

1. 2 We shall first be concerned with the special case: the infinite

products of the elliptic theta functions with rational characteristics.
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RIEMANN SURFACES OF INFINITE GENUS 59

Let τ be a complex number of which imaginary part is positive, and

2 be a complex variable. For each element \a\ in Q/Z, the elliptic theta

function with characteristic [a] is defined by

Then these functions ^β](r|2)([fl]e Q/Z) are absolutely convergent in any

bounded domain of values of z.

We shall recall the estimations of the elliptic theta functions -9^ (r | z).

LEMMA 1. Let s be the imaginary part of τ, being positive, and x be the

imaginary part of z. Then

I z ) I ^ Q|Z)

and

1-e'

Proo/l From the definition of the functions

= e
— J

_ e _|_ _ ^
VS

Similarly we have the last inequalities,

Putting [a] = [0], we have

COROLLARY.

([β] e Q/Z).

it follows that

Q.E.D.

See p. 10, [1].
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and

Let Ti{i = 1,2, •) be complex numbers of which imaginary parts s*

are positive, and z4(* = 1,2, •) be complex variables. For each element

[α] = [a19a29 •] in A, consider the infinite product

of the elliptic theta functions # M (τ< | z j .

PROPOSITION 1. Z^ί s4 (* = 1,2, •) be the imaginary parts of τi9 being

positive for all i. If the infinite series

oo 1

is convergent, then the infinite products of the elliptic theta functions # [ σ . j (τt | zt)

5^$ [ a Λ (τt I %i) ([α] = [al9a2, ] e A)

are absolutely convergent in any bounded domain of values of each variable z{

 2\

Proof The infinite product Π ̂ [ Λ i ] (r< | zt) is absolutely convergent in

any bounded domain D of values of each variable zt if and only if the

infinite series Σ | # M (τt | zt) — 11 is convergent for each z= {zl9z29 •)

such that all zi are in Z>. Since [α] belongs to 4̂, there exists a natural

number TV such that at — 0 for all z > iV. From Lemma 1 and it's corol-

lary it follows that

- 1

ΛΓ

- 1 +

oo 2.

where aji mean the imaginary parts of zt. If the infinite series 2 7=^

is convergent, then the infinite series
2) "Variables z = (zliz29 ) are in a bounded domain of values of each variable Zi"

means that each variable Zi is in one and the same bounded domain in the complex plane.
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converges for each z= {zί9z2, •) such that all ^ are in D, Q.E.D.

1. 3 Let τitj(i,j = 1,2, •) be complex numbers such that τitj = τ ; , i?

and Zi (i - 1,2, •) be complex variables. We shall give the sufficient

conditions such that the theta functions ^- α ](r |2)([α]ei) are absolutely

convergent in any bounded domain of values of each variable zt.

P R O P O S I T I O N 2. Let sίtj{i,j = 1,2, •) be the imaginary parts of τitj.

If the following conditions are satisfied;

(*) ^ i , i ~ Σ k i . i l a r e positive for all i

and

(**) ΣΣ
j
jφi

then the theta functions <9M (τ\z) {[a] e A) are absolutely convergent in any bounded

domain of values of each variable zt.

Proof Assume that the conditions (*) and (**) are satisfied. Denote

by Xi (i = 1,2, •) the imaginary parts of z{. From the inequalities

2 \sU«k + <O fa + tf, )i < | s M | {(m, + atγ + (m, + ̂  )2>,

it follows that

Σ \si)j{mi^-at'){mj-\-aj')\~2n Σ

CO

Putting ŝ  = siti — Σ | s i f i | , then st are positive for all /. If the infinite

series
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is convergent, then the infinite product

M Q\ TT y\ -πs i(w i+σ ί)
2-2πa; ί(m ί+α i)

i = l m, e Z

is bounded for each z— (zuz29 •) such that all zi are in any bounded

domain D. Since [α] = \aua29 •] is in A, there exists a natural number

N such that at — 0 for i > N. We have the following inequalities in the

same way as the proof of Lemma 1,

2πxt(mt+ai') .
-M

Similarly as the proof of Proposition 1, if the infinite series

is convergent, then the infinite series (1. 8) hence the infinite product (1. 9)

are bounded, which completes the proof of Proposition 2.

PROPOSITION 3. Let sitj{i,j = 1,2, •) be the imaginary parts of τitj.

If the following conditions are satisfied;

(*)' sίti — 2 sij2 ~ (i — 1) are positive for all i,
3>i

and

functions -9^{τ\z) ([α] e 4̂) #r£ absolutely convergent in any bounded

domain of values of each variable zt.

Proof Denote by χi (i = 1,2, •) the imaginary parts of zi% From

the inequalities

2 K > n + at) (mj + as)\ ^iU^Wtiu + atf + (ntj + αy)
2>,

it follows that
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^ ί ^_j ^ i = l l > l l l j>i l'J J i = ίl

(m\,m<L, •• ) G - Z O °

^ Σ ^ ί - i * " 3>i l'J l * ί = l

Therefore, similarly as the proof of Proposition 2, we have Proposition 3,

Q.E.D.

§2. An hyperelliptic Riemann surface of infinite genus with

absolutely convergent Riemann's theta functions

2. 1 We shall show an example of an hyperelliptic Riemann surface

9ft of infinite genus such that the Riemann's theta functions associated with

'M are absolutely convergent in any bounded domain of values of each variable.

Let e19 e[, eZ9 e'2, be a set of countably many number of succes-

sively increasing points on the real axis of the complex plane, which are

the candidates of branch points of an hyperelliptic Riemann's branch cover-

ing of infinite genus over the Riemann sphere. Let Cp be an hyperelliptic

curve of genus p defined by

We construct the two-sheeted Riemann surface ίϋp of Cp by joining the

sheets along (p +1) non-intersecting cuts; — ooθ; exe[\ e2e
f

2\ epe'p.

We define on $lp a set of 2p retrosections Λί9 Bι in the usual way: Let At

be a circuit in the first (upper) sheet surrounding the cut e^, and Bt be

a circuit which crosses the only cuts — ooθ, ^e . Then these circuits

Al9A2, , Ap; BίfB2, , Bp are a canonical system of 9tp, from which

a canonical system of an hyperelliptic Riemann surface 3ft = lim $tp is ob-

tained by the limit p -> oo in the usual sense.
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Therefore {Aif Bί}i=1 >2>... is a canonical homology basis on the Riemann

surface Sft; namely; let (C,C) denote the intersection number of two cycles

C, C on ίϋ, then the intersection numbers of cycles on K are characterized

by

(Λi9 Aj) = 0, (J34, £,) = 0 (t, j = 1,2, )

We shall construct a system of elementary normal integrals of the first

kind on $ϊ.

PROPOSITION 4 (Myrberg). There exists a system of linearly independent

integrals Wt (i = 1,2, •) of the first kind on $t with the following periodsystem

with respect to the canonical homology basis {,Ai,Bi}i=12,.... \

(2. 1)

- π 0 0

0 -it 0

0 0 - π

τ2Λ ^ 2 , 2

such that

(2. 2) τitj = τjti = / = Γ s M (f, = 1,2,

imaginary numbers, and

(2. 3) st.j>0 (ij = 1,2, ).

Moreover Ψt {i = 1,2, ••••) βr^ uniquely determined by the initial conditions

WM = o.

Proof From the results in [3], there exists a system of linearly in-

dependent integrals φi (i = 1,2, •) of the first kind on $1 with the

following periodsystem with respect to the canonical homology basis

\Aί9 Biji-i^ * j

5 ^ 2 , 1 ^ 2 , 2 ^ 2 , 3

5 ^ 3 , 1 ^ 3 . 2 ^ 3 . 3

v —

0

0

1 0

2 π / - l

0 ί

0

0
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where titj are real numbers and tίtj>0. Put for each natural numbers /

Then Ψi (i = 1,2, •) are linearly independent integrals of the first kind

on '(ft, and it follows that

Ψi(At) = -π, Ψt(Aj) = 0 (i¥= j),

and

Therefore putting sίd = ——-, we have the system of linearly independent

integrals Ψi (i = 1,2, •) of the first kind on fft with the required

periodsystem (2. 1). Moreover, since the integrals of the first kind on fft

are uniquely determined except constants by A-periods whenever the cano-

nical homology basis choosen,3) Ψt (i = 1,2, •) are uniquely determined

by the initial conditions 3̂ (0) = 0, Q.E.D.

Denoting

„. = β 5 (i - ^

we have the explicite expressions of the integrals Wt\

(2.4) Ψi

where h^x) = kt Π (1 — -^—) such that only one point a5 belongs to the
j=l \ Clj /
jφi

open interval {ejfej) on the real axis and kt is constant4).

2. 2 To construct a nice example for our purpose, choose countably

many real numbers e19 e[, e2, e'2, as the following;

0(2.5)

and

(2.6)

3)

4)

See
See

Satz

[5].
1 in [5].

hi (i =

oo 1

1,2,

Γ < oo.
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We shall start with the estimations of the lower bounds of the absolute

values siti of the diagonal elements τiΛ in the B-period matrix of (2. 1).

We choose countably many real numbers Jl9 J2, such that

(2.7)

Put

(2. 8) Δ

and

0<Ji<ei+ί-e/

i.

i),

(2.9) = ^ ί = 1 , 2 ,

In the following we shall make the assumptions

(2. 10) 4.i>0 (;>ι)

and

(2. 11) i θ . < l (f = 1,2, ).

Then it follows that

0 <(2. 12)

Under the above assumptions (2. 5), (2. 6), (2. 10) and (2. 11), we have the

following

LEMMA 2.

Proo/. Since ^ ( ^ ) = - ^ and

(ι = 1,2,

= / - l 5<fi, it follows that

ht(x)

(2. 13) < |44

dx

Π
i=i
jφi

r ^ rfα

where 05 runs over the closed interval [ei9e'i], and
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ht(x) dx

(2.14) < IfeJ 7 = Π
jφi

rfa'

where 0< dt< ei+ί — e'i and x' runs over the closed interval [e'i9 eΊ + J J .

Since only one point #; belongs to the open interval (ej9 e'j) (j ψ i), we

have

x — a*

and

x —

X' —i

< 1 x —

a? —

X — Clj

xf — e'j

< 1 +

w h e r e ΔjΛ = \ef — ef\ — J f — 1. F r o m (2. 12), we h a v e

Π

JΦi jφi

and

l o g ( i / J ί

Therefore by virtue of inequalities (2. 13) and (2. 14), it follows that

and

ii (i = 1 , 2 , )
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where M = ( Π l/e^j) ( Π fly)"1. Hence we have
*i yi

* = i.2, ), Q E.D.

We shall estimate the upper bounds of the absolute values 5t,y of

non-diagonal elements τίtj in the B-period matirix of (2. 1).

Under the assumptions (2. 5), (2. 6), (2. 10) and (2. 11), we have the

following

LEMMA 3.

Furthermore

. By the similar method as the diagonal elements τiti, we have

the following estimations;

(2.15) >!* , !
a,

where x runs over the closed interval [ei5 e<], and

».*=SΓ'

(2.16) < I*,

dx

ΠIf xtr \( xn λ _

1 -

\(Λ X "

X

a

)(

n

1 - x"
Pi )
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dxr

where x" runs over the closed interval \_e'h e'ό + J ; ], Similarly as the proof

of Lemma 2 we have

a? — g»

— an
x " - •

X 6n

x" - an

JO κn

and

ij-eΛ - 1 ' x"-e'i

Moreover

From the inequalities (2. 15) and (2. 16), it follows that

and

Hence we have

Furthermore

< -/7--
•iί

and
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O E D

2. 3 Finally we shall construct an example for our purpose. Put for

all national numbers i

(2. 17) *< = ei&, Δ, = e*\

Then we shall consider the assumptions (2. 10) and (2. 11) in this case.

From (2. 17) we have the inequalities

Δj,i = et — ej — Δj — 1 (j < i)

e2*- e-e-l>0,

ej + Δj — ei — 1 ( > i)

Thus the assumption (2. 10) are satisfied in this case.

From the inequalities

and

we have

t - l

Ji - 1) ^ yiT+i ~JfipΓΔ, - et - I)'

Thus the assumption (2. 11) are satisfied in this case.

Put
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(2. 18) p = -

and

(2. 19) σ =

By virtue of the inequalities

e'i + Δi e ί + Ί " 2^

and by Lemma 2 and Lemma 3, we have

(1 — p) I e 3 _ .3 / __

and

Therefore it follows that

(1-P) (e>° + e>z -e-l) h

Since

eM + ΔM - e i - l > e i - e^ - J t-i - 1 > e2β - 2e - 1 (ί ^ 2),

it follows that

00 J { 2
V 1

.7—1 ( 1 P) \β

<K. = 2,3,
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These mean the gool for our purpose;

Σ i = 1,2,

— 1 / °°
< 00.

jφi

Hence by virtue of Proposition 2 we have got the example for our purpose.

THEOREM. Let ίϋ be the hyperelliptic Riemann surface of infinite genus defined

by

y> =
et

et = e*6 #ftί/ e't = et + l U = 1, 2, •)• Z^ί {A^,^}^!^, . . . . ί^ ^

canonical homology basis on ΊSt and Ψi {i = 1, 2, •) fo /Â  ^ j ^m q/ linearly

independent integrals of the first kind on f̂t, rf AzVA <zr£ uniquely determined by the

initial conditions ¥t (0) = 0 and have the following periodsystem with respect to the

canonical homology basis {Λίf Bi}i=12i....

π 0 0

0 -π 0

0 0 -?r

τl,2

5 ^3,1 r 3 , 2

τitj =τ/—iSij are pure imaginary numbers and τitj = τjti. Then the

Riemann's theta functions <9M(τ\z) ([α] e 4̂) <2r̂  absolutely convergent in any bounded

domain of values of each variable zim

Remark. We can also construct an example of an hyperelliptic Riemann

surface fft' of infinite genus such that the imaginary parts of B-periods of a

normal integrals of the first kind on *${' with respect to a canonical homology

basis satisfy the conditions (*)' and (**)' of Proposition 3.

Open problems. It is well-known that Jacobian varieties are very usefull

to study the closed Riemann surfaces. The following natural question then

arises concerning the open Riemann surfaces What kind of the open Riemann
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surfaces have something like Jacobian varieties which shall be usefull to study

the open Riemann surfaces? Similarly as the finite case, we can define an

infinite dimensional variety by the Riemann's theta functions associated with

the open Riemann surface $t which is given in Theorem. The infinite dimen-

sional variety is a kind of such a variety. Furthermore the natural question

arises concerning the open Riemann surface ίfl which is given in Theorem;

Are Abel's and Jacobi's theorems realized for the open Riemann surface Sft.
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